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PREFACE 


The  following  pages  are  primarily  intended  to  form  a  text-book 
suitable  for  a  student  who  is  already  familiar  with  the  very 
elements  of  the  subject.  Nevertheless  it  is  hoped  that  the  refer- 
ences to  the  most  elementary  parts  of  the  subject  are  sufficiently 
full  to  prevent  the  necessity  of  the  reader  having  to  refer  to  any 
other  book.  It  has  been  the  aim  throughout  to  make  the  de- 
monstrations of  the  various  propositions  considered  as  elementary 
as  possible.  Thus  a  knowledge  of  the  elements  of  algebra  and 
Euclid  and  of  the  meaning  of  the  trigonometrical  ratios  is  all  that 
is  assumed.  Those  sections  which,  on  account  of  their  difficulty, 
or  less  importance  as  far  as  the  sequence  of  the  subject-matter 
is  concerned,  may  well  be  omitted  on  a  first  reading,  have  been 
marked  with  an  asterisk. 

The  settling  of  the  order  in  which  the  various  branches  should 
be  studied  is  a  matter  of  some  difficulty.  Thus  the  strictly  logical 
order,  or  at  any  rate  the  order  which  is  most  suitable  from  the 
standpoint  of  the  nature  of  the  phenomena  dealt  with,  is  often 
unsuitable  in  an  elementary  text-book.  In  such  a  work  it  is  of 
the  utmost  importance  that  very  little,  if  anything,  should  be 
taken  for  granted  on  account  of  the  proof  being  postponed.  The 
necessity  for  adopting  an  arrangement  in  which  everything  taken 
for  granted  in  any  section  has  been  proved  in  the  preceding 
sections,  has  been  forced  on  me  during  my  teaching  work,  at  any 
rate  for  Elementary  students.  Thus  in  the  following  pages,  in 
deciding  on  the  order  in  which  the  subjects  are  dealt  with,  the 
question  of  the  most  convenient  sequence  from  the  point  of 
exposition  has  been  considered  of  paramount  importance. 


vi  Preface 

As  no  text-book  can  take  the  place  of  experimentally  illus- 
trated lectures  and  of  practical  work  in  the  laboratory,  no  attempt 
has  been  made  to  describe  experimental  illustrations  of  the  various 
phenomena.  For  the  same  reason  the  figures  are  entirely  dia- 
grammatic in  character,  and  are  not  intended  as  pictures  of 
apparatus,  &c. ;  the  object  of  the  figures  being  to  elucidate  the 
text  and  not  to  tak3  the  place  of  the  actual  apparatus.  In  the 
preparation  of  the  cuts  I  have  received  great  assistance  from 
Miss  M.  Reeks,  who  has  taken  great  pains  with  the  drawings,  and 
in  many  cases  has  succeeded  in  making  a  clear  and  instructive 
diagram  from  very  sketchy  materials. 

In  conclusion  I  have  to  thank  my  colleague,  Mr.  S.  W.  J. 
Smith,  M.A.,  for  kindly  looking  through  the  section  dealing  with 
electrolysis,  and  for  many  valuable  suggestions. 


PREFACE 

TO   THE   SECOND    EDITION 

I  AM  sorry  to  say  that  in  the  first  edition  there  were  a  very  much 
larger  number  of  typographical  and  other  errors  than  I  had  hoped. 
I  wish  to  tender  my  sincere  thanks  to  those  correspondents  who 
have  been  so  good  as  to  send  me  lists  of  errata.  In  this  edition 
I  hope  I  have  corrected  all  the  errors  of  any  importance. 

W.  W. 

October  1900. 
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PREFACE 
TO   THE  THIRD   EDITION 

In  this  edition  some  additions  have  been  made  to  the  text  where  the 
treatment  seemed  inadequate,  and  a  set  of  Examples  and  Questions, 
arranged  according  to  the  chapters,  has  been  added.  It  is  hoped 
that  the  answers  are  correct,  as  they  have  been  checked  by  Mr. 
W.  S.  Tucker,  to  whom  the  author  wishes  to  express  his  thanks.  Any 
reader  who  discovers  any  mistakes  will  confer  a  great  favour  by 
sending  a  note  of  such  errors  to  the  publishers  or  author. 

W.  W. 
January  1 902. 


PREFACE 

TO   THE   FOURTH    EDITION 

In   this  edition  a  number  of  additions  and  alterations  have  been 

made,  rendered  necessary  in  part  by  discoveries  which  have  been 

made,  or  at  any  rate  confirmed,  since  the  book  was  first  published. 

Further,  the  use  of  the  book  as  a  text-book,  and  letters  received  from 

a  number  of  teachers  and  others,  have  indicated  directions  in  which 

the  exposition  might  with  advantage  be  altered,  and  it  is  hoped  that 

in  this  way  the  utility  of  the  book  will  be  enhanced.     Although  a 

detailed  account  of  the  recent  work  on  radio-activity  and  the  allied 

subjects  is  hardly  suited  to  the  scope  of  the  work,  the  main  points 

have  been  noted,  while  the  chapter  on  the  passage  of  electricity 

through  gases  has  been  practically  re-written.     Additions  have  also 

been   made   to   the   geometrical   optics   of  optical  instruments,  as 

experience  has  shown  that  it  is  impossible  otherwise  to  obtain  a 

correct  idea  of  the  manner  in  which  such  instruments  act.     The 

great   importance   of  a   correct  appreciation  of  this  subject  need 

hardly  be  insisted  on,   for  the  telescope  and  microscope  play  an 

important  part  in  many  physical  experiments.     The  insertion  of  a 

considerable  amount  of  additional  matter  has  necessitated  a  slight 

alteration  in  the   typography,  as  otherwise  the   bulk  of  the  book 

would  have  been  excessive. 

The  author  would  like  to  take  this  opportunity  of  saying  how 

much  he  has  appreciated  the  letters  offering  advice  and  criticism 

with  which  readers,  both  in  England  and  America,  have  favoured 

him.     He  also  hopes  that  he  may  continue  to  hear  from  those  who 

use  the  book. 

W.  W. 

April  1905. 
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CHAPTER  I 
MATTER  AND  ENERGY 

1.  Ppovinee  of  Physics. — As  a  result  of  the  observations  and 
experiments  made  during  many  generations  we  are  led  to  make  certain 
assumptions  or  axioms  which  state  that  the  physical  universe  has  an 
objective  existence,  and  that  we  are  made  acquainted  with  it  solely  by 
means  of  our  senses.  If  further  we  give  the  name  thing  to  that  with  the 
objective  existence  of  which  we  are  acquainted  by  our  senses,  then  it 
follows  that  in  the  physical  universe  there  are  only  two  classes  of  things  ; 
to  these  the  names  Matter  and  Energy  are  given.  Time  and  space,  and 
many  other  quantities,  such  as  Number,  Velocity,  Position,  Temperature, 
&c.,  are  not  things. 

It  will  probably  be  allowed  at  once  that  every  form  of  matter,  i.e.  a 
stone,  a  drop  of  water,  the  air,  &c.,  has  objective  existence  ;  the  most 
powerful  argument  in  favour  of  this  belief  being  the  fact  that  all  experi- 
ments have  shown  that  under  no  circumstance  whatever  can  we  alter  the 
quantity  of  matter.  This  result  of  experience,  which  is  a  fundamental 
assumption  in  all  quantitative  chemical  experiments,  is  generally  referred 
to  as  \\\t..Co?iservat^n  of  Matter, 

The  statement  that  energy  has  an  objective  existence  is,  however,  one 
which  is  not  so  readily  accepted  :  in  fact,  its  acceptance  by  scientific  men 
only  dates  back  a  comparatively  short  time.  Experiments,  with  which 
we  shall  deal  later  on,  have,  however,  shown  that  energy,  like  matter,  is 
indestructible  and  uncreatable  by  man.  The  objective  existence  is,  as 
Professor  Tait  has  pointed  out,  virtually  admitted  in  a  curious  way  by  its 
being  advertised  for  sale,  it  being  quite  common  in  manufacturing  centres 
to  see  the  notice  "  Spare  Power  to  Let."  Again,  water  under  a  great 
pressure  is  supplied  for  the  purpose  of  working  hydraulic  lifts,  &c.,  and 
since  the  price  paid  for  a  given  quantity  of  water  is  in  these  circum- 
stances much  higher  than  that  for  which  the  same  quantity  of  water 
would  be  obtained  at  such  pressures  as  are  found  in  the  ordinary  supply 
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mains,  we  infer  that  the  purchaser  thinks  he  is  buying  some  "thing" 
besides  the  matter  of  which  the  water  is  composed. 

From  the  foregoing  considerations  we  are  led  to  define  Physics  in  its 
most  general  aspect  as  a  discussion  of  the  properties  of  matter  and 
energy.  It  is,  however,  usual  to  restrict  somewhat  the  definition  so  as 
to  exclude  the  discussion  of  those  properties  of  matter  which  depend 
simply  on  the  nature  of  the  different  forms  of  matter  (Chemistry),  as  also 
the  properties  of  matter  and  energy  as  related  to  living  things  (Biology). 
The  line  of  demarcation,  however,  between  Physics  and  Chemistry  has 
never  been  very  clear,  and  of  late  years  has  practically  vanished. 

2.  Matter. — Of  the  numerous  definitions  of  matter  which  have  from 
time  to  time  been  given,  we  may  at  present  adopt  the  following  :  Matter 
is  that  which  can  occupy  space.^  This  definition  does  not  attempt  to 
state  what  matter  z>,  it  only-gives  us  a  working  definition,  which  in  the 
present  defective  state  of  our  knowledge  as  to  the  ultimate  structure  of 
matter  is  all  that  can  be  done. 

We  may  speak  of  a  limited  portion  of  matter  as  a  body,  and  of  matter 
of  a  certain  definite  kind  as  a  substance.  Thus  water,  sugar,  air,  lead, 
are  all  matter,  since  they  all  occupy  space  or  have  dimensions.  Since 
each  of  these  things  is  a  special  kind  of  matter  possessing  distinct 
properties,  they  each  form  a  distinct  substance.  A  drop  of  water,  a 
lump  of  sugar,  the  air  enclosed  in  a  given  vessel,  is  each  an  example 
of  a  body. 

3.  Energy. — Energy  may  be  defined  as  the  capacity  of  doing  work, 
where  by  work  we  mean  the  act  of  producing  a  change  of  the  state  of 
matter  against  a  resistance  which  opposes  any  such  change.  The  real 
meaning  of  this  definition  will  be  made  clearer  when  we  come  to  con- 
sider the  various  forms  in  which  energy  can  exist. 

4.  General  Maxim  of  Physical  Science.— There  is  a  maxim  to 
the  effect  that  the  same  cause  will  always  produce  the  same  effects, 
which  is  at  the  foundation  of  all  our  investigations  in  Physical  Science. 
Since  no  event  ever  happens  more  than  once,  it  is  evident  that  the  causes 
and  effects  spoken  of  above  cannot  be  the  same  in  all  respects.  What  is 
meant  is  that  if  the  causes  only  differ  as  regards  the  absolute  time  and 
place  at  which  the  event  we  are  considering  occurs,  so  the  effects  will 
also  only  differ  as  regards  the  absolute  time  and  place.  In  order  to 
meet  this  defect  in  the  maxim.  Maxwell  has  proposed  to  substitute 
the  following  :  "  The  difference  between  one  event  and  another  does 
not  depend  on  the  mere  difference  of  the  times  or  the  places  at  which 
they  occur,  but  only  on  differences  in  the  nature,  configuration,  or  motion 
of  the  bodies  concerned." 

It  follows  that  if  a  certain  event  has  happened  under  a  certain  definite 
set  of  conditions,  then  if  at  any  time  exactly  the  same  conditions  again 
arise,  a  similar  event  must  necessarily  follow. 

The  belief  in  the  truth  of  this  maxim  is  at  the  foundation  of  all  experi- 
ments, for  an  experiment  is  simply  the  artificial  arrangement  of  certain 
causes,  so  that  we  may  determine  how,  when  one  or  more  of  the  causes 
is  inoperative,  the  event  differs  from  that  observed  when  all  the  causes 
ordinarily  present  are  effective.     If,  then,  by  experiment  we  find  that 

1  This  definition,  which  is  due  to  Descartes,  is  unsatisfactory,  and  a  better  definition 
will  be  given  later  when  considering  Newton's  laws  of  motion. 
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certain  causes  are  allied  to  certain  effects,  we  feel  sure  that  the  same 
causes  and  the  same  effects  will  always  be  allied ;  while  if  in  any 
experiment  the  effect  observed  varies  when  we  keep  constant  all  the 
causes  that,  as  far  as  we  know,  are  operative,  then  we  may  at  once 
assume  that  there  is  some  other  cause  beside  those  we  have  taken  into 
account  which  is  varying  and  causing  the  variation  in  the  effects  ;  and 
it  is  chiefly  by  investigating  such  causes  that  our  knowledge  of  nature  is 
gradually  extended. 


CHAPTER    II 
PHYSICAL   QUANTITIES  AND  MEASUREMENTS 

5.  Physical  Magnitudes. — Although  in  some  cases  we  may  not  be 
able  to  measure  it  with  any  great  accuracy,  every  physical  quantity  has 
a  certain  definite  magnitude.  Whatever  the  nature  of  the  physical  quan- 
tity may  be,  we  employ  to  measure  its  magnitude  a  certain  fixed  amount 
of  the  same  kind  of  physical  quantity,  which  we  call  the  un/^  of  that  par- 
ticular quantity.  The  given  quantity  is  then  said  to  be  equal  to  so  many 
times  the  unit. 

Thus,  in  order  to  measure  the  magnitude  of  a  given  length,  we  take 
as  our  unit  some  standard  length,  say  the  yard,  and  then  find  how  many 
times  this  length  will  go  into  the  given  length.  Say  it  goes  x  times, 
where  x  may  be  a  whole  number  or  a  proper  or  improper  fraction,  then 
the  given  length  is  said  to  be  x  yards.  We  see,  therefore,  that  the  com- 
plete statement  of  the  result  of  a  measurement  of  a  physical  quantity 
consists  of  two  parts  ;  first,  a  pure  number,  called  the  numeric,  which 
states  the  number  of  times  the  unit  is  contained  in  the  given  quantity  ; 
and,  second,  the  name  of  the  unit  which  has  been  employed.  Every 
statement  of  the  magnitude  of  a  physical  quantity  must  consist  of  these 
two  parts,  or  it  will  be  ambiguous.  Thus  if  we  were  to  say  that  a  certain 
length  was  three,  it  would  be  uncertain  whether  we  meant  three  inches, 
or  three  feet,  or  three  miles,  &c. 

6.  Units. — Since  the  magnitude  of  every  physical  quantity  has  to  be 
measured  in  terms  of  a  unit  of  its  own  kind,  it  follows  that  there  will 
be  as  many  units  as  there  are  different  kinds  of  physical  quantities  to 
be  measured. 

As  great  inconvenience  would  be  caused  if  different  people  used  in 
their  measurements  different  units,  the  magnitude  of  the  unit  has  in 
most  cases  been  agreed  upon  either  by  usage  or  by  law.  Such  a  unit 
is  generally  called  a  standard  unit. 

7.  Fundamental  and  Derived  Units.— The  magnitude  of  the  unit 
chosen  in  every  case  may,  if  we  like,  be  quite  arbitrary,  and  in  fact 
until  a  comparatively  recent  time  this  was  so.  The  advances  of  physical 
science  have,  however,  shown  that  there  are  certain  relations  which  exist 
between  different  kinds  of  physical  magnitudes,  and  that  by  selecting 
the  units  in  a  certain  number  of  cases  it  is  possible,  by  making  use  of 
these  relations,  to  fix  the  magnitude  of  the  units  for  the  rest  of  the 
physical  quantities.  The  units  which  are  thus  chosen  as  the  basis  for 
our  system  of  units  are  z^Wftdi  fundametital  units^  while  those  units,  for 
the  determination  of  the  magnitude  of  which  we  make  use  of  the  rela- 
tions which  exist  between  the  physical  quantity  in  question  and  the 
fundamental  units,  are  called  derived  units. 
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The  physical  quantities  which  are  most  commonly  employed  as  funda- 
mental units  are  those  of  length,  mass,  and  time,  although  energy  or 
force  is  sometimes  employed  as  a  fundamental  unit  in  place  of  mass. 
With  a  few  exceptions  which  are  probably  caused  by  our  ignorance  of 
the  true  nature  of  the  phenomena  considered,  and  which  will  be  referred 
to  later,  it  is  possible  to  fix  the  magnitude  of  the  unit  to  be  employed 
in  the  case  of  all  other  physical  quantities  when  we  have  fixed  the  value 
of  these  three  fundamental  units. 

As  examples  of  fundamental  units  we  may  take  the  yard,  which  is 
one  of  the  British  standard  units  of  length,  or  the  second,  which  is  the 
unit  of  time.  The  gallon  and  pint,  which  are  used  as  units  of  volume, 
have  no  simple  relation  with  the  unit  of  length.  If,  however,  we  take 
as  our  unit  the  volume  of  a  cube,  of  which  each  edge  is  of  unit  length, 
then  there  is  a  direct  connection  between  the  unit  of  volume,  which  is 
in  this  case  a  derived  unit,  and  the  unit  of  length,  which  is  a  funda- 
mental unit.  Again,  the  velocity  with  which  light  traverses  interstellar 
space  is  sometimes  taken  as  the  unit  of  velocity  ;  this  unit  has  no  direct 
connection  with  the  standard  units  of  length  and  time.  If  the  unit 
velocity,  however,  is  defined  as  such  that  a  body  travelling  with  this 
velocity  passes  over  the  unit  of  length  in  the  unit  of  time,  then  we  have 
a  direct  connection  between  these  three  units,  so  that  being  given  the 
magnitude  of  the  two  fundamental  units  of  time  and  of  length,  we  can  at 
once  say  what  is  the  unit  of  velocity. 

8.  Absolute  Systems  of  Units.— A  system  of  units  in  which  certain 
units  are  chosen  as  fundamental,  and  all  the  others  are  derived  units  con- 
nected with  these  by  fixed  physical  relations,  is  called  an  absolute  system  j 
while  measurements  made  in  terms  of  these  units  are  said  to  be  in 
absolute  units.  The  word  absolute  is  sometimes  used  in  a  slightly 
different  sense,  t.e.  as  an  antithesis  to  relative.  For  example,  if  a 
velocity  is  measured  by  comparing  it  with  some  known  velocity,  we 
are  said  to  make  a  relative  measurement.  If,  however,  the  velocity  is 
measured  by  determining  the  length  passed  over  by  the  body  in  the 
unit  of  time — i.e.  if  the  quantities  we  actually  measure  are  the  funda- 
mental quantities,  length  and  time — we  are  said  to  make  an  absolute 
measurement.  It  must  be  carefully  borne  in  mind  that  the  word  absolute 
has  here  no  reference  whatever  to  the  accuracy  or  inaccuracy  of  the 
observations. 

The  term  "absolute  system  of  units"  was  first  introduced  by  Gauss 
in  1832,  in  connection  with  his  measurements  of  the  strength  of  the  earth's 
magnetic  field  at  Gottingen.  Instead  of  measuring,  as  had  been  done 
up  to  that  date,  this  quantity  in  terms  of  the  strength  of  the  earth's  field 
at  some  fixed  place  (such  as  London)  taken  as  the  unit,  Gauss  expressed 
it  in  terms  of  the  units  of  length,  mass,  and  time,  and  thus  the  value  of 
the  unit  did  not  change,  as  was  the  case  before,  when  the  strength  of 
the  earth's  field  changed  at  the  standard  place. 

There  are  several  absolute  systems  of  units  possible  according  (i) 
to  what  we  take  as  the  fundamental  units,  (2)  to  the  magnitude  we 
adopt  for  the  fundamental  units  chosen,  (3)  to  the  physical  relation 
we  employ  for  obtaining  the  derived  units  from  the  fundamental 
units.  Thus  we  may  take  as  our  fundamental  units  those  of  length, 
mass,  and  time,  or  of  length,  force,  and  time,  or  of  length,  energy,  and 
time,  or  length,  mass,  and  force,  &c.,  &c.     Again,  we  may  take  as  our 
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unit  of  length  the  yard,  the  inch,  the  mile,  or  the  metre.  Finally, 
we  might  define  the  unit  of  volume  as  the  volume  of  a  cube,  each  edge 
of  which  is  of  unit  length,  or  as  the  volume  of  the  sphere  which  had  a 
radius  of  unit  length. 

With  the  exception  of  the  electrical  units,  it  is  with  reference  to  the 
first  two  of  these  three  possible  modes  of  variation  that  all  practical 
absolute  systems  differ  amongst  themselves.  By  far  the  most  usual 
system  in  all  physical  investigations  is  that  in  which  the  fundamental 
units  are  those  of  length,  mass,  and  time,  and  in  which  the  unit  of  length 
is  the  centimetre,  the  unit  of  mass  the  gram,  and  the  unit  of  time  the 
second.  This  system  is  referred  to  as  the  c.g.a.  (centimetre,  gram,  second) 
system.  This  is  the  system  that  will  almost  exclusively  be  used  in  this 
volume,  though  occasionally,  where  there  are  other  units  in  common  use, 
they  will  be  referred  to,  in  order  to  familiarise  the  reader  with  the  actual 
magnitudes  of  the  c.g.s.  units. 

An  absolute  system,  which  till  quite  lately  was  employed  in  all 
English  Observatories,  and  is  in  fact  still  employed  in  some,  is  that  in 
which  the  unit  of  length  is  the  foot,  the  unit  of  mass  the  grain,  and  the 
unit  of  time  the  second.  Again,  the  foot,  the  pound,  and  the  second  are 
sometimes  (chiefly,  let  it  be  said,  in  text-books  on  mechanics,  and  in 
examination  papers)  used  as  the  fundamental  units. 

A  more  important  system  of  absolute  units  is  that  in  which  the  funda- 
mental units  are  those  of  length,  force,  and  time,  for  this  system,  which 
will  be  referred  to  later  as  the  gravitational  system,  is  almost  exclusively 
used  by  engineers  {at  any  rate  in  this  country). 

Finally,  there  is  the  system,  supported  by  Ostwald,  in  which  the  funda- 
mental units  are  those  of  length,  energy,  and  time. 

9.  Dimensions  of  Derived  Units.— The  relation  by  means  of 
which  we  derive  the  magnitude  of  the  unit  of  any  quantity,  in  terms  of 
the  fundamental  units,  is  indicated  by  what  is  called  the  dimensions  of  the 
unit  in  question.  The  easiest  way  to  see  how  this  is  done  will  be  to  con- 
sider some  simple  examples. 

As  has  been  stated  in  §  5,  the  record  of  any  quantity,  say  a  length, 
must  consist  of  two  parts,  a  pure  number  and  a  term  giving  the  name 
of  the  unit  employed.  Thus  we  may  indicate  any  length  by  the  symbol 
/  [Z],  where  /  represents  the  numerical  part  of  the  expression,  i.e.  the 
number  of  times  the  unit  is  contained  in  the  given  length,  and  [Z]  is 
used  as  a  symbol  to  represent  the  unit  of  length  employed.  In  the  same 
way  [.I/]  and  [7"]  represent  the  units  of  mass  and  time  respectively.  The 
unit  of  area  could  be  indicated  by  the  symbol  \^A\  If,  however,  we  use 
an  absolute  system  in  which  the  relation  between  the  unit  of  area  and  that 
of  length  is  that  the  unit  of  area  is  the  area  of  a  square  of  which  the 
sides  are  each  of  unit  length,  then  we  may  write  the  symbol  for  this  unit 
[Z.Z.]  or  [/J],  since  the  area  of  a  square  is  numerically  equal  to  the  square 
of  the  length  of  one  of  the  sides.  It  is  evident  that  if  the  unit  of  length 
be  increased  from  [Z]  to  [Z, +  /.'],  then  the  unit  of  area  will  be  increased 
from  [A^]  to  \iL-^ Hy].  Hence  we  may  say  that  the  statement  that  the 
unit  of  area  can  be  represented  by  \1?'\  at  once  tells  us  how  a  change  in 
the  fundamental  unit  of  length  affects  the  derived  unit  of  area.  Since 
the  unit  of  area  would  not  change  if  the  units  of  mass  and  time  were 
changed,  the  relation  between  the  unit  of  area  and  these  units  may  be 
represented  by  \AP'\  and  [7^]..   Hence,  collecting  these  three  symbolical 
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statements  into  one,  we  may  say  that  the  unit  of  area  [^-/]  =  [/-''^]  [^^Z**]  [^*] 
or  [^]  =  [/,^.J/^7'".],  which  is  interpreted  as  meaning  that  in  the  absolute 
system  we  are  using,  the  unit  of  area  varies  as  the  second  power,  or  as 
the  square,  of  the  unit  of  length,  but  does  not  vary  with  the  units  of  mass 
and  time.  We  therefore  say  that  the  duiiensions  of  the  unit  of  area  with 
reference  to  length,  mass,  and  time  are  2,  o,  o,  or  more  fully,  so  as  to 
leave  no  doubt  as  to  the  order  in  which  we  are  referring  to  the  units, 
[/.'^.iT/".  7\].  It  will  be  at  once  evident  that  the  dimensions  of  the  unit 
of  voltmie  are  [Z.3.J/o.7\].  . 

To  take  another  example,  consider  the  unit  of  velocity,  which  in  our 
absolute  system  is  defined  as  such  that  unit  space  is  passed  over  in  unit 
time.  If  we  double  the  unit  of  length,  keeping  the  unit  of  time  constant, 
we  shall  evidently  require  the  body  to  move  over  twice  the  distance  in 
the  unit  of  time,  i.e.  wc  shall  double  the  unit  of  velocity  ;  therefore  the 
unit  of  velocity  [F]  has  the  dimensions  i  with  reference  to  the  unit  of 
length.  Again,  if  we  double  the  unit  of  time,  we  allow  the  body  twice  as 
long  to  cover  the  unit  of  length,  supposed  to  remain  constant,  and  there- 
fore we  halve  the  unit  of  velocity.  Hence  the  dimensions  of  velocity  with 
reference  to  time  are  —  i.     This  is  an  abbreviation  for 


[i]„lr 


']• 


As  the  unit  of  velocity  does  not  depend  on  the  unit  of  mass,  its  dimen- 
sions must  therefore  be  [A^J/^.r-^J. 

10.  Dimensional  Equations.— Equations  such  as 

lA'\=^[p.M^.'P:\  or  [^==[/AJ/«.7^».], 

which  tell  us  the  relation  between  the  derived  unit  and  the  fundamental 
units  of  a  system,  are  called  dimensional  equations.  They  are  of  utility  in 
two  ways — (i)  as  affording  a  means  by  which  we  can  convert  the  magni- 
tude of  any  physical  quantity  expressed  in  terms  of  the  units  belonging 
to  one  absolute  system  into  those  of  any  other  absolute  system ;  (2)  they 
atitbrd  a  check  on  the  accuracy  of  the  line  of  reasoning  by  means  of  which 
we  have  deduced  an  equation  connecting  any  physical  quantities.  Since 
it  is  impossible  to  compare  two  physical  quantities  which  are  not  of  the 
same  kind,  it  follows  that  the  dimensions  of  the  two  sides  of  any  equation 
connecting  physical  quantities  must  be  the  same.  Thus,  suppose  we  had 
come  to  the  conclusion  that  the  volume  c  of  water,  which  passes  any 
point  of  a  river  during  the  time  /,  was  given  in  terms  of  the  area  of  cross- 
section  a  of  the  river,  and  the  velocity  v  by  the  equation 

c^v'^at    .     .     .     (i). 

Substituting  for  c,  z/,  <?,  /,  the  full  expressions  in  which  the  values  of  the 
units  appear,  we  get 

c[C-\  =  v'^[V'^]xa[A-]xt[Tl 

Then  \yhcn  each  of  the  quantities  ^,  z/,  a,  and  /  are  unity,  we  get  the 
dimensional  equation 
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Substituting  on  each  side  of  this  equation  in  terms  of  the  fundamental 
units,  we  get 

[A3]  =  [L2r-2][Z.2][r] 

Here  the  dimensions  on  the  two  sides  are  different,  and  hence  we 
conclude  that  the  assumption  made  in  equation  (i)  is  incorrect.  As 
a  matter  of  fact,  the  correct  equation  is 

c=^vat^ 

and  this  gives  the  dimensional  equation 

[Z3]=[z.ir-^][i:2][7]=[z.3], 

in  which  the  dimensions  on  the  two  sides  are  the  same.  As  an  example 
of  the  use  of  dimensions  for  changing  from  one  system  of  units  to  an- 
other, suppose  it  is  required  to  convert  a  velocity  of  x  miles  per  hour 
into  feet  per  second.  Here  we  have  two  units  of  length,  the  mile  and  the 
foot ;  let  us  represent  them  by  [Z]  and  [A']  respectively  ;  in  the  same  way 
take  [7]  and  [7^]  to  represent  an  hour  and  a  second.  My  is  the  numeric 
which  expresses  the  velocity  in  feet  per  second,  we  must  have,  since  the 
actual  value  of  the  velocity  remains  the  same  whatever  units  we  may 
employ  in  which  to  measure  it  — 

xiLT-^'\=y\L:.T'-\\ 

This  shows  that  to  obtain  y,  the  value  of  the  velocity  expressed  in  feet 
per  second,  we  must  multiply  the  number  which  expresses  the  velocity  in 

terms  of  miles  and  hours  by  the  ratio  of  the  mile  to  the  foot  f  y, )  and  by 
the  ratio  of  the  second  to  the  hour  (  ^  )  • 

,T  5280        I 

Hence  y=^xy,- x -7 — • 

-^  1        3600 

The  further  discussion  of  dimensions  will  be  postponed,  the  dimen- 
sions of  each  quantity  being  considered  in  the  section  dealing  with  the 
quantity. 

11.  Units  of  Length.— There  are  in  Great  Britain  two  standard 
units  of  length — the  yard  and  the  metre.  The  yard  is  defined  by  Act 
of  Parliament  ^  as  follows  :  "  The  straight  Hne  or  distance  between  the 
centres  of  the  transverse  lines  in  the  two  gold  plugs  in  the  bronze  bar 
deposited  in  the  Office  of  the  Exchequer^  shall  be  the  genuine  standard 
yard  at  62°  F.,  and  if  lost  it  shall  be  replaced  by  means  of  its  copies." 
Copies  of  the  standard  yard  are  deposited  at  the  Royal  Mint,  the  Royal 
Society  of  London,  the  Royal  Observatory  at  Greenwich,  and  the  Houses 
of  Parliament. 

1  18  &  19  Vict.  c.  72,  July  30,  1855. 

2  In  accordance  with  the  Weights  and  Measures  Act  of  1878,  the  British  standards 
are  now  preserved  at  the  Standards  Office  of  the  Board  of  Trade. 
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The  second  standard  unit  of  length  in  Great  Britain  *  is  the  metre. 
The  metre  owes  its  origin  to  a  law  of  the  French  Republic,^  which 

enacted  that  the  unit  of  length  should  be  one  ten-millionth  ( — 7)  of  the 

distance  between  the  North  Pole  and  the  Equator,  measured  over  the 
surface  of  the  earth  along  the  meridian  passing  through  Paris.  The 
measurement  of  the  arc  of  this  meridian  between  Barcelona  and  Dunkirk 
was  carried  out  by  Delambre  and  Mechain,  and  from  their  results  Borda 
constructed  the  standard  metre  to  fulfil  the  above  definition.  The  metre 
is  now,  however,  not  defined  as  the  ten-millionth  of  the  quadrant  of  the 
meridian,  but  as  the  distance  between  the  ends  of  Borda's  platinum  rod 
at  a  temperature  of  0°  C.  If  this  were  not  done,  each  time  a  more  accu- 
rate measurement  of  the  earth's  dimensions  was  made,  all  the  copies  of 
the  metre  in  general  use  would  have  to  be  altered.  Since  the  unit  of 
length  is  a  fundamental  unit,  we  are  able  without  inconvenience  to  keep 
it  unaltered.  If,  however,  it  had  not  been  a  fundamental  unit,  it  would 
have  been  necessary  to  alter  its  value  each  time  a  more  accurate  deter- 
mination was  made  of  it,  in  terms  of  the  fundamental  units.  The  in- 
convenience which  may  thus  arise  will  be  noticed  when  we  come  to  the 
consideration  of  the  electrical  units.  According  to  the  best  modern 
measurements,  the  length  of  the  earth's  quadrant  is  io,ocxd,88o  metres. 
The  relation  between  the  metre  and  the  yard  is 

I  metre  =  39.37079  inches  =  1.093633  yards, 
I  yard  =  o«9' 43935  metres. 

Although,  looked  at  simply  as  a  standard  unit  of  length,  the  metre  is  not 
in  any  way  preferable  to  the  yard,  yet,  on  account  of  the  fact  that  the 
multiples  and  sub-multiples  of  the  metre  are  all  decimally  connected  with 
the  metre,  it  is  very  much  more  convenient  to  use  the  metre  as  the 
standard. 

A  metre  (m.)  is  divided  into  ten  decimetres  (dm.),  a  decimetre  into 
ten  centimetres  (cm.),  and  a  centimetre  into  ten  millimetres  (mm.).  The 
only  multiple  of  the  metre  practically  employed  is  the  kilometre,  which 
is  equal  to  one  thousand  metres,  and  is  the  unit  adopted  on  the  Con- 
tinent for  stating  such  distances  as  we  should  state  in  miles.  The  re- 
lation between  the  mile  and  the  kilometre  is  i  kilometre =0.62 14  mile, 
or  I  mile=  1.6093  kilometres. 

For  scientific  purposes  the  centimetre  is,  in  accordance  with  the 
recommendations  of  a  Committee  of  the  British  Association,  almost 
exclusively  used  as  the  unit  of  length. 

For  measuring  very  small  lengths  the  following  fractions  of  a  milli- 
metre are  often  employed  : — The  micron,  equal  to  a  thousandth  of  a 
millimetre  (o.ooi  mm.),  and  the  micromillimetre,  equal  to  a  millionth  of 
a  millimetre  (0.00000 1  mm.  or  lo"**  mm.).  The  micron  is  often  indicated 
by  the  symbol  m,  and  a  micromillimetre  by  /j/x. 

It  is  sometimes  useful  to  remember  that  the  diameter  of  a  halfpenny 
is  I  inch,  and  that  of  a  French  dixcentime  piece  is  3  centimetres;  also 
I  inch  =  25.4  millimetres  (very  nearly). 

1  The  use  of  the  metre  as  a  unit  of  length  was  legalised  by  Act  of  Parliament 
in  1879. 

*''  Loi  du  18  Germinal,  an  iii.  (April  7,  1795), 
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The  following  tables  will  be   found   of  use  in  converting  from  the 
British  to  the  metric  system,  and  vice  versa : — 


British  to  Metric. 

Inches=Centimetres. 

Feet = Centimetres. 

Yards = Metres. 

1=    2.5400 

1=    30.479 

1=0.91438 

2=    5.0800 

2=    60.959 

2=1.82877 

3=    7.6199 

3=  91438 

3  =  2-74315 

4=10.1598 

4=121.918 

4  =  3-65753 

5=12.6998 

5  =  152.397 

5  =  4.57192 

6=15.2397 

6=182.876 

6=5.48630 

7=17.7797 

7=213.356 

7  =  6.40068 

8  =  20.3196 

8=243.835 

8  =  7.31507 

9=22.8596 

9=274.315 

9  =  8.22945 

Metric  to  British. 

Centiinetres= Inches. 

Centimetres = Feet. 

Metres = Yards. 

1=   .39371 

I  =.032809 

1  =  1.09363 

2=    .78742 

2  =  .o656i8 

2  =  2.18727 

3=1.18112 

3  =  .098427 

3=3.28090 

4=1.57483 

4  =  .I3I236 

4  =  4-37453 

5  =  1.96854 

5  =  .164045 

5  =  5.46817 

6  =  2.36225 

6  =  .196854 

6  =  6.56180 

7  =  2.75596 

7  =  .229663 

7  =  7-65543 

8  =  3.14966 

8  =  .262472 

8  =  8.74906 

9  =  3-54337 

9=.29528i 

9  =  9.84270 

12.  Units  of  Mass. — The  standard  units  of  mass  in  Great  Britain 
are  the  pound,  which  is  the  unit  in  the  British  system,  and  the  kilogram, 
which  is  the  unit  in  the  metric  system. 

The  standard  pound  avoirdupois  is  the  mass  of  a  certain  piece  of 
platinum  which  is  marked  "P.  S.,  1844,  i  lb.,"  and  is  kept  at  the  same 
place  as  the  standard  yard.  The  grain,  which  has  been  used  as  the 
unit  of  mass  in  the  old  British  absolute  system  of  units,  is  one  seven- 
thousandth  part  of  the  pound. 

The  kilogram  is  the  mass  of  a  certain  lump  of  platinum  which  is  pre- 
served at  Paris,  and  is  called  the  "  Kilogram  des  Archives."  The  kilo- 
gram was  originally  constructed  by  Borda,  to  represent  the  mass  of  a 
cubic  decimetre,  that  is  1000  c.c  of  water  at  4°  C.,  the  temperature  of 
maximum  density.  More  recent  measurements  have,  however,  shown 
that  it  does  not  exactly  fulfil  this  definition  (see  §  146). 

The  c.g.s.  unit  of  mass  is  one  thousandth  of  the  kilogram,  and  is 
called  the  gtam.  A  thousandth  of  the  gram  is  called  the  milligram. 
The    following    are    the    usual    abbreviations   used    to    represent    the 
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various  units  of  mass — pound,  lb.  ;  kilogram,  kilo.  ;  gram,  grm. ;  milli- 
gram, mgrm. 

A  kilogram  is  equal  to  2.20462125  lbs.  or  15432.34874  grains,  and  a 
pound  is  equal  to  0.45359265  kilos. 

The  following  tables  will  be  found  of  use  for  converting  from  the 
British  to  the  metric  system,  and  vice  versa : — 


British  to  Metric. 

Pounds = Kilograms. 

Ounces = Grams. 

Grains  =  Milligtams. 

1=0.45359 

1=    28.3495 

1=    64.79895 

2  =  0.90719 

2=    56.6991 

2=129.59790 

3=1.36078 

3=    85.0486 

3=194.39685 

4=1.81437 

4=113.3982 

4  =  259.19580 

5  =  2.26796 

5=141.7477 

5  =  323.99475 

6  =  2.72156 

6=170.0972 

6  =  388.79370 

7  =  3.17515 

7  =  198.4468 

7  =  45359265 

8  =  3.62874 

8  =  226.7963 

8  =  518.39160 

9  =  4.08233 

9  =  255.1459 

9=583.19055 

Metric  to  British. 

KiIograms= Pounds. 

Grams = Grains. 

1=    2.20462 
2=   4.40924 
3=   6.61386 
4=    8.81849 
5  =  11.02311 
6=13.22773 

7=1543235 
8=17.63697 
9=19.84159 

1=    15.43235 
2=    30.86470 
3=   46.29705 
4=   61.72939 
5=    77.16174 
6=   92.59409 
7=108.02644 

8=123.45879 
9=138.89114 

13.  Units  of  Time.— The  scientific  unit  of  time,  both  in  the  British 
and  the  metric  system,  is  the  mean  solar  second.  The  mean  solar  second 
is  one  86,400th  part  of  a  mean  solar  day.  The  mean  solar  day  is  the 
average  interval  which  elapses  between  successive  transits  of  the  sun 
across  the  meridian  at  any  place  during  a  whole  year. 

Owing  to  the  excentricity  of  the  earth's  orbit,  and  the  fact  that  the 
earth's  axis  is  not  perpendicular  to  the  plane  of  the  orbit,  the  interval 
between  two  successive  transits  varies  during  the  year,  so  that  the  actual 
solar  day  is  not  the  same  as  the  mean  solar  day. 

If  a  clock  keeps  mean  time  and  agrees  with  solar  time,  that  is  time 
such  as  would  be  indicated  by  a  sundial,  when  the  sun  appears  in 
that  portion  of  the  heavens  known  as  the  first  point  of  Aries,  then  the 
difierence  between  the  time  of  noon  as  indicated  by  this  clock,  and  the 
time  when  the  sun  crosses  the  meridian  on  any  day,  is  called  the  equation 
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of  time  at  noon  for  that  day.     The  curve  in  Fig.  i  gives  the  equation  of 
time  for  the  year.     When  the  curve  is  above  the  axis  ox  the  equation 
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of  time  is  positive,  that  is,  the  time  as  shown  by  a  mean-time  clock 
will  be  ahead  of  the  transit  of  the  sun  by  the  amount  shown  by  the 
ordinate. 

It  will  be  seen  that  the  equation  of  time  is  zero,  that  is,  the  time 
as  indicated  by  a  mean-time  clock  and  the  sun  will  be  the  same  on 
April  15,  June  15,  August  31,  and  December  24.  On  February  11  the 
mean-time  clock  is  14  minutes  29  seconds  ahead  of  the  sun,  while  on 
November  i  it  is  16  minutes  20  seconds  behind  the  sun. 

The  unit  of  time  used  in  astronomy  is  the  sidereal  day.  This  repre- 
sents the  interval  between  two  consecutive  transits  of  one  of  the  fixed 
stars  across  the  meridian.  Since  the  distance  between  the  earth  and 
any  of  the  fixed  stars  is  very  great,  compared  even  with  the  diameter 
of  the  earth's  orbit,  the  line  joining  the  earth  to  such  a  star  remains 
always  parallel  to  itself.  Hence  the  sidereal  day  represents  the  time 
the  earth  takes  to  make  one  complete  rotation  about  its  axis.  A 
sidereal  day  is  equal  to  23  hours  56  minutes  4.09  seconds  of  mean  solar 
time. 

The  use  of  the  rotation  of  the  earth  as  a  measurer  of  time  is  not 
without  objection,  for  there  can  be  no  doubt  that  the  mean  solar  day  is 
gradually  growing  longer,  due  to  the  slowing  down  of  the  rotation  of  the 
earth.  In  order  to  remove  this  objection,  it  has  been  proposed  to  use 
the  time  of  vibration  of  the  atom  of  some  element,  such  as  sodium,  as  the 
unit  of  time,  for  under  definite  conditions  it  appears  as  if  this  time  were 
quite  fixed  and  unalterable. 

14.  Units  of  Angular  Measurement.— The  ordinary  unit  adopted 
for  measuring  angles  is  the  degree  :  90  degrees  being  equal  to  a  right 
angle,  so  that  360  degrees  correspond  to  a  complete  rotation.  Each 
degree  is  divided  into  60  minutes,  and  each  minute  into  00  seconds. 
Degrees,  minutes,  and  seconds  of  arc  are  indicated  by  the  symbols  ", ', 
and  "  respectively. 

Another  unit  of  angle,  which  is  frequently  employed,  is  called  the 
radia?i,  and  is  such  that  if  an  arc  of  the  circumference  of  a  circle  is 
taken  equal  in  length  to  the  radius  of  the  circle,  then  this  arc  will 
subtend  an  angle  at  the  centre  which  is  equal  to  one  radian.  When 
the  radian  is  used  as  the  unit,  the  angle  is  said  to  be  measured  in 
circular  measure. 


§  14]  Units  of  Angular  Measurement  13 

If  we  have  an  arc  of  a  circle,  of  which  the  length  is  a,  then  the  angle 
subtended  at  the  centre  of  the  circle  by  this  arc  is  equal  to  a\r  radians, 
where  r  is  the  radius  of  the  circle.  When  a  =  r  this  of  course  reduces  to 
one  radian  according  to  the  definition. 

Since  the  length  of  the  circumference  of  a  circle  of  radius  r  is  27rr, 
this  arc  will  subtend  27rr/r  or  27r  radians  at  the  centre.  But  the  angle 
subtended  at  the  centre  by  the  whole  circumference  is  360°.     Hence 

27r  radians  =  360*. 
.*.  I  radian     =36o727r. 
=  57'.2958. 
=  57°  I7'44".88. 
Also  I  degree =0.017453  radians. 

If  AB  (Fig.  2)  is  an  arc  of  a  circle  of  radius  r,  described  about  the 
point  O  as  centre,  then  the  angle  0^ 
subtended  by  this  arc  at  the  centre, 
is  equal  to  AB/r  radians.  If  from  B 
we  draw  BC  perpendicular  to  OA  then 
the  following  trigonometrical  relations 
hold  good  :  ^ —  Fig.  2. 

B  (in  circular  measure)  =  .^^/r. 
Sin  e  =  BC[6B  =  BClr. 

Cos  e=oc/u£=dc/r. 

Tan  e=BC/OC. 

Now,  if  the  angle  6  is  very  small,  the  length  of  the  arc  A  7?  will  be 
very  nearly  the  same  as  that  of  the  perpendicular  £C,  while  OC  will  be 
very  nearly  equal  to  OB  or  r.  Hence,  when  6  is  very  small,  the  above 
relations  reduce  to — 

e=JWjr. 
Sin  6= AB/r. 

Cos  0=r/r=u_      

Tan  0  =  A/9/O.l  =  AB/r. 

Hence  for  small  values  of  9  we  have — 

Sin  ^  =  tan  6  =  9, 

where  9  is  measured  in  radians,  and 

Cos^=r. 

^  Readers  unfamiliar  with  the  elements  of  trigonometry  may  take  these  relations  as 
defining  the  quantities — the  sine  of  the  angle  Q  (written  sin  Q),  the  cosine  of  Q  (cos  ^), 
and  the  tangent  of  B  (tan  B), 
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The  closeness  with  which  these  relations  are  true  for  different  small 
values  of  d  will  be  evident  from  the  following  table  :--- 


In  Degrees. 

Q 
In  Radians. 

Sin0. 

T.an  6. 

Cos^. 

0° 

0 

0 

0 

I 

o°  30' 

0.00873 

0.00873 

0.00873 

0.99996 

0.01745 

0.01745 

0.01746 

0.99985 

2° 

0.03491 

0.03490 

0.03492 

0.99939 

3° 

0.05236 

0.05234 

0.05241 

0.99863 

4 

0.0698 1 

0.06976 

0.06993 

0.99756 

5° 

0.08727 

0.08716 

0.08749 

0.99619 

These  relations  will  be  found  of  considerable  utility,  for  by  their  means 
we  are  able,  whenever  we  are  dealing  with  small  angles,  to  considerably 
simplify  many  expressions  involving  these  functions  of  the  angle. 

Since  an  angle  is  measured,  in  circular  measure,  by  the  ratio  of  the 
length  of  the  arc  (a)  to  the  radius  (r),  we  have,  if  [^]  is  taken  to  represent 
the  dimensions  of  the  unit  angle,  the  relation 

=  1. 

Thus  an  angle  has  dimensions  zero  with  reference  to  all  the  fundamental 
units.  As  the  dimensions  of  any  quantity  cannot  depend  on  the  absolute 
value  of  the  unit  used  to  measure  it,  it  follows  that  an  angle,  when 
measured  in  degrees,  is  also  of  zero  dimensions  with  reference  to  the 
fundamental  units  of  length,  mass,  and  time. 


CHAPTER    III 
MEASUREMENT   OF  LENGTH 

15.  Importance  of  Length  Measurements.— In  the  measurement 
of  nearly  all  physical  quantities,  what  we  actually  observe  is  the  ratio  of 
some  length  to  some  other  length.  Thus  when  we  measure  the  pressure 
of  the  atmosphere  with  a  mercury  barometer,  what  we  really  observe 
and  measure  is  the  length  of  a  column  of  mercury  ;  the  same  statement 
applies  to  the  measurement  of  a  temperature  with  a  mercurial  thermo- 
meter ;  so  also,  when  we  use  a  spring  balance  to  measure  a  mass,  it 
is  the  movement  of  a  pointer  along  a  scale  that  is  observed.  Hence 
we  see  the  importance  of  being  able  to  make  accurate  measurements 
of  length. 

With  an  ordinary  scale  divided  into  tenths  of  an  inch  it  is  possible, 
with  a  little  care  and  practice,  to  measure  by  eye  a  length,  which  is  not 
greater  than  that  of  the  scale,  to  within  one-hundredth  of  an  inch.  This 
is  done  by  mentally  supposing  each  of  the  tenths  of  an  inch  subdivided 
into  ten  equal  parts,  i.e.  into  hundredths  of  an  inch,  and  estimating  by 
eye  by  how  many  of  these  imaginary  hundredth  of  an  inch  divisions 
the  length  exceeds  the  nearest  number  of  whole  divisions.  In  the  same 
way,  with  a  scale  divided  into  millimetres,  it  is  possible  to  read  to  tenths 
of  a  millimetre.  In  order  to  attain  to  a  degree  of  accuracy  much  greater 
than  the  above  it  is  necessary  to  adopt  some  mechanical  means  of  sub- 
dividing the  divisions,  for  merely  making  the  divisions  of  the  scale 
nearer  together  does  not  advance  matters  much  if  we  trust  to  our 
judgment  and  eye  alone,  even  if  a  magnifying  glass  is  used.  Of  such 
mechanical  contrivances  the  most  commonly  employed  are  the  vernier 
and  the  micrometer  screw. 

16.  The  Vernier. — Suppose  ab,  Fig.  3,  is  a  scale  divided  into  equal 
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parts,  and  that  the  end  D  of  some  object  (cd),  the  length  of  which  is  to 
be  measured,  lies  between  the  fourth  and  fifth  divisions,  and  that  we 
require  to  find  the  fraction  (;i:)  of  a  division  by  which  the  length  of  CD 
exceeds  four  divisions  of  the  scale.  If  a  block  de,  of  such  a  length  that 
ten  of  these  blocks  placed  end  to  end  would  be  equal  to  nine  divisions  of 


1 6  Mechanics  and  Properties  of  Matter  [§  ^^ 

the  scale  {i.e.  the  length  of  each  block  is  ^  or  0.9  of  a  division),  is  placed 
at  the  end  of  CD,  then  the  end  (e)  of  this  block  will  evidently  project 
beyond  the  fifth  division  by  an  amount  (^—1^)  of  a  division,  since  DE  is 
^  of  a  division.  If  a  second  block  EF  is  placed  at  the  end  of  the  first, 
the  end  F  will  exceed  the  sixth  division  of  the  scale  by  an  amount  {x-  ^%) 
of  a  division.  In  the  same  way  the  end  of  a  third  block  would  project 
beyond  the  seventh  division  of  the  scale  by  an  amount  {x  —  ^  of  a 
division,  and  so  on.  It  will  be  seen,  however,  that  the  end  G  of  the 
third  block  exactly  coincides  with  the  seventh  division  of  the  scale,  so 
that  the  amount  by  which  it  projects  is  zero.     Hence 

or  ;r=^<j 

That  is,  the  length  of  CD  is  \^q  or  4.3  divisions  of  the  scale.  We  notice 
that  if  each  of  the  blocks  is  T%ths  of  a  division  in  length,  the  object 
CD  exceeds  four  divisions  by  as  many  tenths  of  a  division  as  it  is  neces- 
sary to  add  blocks,  till  the  end  of  the  last  block  just  coincides  with  one 
of  the  divisions  of  the  scale. 

It  will  be  found  that  the  above  relation  between  the  number  of  the 
blocks  and  the  excess  {x)  is  quite  general,  and  it  is  utilised  to  mechan'cally 
subdivide  the  smallest  divisions  of  a  scale.  Instead  of  having  a  number 
of  separate  blocks,  it  is  more  convenient  to  have  a  small  auxiliary  scale, 
called  a  vernier,  which  can  slide  along  the  edge  of  the  chief  scale,  and  is 
divided  so  that  ten  divisions  of  the  vernier  are  equal  to  nine  divisions  of 

the  scale.      In  this  case 

we    set    the  end  of  the 

vernier  against  the  end 

of  the  object,  and  look 

along    till    we    come    to 

the  division  of  the   ver- 

nier  which  coincides  with 

^^'  ^'  one   of  the   divisions  of 

the  scale.    In  the  case  shown  in   Fig.  4,  this  occurs  at  the   seventh 

division  of  the  vernier,  and  hence  the  object  is  4^^  or  4.7  divisions  in 

length. 

We  may  generalise  and  say  that  if  m  divisions  of  the  vernier  are 
equal  in  length  Xo  m—\  divisions  of  the  scale,  and  coincidence  occurs  at 
the  wth  division  of  the  vernier,  then  the  reading  of  the  vernier,  i.e.  the 
distance  between  the  zero  line  of  the  vernier  and  the  preceding  division 

line  on  the  scale,  is  — ths  of  a  division  of  the  scale.     Thus  if  the  scale  is 
m 

divided  into  millimetres,  20  divisions  of  the  vernier  being  equal  to  19  mm., 
and  coincidence  occurred  at  the  17th  division  of  the  vernier,  the  reading 
would  be  ^  mm. 

Verniers  are  sometimes  constructed  so  that  m  divisions  of  the  ver- 
nier are  equal  to  w  +  i  divisions  of  the  scale.  For  instance,  suppose 
ten  divisions  of  the  vernier  are  equal  to  eleven  divisions  of  the  scale. 
Then,  by  an  argument  exactly  similar  to  that  adopted  above,  it  is  evident 
that  if  the  n\h  division  of  the  vernier,  counting  as  before  from  the  end 
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next  the  object  which  is  being  measured,  coincides  with  a  division  of  the 
scale,  we  have 

x-\ — =1  division, 


lo-n    .      ..  .  . 
x= of  a  division. 


But  \o-n  is  the  number  of  divisions  of  the  vernier  between  the 
coincidence  and  the  end  remote  from  the  object.  Hence  if  the 
vernier  is  numbered  in  the  reverse  direction  to  that  in  which  the  scale 
is  numbered,  the  reading  on  the  vernier  will  give  directly  in  tenths 
the  fraction  of  a  division.  The  advantage  of  this  form  of  vernier  is 
that  it  is  a  little  more  open,  i.e.  the  divisions  are  further  apart,  than  in 
the  other  form. 

17.  The  Micrometer  Screw.— If  a  screw  is  rotated  through  a  com- 
plete turn  its  point  will  move,  with  reference  to  the  nut,  through  a 
distance  equal  to  the  pitch  of  the  screw,  i.e.  to  the  distance  between  two 
consecutive  threads.  By  making  the  pitch  of  a  screw  small,  and  also 
attaching  a  drum-shaped  head  of  considerable  diameter  which  is  divided 
into  a  number  of  equal  parts,  so  that  a  fraction  of  a  rotation  can  be  read, 
it  is  possible  to  measure  with  great  accuracy  the  distance  moved  over 
by  the  point  of  the  screw.  For  example,  in  the  Whitworth  measuring 
machine  the  pitch  of  the  screw  is  ^  inch,  so  that  the  point  of  the  screw 
advances  ^  of  an  inch  for  each  whole  turn.  The  head  attached  to  the 
screw  is  divided  into  500  equal  parts.  Hence  one  division  on  the  head 
corresponds  to  a  movement  of  the  end  of  the  screw  of  3^  of  ^  or 
1/10,000  inch. 

18.  The  Screw-Gaugre. — An  example  of  a  case  where  a  micrometer 
screw  is  used  to  measure  a  length  is  afforded  by  the  screw-gauge  shown 
in  Fig.  5.  The  object  to  be  measured  is  placed  between  the  end  of  the 
screw  A  and  the  block  B,  which  is 

connected  by  a  strong  curved  arm 
with  the  nut  in  which  the  screw 
works.  The  number  of  whole 
turns  made  by  the  screw  is  read 
by  means  of  a  scale,  E,  attached 
to  the  nut,  which  is  gradually  un- 
covered by  the  movement  of  the 
cap,  G,  attached  to  the  screw. 
The  fractions  of  a  turn  are  read 
off  on  a  scale,  F,  on  the  edge  of 
this  cap.  The  pitch  of  the  screw 
ordinarily  employed  is  0.5  mm.,  and  the  edge  of  the  cap  is  divided 
into  50  parts.  Hence  as  turning  the  screw  through  a  whole  turn 
or  50  divisions  advances  the  point  A  by  0.5  mm.,  one  division  on 
the  scale  F  corresponds  to  a  motion  of  the  point  of  1/50  of  0.5  mm. 
or  0.0 1  mm. 

19.  The  Comparator. — For  comparing  together  two  very  nearly 
equal  lengths,  as,  for  instance,  a  standard  metre  with  a  copy,  an  instru- 
ment called  a  comparator  is  used.    The  principle  on  which  this  instrument 
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works  will  be  seen  from  Fig.  6.  Two  stone  pillars,  A  and  B,  which  are 
firmly  embedded  in  the  ground,  carry  two  microscopes,  C  and  D.  The 
cross  wires  of  these  microscopes,  instead  of  being  fixed,  can  be  moved 
through  a  small  distance  in  the  direction  of  the  line  joining  the  pillars 
by  means  of  micrometer  screws,  E,  which  have  divided  heads.  The  two 
bars  to  be  compared  are  supported  on  a  carriage  running  on  two  rails 
fixed  between  the  pillars,  so  that  first  one  bar  and  then  the  other  can  be 
brought  underneath  the  microscopes.  In  order  to  keep  the  bars  at  a 
constant  temperature,  they  are  immersed  in  a  water  bath. 

When  using  this  instrument  one  bar  is  brought  beneath  the  micro- 
scopes, and  the  cross  wires  are  adjusted  till  they  exactly  coincide  with 
the  image  of  the  division  lines  on  the  bar.  The  other  bar  is  then  sub- 
stituted, and  the  number  of  turns  and  fractions  of  a  turn  of  the  micrometer 
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screws  necessary  to  bring  the  cross  wires  into  coincidence  with  the  image 
of  the  division  lines  is  noted.  Preliminary  experiments  are  made  to 
determine  the  magnification  of  the  microscopes  and  the  pitch  of  the 
micrometer  screws,  so  that  from  the  number  of  revolutions  the  difference 
in  length  of  the  two  bars  can  be  calculated.  In  the  instrument  in  use 
for  comparing  the  standard  metres  at  the  Bureau  International  des 
Poids  et  Mesures  at  Paris,  one  division  on  the  micrometer  heads  corre- 
sponds to  a  difference  in  length  of  the  bars  of  o.ooi  millimetre,  Le.  to 
one-millionth  of  a  metre. 

20.  The  Cathetometer.— In  order  to  measure  a  vertical  height,  an 
operation  of  frequent  occurrence  in  I'hysical  measurements,  an  instru- 
ment called  a  cathetometer  is  usually  employed.  One  form  of  catheto- 
meter is  shown  in  Fig.  7.  A  vertical  metal  pillar,  AB,  is  fixed  in  a 
heavy  tripod-stand  in  such  a  manner  that  it  can  be  rotated  about  a 
vertical  axis.  This  pillar  has  a  divided  scale  engraved  along  one  face. 
Two  carriages,  C  and  D,  slide  along  the  pillar.  One  of  these,  c,  carries  a 
telescope,  T,  while  the  other,  D,  has  a  clamping  screw,  by  means  of 
which  it  can  be  clamped  to  the  pillar  in  any  position.  These  two 
carriages  are  connected  together  by  a  fine  screw,  E,  so  that,  D  being 
clamped  to  the  pillar,  by  turning  this  screw  the  other  carriage,  C,  together 
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with  the  telescope,  can  be  moved  through  a 
its  position  accurately  adjusted.  The  position 
is  read  off  on  the  scale  by 
means  of  a  vernier,  v.  A 
spirit-level,  L,  serves  to  show 
when  the  axis  of  the  tele- 
scope is  horizontal,  a  screw, 
F,  being  used  to  make  this 
adjustment. 

When  using  the  instrument 
to  measure  the  vertical  dis- 
tance between  two  points,  the 
pillar  is  first  set  vertical  by 
means  of  the  levelling  screws, 
this  adjustment  being  com- 
plete when  on  rotating  the 
pillar  the  position  of  the  bubble 
of  the  spirit-level,  L,  does  not 
alter.  The  carriages  are  then 
moved  till  the  lower  end  of 
the  object  to  be  measured  is 
seen  through  the  telescope. 
The  carriage,  D,is  then  clamped, 
and  by  turning  the  screw,  E, 
the  intersection  of  the  cross 
wires  of  the  telescope  is  made 
to  coincide  with  the  image  of 
the  lower  point.  The  position 
of  the  carriage,  C,  having  been 
read  by  means  of  the  vernier, 
the  carriage  is  moved  till  the 
image  of  the  upper  point  co- 
incides with  the  intersection  of 
the  cross  wires.  The  differ- 
ence between  the  two  readings 
gives  the  vertical  distance  be- 
tween the  two  points. 

In  order  to  obtain  a  correct 
result  it   is 


small    distance  and 
of    the    carriage,  c 


very  nnpor- 
tant       that 


Fig.  7. 


the  axis  of  the  telescope  in  the  two  positions  should 
be  exactly  parallel.  This  will  be  evident  from 
Fig.  8,  where  the  axis  of  the  telescope  when  at  Tg 
is  shown  inclined  to  its  position  when  at  T^.  The 
X  distance  between  X  and  Y  would  then  be  read  off 
as  T1T2  instead  of  T^c  as  it  ought  to  be.  The 
error  due  to  this  cause  is  minimised  by  always 
setting  the  axis  of  the  telescope  horizontal,  as 
shown  by  the   delicate   spirit-level    L,   by  means   ol 

the  screw  F,  before  making  the  final  adjustment  of  the  slide  in  both 

positions  of  the  telescope. 
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21.  Units  of  Surface. — For  all  scientific  purposes  the  unit  of  surface 
is  a  square  of  which  each  side  is  of  unit  length.  In  the  c.g.s.  system, 
therefore,  the  unit  of  surface  is  a  square,  each  side  of  which  is  one  centi- 
metre, and  is  called  a  square  centimetre.  A  square  centimetre  is  sometimes 
written  sq.  cm.  and  sometimes  cm^.  For  measuring  such  surfaces  as 
would  in  the  British  system  be  measured  in  acres,  the  unit  employed  in 
the  metric  system  is  the  hectare,  which  is  10,000  square  metres ;  one 
hectare  is  equal  to  2.471  acres.     The  dimensions  of  surface  are  \U\. 

22.  Measurement  of  Surface.— The  area  of  certain  figures  can  be 
readily  calculated  by  geometry.  Some  of  the  commonly  occurring  cases 
are  given  in  the  following  table  : — 


Figure. 

Area. 

Remarks. 

Square 
Rectangle 
Parallelogram 
Triangle  . 

Circle       .        .        \ 

Ellipse     . 

Sphere  (surface  of) . 

«2 

a.b 
a.b 
\a.b 

7r.r2 

TT.a.b 

a  =  length  of  side. 

a  and  <^  =  lengths  of  two  adjacent  sides. 

/2  =  height,  <^  =  base. 

rt  =  height,  b=ha.se. 

(                     ,.              circumference 
)            r=radms,  7r= — 

(                                 =3-1416. 
a  and  ^  =  semi-axes. 
r= radius. 

The  surface  of  an  irregular  plane  figure  may  be  determined  experi- 
mentally by  tracing  the  outline  of  the  figure  on  a  sheet  of  cardboard  or 
tinfoil,  then  cutting  it  out  and  weighing.  The  weight  of  a  square  centi- 
metre of  the  same  card  or  foil  is  then  measured,  and  from  this  the  area  of 
the  figure  calculated  from  its  weight.  Another  method  in  common  use 
is  to  trace  the  figure  on  paper  (called  curve  or  squared  paper)  which  is 
subdivided  by  two  series  of  parallel  lines  at  right  angles  to  one  another 
into  a  number  of  equal  small  squares.  The  number  of  these  squares  in- 
cluded within  the  figure  is  then  counted,  and  by  multiplying  this  number 
by  the  area  of  each  of  the  squares,  the  area  of  the  figure  is  determined. 

For  an  account  of  the  rules  for  approximately  calculating  the  area 
of  certain  figures,  and  for  a  description  of  instruments  for  mechanically 
obtaining  the  area  of  plane  figures,  reference  must  be  made  to  text-books 
on  mensuration  and  the  integral  calculus,  since  they  cannot  be  profitably 
described  without  assuming  a  knowledge  of  the  calculus. 

23.  Units  of  Volume. — The  unit  of  volume  for  all  scientific  purposes 
is  the  volume  of  a  cube  each  edge  of  which  is  of  unit  length.  Thus  in 
the  c.g-.s.  system  the  unit  is  the  volume  of  a  cube  each  edge  of  which  is 
one  centimetre  in  length.  This  unit  is  called  the  cubic  centimetre,  and 
is  generally  written  c.c.  or  cm^ 

For  commercial  purposes  the  unit  of  volume  in  the  metric  system  is 
the  litre,  which  is  the  volume  of  a  kilogram  of  pure  water  at  the  tempera- 
ture of  its  maximum  density  (4°  C).  The  litre  is  thus  for  all  practical 
purposes  equal  to  1000  cubic  centimetres  or  one  cubic  decimetre.  One 
litre  is  equal  to  1.76077  imperial  pints,  or  0.220097  gallon. 
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The  following  table  is  convenient  for  converting  pints  to  litres,  or 
vice  versa : — 


British  to  Metric. 

Metric  to  British. 

Pints = Litres. 

Litres  =  Pints. 

1=0.5679 
2=1.1359 
3=1.7038 
4=2.2717 

5  =  2.8396 

6  =  3.4076 

7  =  3-9755 

8  =  4-5435 

9  =  5.1114 

1=    1.7608 
2=    3.5215 
3=   5-2823 
4=    7-0431 

5=  8.8039 
6=10.5646 
7=12.3254 
8=14.0862 
9=15.8469 

The  dimensions  of  volume  are  [Z-^]. 

The  following  table  gives  the  volumes  of  some  of  the  simpler  geo- 
metrical figures  : — 


Figure. 

Volume. 

Remarks. 

Cube        .... 

Rectangular      parallel- ) 

opiped          .         .         ) 

Sphere    .... 

Cylinder  or  prism  . 

«3 

a.b,c. 

^7rr3 

A.h 

a  =  length  of  edge. 
a,  b,  ^  =  lengths  of  three  ad- 
jacent edges. 
r=  radius. 
1  ^  =  area  of  base. 
■j  i%  =  height. 

The  experimental  measurement  of  volume  will  be  considered  later 

(§^45). 

The  discussion  of  the  methods  of  measuring  mass  is  for  the  present 
deferred  (see  §  95). 


PART    II— KINEMATICS 

CHAPTER   IV 
POSITION 

24.  Province  and  Subdivisions  of  Mechanics.— The  title  me- 
chanics is  generally  given  to  that  part  of  physics  which  deals  with  the 
effects  of  force  on  matter,  without  in  any  way  considering  /i07a  the  force 
originates.  F'or  the  pieseiit  we  may  regard  force  as  typified  by  mus- 
cular exertion.  When  we  exert  our  muscular  powers  to  overcome  some 
obstacle  we  derive,  by  means  of  our  sense  organs,  a  certain  sensation 
wliich  we  describe  as  due  to  the  fact  that  we  are  exerting  a  force.  When 
any  inanimate  agency  produces  effects  on  bodies  which  are  similar  to 
those  which  we  produce  by  muscular  exertion,  it  is  in  the  same  way  said 
to  exert  force. 

As  far  as  mechanics  is  concerned,  the  efilects  of  force  on  matter  are  of 
two  kinds — (i)  change  of  motion,  and  (2)  change  of  size  or  shape. 

Before  studying  the  effects  of  force  on  the  motion  of  bodies,  which 
constitutes  the  branch  of  mechanics  called  Dynajnics^  it  is  advantageous 
to  study  motion  in  the  abstract,  i.e.  without  reference  to  the  cause  of  the 
motion.     This  branch  of  mechanics  is  called  Kinematics. 

25.  Material  Particle.— A  portion  of  matter  so  small  that,  for  the 
purposes  of  the  discussion  in  hand,  the  distances  between  its  different 
parts  may  be  neglected  in  comparison  to  the  other  lengths  we  are  con- 
sidering is  called  a  material  particle. 

The  limiting  size  of  a  material  particle  varies  very  much  in  different 
investigations.  Thus  in  some  astronomical  problems  the  earth  and  the 
other  planets  are  treated  as  material  particles,  while  if  we  attempt  to 
account  for  the  different  kinds  of  light  emitted  by  glowing  gases,  by  a 
consideration  of  the  vibrations  of  the  molecules  or  even  of  the  atoms,  it 
is  no  longer  permissible  to  regard  an  atom  as  a  material  particle. 

26.  Position. — The  definition  of  a  material  particle  amounts  to  a 
statement  that  the  position  of  such  a  material  panicle  can  be  represented 
by  a  geometrical  point,  which  has  position  but  not  magnitude.  This  at 
once  leads  to  the  question  of  position. 

In  order  to  define  the  position  of  a  point,  we  require  to  know  its  dis- 
tance from  some  fixed  point  of  reference,  called  the  origin,  and  also  the 
direction  in  which  we  must  go  in  order  to  pass  from  the  origin  to  the 
given  point.  In  order  to  be  able  to  specify  this  direction,  it  is  necessary 
that  we  have  some  fixed  direction.  Suppose  we  first  take  the  case  of  the 
definition  of  the  position  of  a  point  on  a  plane  surface.  Let  P  (Fig.  9)  be 
such  a  point,  and  let  o  be  the  origin,  and  ox  (called  in  geometry  the 
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Fig.  9. 


initial  line)  be  the  fixed  direction.  Then  it  is  evident  that  if  we  know 
the  angle  0,  which  the  straight  line  joining  p  to  the  origin  makes 
with  OX,  and  also  the  distance 
(r)  we  have  to  travel  along  this 
line  from  O  to  reach  P,  then  the 
position  of  P  is  completely  de- 
fined. The  quantities  r  and  0, 
which  serve  to  define  the  posi- 
tion of  p,  are  called  the  co- 
ordinates of  P. 

Another  method  of  defining  the  position  of  a  point  in  a  plane  is  to 
have  two  fixed  intersecting  straight  lines,  called  the  axes,  inclined  at  any 
angle  to  one  another,  and  refer  the  position  of  the  point  to  these  lines. 
Thus,  suppose  we  have  two  fi.xed  straight  lines,  xox'  and  yoy'  (Fig.  10), 
intersecting  at  O  (the  origin),  and  through  any  given  point  P  we  draw 
two  lines,  PN  PM,  parallel  respectively  to  the  axes,  then  if  we  are  given 
the  distances  NP  and  mf',  the  position  of  P  is  defined.  For  if  we  measure 
oflf  from  o  along  ox  a 

distance    OM    equal    to  Y 

NP,  and  through  M  draw 
a  line  parallel  to  yy', 
the  point  P  must  lie 
somewhere  on  this  line. 
In  the  same  way  P  must 
lie  somewhere  on  the 
line  NP,and  hence  must 
lie  at  the  on/y  point 
which  is  common  to 
the  two,  that  is  at  their 
point  of  intersection.  It 
is  usual  tojndicate  the 
distance  OM  or  NP  by 
thes^ymbol  x,  and  ON 
or  MP  by  the  symbol  y, 
so  that  the  co-ordinates 
of   the    point    P  are  x 

and  y.  In  almost  all  practical  applications  of  this  method  of  de- 
fining the  position  of  a  point  (called  the  Cartesian  method)  the  two 
axes  are  taken  at  right  angles  to  one  another.  In  order  to  define  the 
position  of  a  point  in  space  we  require  three  co-ordinates.  In  the 
Cartesian  method  three  axes  are  taken  which  are  at  right  angles  to 
each  other,  and  the  co-ordinates  of  a  point  are  then  the  distances  from 
the  origin  of  the  feet  of  the  perpendiculars  drawn  from  the  point  to  the 
three  axes. 

27.  Vectors  and  Scalars. — Suppose  we  have  the  positions  of  two 
points  (o  and  p)  given.  Then  the  position  of  P  relative  to  O  is  given  by 
the  length  and  the  direction  of  the  straight  line  Q?  drawn  from  o  to  P. 
That  is,  starting  from  o  you  will  arrive  at  P  if  you  go  in  the  direction  of 
the  line  OP  for  a  distance  equal  to  the  length  of  this  line. 

In  geometry  the  expression  OP  is  used  simply  to  designate  a  line. 


Fig.  10. 
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When,  however,  it  is  used  to  designate  the  operaiion  by  which  the  line 
is  drawn,  t.e.  the  motion  of  a  tracing  point  in  a  certain  definite  direction 
for  a  certain  definite  length,  it  forms  an  example  of  a  quantity  called 
a^vector.  To  emphasise  this  fact  we  shall  indicate  a  line  such  as 
OP,  when  it  is  used  as  a  vector,  by  an  arrow  placed  over  the  letters  which 

define  the  ends  of  the  line,  thus  OP.  The  arrow  will  here  remind  us  of 
the  distinctive  property  of  a  vector,  namely,  that  in  addition  to  a  definite 
magnitude,  it  has  also  a  definite  direction,  for  we  are  constantly  in  the 
habit  of  indicating  a  direction  by  means  of  an  arrow-head.  The  expres- 
sions OP  and  PO  represent  tv/o  different  vectors,  for  although  the  distance 
is  the  same  in  the  two  cases,  yet  in  one  the  tracing  point  is  supposed  to 
move  from  O  to  P,  and  in  the  other  from  P  to  O. 

A  quantity  which  has  only  magnitude  and  not  direction  is  called  a 
scalar.  Thus  mass  and  density  are  scalars,  but  velocity  and  force,  as 
we  shall  see,  are  vectors,  for  they  have  not  only  magnitude,  but  have 
associated  with  this  magnitude  a  certain  direction. 

28.  Motion. — If  the  position  of  a  material  particle  is  changed,  then 
if  we  only  consider  its  state  before  and  after  the  process  of  change,  and 
take  no  account  of  the  time  during  which  this  change  takes  place,  we 
are  said  to  study  the  displacement  of  the  particle.  When  a  particle  is 
displaced,  however,  from  one  point  to  another,  it  must  travel  over  a  con- 
tinuous path  from  one  position  to  the  other  ;  and  further,  it  must  take 
a  certain  time  in  travelling  over  this  path,  so  that  it  has  occupied 
in  succession  every  point  along  this  path.  When  we  consider  the 
actual  process  of  change  of  position  as  occurring  during  a  certain  time, 
we  are  said  to  study  the  motion  of  the  particle,  while  that  branch  of 
mechanics  which  is  concerned  with  the  motion  of  bodies  treated  in  the 
abstract,  i.e.  without  considering  what  causes  the  motion  or  change  of 
motion,  is  called  Kinematics. 

29.  Different  Kinds  of  Motion.— The  motion  of  a  material  par- 
ticle, taken  with  reference  to  some  fixed  point  as  origin,  can  consist 
either  in  change  in  the  distance  of  the  particle  from  the  origin,  the 
directiofi  of  the  straight  line  joining  the  particle  to  the  origin  remaining 
fixed,  i.e.  motion  can  take  place  along  this  straight  line  either  away  from 
or  towards  the  origin,  or  in  a  change  in  the  direction  of  the  line  joining 
the  particle  to  the  origin,  the  length  of  this  line  remaining  fixed,  i.e. 
motion  along  the  circumference  of  a  circle  having  the  origin  as  centre, 
or  in  a  combination  of  these  two.  In  the  case  of  a  material  particle,  since 
it  has  no  parts,  the  above  are  the  only  kinds  of  motion  possible,  and  this 
form  of  motion  is  called  motion  of  translation.  If,  however,  instead  of 
dealing  with  a  material  particle,  we  are  dealing  with  a  body  of  appreci- 
able size,  so  that  its  different  parts  can  have  different  motions,  we  have  a 
further  kind  of  motion  possible.  Thus  in  addition  to  a  motion  of  transla- 
tion, in  which  the  body  moves  so  that  the  line  joining  any  two  points  in 
the  body  is  always  parallel  to  some  fixed  line,  the  body  may  spin  or 
rotate.  In  the  case  of  a  pure  translation,  the  motion  of  all  the  particles, 
of  which  we  may  consider  the  body  to  be  built  up,  is  exactly  the  same, 
while  when  the  body  rotates  the  motions  of  the  different  parts  of  the  body 
are  different.  The  most  general  kind  of  motion  of  which  an  extended 
body  is  capable  is  a  combination  of  a  rotation  with  a  translation. 
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As  an  example  of  a  motion  of  translation,  if  we  neglect  the  curvature 
of  the  earth's  surface,  we  may  take  the  case  of  a  boat  sailing  in  a  straight 
line.  The  fly-wheel  of  a  stationary  engine  is  an  example  of  a  motion  of 
pure  rotation.  The  motion  of  the  screw  propeller  of  a  ship,  the  wheel  of 
a  locomotive,  and  a  ball  rolling  along  the  ground  are  obvious  examples 
of  the  combination  of  a  motion  of  translation  with  one  of  rotation. 


CHAPTER    V 
MOTION   OF   TRANSLATION 

80.  Velocity,  Speed. — The  time  rate  ^  at  which  a  point  changes  its 
position  is  called  its  velocity.  From  what  has  been  said  in  §  27  it  is 
evident  that  the  change  in  the  position  of  a  particle  must  not  only  have 
magnitude,  /.<?.  there  must  be  a  certain  distance  measured  along  the  path 
traversed  by  the  particle  between  its  first  and  last  positions,  but  also  the 
motion  of  the  particle  must  have  been  in  some  direction,  although  not 
necessarily  along  a  straight  line,  so  that  velocity  is  a  vector.  Velocity, 
therefore,  may  vary  both  in  regard  to  its  magnitude  and  also  in  regard 
to  its  direction.  This  may  be  illustrated  by  the  motion  of  a  train  going 
round  a  curve.  Here,  although  the  magnitude  of  the  velocity  may  be 
constant,  i.e.  the  train  may  travel  along  the  rails  for  an  equal  distance  in 
each  successive  second,  yet  the  direction  of  the  motion  is  continually 
varying,  since  at  any  given  point  it  is  along  the  tangent  to  the  curve  at 
that  point. 

Hence,  to  measure  the  velocity  of  a  particle  two  things  have  to  be 
determined  :  (i)  the  space  which  the  particle  has  moved  over  in  a  given 
time,  and  (2)  the  change  in  the  direction  of  motion  during  this  time.  In 
ordinary  language,  and  in  very  many  books  on  mechanics,  the  word 
velocity  is  used  to  indicate  the  first  of  these  rates,  i.e.  the  space  passed 
over  in  a  given  time,  without  taking  any  account  of  any  change  in  direc- 
tion which  may  take  place.  Thus  the  end  of  the  hand  of  a  watch  is  said 
to  move  with  uniform  {i.e.  constant)  velocity,  since  it  moves  over  equal 
spaces  in  successive  equal  times.  It  is,  however,  evident  that  the  direc- 
tion of  the  velocity  is  continually  altering,  and  hence  from  this  point  of 
view  the  velocity  is  variable.  It  therefore  saves  confusion  if  we  use,  at 
any  rate  wherever  ambiguity  may  arise,  a  separate  word  to  denote  the 
rate  at  which  a  particle  describes  its  path,  without  reference  to  the  direc- 
tion, and  for  this  purpose  the  word  speed  is  generally  used.  Hence,  if  a 
particle  moves  in  a  straight  line  (so  that  the  direction  of  motion  remains 
constant),  and  passes  over  equal  spaces  in  successive  equal  times,  its 
velocity  is  said  to  be  constant.  If,  however,  a  particle  moves  in  a  curve, 
so  that  its  direction  of  motion  continually  changes,  but  passes  over  equal 
lengths  of  its  path  in  successive  equal  times,  its  speed  is  said  to  be  con- 
stant or  uniform. 

Constant  speed  is  measured  by  dividing  the  space  passed  over  in  any 

1  The  ratio  of  the  total  change  in  any  quantity  which  occurs  during  a  given  time 
to  that  time  is  called  the  time  rate,  or  simply  the  rate,  at  which  that  quantity  is 
changing. 

a6 


§  3i]  Variable  Speed  27 

given  time  by  that  time.  Thus,  suppose  a  particle  passes  over  a  space,  s, 
in  a  time,  /,  then  the  speed,  2/,  is  given  by  the  equation 

Hence  unit  speed  is  such  that  unit  space  is  passed  over  in  unit  time.  In 
the  c.g.s.  system  unit  speed  is  such  that  one  centimetre  is  passed  over  in 
one  second.  The  unit  of  speed  has  not  received  any  recognised  name, 
but  when  a  particle  passes  over  say  10  cm.  in  every  second  it  is  said 
to  have  a  speed  of  10  centimetres  per  second.  This  is  often  written 
10  cm./sec.  The  only  speed  which  has  a  recognised  name  is  that  of  one 
nautical  mile  per  hour,  which  is  called  a  knot. 

The  dimensions  of  speed  can  be  obtained  from  the  equation 

v=s\t 

by  writing  in  the  symbols  for  the  units,  when  we  get 

^[F]=4Z.]//[7]. 

If  J  and  /  are  each  unity,  then  v  is  also  unity,  and  we  get  the  dimensional 
equation 

from  which  it  follows  that  the  dimensions  of  a  speed  are  \LT~'^\ 

The  speed,  v,  is  considered  to  be  positive  if  the  particle  is  moving 
away  from  the  origin  from  which  the  distances  are  measured,  and  nega- 
tive if  the  particle  is  moving  towards  the  origin.  Thus,  if  we  measure 
vertical  distances  from  the  surface  of  the  earth,  the  speed  of  a  balloon  is 
positive  when  it  is  ascending  and  negative  when  it  is  descending,  while 
a  bucket  being  lowered  down  a  well  has  positive  speed,  but  when  being 
raised  it  has  negative  speed. 

31.  Variable  Speed. —  If  a  particle  moves  over  unequal  spaces  in 
successive  equal  intervals  of  time,  its  speed  is  variable.  Variable  speed, 
at  any  instant,  is  measured  by  dividing  the  space  passed  over  in  a  time, 
including  the  given  instant,  so  small  that  during  this  interval  the  speed 
does  not  appreciably  alter,  by  this  interval  of  time.  Suppose  that  during 
the  very  small  interval  of  time  which  we  may  indicate  by  8/^  the  particle 
moves  over  the  space  8j,  then  the  speed  with  which  the  body  is  moving 
at  the  time  when  the  observation  is  made  is  given  by 

It  is  important  to  be  quite  clear  as  to  what  the  above  equation  im- 
plies. In  the  first  place  it  follows,  from  the  definition  of  uniform  speed 
given  in  §  30,  that  if  a  particle  passes  over  a  distance  s  in  a  time  /,  then' 

1  We  here  use  5/  as  a  convenient  symbol  for  a  very  small  interval  of  time,  or  in 
other  words,  the  symbol  5  is  used  to  indicate  a  small  increment  in  the  quantity  to 
which  it  is  prefixed.  The  expression  ht  must  not  be  looked  upon  as  the  product  of  5 
and  /,  but  as  a  single  expression,  in  fact  a  kind  of  shorthand  expressing  a  small  in- 
crement of  time.  In  the  same  way  os  represents  a  small  increment  in  the  length, 
measured  from  some  fixed  point,  of  the  path  traversed  by  the  particle.  Suppose,  then 
tliat  during  the  tinie  /  the  particle  has  passed  over  a  distance  s,  and  at  the  time  t-Vht 
it  has  passed  over  the  spiice  j+5j,  it  is  evident  that  it  has  passed  over  the  space  hs  in 

the  time  ht,  and  its  speed  is  -  . 
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the  speed  is  given  by  j//,  whatever  the  value  of  t  may  be.  Thus  if  a 
particle  moving  with  a  uniform  speed  pass  over  a  metre  in  a  second,  the 
speed  is  one  metre  per  second.  It  will  pass  over  a  tenth  of  a  metre  in  a 
tenth  of  a  second  ;  the  speed,  however,  will  be  the  same  {i.e.  ^/^= 
I  m/sec).  In  the  same  way  it  will  pass  over  a  millionth  of  a  metre 
in  a  millionth  of  a  second,  and  the  speed  will  be  as  before,  i  metre 

per  sec.  ( — ^1 — ^g  j.     Hence  if  we  were  able  to  measure  or  calculate  the 

space  passed  over  in  this  small  interval  of  time,  we  should  obtain  the  same 
value  for  the  speed  as  would  be  obtained  if  we  measured  the  space  passed 
over  in  one  second  or  in  a  thousand  seconds.  Thus  the  value  obtained 
for  the  variable  speed  (v  =  8sj8t)  is  such  that  if  we  had  a  particle  moving 
with  a  constant  speed,  such  that  it  passed  over  the  space  hs  in  the  time 
5/,  it  would  in  one  second  traverse  a  space  equal  to  v  units  of  length. 
We  might  therefore  say  that  the  variable  speed  of  a  particle  is  measured 
at  any  instant  by  the  space  passed  over  in  one  second  by  a  second  par- 
ticle moving  uniformly  with  a  speed  equal  to  that  with  which  the  first 
particle  is  moving  at  the  given  instant. 

A  consideration  of  these  two  definitions  will  assist  in  making  the 
matter  clear  ;  any  difficulty  which  may  be  encountered  may  be  lessened 
by  recollecting  that  every  one  probably  has  some  idea  what  they  mean 
by  saying  that  at  any  instant  a  train  is  travelling  at,  say,  fifty  miles  per 
hour,  though  probably  the  train  may  not  continue  moving  for  an  hour, 
and  may  not  actually  travel  more  than  a  mile  or  so. 

32.  Acceleration. — The  word  acceleration  is,  in  its  most  general 
sense,  used  to  indicate  any  change  in  velocity.  Hence  it  may  mean  an 
increase  or  a  decrease  in  the  speed,  or  a  change  in  the  direction  of  motion. 
In  this  sense  acceleration  is  clearly  a  vector.  It  is,  however,  common 
to  use  the  term  acceleration  with  reference  to  the  change  in  speed  only, 
when  it  is  a  scalar. 

Acceleration  may  be  uniform  or  variable.  In  uniform  acceleration 
equal  changes  of  speed  occur  in  equal  times. 

If  the  speed  is  increasing,  then  the  acceleration  is  positive,  while  if 
the  speed  is  decreasing,  the  acceleration  is  negative.  Hence  negative 
acceleration  is  what  in  ordinary  language  is  called  a  retardation. 

Uniform  acceleration  is  measured  by  the  change  in  speed  that  takes 
place  in  a  given  time  divided  by  that  time.  Hence  if  the  speed  of  a 
particle  changes  during  the  time  /  from  v^  to  v<i,  the  acceleration  {a)  is 
given  by  the  equation 

/ 

If  the  change  in  speed  is  unity,  and  takes  place  in  unit  time,  we  have 
unit  acceleration.  Thus  if  the  speed  of  a  particle  increase  in  one  second 
by  one  centimetre  per  second,  its  motion  has  unit  acceleration.  This  is 
the  unit  of  acceleration  in  the  c.g.s.  system.  If  the  change  of  speed  in 
one  second  is  x  centimetres  per  second,  then  the  acceleration  is  x  centi- 
metres per  second  per  second,^  which  may  be  written  x  cm/sec.^. 

1  An  acceleration  is  sometimes  referred  to  as  of  so  many  centimetres  per  second, 
or  feet  per  second.  This  is  wrong,  since  acceleration  is  a  change  in  speed  and  not  in 
position,  as  these  expressions  would  lead  us  to  suppose. 
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Suppose  the  change  in  speed  in  a  time  /  to  be  7/,  then  the  acceleration 
is  given  by 

a=vlt 

If  in  this  equation  we  introduce  symbols  for  the  units,  we  get 

Hence  making  «,  z/,  and  /  each  unity,  we  get  the  dimensional  equation 

M=[F]-[n 

Substituting  the  dimensions  of  [  F]  from  §  30,  we  get 

M]=[zi7'-i]-[r] 

The  dimensions  of  acceleration  are  therefore  i  as  regards  length  and 
—  2  as  regards  time,  and  we  are  reminded  of  this  double  appearance  [i.e. 
to  the  second  power)  of  the  unit  of  time  by  the  expression  centimetre  per 
second  per  second. 

As  in  the  case  of  variable  velocity,  variable  acceleration  is  measured 
by  dividing  the  change  in  velocity  occurring  in  a  time  so  small  that  the 
acceleration  does  not  appreciably  change  during  the  interval  by  that 
time. 

33.  Velocity  Curve.— Take  two  axes  at  right  angles,  ox,  oy  (Fig. 
11),  and  divide  OX  into  a  number  of  equal  parts,  OMj,  M^Mj,  M2M3,  &c., 


M, 


M 


M3          M4    M    Ms         Mg 
TIME     *" 

Fig.  II. 


Mz 


and  suppose  each  of  these  parts  to  represent  an  equal  interval  of  time, 
say  one  second,  so  that  we  are  measuring  time  along  the  axis  of  X. 
Next  suppose  we  have  a  particle  which  starts  from  rest,  and  at  the  points 
O,  Ml,  Mj,  &c.,  we  draw  perpendiculars  MiPj,  M2P2,  &c.,  to  represent  the 
speed  of  the  particle  at  the  instants  of  time  represented  by  these  points, 
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i.e.  at  the  commencement  of  the  first,  second,  third,  &c.,  second  of  motion. 
Since  the  particle  starts  from  rest,  the  perpendicular  at  O  is  zero.  If  now 
the  interval  of  time  taken  {i.e.  a  second  in  the  above  example)  is  sufficiently 
small  so  that  the  velocity  has  not  greatly  changed  from  one  point  to  the 
next,  the  straight  lines  joining  the  points  O,  Pj,  Pg,  P3,  &c.,  will  form  a  con- 
tinuous curve  ;  and  this  curve  is  called  the  velocity  ^  curve. 

Having  drawn  this  curve,  if  through  any  point  M,  corresponding  to 
a  time  /,  we  draw  a  perpendicular  to  meet  the  curve  at  P,  then  MP 
represents  the  speed  of  the  body  at  a  time  t  from  the  start. 

If  the  speed  of  the  particle  is  uniformly  accelerated,  the  speed  will 

increase  by  an  equal  amount  in 
each  unit  of  time.  Thus,  suppose 
that  the  particle  starts  from  rest 
and  moves  with  an  acceleration  a. 
Let  Om'  (Fig.  12)  represent  one 
second,  then,  since  the  speed  of 
the  particle  at  the  end  of  a  second 
is  <2,  the  ordinate  ^p'  represent- 
ing the  velocity  at  one  second 
from  the  start  is  equal  to  a.  If 
OM  represents  a  time  /,  then, 
as  the  speed  increases  by  an 
amount  a  in  each  second,  the 
If  we  join  op'  and  OP,  since 


speed  represented  by  MP  will  be  at. 


p'M'  _      _  PM 


OM' 


OM 


and  the  angles  /'m'o  and  pmo  are  both  right  angles,  it  follows  that 
the  triangles  ;!^'om'  and  pom  are  similar,  and  the  angles  jzJ'om'  and 
POM  are  equal.  The  point  p'  must  therefore  lie  on  the  straight  line 
OP.  In  the  same  way  it  may  be  shown  that  all  the  extremities  of 
the  ordinates  which  represent  the  speed  of  the  particle  at  different 
instants  must  lie  on  the  straight  line  OP,  so  that  this  line  must  be  the 
velocity  curve  for  the  uniformly  accelerated  particle. 

7W  . 

Since is  the  tangent  of  the  angle,  ^,  which  the  velocity  curve 

OM 

makes  with  the  axis  of  time,  it  follows  that  the  tangent  of  this  angle 
is  numerically  equal  to  the  acceleration  with  which  the  particle  moves. 
If  instead  of  starting  from  rest  the  particle  start  with  an  initial  speed 
Vo  and  move  with  an  acceleration  a,  then  the  velocity  curve  will  be 
represented  by  the  straight  line  PP'  (Fig.  16).  In  this  case  OP  is  equal 
to  Vo  and  NP'  is  equal  to  at,  if  OM  represents  the  time  t.  Hence  the 
speed  at  a  time  /  is  given  by 

v  =  Vo-\-at 

for  

v=MP'  =  MN+NP'=OP+NF, 


1  Strictly  it  ought  to  be  called  the  speed  curve 
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34.  Graphical  Representation  of  the  Space  passed  over  by  a 
Moving"  Particle.  —  The  velocity  curve  for  a  particle  moving^  with 
uniform   speed    is   a   straight  line 


parallel  to  the  axis  ox,  for  in  this 
Y 


case  the  lines  PjMj,  P2M2,  &;c.,  will 
all  be  of  equal  length.  Let  P  Pj 
Pg  (Fig.  13)  be  the  velocity  curve 
in  the  case  of  a  particle  moving 
with  a  uniform  speed  7>.  Then 
OP,  NjPi,  N2P2,  <S:c.,  are  each  of 
such  a  length  that  they  contain 
as  many  units  of  length,  on  some 
convenient  scale,  as  there  are  units 
of  speed  in  v. 

To  find  a  graphical  representa- 
tion  of  the  space  passed   over  in 
a  time  /,  take  the  point  N„  to  corre- 
spond to  the  time  T  and  the  point 
N2  to  the  time  J'+f,  so  that  the  length  N1N2  measured  along  the  axis  of 
time  (ox)  corresponds  to  the  interval  of  time  /.     Now  the  area  of  the 
rectangle  NjPjPgNj  is  given  by  the  product  of  the  sides  N,Pi  and  NiNg. 
Therefore 


•But 
Hence 


area  of  N^P^P^N^=N^P^  x  JV^N^ 


NiPi  =  v,Rnd  N^N^=t 
2ir^^o(  N^P^P^N^  =  vt  .  .  .  (i) 


But  the  space  passed  over  in  a  time  /  is  vL  Hence  the  space  passed 
over  by  the  particle  during  any  interval  may  be  represented  by  the  area 
of  the  rectangle  contained  between  the  ordinates  drawn  through  the 
points  corresponding  to  the  commencement  and  end  of  the  interval,  the 
velocity  curve,  and  the  axis  of  time. 

It  is  important  to  clearly  understand  the  limitations  under  which  the 
equation  (i)  is  true.  It  will  be  at  once  seen,  if  we  consider  the  dimen- 
sions of  the  two  sides,  that  it  is  not  a  physical  equation  such  as  those 
we  have  been  dealing  with  up  to  now,  for  the  dimensions  of  one  side 
are  [IJ]  and  of  the  other  [DT~^.  T^]  or  [/J].  What  we  mean  by  this 
equation  is  that  if  one  side  of  the  rectangle  N1P1P2N2  has  as  many  units 
of  length  in  it  as  there  are  units  of  speed  in  the  speed  of  the  particle, 
and  an  adjacent  side  is  of  as  many  units  of  length  as  there  are  units  of 
time  in  the  interval  considered,  then  there  will  be  as  many  units  of  area 
in  the  rectangle  as  there  are  units  of  length  in  the  space  passed  over  in  the 
given  interval. 

In  the  cases  where  the  speed  is  variable  the  velocity  cui-ve  is  no 
longer  parallel  to  the  axis  of  X.  If  the  speed,  instead  of  varying  con- 
tinuously, is  supposed  to  remain  constant  during  each  second  at  the  value 
it  has  at  the  commencement  of  the  second,  but  to  change  suddenly  at 
the  end  of  the  second  to  the  value  it  really  has  at  the  commencement  of 
the  next,  the  velocity  curve  would  consist  of  a  stepped  line  O  Mj  Pj  Qj  P3 
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Q3  P3,  &c.  (Fig.  14).  Since  the  speed  during  each  second  is  uniform,  we 
may  apply  the  result  just  obtained  for  uniform  speed  to  each  period  of  a 
second  separately,  and  the  space  passed  over  in  any  given  time  will  be 
represented  by  the  area  included  between  this  stepped  line,  the  axis  of 
time  (x),  and  the  two  ordinates  drawn  through  the  points  corresponding 

to  the  commencement  and  end  of 
the  interval.  Since  throughout 
each  second  the  assumed  speed 
is  less  than  the  actual  speed,  the 
space  passed  over,  as  represented 
by  the  above  area,  will,  be  less 
than  the  true  space.  Next,  sup- 
pose that  the  particle  moves 
uniformly  during  each  second 
with  the  speed  it  really  has  at 
the  end  of  that  second.  In  this 
case  the  space  passed  over  wilJ 
be  represented  by  the  area  en- 
closed between  the  stepped  line 
R  Pj  Ri  Pg  R2  P3,  &c.,  the  axis  of 
time,  and  the  ordinates  at  the  com- 
mencement and  end  of  the  time  interval,  and  will  be  greater  than  the 
real  space.  The  difference  between  the  space  passed  over  in  these  two 
cases,  where  the  changes  in  speed  are  supposed  to  occur  only  at  the  end 
of  each  second,  is  the  sum  of  the  small  rectangles  which  are  shaded  in 
the  figure.  Next,  let  us  suppose  that  we  take  half-second  steps,  i.e.  that 
the  velocity   remains   constant   for  half  a   second  and   then   changes 

abruptly.  The  velocity  curves  now 
obtained  are  shown  in  Fig.  15. 
As  before,  the  difference  between 
the  space  passed  over  when  the 
particle  is  supposed  to  move 
during  each  half-second  with  the 
velocity  it  actually  possesses  at 
the  end  of  the  half-second,  ex- 
ceeds the  space  passed  over 
when  the  particle  moves  with 
the  velocity  it  actually  possesses 
at  the  commencement  by  the 
area  of  the  shaded  rectangles. 
By  comparing  the  area  of  these 
rectangles  with  those  in  Fig.  14, 
where    whole     second     intervals 
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were  used,  to  facilitate  which  comparison  the  rectangles  for  the  whole 
second  periods  have  been  dotted  in  on  Fig,  15,  it  will  be  seen  that 
the  difference  in  area,  and  hence  the  difference  in  the  space  passed  over, 
is  much  less  in  the  second  case  than  in  the  first.  Also,  the  difference 
between  the  area  enclosed  by  the  two  stepped  lines  respectively,  the  axis 
of  times  and  any  two  ordinates  and  that  included  between  the  actual 
velocity  curve,  the  axis  of  time  and  the  same  ordinates  is  much  less 
than  before.  By  taking  quarter-second  periods,  and  then  tenths  and 
hundredths  of  a  second,  we  should  find  that  the  difference  between  the 
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area  corresponding  to  the  case  where  the  particle  moves  during  each 
time  interval  with  a  constant  velocity  corresponding  to  the  actual  velocity 
it  possesses  at  the  commencement  of  the  interval,  and  that  corresponding 
to  the  case  where  the  constant  velocity  during  each  interval  corresponds 
to  the  actual  velocity  at  the  end  of  the  interval,  gets  less  and  less.  Hence 
we  conclude  that  if  we  take  an  infinite  number  of  intervals  the  two  areas 
will  be  equal,  and  will  coincide  with  that  enclosed  by  the  velocity  curve 
O  Pj  P2  P3,  &c.  In  the  limit,  therefore,  since  the  space  actually  passed  over 
must  be  intermediate  in  value  between  that  passed  over  in  the  two  hypo- 
thetical cases,  it  follows  that  when  these  are  equal  the  actual  space 
passed  over  must  also  be  equal  to  either,  and  must  be  represented  by 
the  area  enclosed  between  the  velocity  curve  O  Pj  P2  P3,  the  axis  of  time 
and  any  two  ordinates. 

35.  Space  Passed  over  by  a  Paptiele  when  its  Motion  is  Uni- 
formly Accelerated. — Suppose  that  a  particle  starting  with  a  speed 
Vo  moves  with  a  uniform  acceleration  a  for  a  time  /. 

In  this  case  PP'  (Fig.  16)  is  the  velocity  curve,  OP  presenting  the 
initial  speed  Vo^  and  p'm  the  final 
speed  Vo-\-at.  The  space  passed 
over  in  the  interval  /  is  represented 
by  the  area  of  the  figure  POMP*. 
Now  the  area  of  the  figure  pomp' 
is  equal  to  the  area  of  the  rect- 
angle POMN,  together  with  that  of 
the  triangle  PNP'.  But  the  area 
of  the  rectangle  POMN  is  equal  to 
POXOM  or  to  Vot.  The  area  of 
the  triangle  pnp'  is  equal  to  \ 
PN.p'n  or  \  ty.at,  since  p'n=«/. 
Hence  the  total  space  passed  over 
will  be  given  by 
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over  in  a  time  t  is  given  by 
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Fig.  16. 


which  is  also  evident  from  the  figure,  since  the  space  passed  over  would 
then  be  represented  by  the  triangle  pp'n. 

The  initial  speed  being  -z/©,  and  the  final  speed  Vo  +  a/,  the  mean  or  ave- 
rage speed  is  \  {zvo  +  at).  If  a  particle  were  to  travel  for  a  time  /  with  a 
uniform  speed  equal  to  this  mean  speed,  the  space  passed  over  would  be 

s=\{2Vo-\-at)t 


Thus  in  the  case  of  uniformly  accelerated  motion  the  space  passed  over 
may  be  obtained  by  supposing  that  the  body  travels  during  the  whole 
time  with  a  uniform  speed  equal  to  the  mean  of  the  initial  and  final 
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speeds.     Hence  if  Vo  is  the  initial  speed  and  vt  the  speed  after  a  time  /, 
the  space  passed  over  during  this  time  is  given  by 


If  the  body  starts  from  rest 


or 


s=\{vt^v^t. 


S  =  Vttj2y 
t=2slvt. 


Substituting  this  value  for  /  in  the  expression  s=at^l2^  we  get 

s  =  2as^lvt^t 
a  =  Vf^l2s^ 

an  expression  which  we  shall  sometimes  find  useful. 

36.  Gpaphieal  Representation  of  a  Velocity.— Up  to  the  present 
we  have  been  considering  the  speed  of  a  particle  exclusively  ;  we  have 
now  to  take  into  account  not  only  the  speed  but  also  the  direction  of 
motion.  In  discussing  all  questions  involving  velocities,  it  is  convenient 
to  represent  velocities  by  straight  lines.  For  this  purpose  we  draw  a 
straight  line  in  the  direction  of  the  velocity,  and  of  such  a  length  that  it 
contains  as  many  units  of  length  as  there  are  units  of  speed  in  the  velocity 

considered.  In  order  to  show 
in  which  sense  the  motion 
takes  place  it  is  usual  to 
place  an  arrow-head  some- 
where along  the  line.  Thus 
a  velocity  of  3.6  centimetres 
per  second  in  a  north-easterly 
direction  would,  if  we  take  a 
centimetre  to  represent  a 
velocity  of  one  centimetre 
per  second,  and  if  SN  (Fig. 
17)  represent  the  south  to 
north  direction,  be  repre- 
sented by  either  of  the  lines 
AB  or  CD,  which  are  each 
3.6  cm.  long  and  point  in 
the  proper  direction.  Simi- 
larly, any  other  line  equal  and  parallel  to  ab  will  represent  the  given 
velocity.  The  reason  why  an  infinite  number  of  lines  can  be  drawn  to 
represent  any  given  velocity,  is  that  although  velocity  has  magnitude  and 
direction  it  has  not  position,  hence  we  can  take  any  point  from  which  to 
draw  a  straight  line  to  represent  a  given  velocity. 

37.  Composition  of  Velocities.— We  have  hitherto  supposed  the 
axes  to  which  we  have  referred  the  velocity  of  a  particle  to  be  fixed  in 
space,  and  our  results  will  not  be  affected  although  it  is  impossible  to 
realise  such  fixed  axes,  since  it  is  immaterial,  as  far  as  the  relative  move- 
ment of  any  particle  with  respect  to  certam  fixed  lines  or  points  is 
concerned,  whether  these  are  themselves  in  motion  or  at  rest,  and  it  is 
with  relative  motion  that  we  are  exclusively  concerne'd.  We  now  pass  to 
the  consideration  of  the  case  where  the  axes  to  which  we  refer  the  motion 


Fig.  17. 
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of  a  particle  are  themselves  in  motion  with  reference  to  some  other  axes, 
which  we  take  for  the  nonce  to  be  fixed. 

As  an  example  we  may  take  the  case  of  a  man  walking  along  the  deck 
of  a  ship,  which  is  moving  in  a  given  direction  with  reference  to  the  sur- 
face of  the  sea.  We  might  measure  the  velocity  with  which  the  man  is 
moving  with  reference  to  the  ship,  i.e.  say  he  was  walking  at  the  rate  of 
200  centimetres  per  second  in  a  direction  inclined  at  45°  to  the  length 
of  the  boat  and  towards  the  bow.  The  ship  itself  (and  therefore  the 
axes  we  have  used  to  define  the  man's  velocity)  is,  let  us  suppose,  tra- 
velling at  the  rate  of  500  centimetres  per  second  due  north,  and  that 
we  require  to  find  the  velocity  with  which  the  man  is  travelling  with 
reference  to  the  surface  of  the  sea. 

If  the  man  remained  standing  still  on  the  deck  while  the  ship  moved 
for  one  second,  he  would  be  displaced  500  centimetres  to  the  north, 
i.e.  from  O  to  N  (Fig.  18).  This  represents  in  the  given 
case  the  displacement  of  the  co-ordinates  by  which  the 
man's  position  with  respect  to  the  ship  is  defined.  If 
now  the  ship  were  to  remain  stationary  at  N  while  the 
man  moved  for  one  second  with  his  given  velocity,  i.e. 
200  centimetres  in  the  north-east  direction,  he  would 
arrive  at  R.  If  the  two  movements  were  to  go  on  simul- 
taneously, he  would  therefore  during  one  second  travel 
from  O  to  R.  His  actual  path  with  reference  to  the  sur- 
face of  the  sea  is  along  OR,  and  he  will  have  moved  over 
this  distance  in  one  second.  Now  the  man  would  have 
traversed  the  same  path  in  the  same  time  if,  instead  of 
moving  with  a  velocity  of  500  centimetres  per  second  to- 

— ► 
wards  the  north,  represented  by  ON  (Fig.  17),  and  at  the 
same  time  with  a  velocity  of  200  centimetres  towards  the 

— ^  Fig  18 

north-east,  represented  by  OP,  which  is  equal  and  parallel 

to  NR,  he  had  travelled  for  one  second  with  a  single  velocity  repre- 
sented by  OR.  This  single  velocity  OR,  which  would  give  the  same 
displacement  as  the  two  given  velocities,  is  called  their  resultant^  and 
they  are  called  the  component  velocities.  Hence  we  have  the  rule 
for  finding  the  resultant  of  two  velocities  : — From  any  given  point  (o) 
draw  two  straight  lines  to  represent  the  given  velocities  in  magnitude 
and  direction,^  and  complete  the  parallelogram  with  these  lines  as  ad- 
jacent sides.  Then  the  diagonal  of  this  parallelogram  drawn  through  O 
will  represent  the  magnitude  and  direction  of  the  resultant  velocity. 
This  result  is  called  the  Parallelogram  of  Velocities. 

What  we  are  really  doing  in  the  parallelogram  of  velocities  is  to 
add  together  two  velocities,  and  we  shall  find  that  whenever  we  add 
two  quantities  which  are  vectors  we  shall  make  use  of  the  parallelo- 
gram law. 


1  The  sense  of  the  two  velocities  must  be  either  both  towards  o  or  both  away  from 
o,  i.e.  both  velocities  must  be  represented  as  directed,  away  from  o  or  towards  o.  In 
the  first  case  the  sense  of  the  resultant  will  be  away  from  o,  and  in  the  second  case 
towards  o. 
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The  parallelogram  of  velocities  enables  us  to  find  the  resultant  of  any 
number  of  velocities,  since  by  its  means  we  can  replace  any  two  of  them 
by  their  resultant.  Next,  this  resultant  can  be  comb"ned  with  one  ot 
the  remaining  velocities,  and  so  on  till  a  single  resultant  is  left. 

A  consideration  of  Fig  i8  will  show  that  the  resultant  velocity  may 
be  obtained  without  actually  drawing  the  parallelogram  onrp,  for  if  from 

the  point  N  at  the  extremity  of  the  straight  line  (on),  which  represents  in 
magnitude  and  direction  one  of  the  component  velocities,  we  draw  a 

straight  line  (nr)  to  represent  in  magnitude  and  direction  the  other  com- 
ponent velocity,  then  the  straight  line  (or)  joining  the  point  O  to  the 
point  R  will  represent  in  magnitude  and  direction  the  resultant  velocity. 
Of  course,  the  same  result  would  be  obtained  by  drawing  through  P,  the 
extremity  of  the  line  representing  the  second  velocity  in  the  above  case, 


a  line  PR  to  represent  the  first. 


This  method  of  effecting  the  composi- 


Fig.  19. 

tion  of  velocities  is  generally  referred  to  as  the  triangle  of  velocities,  and 
leads  to  a  convenient  method  of  finding  the  resultant  of  a  number  of  velo- 
cities, say,  v^,  7/2,  ^3,  v^.     Suppose  the  given  velocities  are  represented  by 

the  lines  AB,  CD,  EF,  GH  (Fig.  19),  then  from  any  point  O  draw  a  straight 

line  OP  equal  and  parallel  to  AB,  from  P  draw  PQ  equal  and  parallel  to 
— »•  — ► 

CD,  from  Q  draw  QR  equal  and  parallel  to 

EF,  and  from  R  draw  RS  equal  and  parallel 

to  GH.      Then  the  straight  line  OS  will  re- 
present the  resultant  of  the  four  velocities 
^i>  ^2>  ^3>  ^4-     The  velocity  v-^  is  represented 
— *•  — > 

Fig.  20.  by  OP  just  as  much  as   by  ab  ;    the   same 

remark    applies    to    the     other     velocities. 
Hence    by   J;he    triangle    of   velocities    the    resultant    of    v^^    and    v^ 

is  represented  by  OQ.    Also  the  resultant  of  OQ  and  v^  i.e.  QR,  is  repre- 
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sented  by  OR,  and  so  on.  It  is  important  to  note  that  the  value  of  the 
resultant  obtained  is  independent  of  the  order  in  which  we  draw  the  lines 
representing  the  velocities.  Thus  in  Fig.  20  the  velocities  have  been 
combined  in  the  order  v^^  v^,  v^  v^  \  the  resultant,  however,  is  the  same 
as  before. 

38.  Resolution  of  Veloeities.— It  is  sometimes  convenient  to  replace 
the  actual  velocity  of  a  body  by  two  or  more  other  velocities,  which  are 
so  chosen  that  the  actual  velocity  is 
the  resultant  of  all  these  assumed 
velocities.  In  such  a  case  we  are 
said  to  resolve  the  given  velocity  into 
component  velocities.  Suppose  we  re- 
quire to  resolve  the  velocity  repre- 
sented by  OP  (Fig.  21)  into  two  com- 
ponent velocities,  one  directed  along 
ox  and  the  other  along  OY.  If 
through  P  we  draw  PN  parallel  to  OY, 
and  PM  parallel  to  OX,  then  we  know 
by    the     parallelogram     of    velocities 

that  two  velocities  represented  by  OM  and  ON  would  have  a  resultant 
OP,  so  that  we  may  replace  the  velocity  OP  by  the  two  velocities  OM  and 
ON.  Any  given  velocity  can  in  this  way  be  resolved  in  any  number  of 
separate  ways  ;  thus  in  Fig.  22  OP  is  resolved  into  the  velocities  CM 
and  ON. 


Fig.  21. 


Fig.  22. 


In  the  case  where  the  components  are  at  right  angles  to  one  another, 
if  we  call  the  angle  POX  (Fig.  21),  between  the  direction  of  the  resultant 

velocity  and  one  of  the  components  ON,  6  we  have — 

'ON 

OP  ' 


and 


OAf 

==cos  {MOF)=  (90°-^)  =  sin  6. 
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and  Q  are  the  components 


Hence  if  R  is  the  velocity  along  OP,  and  P 
of  R  along  ox  and  OY  respectively, 

P=^R  cos  ^, 

and  Q  =  Rs\Ti  0. 

When  (as  in  Fig.  22)  the  two  components  are  not  at  right  angles,  then 

if  P  is  the  component  along  ON  making  an  angle  6  with  R,  and  Q  that 

along  OM,  making  an  angle  (f)  with  R,  we  have  by  a  well-known  proposi- 
tion in  elementary  trigonometry — 

J^=:J^+Q^-2RQcos 

Q'^=R^  +  I^-2RPcos 

R2=P^.\-Q^-2PQcos  OMP, 

=  p2+Q2  +  2PQcos{e  +  (f)), 

where  ^  +  0  is  the  angle  included  between  the  components  P  and  Q. 
In  practice,  however,  it  is  generally  convenient  to  resolve  a  velocity 

into  a  component  in  the  direc- 
tion in  which  for  the  time  being 
we  may  be  confining  our  atten- 
tion, and  a  second  component 
at  right  angles  to  the  first,  which 
will  obviously  have  no  influence 
on  the  motion  in  the  direction 
considered.  Suppose,  for  in- 
stance, we  require  to  find  the 
time  a  sailing  ship  will  take  to 
go  a  certain  distance  in  the 
teeth  of  the  wind,  being  given 
that  it  sails  at  an  angle  of  45°  to 
the  direction  of  the  wind  with  a 

speed  of  ten  knots.^     Let  no  (Fig.  23)  represent  the  direction  of  the  wind, 

and  OP  the  direction  and  magnitude  of  the  velocity  with  which  the  boat 

sails.     Resolve  OP  along  ON,  and  at  right  angles  to  ON,  i.e.  along  OE. 

Then  we  may  consider  that  the  boat  moves  with  a  velocity  OM  in  the 

required  direction,  and  with  a  velocity  OL  in  a  direction  at  right  angles, 
which  has  no  effect  on  the  space  passed  over  in  the  required  direction. 
As  a  matter  of  fact  the  boat  would  sail  alternately  in  the  direction  OP 
and  in  the  direction  OQ.  The  resolved  part  of  the  velocity  along  ON 
would  be  the  same  in  the  two  cases,  but  the  resolved  part  at  right  angles 

to  ON  would  be  alternately  in  the  direction  OE,  and  in  the  direction  ow ; 
and  hence  the  space  passed  over  at  right  angles  to  ON,  due  to  each  of 
these  components,  would  be  in  opposite  directions,  and  would  neutralise 

1  The  knot  is  the  only  special  name  we  have  for  a  unit  of  speed,  and  it  represents 
a  speed  of  one  nautical  mile  per  hour. 
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each  other.  By  geometry  we  see  that,  since  pmo  is  a  right-angled  isosceles 
triangle,  0M  =  6pI  aJ2.  Hence  the  component  of  the  velocity  of  the  boat 
in  the  direction  ON  is  10/  ^2  knots.     The  time  taken  to  cover  x  nautical 

miles  in  the  direction  ON  will  therefore  be  x-^  10/  mJ2  or  — —  hours. 

39.  Composition  and  Resolution  of  Accelerations. —A  uniform 
acceleration,  being  a  vector  or  directed  quantity,  may  be  compounded  or 
resolved  in  exactly  the  same  way  as  a  uniform  velocity.  Hence  we  have 
the  parallelogram,  triangle,  and  polygon  of  accelerations.  It  is,  how- 
ever, unnecessary  to  discuss  these  separately,  since  all  we  have  said  with 
reference  to  velocity  applies  {mutatis  mutafidis)  to  acceleration. 

40.  Composition  of  a  Uniform  Motion  with  a  Uniformly  Accele- 
rated Motion. — In  the  previous  sections  we  have  dealt  with  the  com- 
position of  two  uniform  velocities  or  of  two 
uniform  accelerations  ;  it  is,  however,  possible  to 
compound  a  uniform  velocity  in  one  direction 
with  a  uniform  acceleration  in  another.  Thus 
in  the  example  considered  in  §  37  we  might 
suppose  that  while  the  man  walked  with  uniform 
velocity  with  reference  to  the  deck,  the  ship  itself 
was  moving  with  an  accelerated  motion  with 
reference  to  the  surface  of  the  sea. 

As  an  example  we  will  take  the  case  of  a 
particle  which,  starting  from  rest  at  O,  moves 
with  a  uniform  speed  v  along  ox  (Fig.  24),  and 
with  a  uniform  acceleration  a  along  OY,  it  being 
required  to  trace  out  the  path  traversed  by  the 
particle.  If  the  particle  moved  with  the  uniform 
velocity  v  alone,  the  distance  traversed  along  OX 
at  the  end  of  the  ist,  2nd,  and  3rd  second  would 
be  obtained  by  making  /  successively  equal  to 
I,  2,  3,  &c.  in  the  equation  s  =  vt^  that  is,  they 


Fig.  24. 


would  be  7^,  27/,  37/,  &c.     Along  OX   mark   the 

points  Pj,  Pg,  P3,   &c.,  so  that   OPi  =  7/,  0P2=  27/, 

&c.,  so  that  the  points  Pj,  Pg,  P3  would  represent  the  positions  of  the 

particle  at  the  end  of  the    ist,  2nd,  3rd,  &c.  second  if  the  particle  were 

only  animated  with  the  velocity  v. 

If  the  particle,  starting  from  rest,  were  moving  with  the  acceleration 
a  along  OY  alone,  the  space  traversed  in  i,  2,  3,  &c.  seconds  would  be 
obtained  from  the  equation  s  =  \at^  (§  35)  by  making  t  successively  i,  2, 
3,  &c.     Hence  at  the  end  of  the  ist,  2nd,  3rd,  &c.  seconds  the  particle 

a  Aa  Qa 
would  be  at  a  distance -T>  "T  >  ->  &c.  from  o,  measured  along  OY.     Let 

Qn  Q2'  Q3»  "^c.  be  points  on  OY,  such  that  OQi=-,  0Q2=—   .&c.,  so  that 

Qi)  Q2»  Q3>  &c.  would  represent  the  position  of  the  particle  at  the  end  of 
each  successive  second  if  the  acceleration  a  was  the  only  motion. 

Through  Pj,  Pg,  P3,  &c.  draw  lines  parallel  to  OY,  and  through  Qj,  Qg, 
Q3,  &c.  draw  lines  parallel  to  OX.      Then   the   particle  at   the  end  of 

the  first  second  will  have  moved  a  distance  OP^  in  the  direction  ox, 


40  Mechanics  and  Properties  of  Matter  (541 

and  also  a  distance  OQi  in  the  direction  OY,  and  hence  will  be  at  the 
point  Rj.  In  the  same  way,  at  the  end  of  the  2nd,  3rd,  &c.  second 
it  will  be  at  Rg,  R3,  &c.  The  path  of  the  particle  is  therefore  along 
the  curve  O  R^  Rg  R3  R4.  It  will  be  found  that  this  curve  will  be  the 
path  of  an  object  projected  in  vacuo  with  a  speed  v  in  the  direction 

— >  ....—*' 

ox,  and  acted  upon  by  gravity  in  the  direction  OY. 

41.  Curvilinear  Motion  — The  Hodograph.  —  The  example  con- 
sidered in  the  last  section  differed  from  the  cases  previously  considered 
in  that  the  resultant  motion,  instead  of  taking  place  along  a  straight  line, 
takes  place  along  a  curve.  Hence  not  only  is  the  speed  of  the  particle 
accelerated,  but  the  direction  of  motion  continually  changes.  One  of  the 
most  interesting  cases  of  curvilinear  motion  is  that  of  a  particle  moving 
in  a  circle,  so  that  its  speed  is  constant,  i.e.  it  traverses  equal  lengths  of 
the  circumference  in  equal  times,  and  the  velocity  changes  in  direction 
only. 

The  study  of  curvilinear  motion  is  much  simplified  by  the  use  of  an 
auxiliary  curve  called  the  hodograph.  The  hodograph  is  a  curve  con- 
necting the  extremities  of  the  straight  lines  drawn  from  some  one  given 
point  to  represent  in  magnitude  and  direction  the  velocity  of  a  particle 
at  successive  instants. 

Before  considering  the  case  of  the  hodograph  of  a  particle  moving  in 
a  curve,  we  will  study  that  of  a  particle  which  moves  along  a  polygon, 

each  side  of  the  polygon  being 
traversed  with  uniform  velocity  in 
unit  time.  Let  ABODE  (Fig.  25) 
represent  the  path,  so  that  the 
particle  takes  exactly  a  second  to 
travel  from  A  to  B,  from  B  to  C, 
from  C  to  D,  and   from    D   to   E. 

— ► 
From  any  point  O  draw  a  line  OP 
to  represent  the  velocity  with 
which    the    particle    travels    from 

A  to  B.     Similarly,  draw  OQ,   OR, 


Fig.  25. 


and  OS  to  represent  the  velocity  with  which  the  particle  travels  from 
B    to    C,    C    to    D,    and    D    to    E.      Then   PQRS   is   the  hodograph  of 

ABODE. 

In  order  that  the  particle,  when  it  reaches  B,  may  alter  its  direction  of 

motion  and  travel  along  BC,  we  must  compound  with  the  velocity  OP, 
with  which  it  reaches  B,  some  other  velocity.     By  the  triangle  of  forces 

— ►  — ► 

we  see  that  if  we  compound  a  velocity  PQ  with  the  velocity  OP,  tKe 

resultant  velocity  will  be  OQ  ;  that  is,  will  be  the  velocity  required. 
Hence  the  velocity  which  it  is  necessary  to  compound  with  the  original 
velocity,  to  make  the  particle  travel  along  BC  with  a  uniform  velocity  so 

as  to  reach  C  in  one  second,  is  PQ.     In  the  same  way  the  velocity  which 

— ►  — *■ 

has  to  be  combined  with  OQ  when  the  particle  reaches  C  is  QR. 
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Now  any  curve  may  be  considered  as  built  up  of  an  infinite  number 
of  very  small  straight  lines,  i.e.  to  be  a  polygon  ;  hence  we  should  expect 
that  the  results  obtained  above  would  be  applicable  to  such  a  curve  and 
its  hodograph. 

Suppose  ABCD  (Fig.  26)  to  be  the  path  of  a  particle,  and  pqrs  its 
hodograph  with  reference  to  the  origin  O.  By  this  we  mean  that 
if  from  o  lines  are  drawn  to  represent  the  velocity  of  the  particle  in 
its  path  ABCD  in  magnitude  and  direction  at  every  instant  of  its 
motion  the  extremities  of  all  these  lines  will  lie  on  the  curve  pqrs. 


s 

Fig.  26. 

Since  at  any  instant  the  direction  of  motion  of  the  particle  is  along  the 

tangent  to  its  path,  it  follows  that  OP  must  be  parallel  to  the  tangent  of  the 

curve  ABCD  at  A,  and  OS  parallel  to  the  tangent  at  D ;  also  the  velocity  at  A 

is  equal  to  OP,  and  that  at  D  to  OS.  To  find  the  velocity  at  any  other  point, 
B,  of  the  path,  we  draw  a  tangent  BT  at  the  given  point,  then  in  the 

hodograph  through  O  draw  a  line  OQ  parallel  to  BT.  OQ  will  then  repre- 
sent the  velocity  at  B.  In  the  same  way  OR  represents  the  velocity  at  C. 
Suppose  the  particle  has  taken  a  time  8/^  to  travel  from  B  to  C,  then 

— ♦■  -^ 
during  this  time  the  velocity  has  changed  from  OQ  to  OR.  If  8/  is  exces- 
sively small,  so  that  B  and  C,  as  well  as  Q  and  R,  are  very  close  together, 
we  may  regard  the  portion  of  the  hodograph  QR  as  being  a  straight  line 
coincident  with  the  tangent.  Then,  from  what  has  been  said  with  refer- 
ence to  the  case  of  a  polygon,  the  velocity  which  has  to  be  compounded 
— ►  — ►  _>. 

with  OQ  to  give  OR  is  represented  in  magnitude  and  direction  by  QR. 

Hence  QR  represents  the  change  in  velocity  during  the  time  8/.  But 
the  acceleration  is  defined  as  the  change  in  velocity  during  a  given  time 
divided  by  the  time,  so  that  the  acceleration  with  which  the  body  is 
moving  between  B  and  c  is  given  by  QR/8/  ;  and,  further,  this  acceleration 

acts  along  qr,  i.e.  along  the  tangent  at  that  point  of  the  hodograph  which 
1  See  note  on  p.  27. 


-\- 


42 


Mechanics  and  Properties  of  Matter 


[§42 


corresponds  to  the  point  on  the  path  at  which  the  acceleration  is  being 
considered.  If  we  look  upon  the  hodograph  as  being  traced  out  by  a 
point  at  the  same  time  as  the  particle  traces  out  the  path  abcd,  then  the 
portion  QR  will  be  traced  out  during  the  time  S/  that  the  particje  spends 
in  travelling  from  B  to  c.  Hence  we  might  call  the  quotient  QR/3/  the 
speed  ^  of  the  tracing-point  of  the  hodograph. 

We  may  therefore  sum  up  the  results  by  saying  that  (i)  the  direction 
of  the  tangent  to  the  hodograph  at  any  point  represents  the  direction  of 
the  acceleration  of  the  motion  of  the  particle  at  the  corresponding  point 
of  its  path,  while  (2)  the  speed  of  the  tracing-point  of  the  hodograph  at 
any  instant  represents  the  magnitude  of  the  acceleration  of  the  particle 
at  that  instant. 

42.  Motion  in  a  Cirele. — The  only  case  of  curvilinear  motion  with 
which  we  shall  deal  is  that  of  uniform  motion  in  a  circle.  Since  the 
speed  is  constant  the  hodograph  is  a  circle,  for  the  lines  drawn  from 
the  centre  o  (Fig.  27)  to  represent  the  velocity  of  a  particle  moving 
along  the  circle  BCD  in  magnitude  and  direction  will  all  be  of  the  same 
length,  the  speed  being  constant,  and  hence  their  extremities  must  all 
lie  on  a  circle. 

Suppose  the  particle  to  move  with  a  uniform  speed  v  in  a  circle  of 

radius  r.     Then  the  hodograph  will  be  a  circle  of  radius  v  units  of  length. 

Let  A  (Fig.  27)  be  the  centre  of  the  circle  along  which  the  particle 

moves,  and  B  any  point  on  the 
circumference.  At  B  the  particle 
will  be  moving  with  a  speed  v  in 
the  direction  of  the  tangent   BT. 

Hence  the  line  OP  in  the  hodograph 
represents  the  velocity  at  B,  and 
the  acceleration  at  B  is  in  the 
direction  of  the  tangent  at  P,  i.e. 
in  the  direction  PU.  But  since  both 
the  path  and  the  hodograph  are 
circles,  the  tangents  are  at  right 
angles  to  the  radii  passing  through 
the  points  of  contact.  Hence  UP  is  at  right  angles  to  OP,  and  BT  to  BA. 
But  OP  and  BT  are  by  construction  parallel.  Hence  PU  is  parallel  to 
BA.  The  acceleration  of  the  particle  at  any  point  of  its  circular  path  is 
therefore  along  the  radius  of  the  circle  at  that  point,  the  sense  of  the 
acceleration  being  towards  the  centre. 

To  find  the  magnitude  of  the  acceleration,  we  require  to  know  the 
speed  in  the  hodograph.  Since  the  tracing-point  of  the  hodograph  will 
make  a  whole  revolution  in  the  same  time  that  the  particle  describes  the 
circle  BCD,  it  follows  that  the  speed  in  the  hodograph  is  to  the  speed  of 
the  particle  (^')  as  the  radius  "of  the  hodograph  is  to  the  radius  of  the 
circle,  since  the  circumferences  of  two  circles  are  to  one  another  as  their 
radii,  therefore  the  speed  (w)  in  the  hodograph  is  given  by 

u     V 
r.~r 


Fig.  27. 


1  The  speed,  if  variable,  is  defined  as  in  §  31. 
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where  r^  is  the  radius  of  the  hodograph  and  is  equal  to  v, 

7/2 


Hence  the  magnitude  of  the  acceleration  acting  on  the  particle  is  z/^/r, 
and  the  direction  of  the  acceleration  is  towards  the  centre  of  the  circle 


in  which  the  particle  is  moving. 


CHAPTER  VI 
MOTION  OF  A   RIGID  BODY 

43.  Definition  of  a  Rigid  Body. — A  rigid  body  is  an  extended 
piece  of  matter  which  can  move  as  a  whole  with  reference  to  surrounding 
objects,  but  whose  component  particles  are  incapable  of  any  displace- 
ment relative  one  to  the  other.  Hence  a  rigid  body  is  incapable  of 
having  a  strain  (§  122)  impressed  upon  it.  Although  a  rigid  body  is  an 
ideal  which  cannot  be  realised  in  practice,  the  consideration  of  the 
dynamics  of  a  rigid  body  is  useful  as  an  introduction  to  the  study  of  the 
more  complex  problems  which  arise  when  we  have  to  deal  'vith  such 
substances  as  exist  in  nature,  besides  which,  in  many  problems,  such 
bodies  as  steel  and  glass  may  be  taken  as  rigid. 

44.  Motion  of  a  Rigid  Body.— Any  displacement  of  a  rigid  body 
can  be  produced  by  a  pure  translation  of  the  body,  and  a  pure  rotation 
of  the  body  round  a  certain  point  called  the  centre  of  figure  ^  of  the  body. 

Thus  to  consider  the  case  of  the  dis- 

A'v,^^^  placement  of  a  straight  line  AB  (Fig. 

^\^^       ^  28)  in  a  plane,  from  the  position  AB  to 

^' .^'VP'. B"  the   position   a'b'.      In   the  case  of  a 

/V,s^^  straight  line  the  centre  of  figure  is  at 

^\.^^    ^      the  middle  point.      Hence  in  the  first 

^B'      position  c  is  the  centre  of  figure,  and 

in  the  second  c'.     The  line  AB  may  be 

/ displaced  to  the  position  a"b"  by  a  pure 

A  C  ^B  translation  (§  29),  since  all  the  particles 

FiQ_  28.  w^^^  move  along  equal  parallel  straight 

lines.  Then  it  can  be  rotated  about 
c'  into  the  required  position  a'b'.  In  this  case  all  the  particles  will 
move  in  circles  with  c'  as  a  centre.  The  motion  of  a  rigid  body  may 
thus  be  resolved  into  a  motion  of  translation  obeying  the  laws  considered 
in  Chapter  V.,  and  a  motion  of  rotation. 

45.  Motion  of  Rotation.— When  a  rigid  body  moves  so  that  the 
paths  of  all  the  particles  of  which  it  may  be  regarded  as  built  up  are 
circles  having  their  centres  on  a  fixed  line,  called  the  axis  of  rotation, 
the  body  is  said  to  undergo  a  pure  rotation  about  this  axis. 

Since  the  distances  of  the  different  particles  from  the  axis  of  rotation 
may  not  all  be  the  same,  but  as  they  are  all  rigidly  attached  together 
they  must  complete  a  revolution  in  exactly  the  same  time,  it  follows  that 
the  speed  of  the  different  particles  is  different.     Thus  in  the  case  of  a 

1  When  we  come  to  consider  the  action  of  gravity  on  bodies,  we  shall  find  that  the 
centre  of  figure  is  what  is  better  known  as  the  centre  of  gravity. 

44 
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fly-wheel,  consider  the  motion  of  two  points,  one  on  a  spoke  at  a  distance 
of  50  centimetres  from  the  axis  of  rotation  (the  axle),  and  the  other  on 
the  rim,  say  at  a  distance  of  100  centimetres  from  the  axis.  Suppose  the 
fly-wheel  to  make  one  turn  per  second,  then  the  first  particle  will  in  one 
second  traverse  the  circumference  of  a  circle  of  50  centimetres  radius,  i.e. 
will  travel  through  icoTr  centimetres,  and  hence  its  speed  will  be  igott 
centimetres  per  second.  The  speed  of  the  other  particle  will  in  the 
same  way  be  2007r  centimetres  per  second. 

The  velocity  of  rotation  of  a  body  cannot  therefore  be  measured  by 
the  speed  of  any  unspecified  particle.  It  is  measured  either  by  the 
number  of  turns  made  in  a  given  time  divided  by  that  time,  i.e.  the 
number  of  turns  per  second,  or  by  the  speed  of  a  particle  at  unit  distance 
from  the  axis  of  rotation,  this  speed  being  called  the  angular  velocity  of 
the  body. 

Suppose  the  angular  velocity  of  a  body  is  ©,  that  is,  the  linear  speed 
of  a  particle  at  unit  distance  from  the  axis  is  co,  so  that  the  space 
passed  over  by  such  a  particle  in  a  second  is  w  units  of  length.  Now  the 
length  of  the  arc  of  the  circle,  along  which  the  particle  travels,  passed 
over  in  one  second  being  w,  the  angle  subtended  by  this  arc  at  the  centre 
of  the  circle  is  co/i  in  circular  measure  (§  14),  since  the  radius  of  the 
circle  is  unity.  Since  the  angle  swept  out  by  the  radius  joining  any 
particle  of  the  body  to  the  axis  of  motion  is  the  same  for  all  particles  in 
the  body,  we  may  say  that  the  angular  velocity  co  of  a  body  represents 
the  angle  (measured  in  circular  measure)  through  which  the  body  turns 
in  one  second. 

If  the  rotating  body  turns  through  an  angle  o)  in  one  second,  then  the 
space  traversed  by  a  particle  at  a  distance  r  from  the  axis  of  motion  is 
cor,  since  this  is  the  length  of  an  arc  of  a  circle  of  radius  r  that  subtends 
an  angle  co  at  the  centre. 

The  relation  between  the  angular  velocity  of  a  body  and  the  number 
of  turns  per  second  can  be  obtained  as  follows  :  Let  the  body  make  n 
turns  per  second,  then  since  in  one  complete  turn  the  angle  turned  through 
is  277  (§  14),  the  angle  turned  through  in  one  second,  or  the  angular 
velocity,  is  27r«.     Since  the  body  makes  n  turns  per  second,  the  time  it 

takes  to  make  one  turn  is  —  =  T'say,  and  the  angular  velocity  =  27r/ T. 

A  rotation  is  said  to  be  positive  if,  when  looking  along  the  axis 
in  the  positive  direction,  it  appears  to  take  place  in  the  opposite  direc- 
tion to  that  of  the  hands  of  a  watch  when  we  look  at  the  face  of  the 
watch. 

As  in  the  case  of  linear  velocity,  angular  velocity  may  be  uniform  or 
variable.  In  the  case  of  variable  angular  velocity,  the  change  of  angular 
velocity  in  a  given  time  divided  by  that  time  is  called  the  angular 
acceleration.  Angular  acceleration  may  be  uniform  or  variable.  Since 
the  angular  velocity  is  measured  by  the  angle  swept  out  in  unit  time,  and 
the  angle  is  measured  by  the  arc  swept  out  divided  by  the  radius  {i.e. 
angular  velocity  =  (arc -i-radius)/time),  the  dimensions  of  angular  velocity 
are  given  by  [i2]  =  [(/.-i-Z)-^  r]  =  [7'-^].  The  truth  of  this  result  will  be 
apparent  if  we  remember  that  the  angular  velocity  does  not  depend  upon 
the  distance  of  the  point  considered  from  the  axis  of  rotation,  i.e.  the 
size  of  the  circle  described,  but  simply  on  the  time  taken  to  go  round  this 
circle.     The  dimensions  of  angular  acceleration  are  [7^^]. 
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46.  Composition  and  Resolution  of  Rotations.  —  In  order  to 
completely  define  a  linear  velocity  we  have  seen  that  we  require  to  know 
the  direction  of  the  velocity,  and  also  the  magnitude  of  the  velocity.  In 
the  same  way,  to  define  a  rotation  we  require  to  know  the  axis  about 
which  the  rotation  takes  place  and  the  magnitude  of  the  rotation,  i.e.  the 
angular  velocity.  Rotations  may  be  compounded  or  resolved  in  a  manner 
analogous  to  that  employed  in  the  case  of  motions  of  translation.  Thus, 
if  a  rigid  body  has  simultaneously  applied  to  it  two  rotations  about  diffe- 
rent axes  passing  through  a  fixed  point,  the  resultant  motion  consists  in  a 
rotation  about  a  single  axis  passing  through  this  point.  The  direction  of 
the  axis  of  this  resultant  rotation  and  its  magnitude  can  be  obtained  by 
drawing  through  any  point  (o)  two  straight  lines  parallel  to  the  axes  of 
the  two  given  rotations,  and  equal  in  length  to  the  angular  velocities, 
and  completing  the  parallelogram.  The  diagonal  drawn  through  o  will 
then  represent  the  axis  of  the  resultant  rotation  in  direction  and  the 
angular  velocity  in  magnitude.  In  the  same  way  we  may  resolve  any 
rotation  into  two  or  more  competent  rotations  round  any  given  axes  by 
employing  the  methods  used  in  §  38. 

47.  Degrees  of  Freedom  of  a  Body.— In  §  26  we  saw  that  in 
order  to  define  the  position  of  a  point  in  space  we  require  to  know  its 
distance  from  three  fixed  planes,  no  two  of  which  are  parallel.  Again, 
every  possible  way  in  which  a  particle  can  move  may  be  resolved  along 
three  mutually  perpendicular  lines  or  axes,  and  the  resultant  of  these 
three  component  displacements  will  be  equal  to  the  original  displace- 
ment. Hence,  when  the  motion  of  a  particle  is  unrestricted  by  any 
conditions  it  is  said  to  have  three  degrees  offreedoin. 

Next,  suppose  the  particle  is  constrained  to  remain  always  in  contact 
with  a  given  surface.  It  will  then  only  possess  two  degrees  of  freedom, 
for  we  may  take  the  normal  to  the  surface  as  one  of  the  three  mutually 
perpendicular  directions  along  which  the  motion  of  the  particle  may  be 
resolved.  Since  no  displacement  of  the  particle  can  take  place  along 
this  direction,  or  the  particle  would  not  remain  in  contact  with  the 
surface,  the  only  remaining  possible  independent  displacements  are  at 
right  angles  to  one  another  in  the  tangent  plane  to  the  surface. 

If  the  particle  is  constrained  to  move  so  as  to  remain  in  contact 
simultaneously  with  each  of  two  surfaces,  it  has  only  one  degree  of 
freedom.  For  it  is  constrained  to  move  along  the  line  which  is  common 
to  both  surfaces,  i.e.  the  line  of  intersection  of  the  surfaces,  and  if  a  point 
moves  on  a  line,  it  can,  at  each  point,  only  move  in  one  direction,  which 
is  that  of  the  tangent  to  the  line  at  the  given  point. 

In  the  case  of  a  perfectly  unconstrained  extended  rigid  body  we 
have  six  degrees  of  freedom,  for  in  addition  to  the  three  independent 
translations  possessed  by  a  material  particle,  an  extended  body  is  also 
capable  of  three  independent  rotations  about  three  mutually  perpen- 
dicular axes. 

If  such  a  body  have  one  point  fjxed,  then  it  loses  all  its  possible 
motions  of  translation  {i.e.  three  degrees  of  freedom),  and  is  only  capable 
of  three  rotations  about  axes  passing  through  the  fixed  point. 

If  two  points  in  the  body  are  fixed,  then  in  addition  it  loses  two 
rotations,  since  the  only  motion  of  which  it  is  now  capable  is  a  rotation 
about  an  axis  passing  through  the  two  fixed  points. 

If  three  points,  not  all  in  a  straight  line,  are  fixed  the  body  loses  all 
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its  degrees  of  freedom  and  is  fixed.  We  thus  see  that  if  we  are  given  the 
positions  of  any  three  points  (which  are  not  all  in  the  same  straight  Hne) 
of  a  body  the  position  of  the  body  is  completely  defined. 

48.  Geometrical  Clamps  and  Slides. —An  interesting  practical 
application  to  the  construction  of  instruments  of  the  principles  enunci- 
ated in  the  previous  section  has  been  made  by  Lord  Kelvin,  the  impor- 
tance of  which  is  only  slowly  making  itself  felt  even  in  the  construction 
of  scientific  instruments.  , 

Suppose  that  an  instrument,  standing  on  three  legs,  rests  on  a  hori- 
zontal plane,  then  it  has  lost  one  translation, 
namely,  that  perpendicular  to  the  plane,  and  also  ^ 
two  rotations,  the  only  rotation  left  being  about  an 
axis  perpendicular  to  the  plane.  If,  further,  one 
of  the  legs  rests  in  a  conical  hollow  a  (Fig.  29) 
the  instrument  has  lost  all  its  translations  in 
addition  to  two  rotations.  If,  therefore,  we  pre- 
vent the  only  degree  of  freedom  left,  i.e.  the 
rotation  about  an  axis  perpendicular  to  the  plane 
passing  through  the  conical  hole,  the  instrument 
will  be  fixed  in  position.  We  may  prevent  this 
rotation  by  allowing  one  of  the  two  legs  which  now  rest  on  the  smooth 
surface  of  the  table  to  rest  in  a  V-shaped  groove  B  pointing  towards 
the  conical  hole,  the  third  leg  resting  on  the  plane  surface  at  C.  This 
arrangement,  called  the  hole,  slot,  and  plane,  forms  a  geometrical  clamp 
and  enables  us  to  remove  the  instrument  and  yet  replace  it  in  exactly 
the  same  position  as  it  before  occupied,  and  this  without  any  compli- 
cated arrangement  of  screws  and  clamps. 

As  an  example  of  a  geometrical  slide  we  may  take  the  case  illustrated 
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in  Fig.  30.    Here  two  V's  (a  and  b)  attached  to  the  body  rest  on  the  sur- 
face of  a  cylinder  (c  d).    Each  V  touches  the  cylinder  in  two  points,  and 
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therefore  the  only  motions  left  to  the  body  are  (i)  a  translation  parallel 
to  the  axis  of  the  cylinder,  and  (2)  a  rotation  about  the  axis  of  the  cylinder. 
Hence,  if  this  rotation  is  restrained  by  a  point  E  being  kept  pressing  on 
a  plane  FG  parallel  to  the  axis  of  the  cylinder,  the  only  motion  possible 
is  a  translation  parallel  to  this  axis.  The  peculiarity  of  a  geometrical 
slide  is  that  it  enables  us  to  obtain  the  desired  constrained  motion  with- 
out any  possible  rattle  or  looseness,  which  in  the  form  of  mechanical 
slide  ordinarily  used  is  certain  to  be  found  sooner  or  later,  owing  to  the 
wear  of  the  parts,  even  if  it  does  not  exist  originally  when  the  slide  is 
new.  Want  of  space  will  not  permit  of  our  following  this  subject  any 
further,  but  those  who  are  interested  in  mechanical  design  will  find  that 
a  careful  study  of  the  properties  of  geometrical  clamps  and  slides  fully 
repays  the  time  spent  on  it,  for  no  amount  of  good  workmanship  can 
compensate  for  bad  design. 


CHAPTER  VII 
PERIODIC  MOTION 

49.  Definition  of  Periodic  Motion.— We  have  hitherto  considered 
the  motion  of  a  body  to  be  either  uniform  or  to  vary  continuously.  There 
is,  however,  a  most  important  kind  of  motion  in  which  the  body  goes 
through  the  same  series  of  movements  at  regularly  recurring  in'.ervals. 
This  kind  of  movement  is  called  periodic.  If  in  addition  to  being 
periodic  the  motion  is  continually  being  reversed  in  direction,  it  is  said 
to  be  vibratory  or  oscillatory.  The  motion  of  the  earth  with  reference  to 
the  sun  is  periodic,  since  although  the  velocity  is  not  uniform,  yet  at 
regularly  recurring  intervals  (the  year)  the  velocity  regains  the  same 
value.  The  motion  of  a  pendulum  or  that  of  the  prong  of  a  tuning-fork 
is  an  example  of  oscillatory  or  vibratory  motion. 

50.  Simple  Harmonic  Motion.— If  we  look  at  a  particle  which  is 
moving  uniforrnly  in  a  circle  (mqn.  Fig.  31)  from  some  point  P  in  the 
plane  in  which  the 
particle  is  moving,  and 
from  some  distance  off, 
the  particle  will  ap- 
pear to  move  backwards 
and  forwards  along  a 
straight  line  MN.  While 
the  particle  moves  over 
the  arc  nq'm,  it  appears 
to  be  moving  from  left  Fig.  31. 

to  right  ;     it    will  then 

appear  momentarily  to  come  to  rest  as  it  reaches  the  extreme  limit 
of  its  path  to  the  right ;  then  it  will  start  moving  to  the  left,  at 
first  slowly,  but  with  increasing  speed  till  it  appears  in  line  with 
the  centre  O  of  the  circle  on  which  it  is  actually  moving.  The 
speed  will  now  appear  to  diminish  till  the  particle  comes  to  rest 
for  a  moment  at  the  extreme  left-hand  limit  N  of  its  path.  It  will 
then  appear  to  travel  to  the  right,  the  speed  increasing  till  it  passes 
the  centre,  then  diminishing  till  it  again  reaches  its  extreme  right-hand 
position.  Now  all  the  time  the  particle  is  in  reality  moving  at  a  uniform 
speed  in  a  circle,  and  when  it  appears  at  rest  it  is  only  moving  either 
directly  towards  or  away  from  our  eye.  Thus  when  the  particle  is  at  M 
it  is  moving  momentarily  along  the  line  MP,  which  is  a  tangent  to  the 
circle  passing  through  P ;  and  hence,  since  we  should  be  unable  from  P  to 
detect  this  movement  in  the  line  of  sight,  it  would  appear  at  rest.  In  the 
same  way  at  N  it  is  really  moving  in  the  direction  pn,  although  it  appears 
stationary.  When  it  is  at  Q  or  q'  it  is  moving  at  right  angles  to  the  line 
of  sight,  and  hence  appears  to  move  with  the  greatest  speed  ;  at  Q  from 
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Fig.  32. 


right  to  left  and  at  Q'  from  left  to  right.  If  the  point  P  is  at  a  very  great 
distance  from  the  circle,  the  tangents  PM  and  PN  will  be  parallel,  and  NM 
will  be  a  diameter  of  the  circle. 

It  will  save  circumlocution  if  we  suppose  that  a  second  particle 
moves  to  and  fro  along  the  diameter  MN  (Fig.  32)  in  such  a  way  tha,t  it 
always  appears,  when  viewed  from  a  great  distance,  to  be  in  a  line  with 
the  particle  that  is  moving  in  the  circle  NQM.     This  means  that  this 

second  particle  is  at  any  moment 
at  the  foot  of  the  perpendicular 
drawn  from  the  position  of  the 
first  particle  to  the  diameter  MN. 
Thus  when  the  particle  which 
moves  in  the  circle  is  at  the 
points  A,  B,  C,  &c.,  the  other  par- 
ticle will  be  at  a,  b,  c,  &c.  Sup- 
pose the  one  particle  makes  a 
complete  revolution  in  two  seconds, 
so  that  it  traverses  the  semi-circum- 
ference NQM  in  one  second.  Since 
by  supposition  it  moves  with  uni- 
form angular  velocity  (§  45),  if  we 
divide  the  semicircle  NQM  into  ten 
equal  arcs,  na,  ab,  bc,  &c.,  each  of 
these  arcs  will  be  traversed  in  a 
tenth  of  a  second.  If  then  we 
draw  perpendiculars  to  the  diameter  mn  through  all  these  points,  the 
feet  of  these  perpendiculars,  i.e.  the  points  a,  b,  c,  d,  &c.,  will  repre- 
sent the  positions  of  the  particle  which  moves  along  the  diameter  at 
i^f  1^,  1^,  &c.  second  after  it  leaves  N.  In  order  to  find  the  distances 
Oa,  Ob,  Or,  &c.,  of  the  particle  from  the  centre  o,  we  join  the  points 
A,  B,  c,  &c.,  to  the  centre.  Then,  if  a  is  the  radius  of  the  circle,  we 
have  the  following  relations — 

Oa  =  a  cos  AON, 

Ob  =tz  cos  BON  =  ^  cos  (2. AON), 

Oc  =a  cos  CON=^  cos  (3.AON),  &c 

If  CO  is  the  angular  velocity  of  the  particle  moving  in  the  circle,  the 
angle  swept  out  by  the  radius  joining  the  particle  to  the  centre  in  one 
second  is  »,  and  hence,  since  during  a  complete  revolution  the  angle 

swept  out  is  27r,  the  particle  will  make  a  complete  revolution  in  — 

a> 

seconds.  This  will  therefore  represent  the  time  which  elapses  between 
two  consecutive  passages  z'n  the  same  direction  of  the  particle  that  moves 
along  MN  through  any  given  point  in  its  path,  and  is  called  the  periodic 
time,  or/^r?Wof  the  oscillatory  motion  of  the  particle. 

If  we  start  measuring  our  time  from  the  instant  when  both  the  par- 
ticles are  at  N,  and  call  the  distance  of  the  vibrating  particle  from  the 
centre,  O,  x,  x  being  positive  when  the  particle  is  to  the  right  of  o  and 
negative  when  it  is  to  the  left  of  O,  then  at  a  time  o,  x=a  ;  at  a  time 

— /2,  x=  -a,  since  the  particle  will  now  be  at  M.     If  P  is  the  position  of 
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the  particle  moving  in  the  circle,  and  p  that  of  the  vibrating  particle  at 
the  time  /,  we  have 

x—a  cos  PON. 

Now  PON  is  the  angle  swept  out  by  the  particle  moving  in  the  circle  in 
the  time  /.  Hence  the  angle  PON  =  a)/',  for  (§  45)  co  is  the  angle  swept 
out  in  unit  time,  and  therefore  <»/  is  the  angle  swept  out  in  the  time  /. 
Therefore 

x—a  cos  6)/    .     .     .     (i). 

When  /=0,  cos  a)/=  i,  and  hence  x=a^  a.  result  already  obtained.    When 
^=7r/a),  i.e.  half  a  period  later,  x=a  cos  ci)X-=<a!  cos  7r^=  —  «,  that  is,  the 
particle  is  at   M.     When  t='n:lui^  i.e.  a  whole  period  after  the  start, 
x=^a  cos  o),  -  =  a  cos  i-n  —  a.  and  the  particle  is  back  at  N.     When 
t=-K\itii^  or  37r/2a) 

TT  T       _ 

x=a  cos  0). —  =  a  cos  -=0 

20)  2 

or  37r  37r 

=  a  cos  o).^^  =  dj;  cos  ^^  =  O, 
20)  2         ' 

and  hence  the  particle  is  at  O.  We  thus  see  how,  for  some  easily  recog- 
nised positions,  equation  (r)  gives  the  position  of  the  vibrating  particle  in 
terms  of  the  time. 

A  particle  that  moves  to  and  fro  along  a  line,  such  as  MN,  in  the  same 
manner  as  the  particle  above  considered,  and  so  that  its  position  with 
reference  to  o,  the  middle  point  of  mn,  is  always  given  by  equation  (i) 
above,  is  said  to  move  with  a  simple  harmonic  moiiofi.  Such  a  move- 
ment we  shall  in  future  indicate  by  the  initials  S.H.M.  The  reason  for 
giving  it  this  name  will  appear  when  we  come  to  study  acoustics,  for  it 
will  be  found  that  most  of  the  movements  with  which  we  are  there 
concerned  are  S.H.M.'s. 

The  maximum  distance  from  the  median  position  O,  attained  by  a 
particle  which  is  executing  a  S.H.M.,  is  called  the  amplitude  (a).  It  will 
be  noticed  that  the  amplitude  (a)  is  equal  to  the  radius  of  the  circle 
MQN  (Fig.  32)  used  to  define  the  S.H.M.  This  circle  is  called  the  circle 
of  reference. 

The  angle  which  the  radius,  passing  through  the  particle  in  the  circle 
of  reference,  makes  with  the  positive  direction  of  the  path  of  the  vibrating 
particle,  i.e.  with  ON  (Fig.  32),  is  called  \\\t. phase  of  the  particle  executing 
S.H.M.  at  the  corresponding  instant.  Thus  when  the  vibrating  particle 
is  at  N  the  phase  is  zero,  when  at  P  the  phase  is  equal  to  the  angle  PON. 
We  have  seen  that  the  angle  PON  is  equal  to  q)/  where  o)  is  the  angular 
velocity  in  the  circle  of  reference,  and  /  is  the  time  counted  from  the 
passage  of  the  vibrating  particle  through  its  position  of  maximum  positive 
elongation. 

^  Instead  of  starting  to  measure  the  time,  or  what  comes  to  the  same 
thing,  the  phase  of  the  vibration,  from  the  instant  when  the  particle 

1  Since  the  cosine  of  tt,  or  i8o°,  is  -  i. 
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passes  through  the  position  of  maximum  positive  elongation,  it  is  often 
more  convenient  to  start  at  the  instant  when  the  particle  passes  through 
its  mean  position,  o,  when  moving  in  the  positive  direction,  so  that  both 
the  time  and  the  displacement  are  measured  from  the  conditions  of  the 
particle  when  passing  through  o. 

Suppose  we  measure  the  phase  from  the  line  OQ'  (Fig.  32)  when  the 
particle  is  passing  through  o  in  the  direction  from  M  to  N.  Let  P'  be  the 
position  of  the  particle  in  the  circle  of  reference  at  a  time .  /  after  the 
start  from  Q'.  Then  Op  is  the  displacement  of  the  particle  which  is 
executing  a  S.H.M.  along  MN  at  the  time  t.     Now 

Op=a  cos  v'op 
=  a  sin  p'oq' 
=  a  sin  0, 

where  0  is  the  phase  measured  from  OQ'.  As  before,  since  we  are  now 
measuring  time  from  the  instant  the  particle  in  the  circle  of  reference 
passes  through  Q', 

(^  =  0)/. 

Hence  the  displacement  x  is  given  by  the  equation 

x=a  sin  att    .     .        (2). 

Thus  the  form  of  the  expression  for  determining  the  displacement 
depends  on  whether  we  start  measuring  our  time  from  the  instant  when  the 
particle  is  at  its  extreme  elongation  or  when  it  is  passing  through  its  mean 
position.  The  motion  represented  by  the  two  expressions  is,  however, 
the  same,  if  the  quantities  a  and  co  have  the  same  values  in  the  two  cases. 

If  ris  the  periodic  time  of  the  S.H.M.,  then,  since  the  particle  moving 
in  the  reference  circle  with  uniform  angular  velocity  <i)  will  complete  a 

whole  rotation  in  a  time  — ,  we  have 

T=— 
a> 

217 

or  0)=— 

The  number  of  periods  per  second,  or  the  number  of  complete,  i.e.  to- 
and-fro  oscillations  per  second  ;  or,  what  amounts  to  the  same  thing,  the 
number  of  revolutions  in  the  circle  of  reference  per  second  is  called  the 
frequency  of  the  S.H.M.     Hence  if  N  is  the  frequency, 

I  O) 

~~7^~27r' 

51.  Velocity  and  Aeeeleration  in  S.H.M.— The  velocity  of  the 
particle  in  the  circle  of  reference  at  a  point  P  (Fig.  33)  is  (na  (§  45)  along 
the  tangent  PT.  We  may  resolve  this  velocity  along  directions  PB  and 
PA,  parallel  and  perpendicular  to  MN. 

Let  us  measure  the  phase  <^  from  the  instant  when  the  particle  passes 
through  the  mean  position  from  left  to  right.     Now  PT  (the  tangent)  is 
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perpendicular  to  OP  (the  radius),  and  PB  is  perpendicular  to  OQ  ;  there- 
fore the  angle  TPB  is  equal  to  the  angle  QOP  or  ^.  Hence  the  com- 
ponent along  PB  of  the  velocity  wa  is 

<3ia  cos  ^. 

The  componenf  of  the  velocity  at  right 
angles  to  MN  cannot  affect  the  space 
passed  over  parallel  to  MN,  so  that  if 
we  only  consider  the  resolved  part  of 
the  motion  of  P  parallel  to  MN,  the 
velocity  at  any  point  would  be  ua  cos  ^. 
But  this  resolved  part  of  P's  motion  is 
the  same  as  the  motion  of  the  particle 
which  executes  a  S.H.M.  along  MN, 
and  of  which  P  moves  in  the  circle  of 
reference.  Hence  the  velocity  x^  of 
the  particle,  moving  with  S.H.M.,  when  at/  is  given  by  the  equation 

x  =  (jia  cos  <^, 
~  V(Op2  -  (5^)/OP  =  sl{a^-^)la,  where  x  is  the  dis- 


Hence 


But  cos<^=P//OP  = 
placement  of  the  particle  from  its  mean  position. 
x=<o^{d'--x% 

When  x=  -ha  or -a,  that  is,  when  the  particle  is  at  the  points  N  or  M, 
the  velocity  x  is  zero.  This  is  also  evident,  since  at  these  points  the 
particle  in  the  circle  of  reference  is  moving  at  right  angles  to  MN.  The 
maximum  value  of  x  occurs  when  x=0,  and  is  aa^  as  is  evident,  since  at 
o  the  velocity  of  the  particle  executing  the  S.H.M.  is  the  same  as  that  of 
the  particle  in  the  circle  of  reference. 

The  acceleration  of  a  point  moving  in  the  reference  circle  with  a 
linear  speed  v  is  constant,  directed  towards  the  centre  and  equal  to 
v'^/a  (§  42).     But  v=a(ji,  hence  the  acceleration  is  equal  to  aoi^. 

This  acceleration  may  be  resolved  parallel  and  perpendicular  to 
MN,  and  the  component  at  any  point 
parallel  to  MN  will  be  the  acceleration 
in  the  S.H.M.  at  the  corresponding 
point.  The  component  along  vq  (Fig. 
34)  will  be  ao>^  cosOP^  =  aa>^  sin^, 
hence  this  is  the  acceleration  in  the 
S.H.M.  at  p.  Since  at  p  the  velocity 
of  the  particle,  which  is  positive,  is 
decreasing,  the  acceleration  is  negative 
(§  32).  This  is  also  evident  from  the 
figure,  for  P^  is  in  the  negative  direc- 
tion. 

We    found    in    §  50    that    the    dis-  Q 

placement  {i.e.  op)  at  a  given  point  p  ^^^-  34- 

was  equal  to  a  sin  0.     Substituting  this  value  for  a  sin  0  in  the  expres- 
sion for  the  acceleration,  we  find  that  when  the  distance  of  the  particle 

^  The  symbol  x  is  used  to  denote  the  velocity  of  the  particle  when  its  displace- 
ment is  X. 
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« 
from  the  median  position,  that  is  its  displacement,  is  equal  to  x  the 
acceleration  x  ^  is  given  by 


X=  -  (O'-X. 


This  shows,  since  a>  is  constant,  that  the  acceleration  is  simply 
proportional  to  the  displacement,  and  always  acts  towards  the 
centre  O. 

62.  Harmonic  Curve. — Suppose  we  have  a  particle  executing  a 
S.H.M.  along  mn  (Fig.  35)  of  period  Tand  NQM  is  the  circle  of  refer- 


FiG.  35. 


ence.  Then,  supposing  the  particle  to  start  from  its  median  position, 
let  us  draw  a  diagram  in  which  the  time  is  measured  along  OX,  and  the 
displacement  of  the  particle  from  its  median  position  along  OY.  Since 
the  particle  is  supposed  to  start  from  o\  the  displacement  at  the  zero  of 
time  will  be  zero.  At  a  time  772  later  the  particle  will  have  again  come 
back  to  o\  and  the  displacement  will  again  be  zero.  Hence,  if  OB  repre- 
sents the  time  772,  the  displacement  at  this  point  will  be  zero.  A  point 
(a)  halfway  between  O  and  B  will  represent  a  time  774,  and  the  displace- 
ment at  this  time  is  ^'m,  since,  starting  from  Q  in  the  circle  of  reference, 
the  particle  in  \  of  the  time  ( T)  taken  to  make  a  whole  revolution  will 
have  traversed  \  of  the  circumference,  and  will  therefore  be  at  M.  Hence 
at  A  we  erect  a  perpendicular  Ka  equal  to  o'ui.  At  the  point  C,  which 
corresponds  to  a  time  37^/4,  the  particle  will  be  at  N,  and  hence  the 
displacement  is  <?'n,  equal  in  magnitude  to  the  displacement  at  M,  but 
opposite  in  direction.  We  therefore  draw  Qc  in  the  opposite  direction 
to  A«,  and  make  it  equal  to  ^'n  or  o'yi.  At  a  time  T  the  particle  will 
have  completed  a  vibration  and  will  be  back  at  o\  so  that  the  displace- 
ment at  D,  where  OD=  J",  is  zero.  If  we  draw  ordinates  to  represent  the 
displacement  at  intermediate  times,  and  then  draw  a  line  through  the 
extremities  to  these  ordinates,  we  shall  obtain  the  wavy  curve  Oa^cneY. 
This  curve,  which  represents  the  relation  between  the  displacement  of 
the  particle  which  is  executing  S.H.M.  and  the  time,  is  called  the 
harmonic  curve. 

This  curve  is  of  great  interest  from  its  bearing  on  many  physical 
problems,  so  that  it  will  repay  us  if  we  investigate  a  few  of  its  properties. 

'  The  symbol  x  is  used  to  denote  the  acceleration  with  which  the  particle  is  moving 
when  the  displacement  is  x. 
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Suppose  that  at  the  time  /  the  particle  executing  S.H.M,  is  at^,  so  that 
the  corresponding  points  in  the  circle  of  reference  and  on  the  harmonic 
curve  are  P  and  p'  respectively.  Then  the  displacement  is  op  or  Vp'. 
Now  op=vq  —  o'v  sin  Q^'P  =  a  sin  0,  where  a  is  the  amplitude  and  0  is 
the  angle  Q^?'?.^  Hence  vp'  =  a  sin  ^.  Now  ^  =  co/,  therefore  vp'=a 
sin  o)/. 

In  the  harmonic  curve  the  abscissas  represent  the  time,  so  that  0?'==/. 
Hence  if  we  call  the  abscissa  of  any  point  on  the  harmonic  curve  x  and 
the  correspondi fig  ordimXe  y^  since  ^=P^'  and  ;ir  =  OP'=/,  we  get 

y  =  a  sin  a>x. 

The  harmonic  curve  is  therefore  sometimes  called  the  cufve  of  sines, 
being  such  that  the  ordinate  at  any  point  is  proportional  to  the  sine 
of  an  angle  which  is  itself  proportional  to  the  abscissa. 

The  actual  form  of  the  curve  depends  on  the  amplitude  a  and  on  the 
angular  velocity  o)  in  the  reference  circle  of  the  S.H.M.,  or,  since 
o)  =  2TrjT,  on  the  periodic  time  of  the  S.H.M. 

53.  Composition  of  Simple  Harmonie  Motions.— S.HM.'s,  like 
any  other  form  of  motion,  can  be  compounded,  and  the  composition  can 
in  general  be  best  effected  by  a  geometrical 
method  by  means  of  their  circles  of  re- 
ference. 

The  simplest  case  is  that  of  two 
S.H.M.'s  in  the  same  direction,  of  the 
same  period,  and  equal  amplitude.  If  the 
phases  are  the  same,  the  resultant  will  be 
a  S.H.M.  of  the  same  period  and  phase 
as  the  constituent  motions,  but  of  double 
the  amplitude.  The  S.H.M.'s  being  in  the 
same  phase,  the  resultant  displacement  at 
any  moment  will  be  the  sum  of  the  two 
component  displacements,  i.e.  since  these 
are  equal,  twice  either  of  them.  This 
double  displacement  is  exactly  what  would 
occur  if  the  radius  of  the  circle  of  reference 
were  twice  as  great  as  in  the  case  of  the  component  motions,  for  the 
triangles  YOp  and  QO^  (Fig-  36)  are  similar,  and  hence 


2g  =  22=2. 

pO    PO 


jOeO^r 


If  the  phases  of  the  S.H.M.'s  differ  by  half  a  period  (180")  they  will 
exactly  neutralise  each  other  and  will  produce  rest,  the  displacement  at 
any  instant  due  to  one  motion  being  exactly  equal  and  opposite  to  that 
due  to  the  other. 

Next,  suppose  the  two  S.H.M.'s  are  at  the  right  angles,  but  of  the 
same   period,  of  equal  amplitude,  and  in  the  same  phase.      Let  one 


»  <p  is  the  phase  of  the  vibration  measured  from  the  instant  when  the  particle  is 
moving  through  its  mean  position  (see  §  50). 
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motion  take  place  along  KL  (Fig.  37)  and  the  other  along  MN,  and  let 
KMLN  be  the  common  circle  of  reference.     Divide  the  circumference  of 

this  circle  into  an  even  number  of  equal 
parts,  say  twelve,  and  through  these 
points  draw  lines  parallel  to  KL  and 
MN  as  in  Fig.  37.  As  the  S.H.M.'s  are 
in  the  same  phase,  the  extreme  positive 
elongation  will  occur  at  the  same  in- 
stant in  each.  Hence  if,  as  is  usual, 
we  consider  from  o  to  L  to  be  the  posi- 
tive direction  for  one  motion,  and  from 
O  to  M  that  for  the  other,  L  will  be  the 
position  of  maximum  positive  elonga- 
tion for  one  and  M  for  the  other. 

Starting  then  from  the  instant  when 
both  the  motions  are  passing  through 
the  position  of  rest  O,  and  the  positive 
displacement  is  increasing,  the  points  «, 
b^  M  will  represent  the  displacements 
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at  times  Tj  12,  27712,  and  37712  due  to  the  S.H.M.  along  nm,  while 
the  points  c,  d^  L  will  represent  the  displacements  at  the  same 
instants  due  to  the  motion  along  KL.  Hence  the  actual  positions 
of  a  particle  which  is  moving  with  the  two  S.H.M. 's  will  be  O,  ^, /, 
Q,  &c.  The  resultant  motion  is  therefore  along  the  straight  line  QQ', 
which  is  inclined  at  45°  to  the  directions  of  the  two  S.H.M.'s.  For 
the  amplitude  and  frequency  of  the  two  motions  being  the  same,  the 
displacements  o<r,  O^,  and  OL  are  equal  to  the  displacements  o^,  O^,  and 
OM  respectively. 
Since 

OQ=OLI cos  45" ;  Of=  OdI  cos  45° ;  Oe=  Oc/  cos  45°, 

it  follows  that  the  resultant  displacement  is  always  equal  to  the  corre- 
sponding displacement  in  one  of  the  component  S.H.M.'s  divided  by 
the  cosine  of  45°  or  i/\/2.  Now  the  displacement  .r  along  KL  can  be 
represented  by  the  equation  :x:=a  sin  at  (§  50).  Hence  the  resultant  dis- 
placement along  QQ'  can  be  represented  by 

/?=  /s/2.a  sin  a>t. 


This  represents  a  S.H.M.  of  which  the  periodic  time  is  the  same  as  that 
of  the  two  components  (o)  being  the  same  for  all  three),  and  of  which  the 
amplitude  is  x/2.<a:. 

If  the  two  S.H.M.'s,  instead  of  being  in  the  same  phase,  differ  in 
phase  by  half  a  period,  or  180%  then  the  resultant  motion  will  be  a 
S.H.M.  along  PP' of  amplitude  J2.a. 

If  the  two  components  differ  in  phase  by  90°,  or  a  quarter  period, 
when  one  S.H.M.  is  at  its  extreme  elongation  the  other  will  be  passing 
through  its  position  of  rest.  Suppose  that  when  the  moving  particle  is 
at  the  point  of  extreme  positive  elongation  (m).  Fig.   38,  as  far  as  its 
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motion  along  mn  is  concerned  it  is  passing  through  o  from  left  to  right, 
owing  to  the  motion  along  KL.  Then  at  successive  intervals  of  7/12 
it  will  be  displaced  to  b^  «,  O  respectively  with  reference  to  one  motion, 
and  to  r,  d,  L  with  reference  to  the  other ;  and  hence  its  resultant 
position  will  be  e,  f^  L,  &c.  The  re- 
sultant motion  will  thus  be  uniform 
motion  in  the  circle  of  reference  in  the 
direction  MLNK.  If,  however,  when  the 
particle  is  displaced  to  L  by  the  hori- 
zontal motion,  it  is  passing  through  O  in 
the  direction  NOM,  the  resultant  motion 
will  be  in  the  circle  of  reference  but  in 
the  direction  lm  kn. 

For  any  other  difference  of  phase  the 
resultant  motion  will  be  in  an  ellipse, 
which  will  touch  all  four  sides  of  the 
square  PQP'q'.  ,   ,        ,    —    . ^    ,        ,    , 

When     either    the     amplitudes     or     Q'  N  P 

periods  of  the  two  component  S.H.M.'s 
are  different,  we  cannot  use  the  same 
circle    of  reference    for    the    two    motions, 
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Suppose  the  period  of 
the  vertical  S.H.M.  is  2/3  that  of  the  horizontal  S.H.M.,  and  the 
amplitude  of  the  vertical  motion  is  2/3  that  of  the  horizontal,  the 
phases  being  the  same.  Let  m'an'  (Fig.  39)  and  k'bl'  be  the  two 
circles  of  reference,  the  diameter  m'n'  being  2/3  the  diameter  k'l', 
since  the  amplitude  of  the  motion  along  MN  is  2/3  of  that  along  KL. 
The  circumferences  of  these  ' 
two  circles  must  next  be 
divided  into  parts  that  are 
traversed  by  the  tracing- 
points  in  equal  times.  It  is 
convenient  to  divide  the 
quadrant  into  a  whole  num- 
ber of  parts  in  each  case, 
hence  in  the  above  example 
we  divide  the  circle  m'an' 
into  eight  parts,  and  the 
circle  k'bl'  into  twelve 
parts.  The  period  of  the 
motion  along  MN  being 
2/3  of  that  along  KL, 
the  tracing-point  of  the 
circle  m'an'  will  traverse 
the  circumference,  while 
the  tracing  -  point  of  the 
circle  k'bl'  traverses  2/3  of 
the  circumference.  Thus  the  tracing-point  in  m'an'  will  traverse  1/8 
of  the  circumference  in  the  same  time  that  the  tracing-point  in  k'bl' 
traverses  1/8  of  2/3  or  1/12  of  the  circumference  ;  and  hence  we  have 
divided  the  circles  so  that  the  arcs  will  be  traversed  in  equal  times. 
The  phase  of  the  motions  being  the  same,  the  two  extreme  positive 
elongations  occur  simultaneously,  and  the  particle  starts  at  P.     At  ihe 


Fig.  39. 
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end  of  the  interval  chosen  for  subdividing  the  circles  it  has  moved  down 
to  «,  and  horizontally  to  d^  and  hence  its  position  is  at  Q.  A.t  the  end  of 
the  next  interval  it  has  moved  downwards  to  ^,  and  horizontally  to  e; 
it  is  therefore  at  R.  Similarly  it  travels  to  S  and  T.  At  T  the  particle 
has  reached  its  extreme  elongation  in  the  vertical  direction,  and  hence 
it  now  begins  to  move  upwards,  and  during  the  next  interval  it  reaches  c. 
It  continues,  however,  to  move  to  the  left  in  the  horizontal  direction,  and 
at  the  end  of  the  interval  is  displaced  to  h.  The  actual  position  is  thus  u. 
In  a  similar  manner  the  position  at  the  ends  of  the  remaining  intervals 
can  be  found,  and  the  path  will  be  given  by  the  line  prtkrp'.  .  When 
the  particle  reaches  the  point  P',  which  it  does  after  one  complete  period 
of  the  slower  vibration  {i.e.  the  horizontal)  and  one  and  a  half  periods 
of  the  faster,  it  will  retrace  the  path,  returning  to  P  after  two  complete 
periods  of  the  slower  S.H.M.  and  three  of  the  faster. 

If  the  phases  of  the  two  components  are  not  the  same,  the  resultant  ■ 
motion  would  be  different ;  the  method  of  drawing  the  curves  is,  however, 
the  same  as  in  the  above  example.     Some  of  the  figures  obtained  are 


Kisra 


(c) 

Fig.  40. 


(d) 


ie) 


given  in  Fig.  40,  where  the  phase  of  the  vertical  S.H.M.  is  increased  by 
45°  between  each  figure  and  the  next.  In  Fig.  41  another  series  of 
curves  is  given,  in  which  the  periods  of  the  component  S.H.M.'s  are 
as  1 : 2,  the  amplitudes  being  the  same.  In  this  case  the  phase  of 
the  S.H.M.  of  shorter  period  is  advanced  by  30°  between  each  figure 
and  the  next. 

The  above  are  all  examples  of  the  composition  of  two  S.H.M.'s,  the 
periods  of  which  are  commensurate ;  that  is,  the  ratio  of  the  periods  is 
expressed  by  simple  whole  numbers,  so  that,  after  a  comparatively  short 
time,  equal  to  the  least  common  measure  of  the  periodic  times,  the 
particle  will  come  back  to  its  starting-point  and  the  curve  will  then  be 
retraced.  If,  however,  the  periods  are  not  commensurable,  the  particle 
will  not  come  back  to  its  starting-point  till  after  an  infinite  number  of 
complete  periods  ;  that  is,  not  at  all. 

There  is  one  case  which  is  of  considerable  interest,  namely  when  the 
periods  can  very  nearly  be  represented  by  two  simple  whole  numbers.  If, 
for  instance,  the  periods  are  as  2  :  i,  then,  as  we  have  seen,  we  get  a  series 
of  curves  according  to  the  difference  in  phase  between  the  component 
motions  ;  in  each  case,  however,  the  curve  is  constant  in  form.  Suppose 
now  the  periods,  instead  of  being  as  2  :  i,  are  as  201  :  100,  and  that  the 
S.H.M.'s  start  in  the  same  phase,  then  the  path  of  the  particle  will  be 
very  nearly  like  {a\  Fig.  41.  However,  when  the  slower  S.H.M.  has 
completed  one  vibration,  the  other,  instead  of  having  exactly  completed 
two  vibrations,  will  have  completed  two  whole  vibrations,  together  with 
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i/ioo  of  another  ;  it  will  thus  have  gained  in  phase  on  the  other  by  \l\Qooi 
a  period  or  360/ 100  =  3°. 6.  This  gain  will  continue  till  after  eight  periods 
of  the  slower  vibrations,  the  difference  in  phase  will  amount  to  28^8,  and 
hence  the  curve  traced  out  will  resemble  (<^),  Fig.  41.  The  difference  in 
phase  will  continue  to  increase,  and  so  by  a  continuous  modification  the 
curve  will  pass  in  succession  through  all  the  forms  shown  in  Fig.  41,  first 
from  {a)  to  {g),  and  then  back  from  {g)  to  {a).  For  after  100  periods  of 
the  slower  vibration,  the  quicker  will  have  made  a  whole  vibration  more 


than  it  would  have  made  if  the  ratio  of  the  periods  had  been  exactly  2  :i, 
and  for  an  instant  the  curve  will  again  take  the  form  of  («),  Fig.  41,  and 
will  then  go  through  the  whole  series  again 

54.  Composition  of  Two  Simple  Harmonic  Motions  in  the  Same 
Direction. — In  the  previous  section  we  have  dwelt  with  the  composition 
of  two  S.H.M.'s,  when  the  directions  of  motion  are  at  right  angles.  We 
have  now  to  consider  the  composition  of  two  S.H.M.'s  when  the  direc- 
tions of  motion  are  along  the  same  straight  line,  the  simplest  case  of 
which,  namely,  when  the  amplitude  and  phases  of  the  S.H.M.'s  were  the 
same,  we  considered  on  p.  55.  The  simplest  method  for  effecting  this 
composition  is  by  means  of  the  harmonic  curve  (§  52). 

Let  ABCDE  (Fig.  42)  be  the  harmonic  curve  corresponding  to  one 
S.H.M.,  so  that  AM  represents  the  amplitude  and  bn  the  period,  and  let 
abcde  represent  another  S.H.M.  of  amplitude  ^M  and  period  bf^  which 
starts  in  the  same  phase  as  the  other.  Then  the  resultant  displace- 
ment will  be  obtained  by  adding  together  the  displacements  due  to  the 
two. S.H.M.'s.  Thus  at  a  tune  j;epresented  by  the  point  L  the  total  dis- 
placement will  be  equal  to  PL4-;Jl,  while  at  a  time  represented  by  K,  the 
component  displacemejvts  being  in  opposite  direction^^  the  total  displace- 
ment is  equal  to  KQ  -  Y.q,  and  since  KQ  is  equal  to  K^,  the  displacement 
is  zero.  Hence  if  we  construct  a  curve  such  that  the  ordinates  are  every- 
where equal  to  the  algebraic  sum  of  the  ordinates  of  the  two  component 
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cui-ves,  this  curve  will  represent  the  resultant  displacement.     The  resul- 
tant thus  obtained  is  shown  dotted  in  Fig.  42. 


Fig.  42. 

In  Fig.  43  the  same  curves  are  compounded,  but  the  time  scale  is 
made  smaller,  so  that  more  periods  of  each  curve  may  be  shown.  It  will 
be  seen  that  the  resultant  curve,  although  not  a  sine  curve,  is  a  periodic 
curve,  and  hence  the  resultant  motion  is  periodic,  the  period  being  equal 


Fig.  43. 

to  AB,  i.e.  to  five  times  the  period  of  the  quicker  vibration,  or  four  times 
that  of  the  slower. 

If  the  two  S.H.M.'s  to  be  compounded  are  of  nearly  the  same  period, 
say  in  the  ratio  of  9  :  10,  then  the  compound  harmonic  curve  obtained 


Fig.  44. 

will,  as  is  shown  in  Fig.  44,  everywhere  approximate  to  the  form  of  a  sine 
curve,  but  the  amplitude  will  alternately  wax  and  wane  ;  the  maxima 
occurring  when  the  component  vibrations  are  exactly  in  phase,  and  the 
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minima  when  the  phases  differ  by  half  a  period.  As  in  9  periods  of  the 
slower  vibration  there  occur  10  periods  of  the  quicker,  in  this  interval  one 
will  have  gained  exactly  one  period  on  the  other,  and  they  will  again  be 
in  the  same  phase.  Thus  the  curve  shows  that  the  maxima  occur  at  every 
loth  period  of  the  quicker  vibration. 

This  waxing  and  waning  of  the  resultant  motion,  when  two  S.H.M.'s 
of  nearly  the  same  period  are  compounded,  is  the  cause  of  the  pheno- 
menon of  beats  in  music  (§  319),  and  will  be  further  studied  when  we  come 
to  the  subject  of  sound. 

65.  Fourier's  Theorem.— In  the  previous  section  we  have  com- 
pounded two  harmonic  curves  and  drawn  a  resultant  curve.     The  same 
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method  can  be  employed  to  compound  any  number  of  harmonic  curves. 
The  curves  having  all  been  drawn,  with  their  appropriate  amplitude, 
period,  and  phase,  the  resultant  curve  is  drawn  so  that  at  every  point  its 
ordinate  is  equal  to  the  algebraic  sum  of  the  ordinates  of  the  cornponent 
curves  at  that  point.     By  suitably  choosing  the  period  and  amplitude  of 


Fig.  46. 

the  component  harmonic  curves,  it  is  possible,  as  illustrated  in  Figs.  45 
and  46,  to  produce  a  periodic  resultant  curve  of  a  type  very  different 
from  a  sine  curve. 
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Fourier  first  showed  that  any  periodic  curve,  as  long  as  it  nowhere 
goes  to  an  infinite  distance  from  the  axis  of  ^,  can  be  built  up  by  com- 
pounding together  a  finite  number  of  harmonic  curves  the  periods  of 
which  are  commensurate.  This  last  condition  is  necessary,  for  otherwise 
the  resultant  curve  obtained  by  compounding  the  curves  would  never 
exactly  repeat  itself,  and  would  not  be  periodic.  Hence  it  follows  that 
any  periodic  motion  can  be  considered  as  the  resultant  of  a  number  of 
commensurate  S.H.M.'s.  If  T  is  the  period  of  the  complex  periodic 
motion,  then  the  periods  of  the  component  S.H.M.'s  will  be  included  in 
the  numbers  7",  7)2,  T\%  7)4,  &c. 

As  an  illustration  of  the  way  in  which  a  periodic  curve  of  a  given  form 
may  be  built  up  by  the  combination  of  a  number  of  S.H.M.'s,  suppose 
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the  required  curve  to  be  represented  by  the  lines  ABCDEFG  (Fig,  46). 
The  thick  continuous  curve  given  in  the  figure  is  obtained  by  compound- 
ing the  three  S.H.M.'s  shown  dotted,  of  which  the  frequencies  are  in  the 
ratio  1:3:5,  while  the  amplitudes  are  as  i  :  1/3  : 1/5.  It  will  be  seen  that 
even  with  three  terms  an  approximation  to  the  required  form  is  produced. 
In  Fig.  47  the  result  of  combining  100  S.H.M.'s  having  frequencies 
proportional  to  the  numbers  i,  3,  5,  7,  9,  &c.,  and  amplitudes  proportional 
to  I,  1/3,  1/5,  1/7,  1/9,  &c.,  is  shown  on  a  reduced  scale.  It  will  be  noticed 
that  in  this  case  the  required  curve  is  almost  perfectly  reproduced. 

Machines  have  been  devised,  called  harmonic  analysers,  to  determine 
mechanically  the  amplitudes  of  the  S.H.M.'s  of  the  periods,  7',  7)2,  773, 
&c.,  required  to  build  up  any  given  curve.  Other  machines  are  capable 
of  drawing  the  resultant  of  a  certain  number  of  S.H.M.'s  of  given  ampli- 
tude and  period. 


PART    III— DYNAMICS 

CHAPTER  VIII 
NEWTON'S  LAWS  OF  MOTION 

56.  Subdivisions  of  Dynamics.— Up  to  the  present  the  motion  of 
bodies  has  been  considered  quite  in  the  abstract,  and  although  we  have 
assumed  that  the  motion  varied  in  certain  ways  we  have  not  inquired 
into  the  causes  of  these  variations.  We  now  pass  on  to  consider  the 
effects  of  force  as  shown  in  its  action  on  the  motion  or  equilibrium  of 
material  bodies.  This  branch  of  the  subject  of  mechanics  is  called 
Dynamics.  Dynamics  is  sometimes  subdivided  into  two  sections  ;  in  one, 
called  Kinetics,  the  effect  of  forces  on  the  motion  of  bodies  is  studied, 
while  in  the  other,  called  Statics,  the  conditions  which  must  exist  if  a  body 
remains  at  rest  when  acted  upon  by  a  system  of  forces  are  investigated. 

57.  Stress. — When  one  portion  of  matter  acts  on  another  portion, 
so  as  to  influence  its  state,  then  the  whole  phenomenon  of  the  mutual 
action  of  the  two  portions  of  matter  is  called  in  general  a  stress.  In 
certain  particular  cases  the  stress  has  received  a  special  name ;  thus  we 
have  a  tension,  a  pressure,  a  torsion,  an  attraction,  a  repulsion,  &c. 

The  term  stress  includes  the  consideration  of  both  the  mutually 
influencing  portions  of  matter  ;  it  is,  however,  sometimes  useful  to  con- 
centrate our  attention  on  one  aspect  of  a  stress,  namely,  the  action  on 
one  of  the  portions  of  matter,  so  that  we  regard  the  stress  as  something 
acting  on  this  piece  of  matter.  From  this  point  of  view  we  say  that  the 
phenomena  which  we  observe  are  the  effect  of  External  or  Impressed 
Force  on  the  portion  of  matter  in  question,  and  are  due  to  the  Action 
of  the  other  portion  of  matter.  The  opposite  aspect  of  the  same  stress 
would  in  this  case  be  called  the  reaction  on  the  other  portion  of  matter. 
Hence  Action  and  Reaction  are  simply  different  aspects  of  a  stress,  just 
as  buying  and  selling  are  different  aspects  of  one  and  the  same  trans- 
action, according  as  we  look  at  it  from  the  point  of  view  of  one  or  other 
of  the  persons  taking  part  in  the  transaction. 

68.  Newton's  Laws  of  Motion.— The  effect  of  external  or,  as  it  is 
sometimes  called,  impressed  force  on  the  motion  of  bodies  is  defined  in 
three  laws  which  are  known  as  Newton's  Laws  of  Motion.  The  first  of 
these  laws  deals  with  the  behaviour  of  a  body  when  no  external  force 
acts  on  it.  The  second  tells  us  how  the  external  force,  when  acting,  may 
be  measured.  The  third  compares  the  two  aspects  of  a  stress,  namely. 
Action  and  Reaction.  These  laws  are  Axioms,  and  do  not  admit  of 
rt'/r^^/ experimental  proof;  they  depend,  however,  on  convictions  drawn 
from  experiment,  and  their  truth  is  universally  admitted  by  those  who 
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have  sufficient   physical    knowledge    to    thoroughly  understand    their 
purport. 

59.  Newton's  First  Law. — Every  body  continues  in  its  state  of  rest 
or  of  uniform  motion  in  a  straight  line^  unless  it  be  compelled  by  impressed 
force  to  change  that  state. 

This  law  is  also  known  as  the  law  of  Inertia^  since  it  states  that  no 
body  is  capable  of  altering  its  state  of  rest  or  of  motion  without  the  inter- 
vention of  some  outside  influence ;  and  this  fact  we  express  in  scientific 
language  by  saying  that  every  body  has  inertia. 

The  law  in  the  first  place  gives  a  definition  of  force,  since  it  states 
that  force  is  that  action  by  means  of  which  the  state  of  rest  or  motion  of 
a  body  is  changed,  and  that  unless  a  force  acts  no  such  change  will  occur. 
We  may  therefore  define  force  as  that  which  tends  to  produce  a  change  of 
motion  in  a  body  on  which  it  acts. 

In  the  next  place  the  law  tells  us  how  a  body  will  move  when  it  is 
unacted  upon  by  external  forces.  It  says  that  if  the  body  is  in  motion 
then  it  will  continue  moving  uniformly  in  a  straight  line,  if  at  rest  it 
will  continue  at  rest. 

Indirectly  the  law  may  be  taken  as"  defining  equal  times.  The  times 
which  a  body,  unacted  upon  by  external  forces,  takes  to  pass  through 
equal  spaces  are  equal. 

Since  we  are  unable  to  obtain  a  body  which  is  entirely  unacted  upon 
by  external  force,  we  cannot  experimentally  prove  that  if  once  set  in 
motion  it  would  continue  to  move  uniformly.  We  find,  however,  that 
the  more  we  reduce  the  magnitude  of  the  impressed  forces  acting  on  a 
body,  the  greater  is  its  tendency  to  continue  moving  at  a  uniform  rate  in 
a  straight  line  when  once  it  has  been  set  in  motion.  Thus  we  know  that 
if  a  stone  is  thrown  along  the  surface  of  a  road  it  will  soon  lose  its  motion. 
If  thrown  along  the  surface  of  smooth  ice — in  which  case  the  friction,  which 
is  an  impressed  force  tending  to  check  the  motion,  is  much  less  than  in  the 
case  of  the  road — it  will,  however,  continue  to  move  very  much  longer. 

A  much  more  powerful  argument  for  the  validity  of  the  law  is  obtained 
by  considering  that  we  can  by  its  means  solve  problems  in  mechanics, 
and  the  solutions  thus  obtained  always  agree  with  observation,  so  that 
we  conclude  that  our  fundamental  assumption  is  correct.  Thus  every 
one  who  makes  use  of  the  Nautical  Almanack  to  discover  the  position 
of  a  star  or  the  time  of  an  eclipse,  tacitly  allows  the  correctness  of 
Newton's  law,  for  it  is  by  the  assumption  of  the  correctness  of  the  law 
that  the  numbers  there  given  have  been  calculated. 

60.  Newton's  Second  Law. — The  first  law  having  stated  that  it  is 
force  alone  which  can  produce  change  of  motion,  the  second  law  tells  us 
how  the  change  of  motion  depends  on  the  magnitude  and  direction  of 
the  force. 

Before  stating  the  law  in  Newton's  words,  we  must  consider  soma 
definitions  which  he  prefixes  to  the  laws. 

(i)  The  Quantity  of  Motion^  or  the  Momentum^  of  a  rigid  body 
moving  without  rotation  is  proportional  to  its  mass  and  its  velocity. 
The  reasonableness  of  this  definition  will  appear  if  we  remember  that 
the  effort  required  to  stop  a  body  of  great  mass,  such  as  a  railway  train, 
when  moving  with  given  velocity,  is  much  greater  than  that  required  to 
stop  a  body  of  small  mass,  say  a  marble,  when  moving  with  the  same 
velocity.     Again,  a  greater  effort  is  required  to  stop  a  bullet  projected 
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from  a  rifle  with  a  high  velocity  than  to  stop  a  similar  bullet  when  simply 
thrown  by  hand,  and  thus  moving  with  a  comparatively  slow  velocity. 
If,  then,  we  take  as  the  unit  of  momentum  that  of  unit  mass  moving  with 
unit  velocity,  the  momentum  of  a  mass  tn  moving  with  a  velocity  v  will 
be  wz/.     The  dimensions  of  momentum  are  [Z^i^^  7^^]. 

The  change  in  momentum  of  a  body  is  proportional  to  the  mass  of 
the  body  and  the  change  in  velocity.  This  follows  at  once,  since  the 
mass  of  the  body  cannot  alter ;  hence  the  only  thing  that  can  affect  the 
magnitude  of  the  momentum  is  a  change  in  velocity.  The  rate  of  change 
of  momentum  is  proportional  to  the  mass  and  the  acceleration  (since  the 
acceleration  is  the  rate  of  change  of  the  velocity).  It  must  be  remembered 
that  the  term  velocity  is  used  in  the  above  in  its  most  general  sense 
(§  30),  and  hence  the  momentum  of  a  body  changes  when  the  direction 
of  motion  changes,  although  the  speed  may  remain  constant. 

We  may  now  state  Newton's  second  law  : — Change  of  motion  is  pro- 
portional to  the  impressed  force^  and  takes  place  in  the  direction  of  the 
straight  line  in  which  the  force  acts.  By  motion  Newton  means 
quantity  of  motion  or,  as  it  is  now  called,  momentum,  and  in  the  same 
way  the  term  impressed  force  includes  the  idea  of  time,  for  the  magni- 
tude of  the  change  of  momentum  produced  will  depend  on  the  time 
during  which  the  force  acts  as  well  as  on  the  magnitude  of  the  force. 
The  product  of  the  magnitude  of  a  force  into  its  time  of  action  is  called 
the  impulse  of  the  force.  Hence  we  may  restate  the  first  part  of  the  law 
and  say  :  Change  of  mo?nentum  is  proportional  to  the  i?npulse  of  the  im- 
pressed force.  It  is  important  to  notice  that  this  law  states  that  it  is  the 
change  in  momentum  which  is  proportional  to  the  impulse  of  the  force, 
and  hence  it  is  immaterial  whether  the  body  on  which  the  force  acts 
is  originally  at  rest  or  in  motion  in  any  direction  ;  the  change  in  its 
momentum  in  the  direction  in  which  the  force  acts  is  always  proportional 
to  the  impulse  of  the  force. 

Thus,  suppose  we  have  a  body  of  mass  m  at  rest,  and  that  a  force 
acting  in  the  direction  from  South  to  North  imparts  a  velocity  v  to  the 
body  in  unit  time,  so  that  the  momentum  generated  is  7nv.  If,  instead  of 
being  at  rest,  the  body  had  been  moving  with  a  velocity  v  from  South  to 
North  when  the  force  commenced  to  act,  then  at  the  end  of  a  second  it 
would  be  moving  with  a  velocity  iv  from  South  to  North,  since  in  this 
time  its  momentum  must  have  changed  as  much  as  it  did  before,  and 
the  change  in  momentum  is  equal  to  the  product  of  the  mass  into  the 
change  in  velocity,  and  {2v  —  v)m  is  equal  to  mv.  If  the  body  were 
originally  moving  with  a  velocity  v  from  North  to  South,  i.e.  in  an 
opposite  direction  to  that  of  the  force's  line  of  action,  then  at  the  end 
of  a  second  the  body  would  be  at  rest,  having  lost  mv  units  of  momentum 
in  a  direction  opposite  to  the  line  of  action  of  the  force,  which  is  equiva- 
lent to  the  gain  oi  mv  units  in  the  direction  of  the  line  of  action.  If  the 
body  were  originally  moving  with  a  velocity  v  from  East  to  West,  then 
at  the  end  of  a  second  it  would  have  gained  mv  units  of  momentum 
in  the  South  to  North  direction,  that  is,  since  it  originally  had  no 
momentum  in  this  direction,  its  original  velocity  having  no  component 
in  this  direction,  it  will  now  have  a  component  velocity  in  the  South  to 
North  direction  of  v  units.  Further,  it  is  immaterial  whether  the  body 
is  under  the  influence  of  one  force  or  several.  However  many  the 
forces  acting  on  the  body,  each  force  will  produce  the  same  change  of 
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momentum  in  its  own  direction  that  it  would  produce  supposing  it 
alone  acted. 

The  second  law  gives  us  a  means  of  defining  and  measuring  forces 
as  well  as  masses.  If  we  have  a  number  of  forces,  then,  according  to 
Newton's  second  law,  the  changes  of  momentum  which  they  would 
separately  produce  in  a  given  time  are  proportional  to  the  forces.  Hence 
if  they  all  act  in  succession  on  the  same  mass,  the  changes  in  the  velocity 
produced  will  be  proportional  to  the  forces,  so  that  we  may  measure  the 
relative  magnitudes  of  the  forces  by  determining  the  change  in  velocity 
each  force  will  produce  in  a  given  mass  in  a  given  time. 

On  the  other  hand,  if  we  allow  a  given  force  to  act  in  succession  on 
a  number  of  different  masses  for  a  given  time,  then,  since  it  will  in  each 
case  produce  the  same  change  in  momentum,  the  value  of  the  product 
of  the  mass  of  each  body  into  the  change  of  velocity  produced  by  the 
force  is  the  same  for  all.  The  changes  in  velocity  produced  are  therefore 
inversely  as  the  masses  of  the  bodies  in  which  these  changes  are  produced 
by  the  same  force  acting  for  the  same  time. 

61.  Unit  of  Force. — Since  a  force  is  measured  by  the  change  in 
momentum  it  produces  in  the  direction  of  its  line  of  action,  if  a  force 
when  acting  on  a  mass  m  for  a  time  /  changes  the  velocity  in  its  line  of 
action  by  v  units  of  velocity,  then  the  force  is  measured  by  the  quotient 
7?iv\t.  It  will  have  been  observed  that,  in  the  statement  of  the  law  and 
in  the  remarks  that  have  been  made,  it  is  said  that  the  force  is  pro- 
portional to  the  change  in  momentum  produced  in  unit  time.  It  is, 
however,  very  convenient  to  so  choose  the  unit  of  force  that  the  value  of 
a  force  is  numerically  equal  to  the  change  in  momentum  produced  in  a 
second.  The  unit  force  will  then  be  such  that  it  produces  in  unit  mass 
unit  change  of  velocity  per  second,  i.e.  unit  acceleration.  Hence  if  a 
force  F  acting  on  a  mass  7n  for  a  time  /  changes  the  velocity  in  its  own 
direction  from  v^  to  ^2»  we  have 

or,  since  (7/0  -  v^\t  is  the  acceleration  {a)  produced, 

F—  ma. 

The  dimensions  of  force  can  be  obtained  from  this  equation  by  intro- 
ducing the  symbols  for  the  units  and  then  making  /^,  w,  and  a.,  each 
unity.     Thus 

F\F'\  =  mlM\alLT-'^'\ 
[i^]  =  [J/][i:r-2] 

=  [z.Af.r-2]. 

In  the  c.^.s.  system  the  unit  force  is  such  that  it  produces  an  acceleration 
of  one  centimetre  per  second  per  second  in  a  mass  of  one  gram,  and 
is  called  a  dyne. 

In  the  foot-pound-second  absolute  system  of  units  the  unit  of  force 
is  such  that  it  produces  an  acceleration  of  one  foot  per  second  per  second 
in  a  mass  of  one  pound,  and  is  called  ?,poundaL 

We  may  make  use  of  the  dimensions  of  a  force  to  determine  the 
relation  between  the  dyne  and  the  poundal.  Suppose  a  given  force  to 
be  equal  to  d  dynes  or  p  poundals,  and  further  that  Z,,  M^  and  T  are  the 
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units  of  length,  mass,  and  time  in  the  c.g.s.  system,  and  Zj,  M^,  T^  those 
in  the  foot-pound-second  system.  Then,  since  the  actual  magnitude  of 
the  force  must  be  the  same  whatever  the  units  used  to  measure  it, 
we  have 

Here    -}   is  the  ratio  of  a  foot  to  a  centimetre,  and  is  equal  to  30.48 

M 
(§  1 1),  while  -t)  is  the  ratio  of  a  pound  to  a  gram,  and  is  equal  to  453.59 

T^ 
(§12),  while  yrg  is  unity,  since  the  second  is  the  unit  of  time  in  either 

case.     Substituting  these  values,  we  get 

^=30.48x453.59 

=  13825.5. 

Hence  the  number  of  dynes  in  the  given  force  is  to  the  number  of 
poundals  as  13825.5  :  i.  If  therefore  the  given  force  is  one  poundal, 
the  number  of  dynes  it  contains  is  13825.5,  so  that  one  poundal=  13825.5 
dynes. 

62.  Impulsive  Force. — In  certain  cases  a  force  acts  for  so  short 
a  time  that  we  are  unable  either  to  measure  its  magnitude  or  the  time 
during  which  it  acts.  It  is,  however,  in  these  cases  generally  possible 
to  measure  the  total  effect  of  the  force  in  changing  the  motion  of  the 
body  on  which  it  acts.  Now,  as  has  been  stated  in  §  60,  the  total  effect 
of  a  force  in  changing  the  motion  of  a  body,  or  the  impulse  of  the  force, 
is  measured  by  the  change  in  momentum  produced.  Hence  in  the  case 
of  these  forces  of  very  short  duration  the  impulse  will  be  used  to  measure 
the  effect  of  the  force  ;  and  this  is  equal,  if  the  force  is  uniform,  to  the 
product  of  the  force  into  its  time  of  action,  or,  if  the  force  is  variable,  to 
the  product  of  the  mean  value  of  the  force  into  the  time  of  action.  Thus 
forces  of  short  duration,  as  for  example  that  exerted  by  a  blow  of  a 
hammer,  were  originally  called  impulsive  forces  ;  and  it  was  in  this  con- 
nection that  the  term  impulse  was  originally  used.  There  is,  however, 
no  essential  difference  between  such  a  force  and  forces  which  last  for  a 
longer  interval,  the  only  distinction  being  that  in  the  one  case,  from  lack 
of  experimental  means,  we  are  unable  to  make  the  necessary  measure- 
ments. The  term  impulse  is,  therefore,  now  used  in  the  more  general 
sense,  as  applicable  to  the  product  of  any  force  into  its  time  of  action. 

63.  Newton's  Third  Law. — 7o  every  action  there  is  always  an 
equal  and  contrary  reaction;  or^  the  mutual  actions  of  any  two  bodies 
are  ahu ays  equal  and  oppositely  directed.  In  this  law  the  word  action 
is  used  to  represent  the  one  aspect  of  a  stress  spoken  of  in  §  57,  and  the 
word  reaction  to  represent  the  other.  '  Hence  Newton's  third  law  states 
that  all  forces  are  of  the  nature  of  a  stress  between  portions  of  matter, 
since  it  states  that  every  force  must  necessarily  be  accompanied  by  an 
equal  and  oppositely  directed  reaction. 

If  you  press  your  finger  on  the  table,  you  feel  the  table  pressing  your 
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finger.  In  the  case  of  a  horse  towing  a  boat,  the  forward  pull  exerted  by 
the  horse  on  the  tow-rope  is  exactly  equal  to  the  backward  pull  exerted 
by  the  tow-rope  on  the  horse.  Many  people  find  a  difficulty  in  accept- 
ing the  above  statement  with  reference  to  the  equality  of  the  action  and 
reaction  in  the  case  of  a  horse  towing  a  boat,  since  they  think  that  if  the 
force  exerted  by  the  horse  on  the  rope  were  not  a  little  greater  than  the 
backward  force  exerted  by  the  rope  on  the  horse,  the  boat  would  not  pro- 
gress. In  this  case  we  must,  however,  remember  that,  as  far  as  their 
relative  positions  are  concerned,  the  horse  and  the  boat  are  at  rest^  and 
form  a  single  body,  and  the  action  and  reactiott  between  them,  due  to 
the  tension  on  the  rope,  must  be  equal  and  opposite,  for  otherwise  there 
would  be  relative  motion,  one  with  respect  to  the  other.  The  horse 
obtains  the  necessary  purchase  to  move  both  itself  and  the  boat  where 
its  feet  touch  the  ground.  At  these  points  the  horse's  hoofs  exert  a  force 
which  has  a  component  in  a  backward  direction,  the  corresponding  re- 
action of  the  ground  having  a  component  in  the  forward  direction ;  and 
it  is  this  component  which  produces  the  motion  of  the  horse  and  boat. 

64.  Action  at  a  Distance. — Since  force  is  always  part  of  a  stress, 
and  is  only  produced  by  the  agency  of  one  portion  of  matter  on  another, 
it  is  of  interest  in  every  case  to  examine  the  mechanism  by  means  of 
which  this  influence  of  one  piece  of  matter  on  another  is  carried  on.  In 
some  cases,  such  as  that  where  two  portions  of  matter  are  connected 
by  a  stretched  string,  it  is  quite  evident  by  what  means  the  one  piece 
of  matter  exerts  a  force  on  the  other,  for  it  is  by  the  stretched  string. 
In  other  cases,  however,  with  which  we  shall  deal  more  fully  later  on, 
one  piece  of  matter  acts  on  another,  and  is  reacted  on  by  that  portion' 
of  matter,  but  without  our  being  able  to  detect  any  intermediate  body 
which  plays  the  part  of  the  string  in  the  first  example.  As  an  instance, 
we  may  take  the  case  of  the  force  exerted  by  a  magnet  upon  a  piece  of 
iron,  even  when  they  are  at  some  distance  apart.  In  this  case  the  force 
still  exists  if  we  remove,  as  well  as  we  are  able,  all  matter  that  can  be 
detected  by  our  senses,  and  which  for  short,  and  for  the  reasons  given 
later,  may  be  called  ponderable  matter,  from  the  space  between  the  mag- 
net and  the  iron,  or  if  we  place  other  portions  of  matter  between  the  two. 

It  was  at  one  time  considered  sufficient  in  a  case  such  as  the  above 
to  say  that  the  magnet  exerted  a  force  on,  or  acted  on,  the  iron  at  a 
distance,  and  to  dismiss  the  question  by  saying  that  this  was  a  case  of 
magnetic  attraction. 

If  a  conjurer  makes  a  portion  of  matter,  say  a  block  of  wood,  follow 
his  hand  about,  we  at  once  say  that  he  has  a  string  or  some  other 
mechanism  connecting  the  block  to  his  hand,  and  although  we  are  quite 
unable  to  see  the  nature  of  this  connecting  link,  we  may  be  satisfied  in 
our  own  mind  that  it  does  really  exist.  In  the  same  way,  since  we  are 
unable  to  think  of  one  portion  of  matter  acting  upon  another  portion  of 
matter  without  something  connecting  the  two,  by  means  of  which  the 
action  is  transmitted,  it  is  natural  to  suppose  that  there  exists  some 
mechanism,  or,  as  it  is  called,  a  medium^  by  means  of  which  the  action 
of  the  magnet  on  the  iron  is  transmitted.  In  this  way  of  looking  at  the 
subject  we  suppose  that  the  action  is  transmitted  by  each  portion  of  the 
medium  affecting  that  which  lies  next  to  it,  and  so  handing  on  the  action 
till  the  second  portion  of  matter  is  reached.  Here,  then,  we  only  assume 
action  in  proximity.    Since,  however,  no  one  has  yet  been  able  to  imagine 
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the  constitution  of  a  medium  which  shall  be  capable  of  transmitting  all 
the  different  kinds  of  action  which  experiment  shows  matter  to  produce 
on  matter,  we  ordinarily  use  the  language  of  the  theory  which  supposes 
that  matter  can  act  upon  matter  at  a  distance,  without  any  connecting 
mechanism,  by  means  of  an  agent  which  we  call  force.  Although  no  one 
has  been  able  to  imagine  the  necessary  medium,  nevertheless  we  firmly 
believe  that  such  a  medium  does  exist ;  and  a  considerable  portion  of  the 
present  volume  will  consist  of  a  description  of  experiments  which  have 
been  made  with  a  view  of  determining  the  properties  of  this  medium. 

Newton  made  an  experiment  to  show  that  in  the  case  of  the  action 
exerted  by  one  portion  of  matter  on  another  at  a  distance  the  third  law 
of  motion  was  true.  He  floated  a  magnet  and  a  piece  of  iron  on  water 
by  placing  them  on  two  portions  of  cork,  so  that  these  pieces  of  cork 
were  in  contact.  He  found  that  neither  the  magnet  nor  the  iron  was 
able  to  move  the  other  along.  Hence  the  magnet  must  be  attracted  by 
the  iron  just  as  much  as  it  attracts  the  iron. 

65.  Graphical  Representation  of  a  Force.— In  order  to  com- 
pletely define  a  force,  we  require  to  know  three  things  about  it :  (i)  Its 
point  of  application  ;  (2)  its  direction ;  and  (3)  its  magnitude. 

All  these  three  particulars  can  be  represented  by  a  straight  line,  for 
we  may  draw  a  straight  line  through  the  point  where  the  force  acts  in  the 
direction  in  which  the  force  tends  to  cause  the  momentum  of  the  body  to 
increase,  and  so  that  this  line  contains  as  many  units  of  length  as  there 
are  units  offeree  in  the  force.  In  order  to  indicate  in  which  sense  along 
the  line  the  force  acts,  it  is  usual  to  place  an  arrow-head  with  the  point 
turned  in  the  way  of  action  of  the  force. 

When  we  represented  a  velocity  by  a  line,  it  was  mentioned  (§  36)  that 
all  equal  parallel  lines  represented  the  same  velocity.  In  the  case  of 
forces,  since  the  line  has  to  be  drawn  through  a  definite  point,  the  point 
of  application,  we  can  only  draw  a  single  line  to  represent  any  given  force. 
It  is,  however,  sometimes  convenient,  when  we  have  a  number  of  forces 
acting,  to  draw  lines  to  represent  the  magnitude  and  direction  of  the 
forces  only,  so  that  all  equal  and  parallel  lines  represent  the  same  force. 
In  such  a  case  we  must  be  very  careful  to  remember  that  these  lines  do 
not  co7npletely  represent  the  forces. 

66.  Composition  of  Forces  Acting  at  a  Point.— A  force  being  a 
vector  quantity,  we  compound  two  forces  which  act  at  a  point  by  the 
parallelogram  method.  This  also  follows  from  Newton's 
second  law.  For  suppose  a-^  and  a^  are  the  accelera- 
tions, the  two  forces  Fj  and  Fg  would  respectively  pro- 
duce in  their  own  direction  when  they  act  on  a  mass 
w,  so  that  by  the  second  law  F^  —  ma^  and  F^=via2. 
The  mass  m  is  therefore  moving  with  an  acceleration 
a^  in  the  direction  of  F^,  and  with  an  acceleration 
«2  in  the  direction  of  Fg.  From  O  (Fig.  48)  draw 
-*■  — ► 
OP  to  represent  a^  in  magnitude  and  direction,  and  OQ 
to  represent  a^  in  magnitude  and  direction.  Then  the  0 
resultant  acceleration  will  be  represented  by  the  diagonal         Fig.  48, 

OR  of  the  parallelogram  constructed  on  OP  and  OQ.  Now  the  accelera- 
tion represented  by  OR,  say  a^  would  be  produced  by  a  force  rna^  acting 
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in    the    direction   OR,   and    hence    this    force   is    the   resultant   of    Fj 
and  Fg. 

Since  OP  :OQ:OR  :\a^:a^'.a 

OP  :  OQ  :  OR  : :  ma^ :  ma^, :  ma 


OP\OQ'.ORv.F^^F^\R. 

Hence,  to  find  the  resultant  of  two  forces  acting  at  a  point  we  need  not 
consider  the  accelerations  they  would  produce,  but  if  we  draw  from  a  given 
point  two  straight  lines  to  represent  the  two  given  fo7'ces  and  complete 
the  parallelogram,  the  diagonal  through  the  given  point  will  represent  the 
resultant  force  in  magnitude  and  direction.  Since  the  two  component 
forces  acted  at  one  point,  the  resultant  will  act  at  the  same  point. 

If  there  are  any  number  of  forces  acting  at  a  point,  we  can  find  their 
resultant  by  a  method  similar  to  the  polygon  of  velocities  or  accelerations. 
For  if  in  succession  we  draw  straight  lines  to  represent  in  magnitude  and 
direction  each  of  the  forces,  starting  from  some  given  point,  and  draw 
the  line  representing  each  subsequent  force  from  the  point  where  the  line 
representing  the  previous  force  ended,  then  the  straight  line  joining  the 
starting-point  to  the  end  of  the  last  line  so  drawn  will  represent  the 
resultant  of  all  the  forces  both  in  magnitude  and  direction.  As  before, 
the  point  of  application  of  the  resultant  must  be  at  the  same  point  as  that 
of  the  component  forces. 

67.  Resolution  of  FOPCes. — A  force,  like  a  velocity  or  an  accelera- 
tion, can  be  resolved  into  components  along  any  given  directions,  the 
method  employed  being  exactly  the  same  as  that  given  in  %  38  for  the 
.  case  of  velocities. 

The  usual  case  is  to  resolve  a  force  into  components  along  two 
directions  at  right  angles  to  one  another.  As  an  example  of  the 
resolution  of  forces,  we  may  take  the  case 
of  a  boat  sailing  in  any  direction  except 
directly  before  the  wind.  Let  BR  (Fig.  49) 
represent  a  boat,  and  ad  the  plan  of  the 
sail.  If  WAC  is  the  direction  of  the  wind, 
and  we  take  AC  to  represent  the  force  the 
wind  would  exert  on  the  sail  if  it  were 
placed  at  right  angles  to  the  direction  of 
the    wind,   we  must   resolve  this  into  com- 

— >■ 
ponents,  one  (ae)  perpendicular  to  the  sail, 
which  is  alone  efificacious  as  far  as  the  action 
of  the  wind  on  the  sail  is  concerned,  and 
the  other  parallel  to  the  sail  AD.  The 
Fig.  49.  -^ 

force  AE  has  now  to  be  resolved  along  and 
— > 
across    the    boat.      The   component    AG    is    alone  effective   as   far  as 

the  headway  is  concerned.  The  component  af,  at  right  angles  to 
the    course    of   the    boat,    tends   to    make    the    boat    travel    through 
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the  water  in  a  direction  at  right  angles  to  its  length,  i.e.  it  produces 
leeway. 

68.  Moment  of  a  Force, — When  a  force  acts  on  an  extended  body 
it  produces,  in  general,  both  motion  and  deformation  of  the  body,  i.e. 
strain.  As  we  are  not  at  present  dealing  with  the  question  of  strain,  we 
shall  consider  the  body  to  be  rigid  (§  43).  In  the  case  of  an  extended 
rigid  body  a  force  will,  in  general,  produce  both  a  motion  of  translation 
and  a  motion  of  rotation.  If  the  force  is  so  applied  that  translation  only 
takes  place,  the  body  moves  as  if  it  were  a  particle  having  a  mass  equal 
to  that  of  the  body  concentrated  at  a  certain  point,  which  is  called  the 
centre  of  inertia  or  centre  of  gravity.  Hence  if  any  number  of  forces  act 
on  a  rigid  body  so  that  their  resultant  passes  through  the  centre  of  inertia 
of  the  body,  the  motion  they  will  generate  will  be  a  pure  translation.  If 
the  direction  of  the  resultant  does  not  pass  through  the  centre  of  inertia, 
there  will  be  a  motion  of  rotation  produced  as  well  as  one  of  transla- 
tion. In  order  to  simplify  matters  when  studying  the  effect  of  a  force  in 
producing  rotation,  we  shall  suppose  that  all  motion  of  translation  is 
prevented  by  having  a  point  or  sometimes  a  line  in  the  body  kept  fixed 

(§47). 

The  effect  of  a  force  F  in  producing  rotation  depends  not  only  on 
the  impulse  of  the  force  {Ft\  but  also  on  the  distance  between  the  line  of 
action  of  the  force  and  the  axis  about  which  rotation  is  capable  of  taking 
place.  Thus  it  requires  a  much  smaller  force  to  close  a  door  if  the  force 
is  applied  at  right  angles  to  the  door  and  near  the  handle,  than  if  applied 
near  the  hinge.  It  will  be  noticed  that  it  is  the  perpendicular  distance 
of  the  direction  of  the  line  of  action  of  a  force  from  the  axis  of  rotation, 
and  not  the  distance  from  the  point  of  application  of  the  force  to  the 
axis,  which  settles  the  amount  of  the  turning  power  of  a  force.  Thus  let 
AB  (Fig.  50)  be  a  rigid  body  capable 
of  rotating  about  an  axis  through  A 
perpendicular  to  the  paper.  Then 
the  turning  power  of  a  force  acting 
along  Fj  and  applied  at  B  is  much 
less  than  that  of  an  equal  force 
acting  along  Fg,  although  the  dis- 
tance between  the  point  of  applica- 
tion and  the  axis  is  the  same  in 
each  case.  The  turning  power  or 
torque  depends   on    the    magnitude  ^^*  ^°* 

of  the  force  and  the  perpendicular  distance  between  the  axis  and  the 
direction  of  the  force,  i.e.  on  AC  or  ad  in  the  above  figure. 

The  product  of  the  magnitude  of  a  force  into  the  perpendicular  dis- 
tance between  the  direction  of  the  force  and  any  given  axis  is  called  the 
moment  of  the  force  about  that  axis.  Hence  in  the  above  example  the 
moments  of  the  forces  are  F^ .  AC  and  Fg .  ad  respectively.  The  moment 
of  a  force  is  positive  if  it  tends  to  produce  rotation  in  the  positive  {i.e. 
anti-clockwise)  direction,  and  negative  if  it  tends  to  produce  rotation  in 
the  negative  direction. 

Since  the  resultant  of  any  number  of  forces  is  by  definition  ^  a  single 

1  In  §  70  the  conditions  that  two  forces  cannot  have  a  single  resultant  will  be 
discussed. 
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force  which  is  capable  of  replacing  the  component  forces  as  regards  their 
effect,  it  follows  that  the  moment  of  the  resultant  about  a7iy  point  must 
be  equal  to  the  sum  of  the  moments  of  the  components  about  the  same 
point,  or  otherwise  the  resultant  would  not  correctly  replace  the  turning 
moment  of  the  components. 

That  the  parallelogram  construction,  and   hence  also  the  polygon 
of  forces,  gives  a  resultant  fulfilling  the  above  condition  may  easily  be 

shown    in  the  following  way. 


A 


Let  OP,  OQ  (Fig.  51)  be  two 


forces  acting  at  O  and  OR, 
the  resultant  obtained  by  com- 
pleting the  parallelogram ; 
and  let  a  be  any  point  in  the 
plane  about  which  moments 
are  to  be  taken.  Join  AO, 
AP,  AQ,  and  AR.  Then  the 
triangle  AOQ  is  equal  to  the 
sum  of  the  triangles  APR, 
OPR,  for  they  are  on  equal 
bases  OQ,  PR ;  and  the  height 
of  the  one  triangle  is  equal 
to  the  sum  of  the  heights  of  the  other  two.  This  may  be  proved 
thus  :  \i  b  \s  the  length  of  the  base  of  each  triangle,  and  h^  and  h^ 
the  heights  of  the  triangles  APR,  OPR  respectively,  then  \b{h-^^-h.^  = 
\bhy\-^h<2j  that  is,  the  area  of  the  triangle  on  base  b  and  height 
(>^j  4-/^2)  ^s  equal  to  the  sum  of  the  areas  of  the  triangle  on  base  b, 
having  heights  h^  and  ^2  respectively.  The  triangle  AOR  is  obviously 
equal  to  the  sum  of  the  triangles  aop,  APR,  OPR.  Hence  the  triangle 
AOR  is  equal  to  the  sum  of  the  triangles  AOP  and  AOQ.  Now  the 
area  of  the  triangle  AOR  is  equal  to  half  the  product  of  the  base  OR  into 
the  perpendicular  distance  between  A  and  OR.  The  product  of  OR,  which 
represents  in  magnitude  and  direction  the  resultant  of  the  forces,  into 
the  perpendicular  distance  between  A  and  OR,  is  the  moment  of  the 

resultant  about  A.     Hence  the  moment  of  OR  about  A  is  represented  by 
twice  the  area  of  the  triangle  AOR.     In  the  same  way  the  moments  of 

OP  and  OQ  about  A  are  represented  by  twice  the  areas  of  the  triangles 
AOP  and  AOQ.     Hence  it  follows,  from  the  relation  between  the  areas  of 

these  triangles  found  above,  that  the  moment  of  OR  about  A  is  equal  to 

—V  — > 

the  sum  of  the  moments  of  OP  and  OQ  about  A. 

69.  Composition  of  Parallel  Forces.— In  the  case  of  an  extended 
body  acted  upon  by  two  forces  whose  directions  are  parallel,  the  resultant 
force  will  be  equal  to  the  algebraic  sum  of  the  two  components,  i.e.  to 
the  arithmetical  sum  if  they  act  in  the  same  sense,  and  to  the  difference 
if  they  act  in  opposite  senses.  As  far  as  the  motion  of  translation  of  the 
body  is  concerned,  this  is  all  that  is  required.  If,  however,  we  require 
the  effect  of  the  forces  in  producing  rotation,  it  is  further  necessary  to 
know  the  point  of  application  of  the  resultant. 
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In  order  to  find  the  position  of  the  resultant,  we  make  use  of  the  fact 
that  the  moment  of  the  resultant  about  any  point  must  be  equal  to  the  sum 
of  the  moments  of  the  components  about  the  same  point.  If  the  point 
chosen  is  on  the  line  of  action  of  the  resultant,  then,  since  in  this  case 
the  moment  of  the  resultant  about  this  point  is  zero,  the  moments  of  the 
components  about  this  point  must  be  equal  and  opposite.  If  the  parallel 
forces  act  in  the  same  sense,  the  resultant  will  lie  between  them,  for  in 
this  case  the  moments  of  the  forces  about  any  point  between  them  will 
be  of  opposite  sign,  since  they  will  tend*to  cause  rotation  in  opposite 
directions.  If  the  forces  act  in  opposite  senses,  then  the  resultant  must 
lie  outside  the  forces,  and  on  the  side  of  the  larger  force,  for  then  the  dis- 
tance between  the  larger  force  and  any  point  on  the  resultant  will  be  less 
than  that  between  the  smaller  force  and  this  point,  so  that  the  smaller 
force  acting  at  a  greater  distance  may  have  a  moment  equal  to  the 
larger  force  acting  at  a  smaller  distance. 

The  most  generally  useful  construction  for  finding  the  position  of  the 
resultant  is  as  follows :  Let  P  and  Q  (Fig.  52)  represent  the  forces.    Any- 


FiG.  52. 


where  along  the  line  of  action  of  P  cut  oflf  a  portion  AB  equal  in  length 
to  Q,  and  somewhere  in  the  line  of  action  of  Q  cut  off  CD,  equal  in  length 
to  P.  Then  join  AD  and  BC.  If  the  forces  act  in  the  same  sense,  join 
crosswise,  as  at  («),  so  that  the  point  of  intersection  E  lies  between  the 
forces  ;  if  they  are  in  opposite  senses,  join  them  without  crossing,  as  at  {b). 
Then  in  either  case  the  resultant  will  pass  through  the  point  E. 

The  triangles  abe  and  DCE  are  similar,  so  that  their  heights  are  to 
one  another  as  their  bases.  Hence  if/  is  the  height  of  the  triangle  ABE, 
and  q  that  of  the  triangle  DCE,  we  have 

P_AB_Q 

r-CD     P" 

Pp=Qq. 
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But  /  is  the  perpendicular  distance  between  the  point  E  and  the  force  P. 
Therefore  vp  is  the  moment  of  P  about  E.  In  the  same  way  Q^  is  the 
moment  of  Q  about  E.  And  we  see  from  the  above  that  the  moments 
are  equal  in  magnitude ;  that  they  are  of  opposite  sign  is  obvious  from 
the  figures.  Hence  the  resultant  is  parallel  to  the  forces,  and  passes 
through  E. 

70.  Couples. — If  the  two  parallel  forces  are  equal,  the  resultant  must 
be  at  an  equal  distance  from  each,  so  that  when  the  forces  are  in  opposite 
senses  it  must  be  at  an  infiilite  distance,  for  otherwise,  as  it  has  to  be 
outside  the  two  forces,  it  would  be  nearer  one  than  the  other,  so  that  the 
moments  would  not  be  equal.  The  magnitude  of  the  resultant,  however, 
is  in  this  case  zero.  As  far  as  translation  is  concerned,  a  system  con- 
sisting of  a  pair  of  equal  and  opposite  parallel  forces,  which  is  called  a 
couple,  will  produce  no  result ;  it  may,  however,  produce  rotation. 

Let  P  and  p'  (Fig.  53)  represent  the  equal  and  opposite  parallel  forces, 
and  from  E,  any  point  in  their  plane,  draw  EAB  perpendicular  to  the 

ML*  B     P      ,, 


♦  E 


P'  ;  P'     A 


(a)      •^  (b) 

Fig.  S3- 


direction  of  the  two  forces  meeting  them  at  A  and  B.  Then  the  moment 
of  P  about  E  is  -P.BE  (for  sign  see  §  68),  and  that  of  p'  is  +p'.ae  in  {a), 
and  -p'.ae  in  {b).  Hence  the  sum  of  the  two  moments  in  {a)  is 
-p.be  +  p'.ae,  which,  since  p'  =  P,js  equal  to  -p.ab.  In  (3)  the  sum 
of  the  moments  is  equal  to  -p.be -p'.ae,  which  is  equal  to  -P.AB. 
Hence  we  see  that  the  sum  of  the  moments  about  any  point  is  constant, 
and  is  equal  to  the  product  of  one  of  the  forces  into  the  distance  between 
the  lines  of  action  of  the  forces.  This  product  is  called  the  moment  of 
the  couple. 

We  are  now  in  a  position  to  generalise,  and  say  that  any  number  of 
forces  acting  on  a  rigid  body  may  be  replaced  by  a  single  force  acting 
through  the  centre  of  inertia  of  the  body,  and  which  is  alone  effective  in 
producing  motion  of  translation,  and  a  couple  which  is  alone  eflfective  in 
producing  motion  of  rotation.  For,  taking  any  two  of  the  forces  which 
are  not  equal  and  opposite  parallel  forces,  we  may  replace  them  by  their 
resultant.  This  resultant  can  then  be  combined  with  one  of  the  remain- 
ing forces,  and  so  on  till  finally  we  have  left  either  (i)  a  single  force 
passing  through  the  centre  of  inertia,  when  translation  only  takes  place ; 
or  (2)  two  equal  and  opposite  parallel  forces,  which  produce  rotation 
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only ;  or  (3)  a  single  force  which  does  not  pass  through  the  centre  of 
inertia.  In  this  last  case,  if  we  add  two  equal  and  opposite  forces  acting 
through  the  centre  of  inertia  and  parallel  to  the  resultant,  they  will  not 
influence  the  motion.  One  of  these  forces  will  then  form  a  couple  with 
the  resultant,  and  the  other  will  be  a  force  equal  and  parallel  to  the 
resultant,  acting  through  the  centre  of  inertia  and  tending  to  produce 
translation  of  the  body. 


CHAPTER   IX 
EQUILIBRIUM  OF  FORCES 

71.  Equilibrium.— When  the  forces  which  act  on  a  body  are  so 
balanced  that  they  produce  no  acceleration  in  the  body,  that  is,  do  not 
alter  its  state  of  motion,  they  are  said  to  be  in  equilibrium.  A  study  of 
the  conditions  that  have  to  be  fulfilled  in  order  that  the  forces  considered 
may  be  in  equilibrium  is  sometimes  considered  as  a  separate  branch  of 
mechanics,  called  Statics. 

The  name  statics  is  at  first  sight  rather  misleading,  since  it  does  not 
follow  because  the  forces  acting  on  a  body  are  in  equilibrium  that  the 
body  is  at  rest,  for  if  the  body  is  originally  moving  the  velocity  will  con- 
tinue uniform,  and  not  be  altered  by  the  forces.  The  appropriateness  of 
the  name,  however,  is  apparent,  if  we  consider  that  unless  the  forces 
acting  on  a  body  are  in  equilibrium  it  is  impossible  for  the  body  to  remain 
at  rest.  Hence  we  may  if  we  hke  define  forces  in  equilibrium  as  such 
that  they  render  it  possible  for  the  body  on  which  they  act  to  remain 
at  rest. 

72.  Conditions  for  Equilibrium  of  a  Particle. — It  is  obvious  that 
a  particle  acted  upon  by  a  single  force  cannot  be  in  equilibrium. 

For  two  forces  acting  on  a  particle  to  be  in  equilibrium,  they  must 
fulfil  the  following  conditions  :  They  must  be  (i)  equal  in  magnitude, 
(2)  act  along  the  same  straight  line,  (3)  be  of  opposite  sense.  When 
referring  to  these  conditions  in  future,  we  shall  for  shortness  simply  say 
that  the  forces  must  be  equal  and  opposite,  but  it  must  be  remembered 
that  this  is  only  an  abbreviation  for  the  above  three  conditions. 

The  condition  that  three  forces  acting  on  a  particle  may  be  in  equili- 
brium is  that  any  one  of  the  forces  must  be  equal  and  opposite  to  the 
resultant  of  the  remaining  two,  for  we  may,  if  we  please,  replace  any 
two  of  the  forces  by  their  resultant,  when  we  should  have  reduced 
the  problem  to  the  equilibrium  of  two  forces.  The  resultant  of  any 
two  of  the  forces,  say  P  and  Q,  must  lie  in  the  plane  containing 
P  and  Q.  Hence  if  there  is  to  be  equilibrium  the  third  force,  since  it 
must  be  equal  and  opposite  to  this  resultant,  must  also  lie  in  the  plane 
containing  the  other  two  forces.  Hence  the  first  condition  for  equilibrium 
is  that  the  three  forces  must  all  lie  in  one  plane.  As  to  the  relations 
between  the  magnitude  of  the  forces,  the  resultant  of  any  two  (P  and  q)  is 

represented  by  the  diagonal  OR  (Fig.  54)  of  the  parallelogram  constructed 
on  the  lines  op  and  OQ  as  adjacent  sides.     Hence  the  other  force  must 

be  represented  in  magnitude  and  direction  by  RO,  or  by  OS,  where 
OS  is  equal  to  OR  and  in  the  same  straight  line  with  it.     Since  QR  is 
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equal  to  OP,  we  may  take  QR  to  represent  the  force  P  in  magnitude  and 

direction  (§  65).     Then  the  three  forces  will  be  represented  by  OQ,  QR, 

and  RO,  the  sides  of  a  triangle.  Hence  if  it  is  possible  to  draw  a 
triangle  of  which  the  sides  are  parallel  or  perpendicular  ^  to  the  three 
forces  and  proportional  to  them  in   magnitude,  the  forces  will  be  in 


Q 

Fig.  54. 

equilibrium.  It  must  be  specially  noticed  that  in  drawing  the  triangle 
the  sides  must  all  be  drawn  in  the  same  sense  as  the  forces,  so  that  when 
we  place  arrows  on  the  sides  to  show  in  which  sense  the  forces  act,  all 
the  arrows  may  point  the  same  way  round  the  triangle,  as  shown  at 
A  B  c  in  Fig.  54. 

The  conditions  of  equilibrium  for  any  number  of  forces  acting  on  a 
particle  are  that  the  forces  can  be  represented  in  magnitude  and  direction 
by  the  sides  of  a  closed  polygon  taken  in  order,  i.e.  drawn  in  the  same 
sense  as  the  forces.  This  at  once  follows  from  the  polygon  of  forces,  for 
the  resultant  of  all  the  forces  but  one  is  represented  in  magnitude  and 
direction  by  the  line  joining  the  starting-point  to  the  end  of  the  last  line 
drawn  in  the  polygon,  i.e.  by  the  remaining  side  of  the  polygon,  which  by 
supposition  represents  in  magnitude  the  only  force  not  yet  included,  but 
is  in  an  opposite  sense. 

73.  Conditions  for  Equilibrium  of  a  Rigid  Body.— In  the  case 
of  a  rigid  body  the  lines  of  action  of  the  forces  need  not  all  pass  through 
a  single  point,  and  in  order  that  the  body  may  be  in  equilibrium  the 
forces  must  not  tend  to  produce  either  translation  or  rotation.  If  the 
directions  of  all  the  forces  pass  through  a  single  point  they  cannot 
produce  rotation,  and  hence  if  they  fulfil  the  conditions  given  in  the 
preceding  section  for  a  particle  they  will  be  in  equilibrium.  If,  however, 
the  lines  of  action  of  the  forces  do  not  all  pass  through  a  point,  then,  in 
order  that  there  may  be  no  rotation,  they  must  have  no  resultant  moment 
tending  to  turn  the  body  about  any  axis.  The  general  condition  for 
equilibrium  is  therefore  that  the  sum  of  the  moments  of  all  the  forces 
taken  about  every  point  must  be  zero,  and  that  the  forces  can  be  repre- 
sented in  magnitude  and  direction  by  the  sides  of  a  closed  polygon  taken 
in  order. 

Since  in  most  cases  we  shall  only  have  to  deal  with  forces  acting  in  a 
plane,  it  is  of  interest  to  examine  the  condition  for  equilibrium  in  this 
case  a  little  more  fully.  As  by  supposition  the  forces  all  act  in  a  plane, 
it  is  evident  that  they  can  only  tend  to  produce  motion  in  this  plane  (by 

1  Or  more  generally  are  equally  inclined  to  the  directions  of  the  three  forces. 
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Newton's  second  law).  Hence  if  we  take  two  fixed  lines  not  parallel  (and 
preferably  at  right  angles)  in  this  plane,  every  possible  translation  must 
either  be  parallel  to  one  or  other  of  these  lines,  or  else  compounded  of 
translations  parallel  to  the  two.  Hence  if  the  sum  of  the  components  of 
the  forces  when  resolved  parallel  to  these  lines  is  zero,  there  will  be  no 
tendency  to  motion  along  either  of  these  directions,  so  that  there  will  be 
no  translation.  The  condition  for  no  rotation  is  that  the  sum  of  the 
moments  about  every  point  in  the  plane  shall  be  zero.  If  both  conditions 
are  fulfilled  there  is  equilibrium.  If  only  the  first  condition  holds,  then 
there  is  rotation  without  translation,  i.e.  all  the  points  of  the  body  move 
in  circles  about  a  fixed  point  as  centre  ;  if  the  second  condition  alone  is 
fulfilled,  then  there  is  translation  without  rotation,  i.e.  all  the  points  of 
the  body  move  with  the  same  velocity  in  parallel  paths. 


CHAPTER  X 

WORK   AND    ENERGY 

74.  Deftnition  of  Work.— When  a  force  acts  upon  a  body,  and  the 
point  of  application  of  the  force  moves  in  the  direction  of  the  Hne  of 
action  of  the  force,  the  force  is  said  to  do  7vork  on  the  body.  The  amount 
of  work  done  by  the  force  is  measured  by  the  product  of  the  force  into 
the  distance,  measured  along  its  line  of  action,  moved  through  by  its  point 
of  application.  Hence  if  a  force  I^  acts  on  a  body  while  its  point  of 
application  moves  through  a  distance  s  in  the  line  of  action  of  the  force, 
the  work  ( IV)  done  dy  the  force  is  given  by 

lV=Fs. 

If  the  body  moves  through  a  distance  s  in  the  direction  opposed  to 
the  force,  work  is  said  to  be  done  against  the  force,  the  work  done  being 
as  before  measured  by  the  product  Fs. 

If  the  displacement  of  the  point  of  application  of  the  force  is  not 
along  the  line  of  direction  of  the  force,  but  inclined  to  it,  then  we  must 
calculate  the  component  of  the  dis- 
placement along  the  direction  of  the  ^  ^^"^^ 

force,  and  this  component  multiplied     V -^^ 

by  the  force  gives  the  work  done 
either  by  or  against  the  force,  as  the 
case  may  be,  during  the  displacement. 

Thus  suppose  AC  (Fig.  55)  represents  ""  y\q,  55, 

the  direction   of  the   line  of  action 

of  the  force  {F)  and  AB  the  displacement  of  the  point  of  application. 
Then  the  component  of  the  displacement  along  the  line  of  action  of  the 

force  is  AD,  obtained  by  drawing  bd  perpendicular  to  AC.  Hence  the 
work  done  is  /^.AD.  The  correctness  of  the  above  construction  is  evident, 
for  the  displacement  AB  of  the  point  of  application  may  be  replaced  by 

the  displacements  AD  and  DB.  During  these  displacements,  no  work 
will  be  done  by  the  force  while  the  point  of  application  is  moving  from 
D  to  B,  since  the  movement  is  at  right  angles  to  the  line  of  action  of  the 
force.  If  we  call  the  angle  between  the  line  of  action  of  Jthe  force  and 
the  line  of  displacement  of  the  point  of  application  ^,  then  AD  =  AB  cos  B. 
Hence  the  work  {W)  is  given  by  the  equation 

W^~AB.  cos  6.  F. 
79 
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If  the  force  /^  were  resolved  along  AB  and  perpendicular  to  AB,  the 
component  of  AB  would  be  F  cos  Q.  Now  the  displacement  is  at  right 
angles  to  the  component  which  is  perpendicular  to  ab,  and  hence  during 
the  displacement  no  work  is  done  against  this  component.  The  work 
done  is  equal  to  the  product  of  the  actual  displacement  of  the  point  of 
application  into  the  component  of  the  force  along  the  direction  of  the 
displacement,  it  being  of  course  understood  that  where  the  force  is 
resolved  along  the  direction  of  the  displacement  the  other  component  is 
taken  at  right  angles  to  this  direction. 

Since  JV=FSf  we  have  F=  W^/j,  or  the  force  acting  on  a  body  moving 
in  a  straight  line  is  the  work  done  during  a  given  displacement  divided 
by  that  displacement.  Hence  we  might  define  force  as  the  space  rate  at 
which  work  is  done  (see  note,  p.  26). 

75.  Units  of  Work. — In  the  c.^^.s.  system,  the  unit  of  work  is  done 
when  a  body  acted  upon  by  a  force  of  one  dyne  moves  through  a  centi- 
metre in  the  direction  of  the  force.     This  unit  of  work  is  called  the  erg: 

As  will  be  shown  later  on,  the  dyne  is  very  nearly  equal  to  the  force 
with  which  the  earth  attracts  {i.e.  the  weight  of)  one  milligram  {^-^  grm.), 
so  that  approximately  an  erg  of  work  is  done  when  a  milligram  is  raised 
through  one  centimetre.  Since  an  English  penny  piece  has  a  mass  of 
about  9450  milligrams,  and  the  average  height  of  a  table  is  about  72 
centimetres,  it  follows  that  about  9450x72  =  680,400  ergs  are  done 
when  a  penny  is  raised  from  the  floor  to  the  top  of  a  table.  It  will  be 
seen  that  the  erg  is  an  excessively  small  unit,  and  hence  for  most 
practical  purposes  it  is  usual  to  use  as  the  unit  of  work  the  joule,  which  is 
equal  to  10,000,000  or  10^  ergs. 

In  the  foot-pound-second  system,  the  unit  of  work  is  done  when  the 
point  of  application  of  one  poundal  is  moved,  in  the  direction  of  the  force, 
through  a  distance  of  one  foot.     This  unit  is  called  the  foot-poundal. 

The  dimensions  of  work  are  :  [Force]  [L]==[L^.Af.T.~^]. 

A  foot-poundal  is  equal  to  4.214  x  10^ ergs.  This  equivalent  could  be 
at  once  obtained  from  the  ratio  of  the  pound  to  the  gram,  and  of  the  foot 
to  the  centimetre,  by  aid  of  the  dimensions,  as  was  done  in  §  61  in  the 
case  of  the  absolute  units  of  force. 

76.  Gravitational  Units.— It  will  be  convenient  to  anticipate  in 
some  measure  a  few  of  the  points  which  will  be  dealt  with  at  greater 
length  in  Chapter  XIII. 

It  is  a  matter  of  common  observation  that  alt  matter  is  attracted  by 
the  earth,  or  in  other  words  possesses  weight.  It  can  be  proved  by 
experiment,  as  we  shall  see  later,  that  all  bodies  when  allowed  to  fall 
freely,  that  is  to  move  under  the  influence  of  the  force  exerted  on  them 
owing  to  the  attraction  of  the  earth,  move  with  the  same  acceleration  at 
any  given  point  on  the  earth's  surface.  This  acceleration  of  a  freely 
falling  body  is  generally  indicated  by  the  symbol  g.  Let  IV  be  the 
weight  of  a  body  of  mass  7n,  that  is  the  force  with  which  the  earth  attracts 
it,  measured  in  absolute  units  (that  is  in  dynes  if  m  is  measured  in  grams, 
and  in  poundals  if  m  is  measured  in  pounds).  Then  since  the  force  W 
when  acting  on  the  mass  w  produces  an  acceleration  ^,  we  have 

IV=  vig. 
The  value  of  ^in  the  c.g.s.  system  is  about  981  cm/sec^.,  so  that  the 
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weight  of  a  gram  is  equal  to  about  981  dynes.  In  the  foot-pound-second 
system  g  is  about  32  feet/sec^.,  so  that  the  weight  of  a  pound  is  about  32 
poundals. 

A  system  of  units  is  often  employed  in  which  the  unit  of  force  is 
taken  as  the  force  with  which  the  earth  attracts  a  given  lump  of  matter 
when  it  is  at  a  certain  fixed  point  on  the  earth's  surface.  This  unit  of 
force  is  then  taken  as  one  of  the  fundamental  units,  the  others  being 
those  of  length  and  time.  Such  a  system  of  units  is  called  a  gravita- 
tional system,  and  it  is  this  system  which  is  almost  exclusively  used  by 
engineers. 

The  unit  of  force  in  the  metric  gravitational  system  is  the  force  with 
which  the  earth  attracts  a  mass  of  a  gram  when  at  the  sea-level  and  at 
latitude  45°.^  This  force  is  equal  to  a  force  of  980.6  dynes,  for  the  value 
of^at  sea-level  and  latitude  45°  is  980.6  cm./sec^. 

The  unit  of  force  in  the  British  gravitational  system  is  the  force  with 
which  the  earth  attracts  a  mass  of  a  pound  at  sea-level  and  latitude  45°. 
This  unit  of  force  is  equal  to  32.172  poundals,  for  g  at  sea-level  and 
latitude  45°  has  the  value  32.172  foot/sec^. 

In  the  gravitational  system  of  units,  since  the  unit  of  force  is  taken  as 
one  of  the  fundamental  units  in  place  of  mass,  the  unit  of  mass  is  derived 
from  this  unit  by  means  of  Newton's  second  law.  Thus  the  unit  of  mass 
on  the  gravitational  system  when  acted  upon  by  the  unit  force  in  this 
system  must  move  with  unit  acceleration,  that  is,  one  centimetre  per 
second  per  second,  or  one  foot  per  second  per  second,  as  the  case  may  be. 
Now  at  sea-level  and  latitude  45°  the  quantity  of  matter  (gram  or  pound) 
used  to  define  the  gravitational  unit  of  force,  if  allowed  to  fall  freely, 
would  move  with  an  acceleration  ^  (980.6  cm./sec^.  or  32.172  foot/sec.^), 
and  in  these  circumstances  it  would  be  acted  upon  by  the  gravitational 
unit  of  force.  Hence  to  move  with  unit  acceleration  the  mass  moved 
must  be  g  times  as  great  as  the  quantity  of  matter  used  to  define  the 
unit  force.  Thus  the  unit  of  mass  in  the  metric  gravitational  system 
is  equal  to  980.6  grams,  and  in  the  ^x\\\€ti  gravitational sy^Xtxix  to  32.172 
pounds. 

Since  the  value  of  the  attraction  exerted  by  the  earth  on  a  given  mass 
is  not  the  same  all  over  the  surface  of  the  earth,  the  gravitational  unit 
of  force  will'  not  everywhere  be  exactly  equal  to  the  force  with  which  the- 
earth  attracts  {i.e.  the  weight  of )  a  gram  or  pound,  as  the  case  may  be. 
For  comparatively  rough  measurements,  however,  in  which  the  change 
in  the  value  of  the  gravitational  attraction  may  be  neglected,  there  is  no 
doubt  it  is  often  convenient  to  use  the  gravitational  units,  particularly 
when,  as  is  often  the  case,  all  the  forces  which  have  to  be  dealt  with  are 
due  to  the  action  of  gravity  on  matter.  For  scientific  purposes,  however, 
there  can  be  no  doubt  that  the  absolute  system  of  units,  in  which  mass  is 
taken  as  the  fundamental  unit,  is  preferable. 

The  units  of  work  or  energy  in  the  two  gravitational  systems  are  the 
work  done  in  lifting  a  gram,  or  a  pound,  through  a  centimetre,  or  a 
foot,  as  the  case  may  be,  at  the  sea-level  and  at  latitude  45°.  These 
units  are  called  the  gram-centimetre,  and  foot-pound  units  of  work 
respectively. 

The  following  tables  exhibit  the  connection  between  the  fundamental 

*  The  value  oi g  is  by  no  means  the  same  at  all  points  on  the  earth.     (See  §  116.) 
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units  and  the  units  of  force,  mass,  and  work  in  the  absolute  and  gravita- 
tional systems  : — 

Metric  System. 
Fundamental  Units. 


Absolute. 

Gravitational. 

Length     .         .         .     Centimetre 
Mass        .         .         .     Gram 
Time        .         .         .     Second 

Length     .         .         .     Centimetre 
FnrrP  \  Weight  of  a  gram  at  lat. 
^'"'^''^X      45°  and  sea-level 
Time        .        .        .     Second 

Derived  Units. 

Force       .         .         .     Dyne 
Work  and  Energy  .     Erg 

Mass        .         .         .    980.6  grams 

Work  and  (  Gram  -  centimetre  at 

Energy    (  lat.  45°  and  sea-level 

British  System. 
Fundamental  Units. 


Absolute. 

Gravitational. 

Length  .                      Foot 
Mass      .         .              Pound 
Time      .         .         .     Second 

Length       .         .     Foot 
F^^^o  5  Weight  of  a  pound  at  lat. 
^°'^''^1      45°  and  sea-level 
Time  .        .         .     Second 

Derived  Units. 

Force    .         .         .     Poundal 
Work  and  Energy    Foot-poundal 

Mass  .         .         .     32.172  pounds 
Work  and  (  Foot  pound  at  lat.  45° 
Energy     \      and  sea-level 

Since  the  force  with  which  the  earth  attracts  a  mass  in  is  equal  to  mg 
absolute  units  of  force,  the  work  which  is  done  when  this  mass  is  raised 
through  a  vertical  height  h  is  ^ 

7ngh. 

If  m  is  expressed  in  grams,  ^  in  cm./sec^.,  and  h  in  cm.,  i.e.  if  all  the 
quantities  are  measured  in  c.g.s.  absolute  units,  then  the  work  Mg/t  is 
expressed  in  ergs.  If  m  is  measured  in  pounds,  ^  in  foot/sec^.,  and  A  in 
feet,  then  the  work  mgk  is  expressed  in  foot-poundals. 

If  the  experiment  is  performed  at  latitude  45°  and  at  the  sea-level, 


^  It  is  here  supposed  that  h  is  so  small  that  ^  has  the  same  value  throughout  the 
path  along  which  the  body  is  raised. 
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then  the  work  done  in  raising  m  grams  through  a  height  of  h  centimetres 
is  mh  gram-centimetres.  If,  however,  the  experiment  is  performed  at 
a  point  on  the  earth's  surface  where  the  acceleration  of  gravity  is  g^  then 

the  work  done  will  be  mh.  ^  ^  gram- centimetres.     For  at  the  standard 
980.6 

position  the  value  of  the  acceleration  of  gravity  is  980.6,  and  the  force 
with  which  the  earth  attracts  a  given  mass  is  proportional  to  the  accelera- 
tion of  gravity  or  g.  In  the  same  way  the  work  done  in  raising  rn  pounds 
through  h  feet  at  the  standard  position  is  mh  foot-pounds,  while  at  a 

place  where  the  acceleration  of  gravity  is^  it  is  mh — — —  foot-pounds. 

77.  Graphic  Representation  of  the  Work  done  by  a  Force.— 

If  a  force  {F)  remains  uniform  while  its  point  of  application  moves  in  the 

direction  of  the  force  through  a  distance 

J,  the  work  done  is  F.s.     Let  the  line  ox 

(Fig.  56)  represent  space  in  the  direction 

of  the  line  of  action  of  the  force,  and 

distances  measured  parallel  to  a  line  OY, 

at    right    angles    to    OX,   represent    the 

magnitude  (not   direction)  of  the  force. 

If  through  M  and  N,  any  two  points  in 

OX,  we  draw  two  lines  MP,  NQ  parallel 

to  OY,  and  of  such  a  length   that  they  

represent  the  magnitude  of  F,  then  the      0  M  NX 

area  of  the  rectangle  MPQN  will  represent  Fig.  56. 

the   work   done  by  the  force   while   its 

point  of  application  moves  through  the  distance  MN.  For  the  area 
of  the  rectangle  is  equal  to  MNXMP,  and  MN  represents  j,  and  MP 
represents  F^  so  that  the  product  F.s  is  represented  by  the  area  of  the 
rectangle  MPQN,  that  is,  there  are  as  many  units  of  area  in  MPQN  as  there 
are  units  of  work  in  F.s.  Hence  if  a  centimetre  along  ox  represents 
a  displacement  of  one  centimetre,  and  a  centimetre  along  OY  repre- 
sents a  force  of  one  dyne,  then  each  square  centimetre  in  the  area  will 
represent  an  erg. 

If  the  force  is  not  constant  in  magnitude  during  the  displacement, 
we  must,  as  was  done  in  the  case  of  speed  in  §  34,  draw  a  curve  such 
that  the  ordinate  (mp)  at  any  point  M  on  the  axis  ox  represents  the  force 
acting  when  the  point  of  application  is  at  M.  Then  the  area  contained 
between  any  two  ordinates,  the  curve  and  the  axis  ox,  will  represent  the 
work  done  while  the  point  of  application  of  the  force  moves  from  the 
point  corresponding  to  the  foot  of  one  ordinate  to  that  corresponding  to 
the  foot  of  the  other. 

As  an  example  of  the  application  of  this  graphical  method  of  repre- 
senting the  work  done  by  a  variable  force,  we  may  take  the  method 
employed  to  determine  the  work  done  by  the  steam  during  each  stroke 
of  a  steam-engine  piston.  The  curve  is  drawn  mechanically  by  means 
of  an  instrument  called  an  indicator ;  this  consists  of  a  small  cylinder, 
the  piston  of  which  is  held  down  by  a  spring.  A  pencil  attached  to  this 
piston  bears  on  a  sheet  of  paper,  which,  by  means  of  a  connecting  link, 
is  moved  backwards  and  forwards  by  the  piston  of  the  engine  along  a 
line  at  right  angles  to  the  direction  in  which  the  pencil  is  moved  when 
the  indicator  piston  is  forced  back.     The  cylinder  of  the  indicator  is 
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connected  by  a  pipe  with  the  inside  of  the  engine  cylinder,  so  that  the 
amount  the  spring  is  forced  back,  i.e.  the  movement  of  the  pencil,  is  a 
measure  of  the  pressure  of  the  steam  in  the  cylinder,  and  hence  of  Ihe 
force  acting  on  the  engine  piston.  A  curve  obtained  from  such  an  indi- 
cator is  shown  in  Fig.  57.  Here  the  force  acting  on  the  piston  is 
^^^_^.^^_^^.^^.^.^.^^_^^.^.^^_^^  measured  along  OY,  and 
JS  Yl  1 1 1 1  U  1 1 1 1 1 1  M  1  M  1 1 1 1 1 1 1 1 1  i  1 1 II 1 1 1 1 1 1  i  i  I     the    displacement    of    the 

piston  along  ox.  The 
length  MN  represents  the 
"stroke"  of  the  piston, 
or  the  distance  through 
which  it  travels.  Starting 
from  A,  the  part  of  the 
curve  ABCD  represents  the 
pressure  acting  on  the 
piston  while  it  is  moving 
in  the  direction  of  this 
X  pressure,  and  hence  the 
work  done  on  the  piston 
is  represented  by  the  area 
MABCDNM.  During  the 
return  stroke,  however,  which  is  represented  by  the  part  DEA  of  the 
curve,  the  piston  is  moving  against  the  pressure,  and  the  work  done 
by  the  piston  is  represented  by  the  area  MAEDNM.  Hence  the  work 
done  on  the  piston  during  a  complete  to-and-fro  motion  is  the  difference 
between  these  areas,  namely,  the  area  abcdea. 

By  counting  up,  it  will  be  found  that  the  figure  ABCDEA  contains 
about  230  small  squares.  Now  one  side  of  each  of  these  squares  repre- 
sents a  pressure  of  4  lbs.  per  square  inch  on  the  piston,  while  the  other 
side  represents  a  travel  of  the  piston  through  a  space  of  one  inch.  Each 
square  will  therefore  correspond  to  4/12  or  1/3  foot-pound  of  work. 
Hence  the  work  done  by  the  steam  on  each  square  inch  of  the  piston 
during  a  whole  revolution  of  the  crank  is  230/3,  or  76.8  foot-pounds.  If 
a  is  the  area  of  cross  section  of  the  piston,  then  the  work  done  during 
one  revolution  is  76.8  a  foot-pounds. 

78.  Power  or  Activity.— It  will  be  noticed  that  the  work  done  by 
a  force  during  a  given  displacement  is  independent  of  the  time  taken. 
Thus  the  same  amount  of  work  is  done  against  gravity  by  an  engine 
which  drags  a  train  up  a  given  incline  in  an  hour,  as  would  be  done  if  it 
had  done  this  in  a  minute.  Since  there  is  practically  a  very  great  differ- 
ence between  these  two  cases,  it  is  obvious  that  we  have  to  take  the  time 
an  agent  takes  to  do  a  certain  quantity  of  work  into  account.  The  rate 
of  doing  work,  or  the  work  done  divided  by  the  time  taken  to  do  it,  is 
called  the  Power  or  Activity  of  an  agent.  Hence  in  the  above  case 
the  power  would  in  one  case  be  sixty  times  greater  than  in  the 
other. 

An  agent  which  is  capable  of  raising  550  pounds  through  a  vertical 
distance  of  one  foot  ^  {i.e.  of  doing  550  foot-pounds)  in  one  second  is  said 


1  To  be  strictly  accurate,  this  is  only  true  at  latitude  45"  and  sea-level ;  however, 
for  most  engineering  purposes,  the  small  differences  in  the  value  of  g  at  different 
places  do  not  cause  any  appreciable  errors. 
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to  be  of  one  horse-power.  The  French  horse-power  {cheval-vapeur)  is 
such  that  75  kilograms  can  be  raised  one  metre  in  each  second. 

The  practical  unit  of  power  based  on  the  c.g.s.  system  is  one  joule  per 
second,  and  is  called  the  watt.     Hence  a  watt  is  10^  ergs  per  second. 

One  horse-power  is  equal  to  746  watts. 

79.  Energy. — We  find  by  experience  that  in  certain  circumstances 
bodies  are  capable  of  doing  work.  Thus  when  a  weight  has  been  raised 
up  above  the  surface  of  the  earth,  it  possesses  the  power  of  doing 
work  during  its  return  to  the  surface  of  the  earth.  For  a  string  attached 
to  the  weight  may  pass  over  a  pulley,  and  the  other  end  be  attached  to  a 
bucket  of  water.  If  the  bucket  of  water  is  lighter  than  the  weight,  then 
during  its  fall  it  will  raise  up  the  bucket,  and  hence  do  work.  Again,  a 
body  which  is  in  motion  possesses  the  power  of  doing  work  while  it  is 
losing  its  motion,  as,  for  instance,  a  bullet  when  it  strikes  a  block  of 
wood  loses  its  motion,  but  in  doing  so  it  does  work  on  the  block,  for  it 
penetrates  the  block  against  the  resisting  force  of  the  wood.  Hence  we 
see  that  in  certain  circumstances  bodies  possess  a  capacity  for  doing 
work  ;  and  this  capacity  for  doing  work  is  called  Energy. 

The  energy  of  a  body  is  measured  by  the  work  it  can  do  while 
changing  to  some  standard  state,  or,  what  is  sometimes  more  convenient, 
the  work  which  has  to  be  done  on  the  body  to  bring  it  from  some 
standard  state  to  the  actual  state.  Thus  in  the  above  examples  we  may 
measure  the  work  the  weight  can  do  before  it  comes  to  rest  on  the 
surface  of  the  ground,  or  the  work  the  bullet  can  do  before  it  is  brought 
to  rest. 

It  will  be  noticed  that  in  the  two  examples  given  the  nature  of  the 
circumstance  owing  to  which  the  body  possesses  energy  are  different. 
In  the  first  case,  that  of  the  raised  weight,  it  possesses  energy  due  to 
its  position  relative  to  the  surface  of  the  earth  ;  while  in  the  case  of  the 
moving  bullet,  the  energy  possessed  is  due  to  the  motion.  The  energy 
of  a  body  which  is  due  to  its  motion  is  called  Kinetic  Energy^  while  the 
energy  due  to  its  position  and  not  to  its  motion  is  called  Potential 
Energy.  Thus  the  raised  weight  possesses  potential  energy  and  the 
moving  bullet  kinetic  energy. 

80.  Potential  Energy.— Examples  of  potential  energy  abound  in 
everyday  life  ;  thus  when  a  clock-weight  is  raised  we  do  work  against 
the  attraction  which  exists  between  the  weight  and  the  earth.  The 
raised  weight,  however,  possesses  potential  energy,  and  by  the  loss  of 
this  it  keeps  the  clock  in  motion,  doing  work  in  overcoming  the  friction 
of  the  parts  of  the  clock,  imparting  motion  to  the  air,  and  thus  enabling 
us  to  hear  the  sound  of  the  tick,  &c.  When  winding  up  a  watch,  in  the 
same  way,  work  is  done  in  bending  the  spring,  and  its  energy  is  in- 
creased so  that  it  possesses  potential  energy,  and  can  do  work  while 
it  unbends. 

In  the  case  of  the  bent  spring,  or  in  that  of  a  piece  of  stretched  india- 
rubber  cord,  it  is  evident  that  the  material  of  the  spring  or  cord  is  in  a 
state  of  strain,  and  it  is  owing  to  this  strain  that  the  body  possesses 
potential  energy.  In  the  case  of  the  raised  weight,  however,  we  are 
unable  to  detect  anything  connecting  the  weight  and  the  earth  which 
is  strained  and  which  tends  to  revert  to  its  former  state,  and  thus 
endows  the  raised  weight  with  its  potential  energy.  If  we  were  able  to 
state  what  was  the  nature  of  the  stress  in  this  case,  we  should  know  the 
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cause  of  gravitation.  We  are,  however,  unable  to  do  this,  and  must 
content  ourselves  with  saying  that  one  portion  of  matter  exerts  force  on 
another,  and  that  it  is  to  this  force  that  their  mutual  potential  energy 
when  separated  is  due  (compare  §  64).  We  shall  find  that  the  theory 
that  there  is  an  all-pervading  massless  medium  is  necessary  to  explain 
the  observed  facts  in  heat,  light,  and  magnetism  and  electricity ;  we  are 
not  at  present,  however,  entitled  to  say  that  it  is  to  stresses  set  up  in 
this  medium  that  gravitation  is  due. 

81.  Kinetic  Energy. — Suppose  that  a  body  of  mass  m  is  moving 
with  a  speed  7/,  and  that  a  force  F  acting  on  the  body  in  an  opposite 
direction  to  that  of  the  motion  brings  the  body  to  rest  after  it  has  passed 
over  a  distance  s.  Then  the  work  done  by  the  body  on  the  force  while 
coming  to  rest  is  Fs.  Now  if  in.  a  distance  s  the  body  loses  a  speed  z/, 
the  acceleration  must  be  a=v*/2s  (§  35).  Also  the  force  F  produces  this 
acceleration  in  the  mass  ;//,  and  hence  F=ma  =  mv^l2s.  But  the  work 
done  by  the  force  is  Fs,  that  is,  ^mv^.  Hence  the  kinetic  energy  of  a 
body  of  mass  m  moving  with  a  speed  v  is  ^mvK 

82.  Change  of  Form  of  Energy.— The  energy  of  a  body  is  capable 
of  changing  its  form  from  potential  to  kinetic,  and  vice  versa.  Thus 
suppose  a  stone  of  mass  m  is  supported  on  the  edge  of  a  cliff  at  a  height 
h  above  the  base  of  the  cliff.  The  potential  energy  is  equal  to  the  work 
done  in  raising  the  stone  through  a  vertical  height  h.  The  force  with 
which  the  earth  attracts  the  stone  is  equal  to  the  product  of  the  mass  of 
the  stone  {m)  into  the  acceleration  which  the  force  would  produce  {i.e.  g). 
Hence  in  raising  up  the  stone  it  has  been  moved  through  a  space  h 
against  a  force  vig,  and  therefore  the  work  done  has  been  mghy  so  that 
this  is  its  potential  energy. 

If  now  the  stone  be  allowed  to  fall  freely,  it  will  gradually  lose  its 
potential  energy,  but  will  at  the  same  time  acquire  velocity  and  hence 
kinetic  energy.  After  it  has  fallen  a  distance  j,  its  speed  will  be  given  by 
the  equation  v^  =  2gs,  and  hence  its  kinetic  energy  (^mv-)  will  be  equal 
to  mgs.  The  potential  energy  is  now  mg{A-s)j  since  the  stone  is  now 
at  a  height  (A-s)  above  the  ground.  The  sum  of  the  kinetic  and  poten- 
tial energies  is  therefore  equal  to  vigs  ■\- mg{h  -  s)  which  is  equal  to  ffighy 
the  original  potential  energy.  When  the  stone  reaches  the  ground  its 
potential  energy  is  zero,  but  the  speed  which  it  has  acquired  is  now  given 
by  v^=^2ghy  and  hence  the  kinetic  energy  {\miA)  is  equal  to  mgh,  the 
same  value  as  the  potential  energy  at  the  start. 

Thus,  although  during  the  fall  of  the  body  there  is  a  gradual  change 
of  potential  energy  into  kinetic,  the  total  energy  remains  constant. 

If  the  stone  were  thrown  vertically  upwards  with  a  speed  v,  then  to 
sta"rt  with  the  kinetic  energy  would  be  \mv'.  This  would  gradually 
diminish  as  the  stone  rose  and  lost  speed;  there  would,  however,  be  a 
gain  of  potential  energy.  When  the  stone  is  at  the  top  of  its  flight  it 
comes  for  an  instant  to  rest,  so  that  its  kinetic  energy  is  now  zero.  It 
however  possesses  potential  energy  exactly  equal  in  amount  to  its  original 
kinetic  energy. 

83.  Principle  of  the  Conservation  of  Energy.— In  the  previous 
section  we  saw  that  although  ihf^/orm  of  the  energy  of  the  stone  altered, 
so  that  it  existed  sometimes  as  potential  energy,  sometimes  as  kinetic 
energy,  and  sometimes  as  both  together,  yet  the  total  quantity  of  energy 
was  constant  throughout.      We  shall  in   subsequent  sections  consider 
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many  other  forms  in  which  energy  can  exist  besides  those  already  con- 
sidered, and  we  shall  find  that  these  different  forms  of  energy  can  be 
converted  from  one  kind  to  the  other. 

When  the  stone  reaches  the  ground  it  is  brought  to  rest  by  impact 
with  the  ground,  when  it  will  apparently  have  lost  both  its  kinetic  energy 
and  its  potential  energy.  It  is,  however,  found  that  the  energy  has  not 
been  lost^  but  has  been  transformed  into  another  form,  namely,  that  of 
heat,  so  that  both  the  stone  and  the  part  of  the  earth  it  struck  are  warmer 
than  they  were  before  the  impact.  Joule  has  indeed  shown,  as  we  shall 
see  later  (§  251),  that  in  every  case  a  given  amount  of  work  entirely  spent 
in  producing  heat  always  produces  the  same  quantity  of  heat,  no  matter 
how  the  conversion  takes  place.  For  instance,  a  given  number  of  ergs 
of  work  which  can  be  obtained  from  stopping  a  moving  bullet,  and  hence 
destroying  its  kinetic  energy,  will  produce  a  certain  quantity  of  heat. 
The  same  number  of  ergs  of  work  done  in  rubbing  a  button  on  a  piece 
of  wood  will  produce  exactly  the  same  quantity  of  heat.  The  energy  in 
the  form  of  heat  possessed  by  a  body  is  supposed  to  be  due  to  the  motion 
of  its  particles.  If  this  be  so,  then  the  kinetic  energy  of  the  stone 
moving  as  a  whole  is  converted,  by  impact  with  the  ground,  into  kinetic 
energy  of  the  particles  of  the  body  and  the  earth  near  the  point  of 
impact,  the  particles  moving  (probably  backwards  and  forwards  with  a 
vibratory  motion)  with,  on  the  whole,  a  greater  velocity  than  before. 

These  observations  may  be  generalised,  for  in  every  case,  without 
exception,  it  is  found  that  the  sum  total  of  all  the  energy  within  any 
given  boundary,  through  which  energy  is  not  allowed  to  pass,  remains 
constant,  although  the  energy  within  the  boundary  may  be  transformed 
into  any  of  the  many  forms  in  which  it  is  capable  of  existing. 

The  above  statement  amounts  to  an  enunciation  of  a  doctrine  which 
is  practically  the  keystone  of  modern  science,  and  is  known  as  the 
doctrine  or  principle  of  the  conservation  of  e?7ergy. 

It  follows  that  if  the  boundary  considered  includes  the  universe,  the 
principle  of  the  conservation  of  energy  amounts  to  a  statement  that  the 
sum  total  of  the  energy  of  the  universe  is  a  fixed  unalterable  quantity. 

The  principle  of  the  conservation  of  energy  also  denies  the  possibility 
of  "perpetual  motion."  By  "perpetual  motion"  is  meant  the  devising 
of  some  arrangement  so  that  energy  in  the  form  of  mechanical  work 
could  be  produced  without  energy  in  some  other  form  being  used  up  by 
the  machine.  Thus  if  an  engine  could  be  made  to  do  work  on  external 
bodies  for  an  indefinite  time,  and  thus  give  out  energy,  without  being 
supplied  with  energy  from  without,  or  diminishing  the  stock  of  energy 
in  all  its  various  forms  which  it  originally  possessed,  we  should  have 
a  means  of  creating  energy,  and  this  is  in  direct  contradiction  to  the 
principle  of  the  conservation  of  energy. 

84.  Availability  of  Energ'y. — Although  the  total  quantity  of  energy 
in  the  universe  remains  a  constant  quantity,  so  that  whenever  a  given 
amount  of  energy  in  any  one  form  disappears  an  exactly  equal  quantity 
of  energy  in  some  other  form  makes  its  appearance,  yet  there  is,  as  far 
as  man  is  concerned,  a  very  important  difference  between  the  states  of 
energy.  Thus,  to  recur  to  the  illustration  of  the  stone  on  the  edge  of  a 
cliff.  By  a  suitable  mechanical  arrangement  we  can  utilise  some  portion 
at  any  rate  of  the  potential  energy  of  the  stone,  and  make  the  stone  do 
work.     For  example,  by  attaching  a  string  to  the  stone  we  can  make  it 
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keep  a  clock  going,  and  strike  the  hours  on  a  bell.  Again,  we  can  let  the 
stone  fall,  and  utilise  the  kinetic  energy  it  possesses  by  making  it  do 
work,  say  in  driving  in  a  pile.  Suppose,  however,  it  is  simply  allowed  to 
fall  on  the  ground.  As  a  result  of  the  impact  with  the  ground  its  kinetic 
energy  is  destroyed,  and  the  stone  and  the  earth  become  warmer,  and  it 
is  this  heat  which  represents  the  lost  kinetic  energy  ;  but  in  a  very  short 
time  the  heat  of  the  stone,  &c.,  will  have  diffused  itself  amongst  surround- 
ing objects.  Energy  in  this  form,  that  is,  of  uniformly  diffused  heat,  is 
unavailable  to  man  for  the  purpose  of  doing  work  ;  it  is  only  when  we 
have  a  body  which  is  hotter  than  surrounding  objects  that  we  can  utilise 
its  heat  energy  to  do  work.  Thus  as  far  as  we  are  concerned  the  energy 
of  the  stone  has  been  wasted,  for  it  is  no  longer  available  for  doing 
work. 

We  shall  find  that  in  every  transformation  of  energy  there  is  some  of 
the  energy  converted  into  heat,  which  becomes  diffused  throughout  the 
universe,  and  is  wasted.  Thus,  in  the  case  of  the  raised  stone  being 
utilised  to  drive  a  clock,  the  friction  at  all  the  bearings  causes  some  of 
the  energy  to  be  converted  into  heat.  Heat  also  is  produced  each  time 
the  escape-wheel  strikes  the  pallet  of  the  detent,  as  well  as  the  sound 
which  we  call  the  tick,  and  which  we  shall  see  is  simply  due  to  motion 
of  the  particles  of  the  air,  and  this  motion  is  gradually  frittered  away 
into  heat  by  friction  between  the  particles  and  other  causes.  Hence  in 
this  case  all  the  energy  of  the  raised  stone  eventually  becomes  changed 
into  diffused  heat,  although  in  the  meantime  it  goes  through  many 
transformations.  Since  in  every  transformation  of  energy  from  one 
form  to  another  some  of  the  energy  becomes  converted  into  unifoimly 
diffused  heat,  the  total  quantity  of  available  energy  of  the  universe  is 
continually  diminishing. 

This  continual  degradation  of  energy,  which  accompanies  every 
phenomenon  with  which  we  are  acquainted,  leads  us  to  two  conclusions  : 
Firstly,  since  the  quantity  of  unavailable  energy  is  continually  increasing, 
there  must  have  been  a  time  when  none  of  the  energy  of  the  universe 
was  unavailable,  and  before  which  no  phenomenon,  such  as  we  are 
acquainted  with,  can  have  occurred,  for  every  such  phenomenon  neces- 
sarily involves  a  degradation  of  energy.  Secondly,  there  must  necessarily 
arrive  a  time  when  all  the  energy  will  be  unavailable,  the  whole  universe 
having  become  a  uniformly  hot,  inert  mass. 

85.  EnePg"y  of  Rotation.  — If  a  particle  of  mass  w/  is  moving  in  a 
circle  of  radius  r,  with  angular  velocity  a>,  then  the  speed  of  the  particle 
is  wr  ;  hence  the  kinetic  energy  is  \mt^f^.  We  may  suppose  that  a 
rotating  rigid  body  is  made  up  of  a  number  of  particles  of  mass  w^,  Wg,  '"3, 
&c.,  at  distances  r„  r^  rg,  &c.,  from  the  axis  of  rotation.  If  w  is  the 
angular  velocity  of  the  body,  then  the  speeds  of  the  particles  are  wr,,  ovj, 
0)^3,  &c.,  since  w  is  the  same  for  all.  Hence  the  kinetic  energy  (A)  of 
the  rotating  body,  being  the  sum  of  the  energies  of  all  the  particles,  is 
given  by  the  equation — 

E = \m^(^r^  -I-  J WjwV,*  +  i^sw^rj* + ,  &c, 

or,  since  w  is  common  to  all — 

E—\iJ^\  m^r^  +  m^^  +  m^r^  + ,  &c.  | 

The  quantity  within  the  brackets,  which  is  the  sum  of  the  product  of  the 
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mass  of  each  particle  of  the  body  into  the  square  of  its  distance  from  the 
axis  of  rotation,  is  called  the  Motnent  0/  Inertia  of  the  body.  Hence,  if 
K  is  the  moment  of  inertia,  we  have 

The  value  of  the  moment  of  inertia  for  some  of  the  simpler  forms  is  given 
in  the  following  table,  in  which  M  is  in  each  case  the  mass  of  the  rotating 
body  : — 

•  Moments  of  Inertia. 
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It  will  be  noticed  that  in  every  case  the  moment  of  inertia  is  equal  to 
the  product  of  the  total  mass  of  the  body  into  an  expression  involving  the 
geometrical  form  of  the  body.  This  suggests  another  way  of  obtaining 
an  expression  for  the  energy  of  a  rotating  body.  If  the  whole  mass  M 
of  the  body  were  concentrated  at  a  single  point  which  moved  in  a  circle 
of  radius  R  with  the  same  angular  velocity  as  the  body,  then  the  energy 
due  to  the  rotation  would  be  \M(jp-R'^.  If  R  is  so  chosen  that  the  energy 
is  the  same  as  is  actually  the  case,  then 

K=MRK 

The  value  of  A*,  which  satisfies  this  equation,  is  called  the  radius  of 
gyration  of  the  body.  Hence  the  radius  of  gyration  may  be  defined  as 
the  distance  from  the  axis  of  rotation,  at  which  the  whole  mass  of  the 
body  must  be  supposed  concentrated,  in  order  that  the  energy  of  rotation 
may  be  the  same  as  it  is  actually.  The  value  of  the  square  of  the  radius 
of  gyration  for  each  case  given  in  the  table  of  moments  of  inertia  is 
obtained  by  omitting  the  factor  M  in  the  expressions  for  the  moment  of 
inertia. 
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86*.  Impact  of  Inelastic  Bodies.— Suppose  a  body  of  mass  ;//,, 
moving  with  a  speed  t/j,  strike  another  body  of  mass  in^  which  is  at  rest, 
and  the  two  bodies  adhere  together  after  impact.  If  7/  is  the  speed 
with  which  the  two  bodies  move  after  impact,  then  their  momentum  is 
(wj  +  m.^.  Before  impact  the  momentum  of  the  first  body  is  m^v^^  and 
that  of  the  second  zero.  Hence,  since  the  total  momentum'  of  the  two 
bodies  must  be  the  same  before  and  after  impact,  we  have 

^= * — "Vv 

m^  4-  ^2 

If  the  second  body  is  itself  moving  with  speed  v^  in  the  same  straight 
line  as  the  first,  the  momentum  before  impact  is  Wi-z/j  +  ;«2^V     Hence 

If  the  bodies  are  originally  moving  in  the  same  direction,  then  7/j  and  v^ 
are  of  the  same  sign,  and  therefore  the  motion  after  impact  is  in  the  same 
direction  as  before  impact.  If,  however,  the  bodies  are  originally  moving 
in  opposite  directions,  so  that  z/j  and  v.^  are  of  opposite  sign,  v  will  be  of 
the  same  sign  as  the  greater  of  the  two  products  w^-z/,,  m^v^.  Hence  the 
direction  of  motion  after  impact  will  be  that  of  the  motion  of  the  body 
having  the  greater  momentum. 

In  the  case  where  one  of  the  bodies  is  originally  at  rest,  the  kinetic 
energy  E^  before  impact  is  given  by 

and  the  kinetic  energy  E^  after  impact  by 

Ei  =  \{m^-\rm^)v\ 
Substituting  in  this  last  expression  the  value  of  v,  we  have 

Hence  -£", 

The  kinetic  energy  of  the  two  bodies  is  therefore  less  after  impact  than 
before.  The  reason  for  this  is  that  some  of  the  kinetic  energy  has  been 
transformed  into  heat  energy  by  the  impact.  In  the  same  way,  in  the 
case  when  the  two  bodies  are  originally  in  motion,  the  sum  of  the  kinetic 
energies  of  the  bodies  before  impact  is  greater  than  the  kinetic  energy  of 
the  combined  bodies  after  impact,  some  of  the  kinetic  energy  having 
been  converted  into  heat  energy. 

87*.  Impact  of  Elastic  Bodies.— In  the  case  of  elastic  bodies,  after 
impact  they  will  separate,  in  general  moving  with  different  velocities,  the 
total  momentum  before  impact  being,  as  in  the  case  where  the  bodies  are 
inelastic,  equal  to  the  total  momentum  after  impact. 

^  Since  no  external  force  acts  on  the  two  bodies  the  sum  of  their  momenta  must 
remain  constant  according  to  Newton's  second  law  (§  6o). 
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Newton  proved  by  experiment  that  if  two  spheres  of  the  same 
material  collide,  so  that  their  centres  are  moving  along  the  same  straight 
line,  then  their  relative  speed  before  impact  bears  a  constant  ratio  to 
their  relative  speed  after  impact.  If  w^  and  z/g  are  the  velocities  before 
impact,  and  v-^  and  ■z/g  the  velocities  after  impact,  then  the  relative  velocity 
of  the  spheres  before  impact -is  u-^  —  u^t  and  that  after  impact  v^-v^ 

Newton's  results  show  that  the  ratio  ^^~^^  is  a  quantity  independent  of 

U1  —  U2 
the  mass  of  the  spheres,  at  any  rate  w'ithin  fairly  wide  limits,  or  the 
velocity  with  which  they  are  moving  ;  it  simply  depends  on  the  material 
of  which  they  are  composed.  This  ratio  is  always  a  negative  quantity, 
never  greater,  and  in  most  cases  less,  than  unity.  This  means  that  the 
relative  velocity  after  impact  is  in  most  cases  less,  and  cannot  be  greater, 
than  the  relative  velocity  before  impact  ;  also  that  if  u^  is  greater  than  //g? 
then  v^  is  less  than  z/g,  so  that  v^  -  v.j,  is  of  opposite  sign  to  Wj  -  u^ 

Hence  u-^  being  greater  than  u^  means  that  the  body  moving  with 
velocity  u^  "strikes"  the  other,  but  that  this  latter  after  the  impact  will 
now  move  with  a  greater  velocity. 

The  constant  fraction  — ^,  which  depends  simply  on  the  material 

of  which  the  spheres  are  composed,  is  called  the  Coefficient  of  Restitution 
of  the  material.     If  the  coefficient  of  restitution  is  unity,  then  the  relative 
velocity  of  the  bodies  is  unchanged  by  the  impact,  and  the  material  of 
which  they  are  composed  is  said  to  be  perfectly  elastic. 
If  the  coefficient  of  restitution  is  <?,  thaw 


Also,  since  the  momentum  before  and  after  impact  is  the  same, 

Solving  these  two  equations  for  z/j  and  v^j  we  get 

_  u-^IJm^  -  em^  +  Wg^/gC  i  +  ^) 
^  nti  +  fn^  * 

and  ^^^^i»^i(i  +e)+ulm^-em^) 

fn^  -^-fn^ 

It  will  be  noticed  that  if  e=o,  i.e.  if  the  balls  are  inelastic  and  adhere 
together  after  impact,  we  have 

the  same  value  as  that  obtained  in  the  previous  section. 

In  the  case  of  the  direct  impact  of  a  sphere  on  a  fixed  surface,  we  may 
obtain  the  velocitv  of  rebound  by  making  u^  zero  and  m^  infinite  in  the 
above  expressions.     Dividing  numerator  and  denominator  by  7n^  we  get 


u,{l^-eyulr+e) 
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When  ^2  is  infinite,  m^\m^  is  zero.     Hence  if  u^  is  zero, 

^'i  =  -  U'^e. 

Therefore  the  velocity  of  rebound  is  in  the  opposite  direction,  and  equal 
to  e  times  the  velocity  before  impact.  Since  c  is  less  than  unity,  the 
speed  after  impact  is  less  than  before.  This  result  might  have  l3een 
arrived  at  directly  from  Newton's  experimental  result,  for  the  relative 
velocity  of  the  sphere  and  the  plane  before  impact  was  «i,  and  after 
impact  it  is  v^ ;  hence 

It  will  be  found,  on  calculating  the  value  of  the  kinetic  energy  before 
and  after  impact,  that,  except  in  the  case  where  ^=i,  the  total  kinetic 
energy  after  mipact  is  less  than  before,  some  having  been  transformed 
into  heat.  When  e=\,  the  total  kinetic  energy  before  and  after  impact 
is  the  same.  ♦ 

88*.  Oblique  Impact. — Hitherto  we  have  only  considered  the  case 
where  the  two  spheres,  before  impact,  were  travelling,  either  in  the  same 
or  in  opposite  directions,  along  the  same  straight  line.  When  the  impact 
is  oblique,  we  resolve  the  velocity  of  each  sphere  along  and  perpendicular 
to  the  line  joining  the  centres  of  the  spheres  at  the  instant  of  contact. 
If  the  spheres  be  smooth,  then  there  will  be  no  force  exerted  at  right 
angles  to  the  line  joining  the  centres,  and  hence  the  components  of  the 
velocities  along  this  line  will  be  unaltered  by  the  impact.  The  com- 
ponents along  the  line  joining  the  centres  will  obey  the  laws  given  for 
direct  impact  in  the  last  section,  and  hence  the  components  in  this  direc- 
tion after  impact  can  be  obtained.  By  compounding  these  components 
with  those  which  remained  unaltered,  the  velocity  of  the  spheres  after 
impact  can  be  obtained. 

In  the  case  of  a  sphere,  such  as  a  billiard-ball,  striking  the  cushion 
AB  (Fig.  58)  with  a  speed  w,  and  at  an 
angle  6  to  the  normal  to  the  cushion, 
the  component  of  the  velocity  parallel  to  the 
cushion  is  u  sin  0,  and  that  perpendicular 
to  the  cushion  is  u  cos  6.  The  first  of  these 
components  remains  unaltered,  and  the  other 
becomes  —  eu  cos  6  {^  87),  where  e  is  the 
coefficient  of  restitution.  Hence  we  have 
to  compound  a  velocity  of  u  sin  6  parallel 

to  BA  (Fig.  58)  with  a  velocity  of  eu  cos  6 

-> 
parallel  to  CN.      If  the  resultant  velocity  is 
Fi«-  58-  V,  and  makes  an  angle  <^  with  the  normal 

CN,  we  have,  since  the  components  are  at  right  angles — 

i/«=  aF*=GF^-fO&'=u*  sin*  e+ehi*  cos«  ft 

A ,        u  s\n  0     GF 

Also   -.= —  =  tan6. 

eu  cos  6    jjQ  ^ 

*,  ^  tan  0  =  tan  $. 
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Hence  the  ball  rebounds  so  as  to  travel  more  nearly  parallel  to  the 
cushion  than  before  impact,  for  e  is  less  than  unity. 

If  <?=  I,  then  v=u^  tan  (^  =  tan  ^,  and  therefore  </>=^,  so  that  the  ball 
would  rebound  with  the  same  speed,  and  with  its  direction  of  motion 
inclined  to  the  cushion  at  the  same  angle  as  before,  but  on  the  opposite 
side  of  the  normal.  • 


CHAPTER   XI 
MACHINES 

89.  Simple  Machines. — A  contrivance  by  means  of  which  a  force 
applied  at  one  point  gives  rise  to  a  force,  often  different  in  magnitude 
and  direction  to  the  impressed  force,  at  some  other  point,  is  called  a 
machine.  A  steam-engine,  a  hydraulic  press,  or  a  testing-machine,  are 
all  examples  of  machines  ;  they  however  consist  of  a  number  of  separate 
parts,  each  of  which  satisfies  the  definition  of  a  machine  given  above, 
and  which  may  be  classified  under  various  heads.  Each  of  these  sepa- 
rate parts  is  called  a  simple  inachine. 

In  studying  these  simple  machines,  we  shall  suppose  that  the  machine 
is  in  equilibrium,  so  that  the  force  impressed  at  one  point  is  just  balanced 
by  the  force  impressed  at  some  other  point.  One  of  these  forces,  which 
is  impressed  on  the  machine  by  some  other  body,  is  generally  called  the 
Power,  while  the  other  is  called  the  Weight.  It  must  be  carefully  borne 
in  mind  that  the  term  "  power "  in  this  relation  has  no  connection  with 
the  same  word  used  in  §  78  to  denote  the  rate  of  doing  work,  nor  does 
the  term  "weight"  necessarily  mean  that  the  machine  is  used  to  raise 
or  support  a  mass  against  the  attraction  of  gravity. 

In  finding  the  conditions  which  have  to  be  fulfilled,  in  order  that  the 
simple  machines  may  be  in  equilibrium,  we  suppose  that  they  work  with- 
out friction.  Under  these  conditions,  if  we  suppose  the  machine  to 
receive  a  small  displacement  of  such  a  nature  that  the  connection  betweem^. 
its  parts  is  not  in  any  way  disturbed,  the  work  done  by  the  "power" 
must,  according  to  the  principle  of  the  conservation  of  energy,  be  equal 
to  the  work  done  on  the  "  weight."  Hence,  if  P  and  W  are  the  two 
forces  which  balance  one  another  on  a  machine,  and  when  the  machine 
receives  a  small  displacement,  if  the  displacement  of  the  point  of  applica- 
tion of  P  parallel  to  its  line  of  action  be  /,  and  that  of  W  parallel  to  its 
line  of  action  be  7f,  then  the  work  done  by  P  is  Pp^  and  the  work  done 
on  ^is  Ww.     Hence 

Pp^Ww, 
P     w 

From  this  we  see  that  the  displacements  are  inversely  as  the  force?, 
so  that  if  a  small  "power"  is  to  exert  a  large  "weight,"  the  displacement 
of  the  "power"  must  be  large  compared  to  the  displacement  of  the 
"weight."  This  is  often  expressed  by  saying  that  "what  is  gained  in 
power  is  lost  in  speed," 

90.  The  Lever.— A  lever  is  a  rigid  bar,  either  straight  or  curved, 
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which  is  capable  of  a  motion  of  rotation  about  a  fixed  point,  called  the 
fulcrum. 

Since  the  lever,  when  in  equilibrium,  is  under  the  action  of  three 
forces — the  "  power,"  the  "  weight,"  and  the  reaction  of  the  fulcrum,  it 
follows  (§  73)  that  the  lines  of  action  of  all  these  forces  must  lie  in  one 
plane,  and  either  be  parallel  or  meet  at  a  point. 

The  most  direct  way  of  obtaining  the  relation  between  the  "power" 
and  "weight"  in  the  lever  is  to  take  moments  round  the  fulcrum.  If  the* 
lever  is  to  be  in  equilibrium,  these  moments  must  be  equal  and  opposite. 
Hence  if  a  is  the  perpendicular  distance  between  the  fulcrum  and  the 
line  of  action  of  the  "power,"  and  b  that  between  the  fulcrum  and  the 
line  of  action  and  the  "  weight,"  we  have 

Pa  =  Wb, 
P     b 
W     a 

In  the  case  when  the  lines  of  action  of  the  forces  are  at  right  angles 
to  the  lines  joining  the  points  of  application  to  the  fulcrum,  a  and  b  repre- 
sent the  distances  of  the  points  of  applications  of  the  forces  from  the 
fulcrum,  and  are  called  the  ar^ns  of  the  lever. 

It  is  usual  to  divide  levers  into  three  classes,  according  to  the  relative 
positions  of  the  points  of  application  of  the  forces  and  the  fulcrum.  In 
Class  I.,  {a\  Fig.  59,  the  fulcrum  F  lies  between  the  points  of  application, 


VW 


(a> 


B 

7^ 


♦w 


(b) 

Fig.  59. 


(C) 
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A  and  B,  of  the  forces.  In  this  case  the  "power"  may,  as  in  the  crowbar, 
be  applied  at  the  end  of  a  longer  arm,  and  so  be  used  to  exert  an  in- 
creased force  ;  or  it  may,  as  in  the  catapults  used  by  the  ancients  for 
throwing  heavy  stones,  act  at  the  end  of  the  shorter  arm,  so  that  the 
distance  through  which  the  point  of  application  of  the  "weight"  moves 
is  greater  than  that  through  which  that  of  the  "power"  moves.  Other 
examples  of  levers  of  this  class  are  the  beam  of  a  balance,  a  pair  of 
scissors,  and  a  pump  handle. 

In  a  lever  of  the  second  class,  {b\  Fig.  59,  the  point  of  application  A 
of  the  "weight"  lies  between  the  point  of  application  B  of  the  "power" 
and  the  fulcrum  F.  In  this  class  the  "power"  is  always  less  than  the 
"  weight."  Examples  of  levers  of  the  second  class  are  nut-crackers,  and 
an  oar.  In  this  latter  case  the  fulcrum  is  the  blade  of  the  oar,  which 
remains  approximately  at  rest  in  the  water,  and  the  pressure  on  the  row- 
lock is  the  "  weight." 

In  the  third  class  of  levers,  (^),  Fig.  59,  the  "power"  is  applied  at  a 
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point  between  the  fulcrum  and  the  point  of  application  of  the  "weight," 
so  that  the  "power"'  must  always  be  greater  than  the  "weight."  An 
example  of  a  lever  of  this-class  is  an  ordinary  pair  of  tongs.  The  fore- 
arm is  another  example,  the  fulcrum  being  at  the  elbow-joint,  and  the 
power  applied  a  few  inches  along  the  fore-arm,  where  the  biceps  muscle 
is  inserted  in  the  radius. 

In  every  case  the  reaction  of  the  fulcrum  will  be  equal  to  the  resultant 
of  the  "power"  and  the" "  weight,"  and  may  be  obtained  by  the  methods 
already  given  for  compounding  two  forces,  whether  meeting  at  a  point  or 
parallel,  as  the  case  may  be  (§§  66  and  69). 

91.  The  Wheel  and  Axle. — This  machine  consists  of  two  drums  or 
wheels  of  different  diameters  fixed  to  the  same  axle.  A  rope  coiled 
round  the  drum  of  smaller  diameter  carries  the 
"weight,"  while  another  rope  coiled  round  the 
other  drum,  but  in  an  opposite  direction,  carries 
the  "  power."  It  will  be  seen  from  Fig.  60  that  the 
arrangement  is  virtually  a  lever  with  the  fulcrum 
at  the  axis  ^  about  which  the  drums  can  turn. 
Hence  /*  x  BC  =  Wy.  ab. 

This  relation  may  also  easily  be  found  from 
the  principle  of  work ;  for  suppose  the  two  drums 
to  turn  through  an  angle  0,  so  that  the  point  C 
comes  to  C'  and  A  to  a'.  Then  the  length  of  rope 
c<4^ed  up  on  the  smaller  drum  (the  axle)  is  equal 
to  Ihe  arc  aa',  and  this  represents  the  distance 
through  which  the  point  of  application  of  \V  has 

been  moved.     Hence  the  work  done  on  W"\%  IVxaa.'.     But  the  arc  aa' 
is  equal  to  AB.^,  where  6  is  the  circular  measure  of  the  angle  through 
which  the   machine  has  turned.     Therefore  the  wo^k  done  on  IV  is 
IV.AB.9.     In  the  same  way  the  work  done  by  P  is  P.]iC.O. 
Hence 

lV.AB.e=P.BC.d 

iv:ab^p:bc 

W    BC 


WY 


Fig.  60. 


TTie  principle  of  the  wheel  and  axle  is  used  in  the  capstan  and  in  the 
windlass.  In  these  arrangements  the  "power,"  instead  of  being  applied 
to  the  wheel  by  means  of  a  rope  wound  round  the  circumference,  is 
applied  to  the  end  of  one  or  more  rods  which  virtually  form  spokes  of  the 
wheel,  the  direction  of  the  line  of  action  of  the  "power"  being  continually 
altered,  as  the  machine  turns  round,  so  as  to  be  always  at  right  angles  to 
the  spoke.  If  the  "weight"  and  "power"  bear  to  one  another  exactly 
the  ratio  given  above,  the  machine  will  be  in  equilibrium  ;  if  P  exceeds 
this  value  there  will  be  rotation,  and  Jf^will  be  drawn  up. 

92.  The  Pulley.— A  pulley  consists  of  a  disc  or  wheel,  called  the 
sheave,  mounted  on  an  axle  which  is  fixed  to  a  framework  called  a  block. 
The  edge  of  the  disc  is  usually  grooved  so  that  a  cord  can  lie  round  it. 
If  the  block  is  fixed,  then  the  direction  of  a  force,  but  not  its  magnitude, 
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may  be  changed  by  means  of  a  pulley.     If  a  tension  P  be  applied  to  one 

end  of  a  string  which  passes  over  such  a  pulley,  then,  since  if  we  neglect 

the  friction  of  the  pulley  and  the  stiffness  of 

the  string  the  tension  is  the  same  throughout 

the    string,   in    order   to    keep    the    pulley   in 

equilibrium  the  other  end  of  the  string  must 

be  pulled  with  a  force  P.      This  is  at  once 

evident,  for  if  A  and  C  (Fig.  6i)  are  the  points 

where  the  string  leaves  the  pulley,  and  B  is 

the  centre  of  the  sheave,  then  taking  moments      ^y^f        fn^ll AC 

about  B,  p' 

PxAB^JVxBC 

ButlAB^^BC,     Hence  P=W.  ^ ^  "Vw 

Fig.  6i. 

If  the  block  of  the  pulley,  instead  of  being  fixed,  is  attached  to  the 
weight,  while  one  end  (Fig.  62)  of  the  string  is  attached  to  a  fixed  sup- 
port, while  the  "  power  "  acts  at  the  other  end, 
P  may  be  less  than  JV.  If,  as  is  usually  the 
case,  the  two  portions  of  the  string  QA  and 
CP  are  parallel,  and  the  pulley  moves  through 
a  distance  h  from  the  position  ABC  to  the 
position  a'b'c',  then  the  end  of  the  string 
where  P  is  attached  will  move  up  through 
a  distance  2A,  for  the  portion  QA  of  the  string 
has  been  shortened  by  a  length  ^,  and  the 
point  c  has  also  risen  through  a  height  A. 
Therefore,  while  JV  has  been  raised  through 
a  height  k,  P  must  have  moved  through  a 
distance  2/1,  so  that,  equating  the  work  done 
in  the  two  cases, 

/ilV=2AP 
or  JV=2P. 

In  this  expression,  since  the  pulley  itself 
has  to  be  raised,  we  must  include  its  weight 
in  IV.  Otherwise,  if  JV  is  the  weight  of  the 
pulley  and  JV'  is  the  weight  supported,  we 
have 

JV'+IV=2P. 

There  are  several  arrangements  in  which  more  than  one  pulley  is 
used,  but  we  shall  only  describe  one  of  these,  which  is  the  only  one  that 
is  used  in  practice.  It  consists  of  two  blocks,  each  fitted  with  several 
sheaves,  which  usually  all  turn  on  the  same  axle.  One  of  the  blocks  is 
attached  to  a  fixed  point,  while  the  other  is  attached  to  the  "  weight." 
One  end  of  the  string  is  attached  to  one  of  the  blocks,  it  then  passes 
round  one  of  the  sheaves  of  the  other  block,  then  over  one  in  the  first 
block,  and  so  on  till  it  has  passed  over  all  the  sheaves.  If  the  string 
passes  n  times  from  one  block  to  the  other,  then  we  shall  have 

JV=nP, 

where  JV  includes  the  weight  of  the  movable  block. 
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It  will  be  seen  in  Fig.  63,  where  there  are  three  sheaves  in  the  mov- 
able block  and  the  string  passes  six  times  from  one  block  to  the  other, 
that  if  the  movable  block,  and  therefore  also   W^  is  raised  through  a 

height    h,    then    the    free    end    of    the 
string  will  have  to  move  through  a  dis- 
^  j,^  tance  dh.     Hence  the  work  done  on  W 

lY   F\  is  hW,  and   that   done   by  P  is  (ihP. 

(    o|  )  \  Therefore 

^VJ  l/A  hW=6hP 

or  W=6P. 


93.  The  Inclined  Plane.— Suppose 
a  body  G  (Figs.  64  and  65)  rests  on 
an  inclined  plane  AB,  and  that  there 
is  no  friction  between  the  body  and 
the  surface  of  the  plane,  or  at  any  rate 
that  by  suitable  means  friction  is  so 
much  reduced  as  to  be  negligible  in 
comparison  with  the  other  forces  in 
play.  The  weight  of  the  body  W^acts 
vertically  downwards,  and  the  reaction 
of  the  plane  acts  perpendicular  to  the 
^  surface  ab,  so  that  if  the  body  is  to 
^  p  be  prevented  from  sliding  down  the 
plane  under  the  influence  of  the  re- 
sultant of  these  two  forces,  it  must 
be  acted  upon  by  a  third  force.  The 
two  principal  cases  which  occur  are 
when  this  force  acts  along  a  direction 
parallel  either  to  the  hypotenuse  ab  (Fig.  64)  or  the  base  AC  (Fig.  65). 
In  both  cases  the  most  convenient  method  of  obtaining  the  relation 
between  the  force  /*,  which  we  may  call  the  "  power,"  and  W,  for  any 
given  plane,  is  to  use  the  principle  of  work. 

Suppose  G  to  move,  under  the  influence  of  P,  from  A  to  B.  Then  the 
work  done  by  P  is  /'.AB,  if  P  acts  parallel  to  the  hypotenuse,  and  /'.AC  if 
/"acts  parallel  to  the  base,  for  in  the  one  case  the  pomt  of  application  has 
moved  through  a  distance  AB  in  the  line  of  action  of  the  force,  while  in 
the  other  case  the  component  of  the  displacement  in  the  line  of  action  is 
AC.  In  both  cases  the  work  done  on  W\s  JVxCB,  since  the  component 
of  the  movement  of  the  point  of  application  of  IV,  parallel  to  its  line  of 
action,  is  CB.  As  in  both  cases  the  point  of  application  of  R  moves  at 
right  angles  to  its  line  of  action,  no  work  is  done  on  or^y  R  during  the 
displacement.     Hence  we  have,  when  P  acts  parallel  to  ab, 


When  P  acts  parallel  to  AC, 


P.AB' 

*lVy.CB 

P 

CB 
AB 

P.AC= 

=  IVy.  CB 

P 

CB 

'ac 

1 
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The  above  relations  may  also  be  easily  found  by  resolving  W  along 
the  direction  of  the  line  of  action  of  /*,  and  perpendicular  to  the  surface 
of  the  plane.  The  first  of  these  components  will  be  equal  and  opposite 
to  P,  and  the  other  will  be  equal  and  opposite  to  R.  The  triangle  of 
forces  may  also  be  employed,  for  if  the  direction  of  r  be  produced  back 


to  D  and  we  draw  EF  perpendicular  to  GD,  then  the  triangle  GEF  in  Fig. 
64,  or  the  triangle  GED  in  Fig,  65,  has  its  sides  parallel  to  the  three 
forces  ;  and  hence  these  forces  are  proportional  to  the  sides  of  the 
triangle,  and  this  triangle  is,  in  each  case,  similar  to  the  triangle  ABC. 
The  further  working  out  of  these  two  cases  will  form  a  useful  exercise 
for  the  reader. 

94.  The  Screw.— If  a  right-angled  triangle  ABC  (Fig.  66)  cut  out  of 
paper  be  wrapped  round  a  cylinder,  so  that  the  base  AB  of  the  triangle 
lies  entirely  in  a  plane  at  right  angles  to  the  axis  of  the  cylinder,  then 
the  hypotenuse  AC  will  trace  out  a  spiral  line  aidfgc  on  the  surface  of  the 
cylinder.  If  am  is  equal  to  the  circumference  of  the  cylinder,  then  the 
distance,  measured  parallel  to  the  axis  of  the  cylinder,  between  the  point 
a,  which  corresponds  to  the  apex  A  of  the  triangle,  and  the  point  ^,  where 


Fig.  66. 


a  line  drawn  through  a  parallel  to  the  axis  meets  the  spiral  line,  is  equal 
to  EM.  Hence  if  starting  at  a  we  follow  the  spiral  line  for  .a  complete 
turn,  we  jhall  move  along  the  cylinder  parallel  to  the  axis  through  a 
distance  <3<?  equal  to  ME.  If  we  go  twice  round  we  shall  move  through  a 
distance  ah  equal  to  NH,  where  MN  is  equal_to  AM.  Bu^ since  AN  is 
double  AM,  NH  must  be  double  ME.  Hence  ah  is  double  ae^  so  that  for 
every  complete  turn  the  spiral  line  advances  parallel  to  the  axis  through 
an  equal  distance.  If  a  projecting  ridge  were  fixed  to  the  outside  of  the 
cylinder  along  the  spiral  line  we  should  have  a  screw^  the  projection 
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forming  the  thread.  The  distance  between  two  consecutive  threads  is 
called  xh^ pitch  of  the  screw.  If  a  hollow  cylinder  has  a  groove  cut  on 
its  inside  surface  so  as  just  to  fit  the  screw,  it  forms  a  nut.  If  the  nut  is 
turned  through  360°,  or  one  whole  turn,  it  will  move  along  the  screw 
through  a  distance  equal  to  the  interval  between  two  consecutive  threads, 
or  to  the  pitch  of  the  screw. 

If,  as  in  a  screw  press,  we  have  a  force  P  acting  at  right  angles  to 

the  end  of  a  cross  arm  (Fig.  67)  of 
length  2r  attached  to  a  screw  of 
which  the  pitch  is  //,  so  that  the 
distance  of  the  point  of  applica- 
tion of  P  from  the  axis  of  the 
screw  is  r,  then  during  a  complete 
turn  the  point  of  application  of 
P  will  move  through  a  distance 
equal  to  the  circumference  of  a 
circle  of  radius  r,  that  is,  27rr; 
and  hence,  since  P  is  supposed 
always  to  act  at  right  angles  to 
the  cross  arm,  the  work  done  by 
P  is  2TrrP.  If  W^  is  the  force 
exerted  by  the  screw  parallel  to 
its  axis,  then  the  work  done  on 
W  during  a  complete  turn  is  hW^  since  the  point  of  application  of  W 
will  have  been  driven  back  through  a  distance  equal  to  the  pitch  of  the 
screw.     Hence 

2nrP=hW 


Fig.  67. 


or 


P___h_ 
W    27rr 


For  a  given  value  of  P  we  see  that  W  is  increased  by  decreasing  the 
pitch  of  the  screw,  i.e.  by  having  more  threads  to  the  inch,  and  by 
increasing  the  leverage  rat  which  P  acts. 

In  deducing  the  above  formula  we  have  entirely  neglected  the  friction 
between  the  screw  and  the  nut,  which  is  in  every  case  far  from  negli- 
gible.    Hence  in  practice  P  has  to  be  considerably  greater  than  ~~  ^• 

95.  The  Balance. — As  has  been  mentioned  in  §  90,  the  ordinary 
balance  is  essentially  a  lever  of  the  first  class,  in  which  the  arms  are  of 
equal  length.  In  the  balance,  the  "power"  and  "weight"  consist  of  the 
force  exerted  by  gravity  on  the  masses  carried  in  the  pans. 

The  conditions  which  a  good  balance  has  to  fulfil  are  as  follows  : 
(i)  The  balance  must  be  true.  That  is,  the  beam  must  remain  horizontal 
whenever  equal  masses  are  placed  in  the  scale-pans.  (2)  The  balance 
must  be  sensitive.  That  is,  a  small  difference  in  the  masses  in  the  two 
pans  must  cause  an  appreciable  deviation  of  the  beam  from  its  horizontal 
position.  (3)  The  balance  must  be  stable.  That  is,  the  beam,  after  being 
disturbed  from  its  equilibrium  {i.e.  horizontal  position),  must  return  to  it 
again.  (4)  Practically  it  is  advisable  that  the  period  of  the  balance 
beam,  when  it  is  disturbed  and  oscillates  before  again  coming  to  rest, 
should  be  as  small  as  ptossible. 


J 
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Fig.  68, 


In  a  good  balance,  the  knife-edges  from  which  the  scale-pans  are 
suspended  and  the  central  knife-edge  are  all  parallel,  and  lie  in  the 
same  plane.  If  this  latter  condition  is  not  fulfilled,  the  sensitiveness  of 
the  balance  will  vary  with  the  load  in  the  pans.  For  suppose  ABC 
(Fig,  68)  is  a  horizontal 
line  through  the  central 
knife-edge,  and  that  the 
end  knife-edges  are  below 
this  line  at  D  and  E.  Then 
if  each  pan  with  its  load 
exerts  a  vertical  force  W^ 
and  the  distances  between 
the  end  knife-edges  and 
the  central  knife-edge  are 
equal,  the  beam  will  be  in 
equilibrium.  If  the  beam 
is  now  displaced  into  the 
position  a'bc',  it  will  be  seen  that  the  arm  at  which  the  force  W  at  D' 
acts  is  less  than  the  arm  of  the  force  W  at  C'.  Hence  the  moments 
of  these  two  equal  forces  about  B  are  not  equal,  and  the  resultant 
moment  tending  to  bring  the  beam  back  into  its  equilibrium  position  is 
equal  to  W  multiplied  by  the  difference  between  these  arms.  There- 
fore, since  this  moment  depends  on  W  or  the  load  in  the  pans,  the 
greater  W  is,  the  greater  will  be  the  tendency  for  the  beam  to  return 
to  its  equilibrium  position,  so  that  it  will  require  a  greater  difference  in 
the  loads  in  the  two  pans  to  deflect  the  beam.  In  the  following  dis- 
cussion we  shall  assume  that  the  central  knife-edge  and  the  terminal 
ones  all  lie  in  a  straight  line. 

Under  these  conditions,  let  A  and  C  (Fig.  69)  be  the  points  of  support 
of  the  scale-pans,  formed 
by  the  terminal  knife- 
edges,  and  B  the  ful- 
crum, formed  by  the 
central  knife-edge,  and 
let  G  be  the  point  at 
which  the  weight  w  of 
the  beam  acts,  i.e.  its 
centre  of  gravity  (§  1 10). 
If  6\  and  6*2  are  the 
weights  of  the  scale- 
pans,  and  P  and  W  the 
weights  of  the  masses 
placed  in  them,  then  W+Sg 
there  will  be  a  vertical 
force  P-f-^'i  acting  at 
C  and  one  of  W-^S^ 
acting  at  A.  If  the  beam 
is  to  remain  horizontal  when  the  scale-pans  are  removed,  G  must  be 
vertically  under  B,  for  otherwise  the  force  w  would  have  a  moment 
about  B,  causing  the  beam  to  be  deflected.  If  the  balance  is  to  be 
true,  the  beam  must  remain  horizontal  whenever  equal  masses  are 
placed  in  the  scale-pans.     Hence  the  beam  must  be  horizontal  when 


Fig.  69. 
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there  are  no  loads  in  the  pans,  and  also  when  each  pan  is  loaded 
with  a  mass  P.  If  the  length  of  the  arm  AB  is  a  and  that  of  BC  is  b, 
then  we  must  have  in  both  of  the  above  cases  the  moments  about  B 
equal.     That  is, 

Sxb=S^^ 
and  (5i  +  P)^=(^,  +  /')a. 

Subtracting  the  first  of  these  equations  from  the  second,  we  get 

Pb^Pa, 
or  b=a. 

Also,  since  S^b=^S^^ 

We  see  therefore  that,  for  the  balance  to  be  true,  the  arms  must  be  of 
equal  length  {a  =  b)  and  the  scale-pans  of  equal  weight  {S^  =  S^. 

In  order  to  obtain  the  conditions  for  sensitiveness  we  may  suppose 
that  the  load  in  the  right  pan  is  P  and  that  in  the  left  P-^Xy  and  that  the 
beam  takes  up  the  position  a'bc',  making  an  angle  d  with  the  horizontal. 
The  turning  moment  in  the  positive  direction  is  then  equal  to  or-.DB, 
while  that  in  the  negative  direction  is  «/.hg',  where  w  is  the  weight  of  the 
beam  and  hg'  is  the  distance  between  its  centre  of  gravity  in  the  dis- 
placed position  and  the  vertical  through  the  central  knife-edge.  Since 
the  angle  gbg'  is  equal  to  ^,  we  have 

where  h  is  the  distance  of  the  centre  of  gravity  of  the  beam  below  the 
central  knife-edge. 

Also  DB^AB  cos  d=a  cos  $, 

Hence  x.a  cos  d=w.h  sin  ^, 

tan  <»=.>. 

Now  the  greater  the  value  of  tan  dj  the  greater  must  be  the  angle  ^, 
/>.  the  greater  the  deflection.  Thus  for  a  given  difference  (;r)  in  the 
loads  of  the  pans  the  magnitude  of  the  deflection  will  depend  on  the 

magnitude  of  the  fraction  ~^.    This  fraction  is  increased  in  value  if  we 

increase  a  or  decrease  w  or  h.  Therefore,  in  order  that  the  balance  may 
be  as  sensitive  as  possible,  so  that  a  readable  deflection  may  be  produced 
by  a  small  difference  in  the  masses  placed  in  the  pans,  we  must  make  </, 
that  is,  the  length  of  the  beam,  as  large  as  possible,  and  make  w^  the 
weight  of  the  beam,  and  A,  the  distance  of  the  centre  of  gravity  below 
the  central  knife-edge,  as  small  as  possible. 
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In  order  that  a  balance  may  be  quick  in  returning  to  its  position  of 
equilibrium  after  being  displaced,  it  is  necessary  that,  when  displaced,, 
the  moment  tending  to  bring  the  beam  back  to  its  equilibrium  position 
should  be  as  large  as  possible.  Since,  when  the  pans  are  equally  loaded, 
the  only  turning  moment  is  that  due  to  the  weight  of  the  beam,  to  secure 
quickness  of  vibration  we  must  make  the  quantity  wh  sin  ^,  which  ex- 
presses this  moment,  as  large  as  possible  for  every  value  of  h.  We  can 
do  this  by  making  h  large.  No  advantage  would  accrue  by  making  w 
large,  since,  although  we  should  thereby  increase  the  turning  moment, 
we  should  increase  the  mass  to  be  moved  in  the  same  proportion,  so  that 
the  acceleration  with  which  the  beam  would  move,  and  hence  the  time 
taken  to  return  to  its  equilibrium  position,  would  remain  unaltered.*  The 
only  way,  therefore,  of  securing  rapidity  in  the  indication  of  a  balance  is 
to  make  the  centre  of  gravity  of  the  beam  some  distance  below  the 
central  knife-edge.  It  will  be  observed  that  this  condition  is  in  direct 
antagonism  to  one  of  the  conditions  for  sensitiveness,  and  we  have  in 
this  case  to  choose  such  a  value  for  h  as  will  make  the  balance  fairly 
quick,  without  unduly  reducing  the  sensitiveness.  Another  element 
which  aflfects  the  quickness  of  a  balance  lies  in  the  fact  that  when  the 
beam  moves  the  mass  moved  includes  not  only  the  beam  itself,  but  also 
the  scale-pans  and  their  contents.  It  will  be  evident  that  for  a  given 
load  the  distance  through  which  the  load  is  moved,  as  the  balance  beam 
swings,  is  greater  if  the  beam  is  long.  Hence  lengthening  the  beam 
will  increase  the  time  the  balance  takes  to  swing.  This  requisite,  again, 
clashes  with  one  of  the  requisites  for  sensitiveness. 

The  easiest  way  of  drawing  attention  to  the  way  in  which  the  different 
requisites  of  a  good  balance  are  secured  in  a  modern  physical  balance  is 
to  describe  such  a  balance  ;  and  of  the  many  slightly  different  types  in 
use  we  will  select  one  of  those  made  by  Bunge.  The  beam  of  the  balance 
consists  of  a  triangular  girder-shaped  framework  ABC  (Fig.  70).  This 
framework  carries  the  central  knife-edge  H  and  the  end  knife-edges 
A  and  B.  It  also  carries  in  front  a  notched  cross-bar  DE,  on  which  the 
rider  can  be  placed,  and  a  long  pointer  F.  An  upright  rod  attached  to 
the  back  of  the  beam  serves  to  counterbalance  the  pointer,  &c.,  in  front, 
and  carries  two  small  weights  I,  by  means  of  which  the  position  of  the 
centre  of  gravity  of  the  beam  may  be  raised  or  lowered,  and  hence  the 
sensitiveness  altered ;  by  moving  the  weight  on  the  horizontal  arm,  the 
beam  can  be  made  to  balance  in  the  horizontal  position  when  there  is 
no  load  on  the  pans.  The  stirrups  which  carry  the  pans  have  small  agate 
planes,  which  rest  on  the  terminal  knife-edges  of  the  beam.  The  stirrups 
also  carry  two  small  agate  points  which,  when  the  beam  is  lowered,  fall, 
one  into  a  small  conical  hole,  and  the  other  into  a  groove,  which  are 
carried  by  uprights  K  attached  to  the  stand.  These  serve  to  slightly 
raise  the  agate  planes  from  the  knife-edges  when  the  beam  is  lowered, 
and  thus  prevent  the  knife-edges  being  damaged  when  weights  are  being 
placed  on  or  removed  from  the  pans.  The  beam  itself,  when  lowered,  is 
raised  from  the  central  plane  by  two  similar  agate  pins,  as  well  as  by  two 
knife-edges  LL,  which  support  the  arms.     The  position  of  the  beam  is 

1  The  reason  for  this  will  be  more  apparent  when  the  subject  of  the  time  of  vibra- 
tion of  a  pendulum  has  been  discussed.     See  §  113. 
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read  by  the  pointer  F,  which  moves  over  an  ivory  scale.  For  very  accu- 
rate work,  where  the  smallest  movement  of  the  pointer  has  to  be  observed, 
a  microscope  M  is  employed,  which  is  focussed  on  a  small,  finely  divided 
scale  G  attached  to  the  pointer.  The  handle  N  serves  to  raise  and  lower 
the  beam,  and  to  raise  the  supports  which  come  up  and  catch  the  lower 
surface  of  the  pans  when  the  beam  is  lowered.  A  small  lever  O,  worked 
by  the  handle  P,  serves  to  adjust  the  position  of  the  rider.  The  rider 
itself  weighs  only  half  a  centigram,  and  the  position  of  the  adjusting 


Fig.  70. 


weights,  1,  is  so  chosen  that  the  beam  is  horizontal  when  the  rider  is  at 
the  extreme  left-hand  end  of  the  beam,  and  no  weights  are  in  the  pans. 
Thus  when  the  rider  is  at  the  centre  of  the  beam  it  is  equivalent  to  a 
weight  of  half  a  centigram  in  the  right-hand  pan,  while  when  it  is  at  the 
extreme  right-hand  end  of  the  beam  it  is  equivalent  to  a  centigram  in 
this  pan.  The  object  of  this  arrangement,  rather  than  the  more  usual 
one  where  the  rider  weighs  a  centigram  and  only  moves  over  half  the 
length  of  the  beam,  is  that  the  scale  along  which  the  rider  moves  is 
twice  as  open.  This  is  of  importance,  since  the  length  of  the  beam  is 
only  thirteen  centimetres,  so  that  otherwise  the  movement  of  the  rider, 
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corresponding  say  to  a  tenth  of  a  milligram,  would  be  so  small  as  to  be 
hardly  observable.  The  advantage  of  the  short  beam  is  that  the  time 
the  balance  takes  to  make  a  swing  is  much  smaller  than  would  be  the 
case  with  a  long  beam,  so  that  the  time  taken  to  make  a  weighing  is 
thereby  much  reduced.  By  the  employment  of  a  very  long  pointer  and 
the  microscope,  we  make  up  for  the  sensitiveness  lost  by  the  use  of  a 
short  beam. 


CHAPTER  XII 

FRICTION 

96.  Statical  Friction.— Suppose  that  a  body  C  (Fig.  71),  of  mass  /«, 
rests  upon  a  horizontal  plane  AB.  Then,  if  no  force  except  gravity  acts, 
C  will  be  in  equilibrium  under  the  action  of  two  forces— ( 1)  the  weight 
mg  of  the  body  acting  vertically  downwards,  and  (2)  the  reaction  of  the 
,  _  plane,  which   must  act  vertically  up- 

wards and  be  equal  to  fng.     Now,  let 
a   force   P  act  on  c,  parallel   to  the 
surface  ab.     It  is  found  that  unless  P 
p  exceeds  a  certain  value  the  body  still 

>r  remains   at   rest.      In   these    circum- 

-L B     stances   the   body   is    in    equilibrium 

under  its  weight  mg,  the  force  P  and 
the  reaction  between  its  surface  and 
^  the   plane,   which    must   now   be   in- 

p,Q     J  clined  to  the  normal,  and  act  in  some 

such  direction  as  CR'.  This  force 
along  CR'  may  be  resolved  into  a  reaction  normal  to  the  surface,  i.e.  along 
CR,  and  a  force  along  CF  which  must,  if  there  is  equilibrium,  be  equal  in 
magnitude  to  P.  This  force,  which  is  brought  into  play  when  we  attempt 
to  slide  one  body  over  another,  and  which  always  acts  so  as  to  resist 
motion,  is  called  ih^/riction  between  the  surfaces. 

If  the  total  normal  pressure  between  c  and  the  plane  be  Q,  then  it  is 
found  that  c  will  commence  to  slide  when  the  force  P  bears  to  Q  a  certain 
ratio,  which  is  necessarily  less  than  unity.  This  ratio  is  called  the 
coefficient  of  friction  between  the  body  C  and  the  plane  AB,  and  is  gene- 
rally denoted  by  the  symbol  /i.  The  value  of  the  coefficient  of  friction 
is  independent  of  the  size  of  the  surface  of  contact  between  c  and  ab,  and 
of  the  pressure  Q.  It  depends,  however,  on  the  nature  of  the  substances 
forming  the  two  surfaces  m  contact,  on  the  smoothness  of  these  surfaces, 
and  on  the  presence  or  absence  of  any  lubricant,  such  as  oil,  fat,  black- 
lead,  &c.,  between  the  surfaces.  The  value  of  fi  has  to  be  determined 
experimentally  for  each  of  these  conditions. 

If  the  force  P  is  less  than  /xQ,  then  there  will  be  no  motion,  and  the 
frictional  resistance  F  will  be  equal  and  opposite  to  P.  When  P  is  just 
equal  to  /xQ  motion  will  be  on  the  point  of  taking  place,  and  the  frictional 
resistance  will  have  its  maximum  value  (/xQ).  If  P  is  greater  than  /iQ 
motion  will  take  place,  but  the  moving  force  will  be  less  than  P,  since, 
although  when  motion  has  commenced  the  frictional  resistance  is  often 
no  longer  equal  to  /xQ,  yet  friction  still  acts  as  a  force  tending  to  prevent 
motion. 
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Since  the  coefficient  of  friction  is  independent  of  the  surface  of  con- 
tact, it  follows  that  for  a  given  value  of  Q  the  frictional  resistance  (f)  is 
also  independent  of  the  extent  of  the  surface  of  contact.  If  A  is  the  area 
of  this  surface,  then  the  pressure  per  unit  area  is  q/a,  and  the  frictional 
resistance  per  unit  area  is  fiQ/A.  If,  while  Q  remains  the  same,  A  is 
reduced  to  a',  then  the  pressure  per  unit  area  is  increased  to  Q/a',  and  the 
frictional  resistance  per  unit  area  is  increased  to  /xQ/a'.  Hence  the  fric- 
tional res\sta.nce  per  7^mt  area  vanes  directly  as  the  pressure  per  unit  area. 

97*.  Limiting  Angle. — When  motion  is  just  about  to  commence, 
and  hence  P  is  equal  to  fiQ,  the  body  is  in  a  state  of  equilibrium  under 
three  forces,  the  force 
p  acting  horizontally, 
the  pressure  Q  acting 
vertically  downwards, 
and  the  reaction  act- 
ing along  cr'  (Fig.  72). 
In  order  to  find  the 
angle  which  cr'  makes 
with  the  normal,  we 
draw  a  line  DE  parallel 
to  Q,  and  of  such  a 
length  that  it  represents 
Q    in    magnitude,    and 

from  E  draw  EF  parallel 

to  P,  and  hence  at  right  Fig.  72. 

angles  to  DE,  to  repre- 
sent P  in  magnitude.     Then,  by  the  triangle  of  forces  (§  72),  the  reaction 
which,  together  with  the  forces  P  and  Q,  maintains  the  body  C  in  equili- 
brium, must  be  represented  in  magnitude  and  direction  by  the  line  FD. 
Therefore  the  angle  FDE  is  equal  to  the  angle  cf)  between  the  reaction  cr' 


N 

N 

^ 

1      »  P 

A                      C 

A 

Q 

and  the  normal. 
fiQf  we  have 


Since  DE  is  equal  to  Q  and  EF  to  P,  which  is  equal  to 


tan  </>  =  ^  = 


This  angle  <;[>,  which  represents  the  greatest  angle  the  line  of  action 

of  the  reaction  can  make  with  the 

normal  to  the  surface  of  contact,  is  F 

called  the  limiting  angle. 

If  a  force  is  applied  to  c  along  such 


a  direction  as  FC  (Fig.  73),  making 

an  angle  of  i/'  with  the  normal,  then 

if  \^  is  less  than  the  limiting  angle, 

motion   of  C    will    not    take   place, 

however  great  the  value  of  this  force.  A 

The  reason  is  that  we  may  resolve  Fig.  73. 

the  force  into  two  components,  one  •  •      j 

parallel  to  the  surface,  which  tends  to  produce  motion  and  is  resisted 

by  the  friction,  and  the  other,  which  acts  along  the  normal,  produces  a 
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contact  pressure.  If  f  is  the  force,  the  component  parallel  to  the  sur- 
face is  F  sin  \p^  and  the  component  parallel  to  the  normal  is  F  cos  i/'. 
If  motion  is  just  about  to  take  place,  and  we  neglect  the  weight  of  the 
body,  then 

F  sin  \p=fiF  cos  \J/f 
/x— tan  i/*. 

But  /Li  =  tan  <^  where  (f>  is  the  limiting  angle.     Hence  if  i/-  is  less  than  <^ 

motion  will  not  take  place. 

98*.  Ang'le  of  Repose. — If  a  body  g  (Fig.  74)  of  mass  m  is  placed  on 

an  inclined  plane  ab,  then,  if  there  were  no  friction  between  G  and  the 
plane,  the  only  forces  acting  would  be  the 
weight,  which  is  a  force  of  ;«^  acting  verti- 
cally downwards,  and  the  reaction  of  the 

plane  GR  acting  at  right  angles  to  ab.  As 
these  forces  are  not  in  the  same  straight 
line,  the  body  would  move  down  the  in- 
cline. If,  however,  there  is  friction  between 
G  and  the  surface  of  the  plane,  the  friction 
will  tend  to  prevent  motion,  and  till  the 
plane  has  a  certain  slope  the  body  will 
remain  at  rest.  To  find  the  maximum  in- 
clination (xp)  of  the  plane  to  the  horizontal 
we  resolve  the  force  mg-  into  a  component  parallel  to  ba,  which  tends 
to  produce  motion,  and  a  component  normal  to  BA,  which  acts  as  the 
contact  pressure.  In  the  triangle  DGE,  the  angle  EGD  is  equal  to  xp, 
and  ED  is  parallel  to  AB.  Hence  the  component  of  w^  parallel  to  BA 
is  mg^  sin  %  and  the  component  perpendicular  to  BA  is  m^  cos  \p.  If 
motion  is  just  about  to  commence, 

mgs'm  \}/=yLmg  cos  \f/ 
/i=tan  \J/. 

Hence  if  \p  is  greater  than  the  limiting  angle,  motion  takes  place.  The 
maximum  inclination  to  the  horizontal  of  the  plane  which  is  possible 
without  the  body  sliding  is  called  the  ang/f  of  repose. 

Thus  the  angle  of  repose  is  equal  to  the  limiting  angle,  and  the  co- 
efficient of  friction  is  equal  to  the  tangent  of  either  of  these  angles. 

99*.  Kinetic  Friction  between  Solids.— As  mentioned  in  §  96,  after 
slipping  has  commenced  the  friction  continues  as  a  force  tending  to 
prevent  motion,  but  the  magnitude  of  the  friction  is  in  general  less  than 
It  is  just  before  slipping  commences.  It  is  found  by  experiment  that,  as 
long  as  the  speed  of  the  motion  is  not  too  great,  the  frictional  resistance 
is  proportional  to  the  total  pressure  between  the  two  solids,  and  indepen- 
dent of  the  velocity. 

If  2  is  the  total  normal  pressure  between  the  solids  and  F  is  the 
frictional  resistance,  then 

where  v  is  called  the  coefficient  of  kinetic  friction.  Hence  if  a  force  P 
parallel  to  the  plane  surface  AB  (Fig.  72)  act  on  a  body  C  of  mass  w,  then 
Q  =  mg  and  F=vmg.    Since  the  frictional  resistance  opposes  the  motion, 
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the  resultant  force  which  is  available  for  changing  the  motion  of  the 
JDody  is  P-FoY  P-vmg.  The  acceleration  {a)  produced  by  this  force 
is  given  by 

P-F    P 

ass = par, 

m        m     ^ 

If  there  had  been  no  friction  the  acceleration  would  have  been  /*//«,  so 
that  the  effect  of  friction  is  equivalent  to  a  negative  acceleration  of  vg 
units. 

Of  course,  if  P  is  less  than  vmg,  the  body  if  in  movement  will  gradually 
come  to  rest,  and  then  it  will  require  a  force  greater  than  fung^  to  start 
motion  again.  In  the  following  table,  some  of  the  values  of  the  coeffi- 
cient of  kinetic  friction  obtained  by  Morin  are  given. 

Coefficient  of  Kinetic  Friction. 


Oak  on  oak  .     . 


Iron  on  oak  .     , 

Iron  on  bronze 

Iron    on    iron,' 
steel  on  steel, 
oak    on   oak, 
bronze      on 
bronze   .     . 


Fibres  parallel    . 
„  perpendicular 


Fibres  parallel  to 
movement 


Surfaces  without ) 

lubricant      .      J" 

(  Surfaces   rubbed 

\      with  dry  soap 

(  Surfaces  without ) 

I      lubricant      .      ) 

f  Surfaces    wetted  ) 

\      with  water  .      ( 

Surfaces  without ) 

lubricant      .      ) 

5  Surfaces   rubbed  ) 

(      with  dry  soap    ) 

Surfaces  slightly  ) 

greasy     .     .      ( 

/'Surfaces  slightly  \ 

greasy     .     .      \ 

Surfaces  greasy 

Surfaces     greasy  ^ 

and     lubricant  f 

continually  re-  ( 

newed      .     .      ) 


0.48 
0.16 

0.34 

0.25 

0.62 

0.21 

0.18 

0.15 
0.07-0.08 

0.04-0.05 


This  table  shows  in  a  very  marked  manner  how  the  friction  between 
solids  is  reduced  by  the  presence  of  a  layer  of  lubricant.  If  the  motion 
is  extremely  rapid,  and  the  surfaces  in  contact  are  sufficiently  large,  it  is 
possible  to  use  air  as  a  lubricant,  and  in  these  circumstances  the  friction 
is  enormously  reduced. 

100*.  Rolling"  Frletion.— When  a  wheel  or  cylinder  rolls  on  a  plane 
surface,  there  is  produced  at  the  point  of  contact  a  resistance  to  the  motion 
which  is  generally  said  to  be  due  to  rolling  friction.  This  resistance  is 
not  a  true  friction  in  the  sense  of  the  word  used  in  previous  pages,  since 
there  is  no  relative  motion  of  the  two  surfaces  at  the  points  of  contact, 
hence  there  is  no  slipping. 
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Suppose  that  a  cylinder  ef  (Fig.  75)  rolls  on  a  horizontal  plane  ab, 
and  a  light  string  is  passed  over  the  cylinder,  the  tensions  P  and  Q 

^in  the  two  portions  of  this  string  being 
adjusted  so  that  the  cylinder,  when 
started,  continues  to  move  with  a  uni- 
form speed,  rolling  along  from  A 
towards  B.  Since  the  motion  is  uni- 
form^ it  follows  that  the  forces  acting 
on  the  cylinder  are  in  equilibrium. 
These  forces  are  the  weight  w  of  the 
cylinder  acting  vertically  downwards 
through  the  axis  G,  the  forces  P  and 
B  Q,  and  the  reaction  of  the  plane  AB. 
Now  it  is  found  experimentally  that, 
if  the  motion  in  the  direction  from 
A  to  B  is  to  be  uniform,  Q  must  be 
greater  than  P.  The  resultant  of  the 
parallel  forces  Q  and  P  will  therefore 
M  be  a  force  nearer  Q  than  P  (§  69).    Let 

F^G-  75-  "*",,. 

HK    be   this    resultant.      The   result- 
ant of  this  force  HK  and  the  weight  of  the  cylinder  must  lie  somewhere 

between  them,  say  along  LM.     If  then  the  forces  are  in  equilibrium,  the 

reaction  of  the  plane  must  act  along  LN.  In  other  words  the  reaction  of 
the  plane  does  not  act  through  the  point  C,  where  in  the  figure  the  cylinder 
touches  the  plane.  This  apparent  impossibility  is  explainable  if  we 
suppose  that  rolling  friction  is  really  due  to  the  fact  that  the  plane  be- 
comes deformed  and  a  small  ridge  is  "rolled"  up  in  front  of  the  cylinder, 
or  that  the  cylinder  itself  becomes  flattened.  The  former  of  these  effects 
can  be  clearly  seen  if  a  wheel  is  rolled  on  a  sheet  of  india-rubber  ;  for. 
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as  shown  in  Fig.  76,  the  rubber  is  forced  up  into  a  small  ridge  before  the 
wheel.  The  latter  effect  is  illustrated  in  the  case  of  a  pneumatic  bicycle 
tyre.  The  magnitude  of  the  resistance  to  motion  in  the  case  of  rolling  is 
very  much  smaller  than  that  in  the  case  of  sliding.  Thus  Coulomb  found 
that  in  the  case  of  a  cylinder  of  lignum-vitae,  16  centimetres  in  diameter, 
when  loaded  with  1000  pounds,  the  resistance  to  rolling  amounted  to  6 
pounds,  while  with  the  same  load  the  resistance  to  sliding  would  have 
amounted  to  at  least  200  pounds.  Whenever  it  is  possible,  it  is  therefore 
advantageous  to  substitute  rolling  for  sliding,  if  the  frictional  resistance 
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to  motion  is  to  be  reduced.  Thus,  in  the  case  of  a  carriage,  the  sliding 
friction  which  occurs  in  a  sledge  is  replaced  by  rolling  friction  between 
the  tyre  of  the  wheel  and  the  ground.  In  the  modern  bicycle  even  the 
sliding  friction  of  a  wheel  upon  its  axle  is,  as  far  as  possible,  replaced  by 
rolling  friction  in  the  ball-bearing,  where  a  number  of  hard  steel  balls 
are  placed,  so  that  the  hub  of  the  wheel  rolls  on  them,  and  they  roll  on 
the  axle  itself. 

101.  Loss  of  Available  Energy  due  to  Frietlon.— Since  in  every 
case  friction  acts  as  a  force  tending  to  check  the  motion,  whenever  any 
displacement  actually  takes  place  work  will  have  to  be  done  against  the 
frictional  resistance.  The  energy  which  is  necessary  to  perform  this 
work  is  converted  into  heat,  and  this  heat  gradually  becomes  diffused 
amongst  neighbouring  bodies,  and  so  the  energy  is  no  longer  available 
for  doing  work.  The  frictional  resistance  always  opposes  motion,  so 
that  if  we  change  the  direction  of  motion  the  direction  of  the  frictional 
resistance  also  changes,  so  that  it  is  impossible  to  utilise  this  force  to 
increase  the  motion  of  a  body  or  to  do  work,  but  work  has  always  to  be 
done  against  it.  It  is  therefore  hardly  correct,  in  view  of  the  definition 
of  force  given  in  §  59,  to  call  the  frictional  resistance  a  force.  Since, 
however,  it  always  acts  as  if  it  were  a  force  opposing  motion,  it  is  con- 
venient so  to  regard  it. 

102.  Frietion-DynamometeP.— One  of  the  applications  of  friction  is 
to  employ  it  to  measure  the  power  or  rate  of  doing  work  of  a  machine, 
such  as  a  steam-engine.  A  form  of  friction- 
dynamometer  for  this  purpose  is  shown  in  Fig. 
77.  A  pulley  A  with  a  flat  edge  is  fixed  to  the 
shaft  of  the  engine,  and  a  strap  BCD,  on  the 
inside  of  which  blocks  of  wood  are  usually 
fixed,  rests  on  the  edge  of  this  pulley.  One 
end  of  the  strap  is  attached  to  a  spring  balance 
E,  by  means  of  which  the  tension  acting  on 
this  end  of  the  strap  can  be  measured,  while  a 
tension  P,  caused  by  a  weight  suspended  on 
the  other  end,  serves  to  keep  the  strap  tight. 
The    engine    having    been    started,   P    is    in-  p^^ 

creased  till  the  engine  is  exerting  its  maximum  '  '  ' 

power ;  the  work  being  done  against  the  friction  of  the  wooden 
blocks  on  the  edge  of  the  pulley.  If  r  is  the  radius  of  the  pulley  and  R 
the  radius  of  the  portion  of  a  circle  along  which  the  strap  lies,  n  the 
number  of  turns  the  pulley  makes  per  second,  and  the  reading  on  the 
spring-balance  is  W^  then  the  sum  of  the  moments  of  P  and  W  about 
the  axle  is  {P  -  W)R,  and  this  must  be  equal  to  the  moment  of  the  fric- 
tion about  the  same  axis,  since  the  strap  and  blocks  are  in  equilibrium. 
Hence,  if  F  is  the  frictional  resistance, 

Fr={P-W)R     .     .     .     (l). 

Now  the  frictional  resistance  F  acts  tangentially  to  the  pulley,  and  tends 
to  check  the  motion.  The  distance  through  which  the  edge  of  the 
pulley  moves  against  F  during  one  second  is  iT^m.  Hence  the  work 
done  against  friction  in  one  second  is 

2irrtuF   ....     (2), 
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and  this  is  the  power  expended  in  friction.  Substituting  the  value  of  F 
obtained  from  equation  (i)  in  (2),  we  get  that  the  power  spent  against 
friction  is 

{P  -  W)R 
r 

or  2iTnR{P-W). 

If  then  the  whole  available  power  of  the  engine  is  spent  in  overcoming 
the  friction  of  the  dynamometer,  and  H  is  the  number  of  units  of  work 
per  second,  in  the  system  in  which  A',  /*,  and  IV  are  measured,  which  are 
equal  to  a  horse-power,  the  horse-power  will  be 

2KnR(P-lV) 

in  which  n  is  obtained  by  counting,  R  by  adding  the  thickness  of  the 
wooden  blocks  to  the  radius  of  the  pulley,  and  P  and  IV  are  obtained 
from  the  weights  placed  in  the  scale-pan  and  the  reading  of  the  spring 
balance  respectively. 


CHAPTER    XIII 
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103.  Attraction  and  Repulsion.— In  the  case  of  two  portions  of 
matter  between  which  a  stress  exists,  and  in  which  we  are  unable  to 
trace  any  material  connecting  link,  it  is  usual,  if  the  stress  tends  to  make 
the  bodies  move  towards  one  another,  to  say  that  the  bodies  attract  one 
another.  If,  on  the  other  hand,  the  stress  is  such  as  to  tend  to  make  the 
bodies  separate,  then  we  say  they  repel  one  another.  For  convenience, 
the  force  in  the  case  where  the  bodies  repel  one  another  is  generally 
regarded  as  positive^  and  that  in  the  case  where  they  attract  one  another 
as  negative. 

104.  The  Law  of  Inverse  Squares.— In  general,  when  the  distance 
between  two  particles  which  attract  or  repel  one  another  changes,  the 
stress  between  the  particles  alters.  The  only  case  which  we  shall  ex- 
amine, since  it  is  by  far  the  most  important  in  physics,  is  that  in  which 
the  stress  varies  inversely  as  the  square  of  the  distance  between  the 
particles,  and  takes  place  in  the  direction  of  the  line  joining  them.  As  a 
particular  case  of  this  general  law,  which  is  called  the  law  of  the  inverse 
square,  we  may  take  the  case  of  the  attraction  between  two  particles  of 
mass  in  and  ;//.  The  stress  between  the  particles  depends  directly  on 
the  product  of  the  masses  and  inversely  on  the  square  of  the  distance  {d) 
between  them.  Hence  if  F  is  the  force  which  either  particle  exerts  on 
the  other, 

-^  *"  -^^ 
or  „     .  mm' 

where  k  is  some  constant. 

If,  instead  of  having  only  two  particles,  there  are  a  number,  then 
experiment  shows  that  the  force  exerted  on  each  particle  is  the  resultant 
of  all  the  forces  which  would  be  exerted  by  each  of  the  other  particles 
separately. 

105*.  Work  done  by  Attraction  or  Repulsion. — If  the  distance 
between  two  particles  which  attract  one  another  is  increased,  work  will 
have  to  be  done  on  the  system.  If  the  particles  approach  one  another, 
however,  they  are  capable  of  doing  work.  The  maximum  of  work  will  be 
done  by  or  on  the  system  when  the  particles  are  brought  from  an  infinite 
distance  into  contact,  or  moved  from  contact  to  an  infinite  distance  from 
one  another. 

It  therefore  follows  that,  in  the  case  of  two  particles  which  attract  one 
another,  when  they  are  not  in  contact  they  possess  a  certain  amount  of 
potential  energy,  for  they  can  be  made  to  do  work  during  their  approach. 
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The  amount  of  work  which  can  be  done  when  the  system  changes  from 

the  position  where  the  particles  are  at  A,  B  (Fig.  78)  to  the  position  where 

the  particles  are  at  A,  b'  depends  simply  on 

the  positions  of  B  and  b'  with  reference  to  A, 

and  is  independent  of  the  form  of  the  path  by 

which  the  particle  passes  from  B  to  b'.    If  this 

were  not  so,  suppose  that  when  the  particle 

went  from  B  to  b'  along  the  path  bcb'  more 

work  was  done  by  the  particle,  than  when 

it  went  along  the  path  bdb'.     Now  suppose 

the  work  done  by  the  particle  when  taken 

along  the  path  bcb'  is  w/j,  and  that  along  the 

Fig.  78.  path  bdb'  is  w^^  so  that  w^  >  w^.     Let  the 

particle  move  from  B  to  b'  along  the  path 

bcb',  doing  w/j  units  of  work,  and  be  taken 

back  to  B  along  the  path  b'DB,  iv^  units  of  work  being  done  on  it.     The 

configuration  of  the  system  is  now  the  same  as  at  first,  but  in  the  cycle 

performed  by  the  particle  B  the  work  nv^  done  by  the  system  is  greater 

than  the  work  w^  done  on  the  system,  hence  there  remains  a  quantity  of 

energy  w^  —  iVii  over,  which  might  be  utilised  for  doing  external  work,  so 

that  the  arrangement  would  give  us  "  perpetual  motion."     Since  by  the 

doctrine  of  the  conservation  of  energy  this  is  impossible,  it  follows  that 

w-^  must  be  equal  to  uf^,^  or,  in  other  words,  the  work  done  either  by  or 

on  the  system  between  any  two  configurations  depends  solely  on  the 

initial  and  final  configuration  {i.e.  the  positions  of  the  particles),  and  is 

independent  of  the  intermediate  steps  by  which  the  system  changes  from 

one  configuration  to  the  other. 

In  order  to  calculate  the  work  which  can  be  done  by  the  particle  in 
passing  from  B  to  b',  we  suppose  the  path  to  consist  of  two  portions,  first 
a  part  BE  of  the  straight  line  joining  B  to  A,  and  then  a  portion  of  a  circle 
with  A  as  its  centre  and  ab'  as  its  radius.  Since  there  will  be  no  work 
done  during  the  passage  of  the  particle  along  the  circular  portion  of  the 
path,  the  motion  being  at  all  points  at  right  angles  to  the  force,  the  work 
done  along  the  path  be  will  be  equal  to  the  work  done  along  any  path 
between  B  and  b'. 

When  the  particle  is  at  B,  the  force  acting  on  it  is  —j%~  \  if  it  moves 

through  a  small  distance  5^,  the  force  becomes  .  .  _  r.^^.    The  product  of 

the  mean  force  into  Sd  gives  the  work  done  over  the  small  element  Sit  of 
the  path.     The  work  done  over  the  next  element  8d  is  in  the  same  way 

1  r-i — cTTo+T^ cT-Fvo  I  Sd.  and  so  on.    The  total  work  done  will  be 

2     L(«i~o")      {ai  —  26ayj 
the  sum  of  a  number  of  such  terms  taken  for  the  whole  path. 

If  ^  is  the  distance  ab'  or  ae,  then  the  work  done  between  B  and  E, 

and  therefore  also  between  B  and  b',  can  be  shown  *  to  be  kmm'  (^~  v*  )• 

If  the  point  B  is  at  an  infinite  distance  from  a,  then  the  work  done  by 
the  body  in  the  case  of  attraction,  or  against  the  body  in  the  case  of 

»See8467. 
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repulsion,  when  moved  up  from  an  infinite  distance  to  a  distance  d^^ 
from  A,  is 


smce—  =0. 

oc 


d^  ' 


If  the  body  which  is  moved  is  of  unit  mass,  i.e.  if  m'=  i,  then  the  work 
done  is 

km 

In  the  case  of  two  bodies  which  repel  one  another,  and  are  at  a  dis- 
tance d^  they  possess  a  certain  potential  energy  due  to  their  mutual 

kfyi  fti' 
repulsion.     The  amount  of  this  potential  energy  is  —1—,  since  this 

2 
expression  gives  the  maximum  amount  of  work  which  could  be  done  by 
the  mutual  repulsion  of  the  bodies,  for  there  is  no  force  exerted  between 
the  bodies  when  they  are  at  an  infinite  distance,  so  that  their  potential 
energy,  as  far  as  their  mutual  repulsion  is  concerned,  is  zero. 

106*.  Potential. — It  has  been  shown,  in  the  last  section,  that  the  work 
which  has  to  be  done  to  remove  a  unit  mass  from  a  given  point  in  the 
neighbourhood  of  another  mass,  to  a  place  where  there  ceases  to  be  any 
attractive  or  repulsive  force  between  the  masses,  is  a  fixed  quantity 
depending  simply  on  the  position  of  the  point  with  reference  to  the 
attracting  mass.  This  quantity  of  work  may  be  looked  upon  as  an  attri- 
bute of  the  given  point,  the  attracting  mass  of  course  being  supposed  to 
remain  fixed  in  position,  and  it  is  then  called  the  potential  of  the  given 
point.  Thus  the  potential  at  a  point  at  a  distance  d  from  a  mass  m  is 
equal  to 

km 
d' 

107,  Kepler's  Laws.— Astronomical  observations  having  shown  that 
the  earth  and  the  other  planets  move  round  the  sun  in  approximately 
circular  (really  elliptical)  orbits,  it  follows  that  there  must  be  attraction 
between  each  planet  and  the  sun^ 
for  otherwise  the  planets  would 
travel  in  straight  lines. 

Kepler,  by  a  careful  study  of 
the  observations  on  the  motion  of 
the  planets  made  by  Tycho  Brahe, 
deduced  three  laws  which  now 
bear  his  name. 

Kepler's  laws  are  as  follows  : — 

I.  The  areas  swept  out  by  the 
straight  line  joining  a  planet  to 
the  sun  are  proportional  to  the 
time.  Thus  in  Fig.  79,  if  S  is  the 
position  of  the  sun,  and  P1P2P3  •  •  •  Pc 
is  the  orbit  of  a  planet,  and  in  a 
given  interval  /  the  planet  moves  from 
P3  to  P4,  &c.,  then  the  areas  P1SP2,  P2SP3, 


Fig.  79. 

Pi  to  P2,  or  from  Pg  to  P3,  or  from 
and  P3SP4,  &c.,  are  all  equal. 
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2.  The  orbit  of  a  planet  is  an  ellipse,  the  sun  being  at  one  of  the  foci. 

3.  The  squares  of  the  time  taken  to  describe  its  orbit  by  different 
planets  are  proportional  to  the  cubes  of  the  mean  distances  of  the  planets 
from  the  sun.  Thus  if  T^  and  'I\  are  the  times  taken  by  two  planets  to 
describe  their  orbits,  and  />,  and  D.^  are  their  distances  from  the  sun, 
then  Kepler's  third  law  states  that 

108.  Newton's  Law  of  Gravitation.— Although  Kepler's  laws  give 
us  a  description  of  the  motion  of  the  planets,  they  do  not  tell  us  anything 
about  \}[\^  forces  which  serve  to  determine  these  motions.  Newton,  how- 
ever, discovered  the  dynamical  interpretation  of  Kepler's  laws,  and 
showed  that  if  we  suppose  that  a  stress  is  set  up  between  each  of  the 
planets  and  the  sun  directly  proportional  to  the  mass  of  the  planet  and 
inversely  proportional  to  the  square  of  the  distance  of  the  planet  from  the 
sun,  then  the  motions  of  the  planets  will  be  just  such  as  would  satisfy 
Kepler's  laws.  Although  it  had  been  previously  suggested  that  the  sun 
as  a  whole  attracted  each  planet  as  a  whole,  and  the  law  of  the  inverse 
square  had  even  been  enunciated,  it  is  to  Newton  that  we  owe  the  law  of 
gravitation  in  the  form  in  which  it  remains  to  this  day,  viz.  every  portion 
of  matter  attracts  every  other  portion  of  matter,  and  the  stress  between 
them  is  proportional  to  the  product  of  their  masses  divided  by  the  square 
of  their  distance  apart. 

As  a  test  of  the  truth  of  his  law,  Newton  showed  that  it  correctly 
accounted  for  the  force  necessary  to  retain  the  moon  in  her  orbit. 

If  we  assume  that  the  orbit  of  the  moon  (with  reference  to  the  earth) 
is  a  circle  of  radius  /v*,  then  by  §  42  the  acceleration  of  the  moon  towards 
the  earth  necessary  to  keep  it  moving  in  this  orbit  will  be 

where  v  is  the  linear  velocity  with  which  the  moon  is  moving  in  the 
circular  orbit.  If  T  is  the  time  the  moon  takes  to  complete  the  orbit 
(a  sidereal  month),  then 

47r2/? 
Hence  a==   „.j  . 

Since  the  force  exerted  by  the  attraction  of  the  earth  on  a  given  mass 
is  proportional  to  the  acceleration  produced  in  the  mass  (§  61),  it  follows 
that  if  Newton's  law  is  true,  i.e.  if  the  force  decreases  as  the  square  of  the 
distance,  then  if  r  is  the  radius  of  the  earth  and  g  the  acceleration 
produced  by  gravity  at  the  surface  of  the  earth,  the  acceleration  (a') 
produced  by  the  gravitational  attraction  of  the  earth  at  the  distance 
of  the  moon  will  be  given  by 


or 


'"=^- 
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In  order  to  calculate  the  values  of  a  and  a>  we  may  take 

• 

A*=  240,000  miles. 
r=      4000  miles. 
T—      27.3  days. 
g=  32.2  feet  per  sec.  per  sec. 

Since  g  is  expressed  in  feet  per  second  per  second,  we  must  reduce 
R  and  r  to  feet  and  T  to  seconds,  then  substituting  we  get 

The  agreement  is  as  good  as  the  approximate  values  we  have  assumed 
for  the  various  quantities  will  allow. 

109.  The  Cavendish  Experiment.— The  calculation  given  in  the 
last  section  shows  that  the  moon  is  attracted  by  the  earth  with  a  force 
which  follows  the  same  law  as  the  attraction  exerted  by  the  earth  on 
bodies  on  its  surface  We  now  proceed  to  show  that  two  bodies  of  such 
a  size  that  we  can  handle  them  attract  one  another.  The  experimental 
difficulties  of  carrying  out  this  investigation  are,  however,  very  great, 
since  the  mass  of  the  largest  body  which  we  can  employ  is  so  excessively 
small  as  compared  with  the  mass  of  the  earth,  and  hence  the  attraction 
between  any  two  bodies  we  can  use  is  only  a  small  fraction  of  the  weight 
of  either. 

The  first  apparatus  for  measuring  the  gravitational  attraction  of  two 
bodies  was  designed  by  the  Rev.  John  Michell,  but  he  died  before  he 
had  time  to  try  the  experiment.  Michell's  apparatus,  after  his  death, 
came  into  the  possession  of  Henry  Cavendish,  who,  after  slightly  altering 
it,  carried  out  the  experiment  which  has  subsequently  been  known  as  the 
Cavendish  Experiment. 

The  instrument  employed  is  called  a  torsion  balance,^  and  consists  of 
a  horizontal  rod  suspended  by  a  long  fine  wire.  If  this  rod  is  acted  upon 
by  a  couple  in  the  horizontal  plane,  it  will  turn,  the  wire  becoming  twisted. 
Since  the  wire  is  elastic,  it  resists  the  strain  (twist),  tending  to  untwist 
itself.  The  force  with  which  the  wire  tends  to  untwist  is,  within  certain 
limits,  proportional  to  the  angle  through  which  it  is  twisted.  Hence,  by 
observing  the  angles  through  which  two  given  couples  twist  the  wire,  we 
have  a  means  of  comparing  these  couples. 

The  couple  necessary  to  twist  the  wire  through  an  angle  0  is  for  a 
wire  of  any  given  material,  say  silver,  inversely  proportional  to  the  length 
of  the  wire,  and  directly  proportional  to  Xh^  fourth  power  of  the  radius. 
Hence,  in  order  to  get  an  appreciable  twist  when  the  couple  is  small,  it  is 
of  the  greatest  importance  that  the  wire  should  be  of  small  diameter,  and 
also,  but  to  a  smaller  degree,  a  long  one. 

^  It  was  subsequently  reinvented  by  Coulomb,  and  is  often  known  as  Coulomb's 
balance. 
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In  the  Cavendish  apparatus  two  small  equal  masses  w,  m'  (Fig.  80) 
are  attached  to  the  ends  of  the  horizontal  rod  of  the  torsion  balance. 

Two    large    spheres   of    lead   m,    Mj 

®(\^\     are   supported   so   that   they   can   be 
\,,y     placed   either  in   the  positions   mm^, 

^Q ^^,  or  m'm/.     In  the  first  of  these  posi- 

^^    tions,    the    attractions    between    the 

©fixed  mass  M  and  the  movable  mass 
?«,  and  between  M^  and  m'y  tend  to 
turn  the  beam  in  the  direction  of 
the  motion  of  the  hands  of  a  clock.  When  the  fixed  masses  are  in 
the  positions  m'm,',  however,  the  attraction  between  them  and  the 
suspended  masses  tends  to  turn  the  beam  in  an  anti-clockwise  direction. 
The  position  of  the  beam  is  obtained  by  observing,  by  means  of  a  tele- 
scope, the  graduations  of  a  scale  as  seen  reflected  in  a  small  vertical 
mirror  attached  to  the  centre  of  the  beam. 

If  the  mass  of  each  of  the  suspended  spheres  is  m  and  that  of  each  of 
the  fixed  spheres  M,  and  M  d  is  the  distance  between  the  centre  of  the 
fixed  sphere  and  that  of  the  adjacent  suspended  sphere,  then  the  attrac- 
tion between  them  is  ^^vs— 

Hence,  if  a  is  the  distance  between  the  two  suspended  masses,  the 
couple  tending  to  twist  the  wire  due  to  one  pair  of  spheres  is  k--^^  x  -, 

or  for  both  pairs  ka.—^.     If  this  couple  produces  a  twist  of  6"  in  the  wire, 

while  previous  experiments  have  shown  that  the  angle  of  twist  produced 
by  a  unit  couple  is  a,  then 

e    kamM 


or 


^     e 

amM     a 


Hence  the  value  oi  k  can  be  calculated  from  the  observed  quantities. 

Since  the  force  of  attraction  between  a  mass  of  one  gram  when  at  the 
surface  of  the  earth  and  the  earth  is  g  dynes,  we  have,  if  M*  is  the  mass 
of  the  earth,  and  R  the  radius  of  the  earth, 

Hence  ^'""^ 

Knowing  the  value  of  k  from  Cavendish's  experiment,  and  the  value 
of  R  from  measurements  made  on  the  surface  of  the  earth,  we  can  there- 
fore calculate  the  value  of  M',  the  mass  of  the  earth.  For  this  reason 
Cavendish  is  often  said  to  have  been  the  first  to  weigh  the  earth. 

The  Cavendish  experiment  has  since  been  repeated  by  several  ob- 


§  iio] 


Centre  of  Gravity 


119 


If  we  divide 


servers,  the  latest  measurements  being  those  of  Boys.  This  observer,  by 
using  an  excessively  fine  thread  of  fused  quartz  as  the  suspension  of  the 
torsion  balance,  was  able  to  employ  comparatively  small  masses,  the 
suspended  spheres  only  weighing  one  gram.  The  results  he  obtained 
gave  the  value  y^  =  6.6579  x  io~^  in  c.g.s.  units,  so  that  two  small  spheres, 
each  having  a  mass  of  one  gram,  when  placed  so  that  the  distance 
between  their  centres  is  one  centimetre,  attract  each  other  with  a  force 
of  6.6579  X  io~8  dynes.  This  value  of  k  gives  the  value  5.5268  as  the 
mean  density  (§  169)  of  the  earth. 

110.  Centre  of  Gravity. — Suppose  we  have  two  particles  at  a  and  b 
(Fig.  81)  of  mass  m-^  and  W2. 
Then  they  are  each  attracted  to- 
wards the  centreof  the  earth,  and 
since  the  centre  of  the  earth  is  at 
a  very  great  distance  compared 
with  the  distance  ab,  the  forces 
exerted  by  gravity  on  the  two 
particles  will  be  sensibly  parallel 
in  direction.  Hence  we  have 
the  system  consisting  of  the 
two  particles  acted  upon  by 
two  parallel  forces  of  magnitude  tn^g  and  m^  respectively. 

the  line  AB  at  C,  so  that  

^\S  X  AC = m^i^g  X  BC 
then  the  resultant  of  the  two  forces  m^g  and  m^  will  pass  through  C 
(see  §  69).  If  the  two  particles  are  turned  into  any  other  position  a',  B', 
the  distance  ab  between  them  being  kept  the  same,  the_forces  due  to 
gravity  will  be  inclined  at  a  different  angle  to  the  line  AB,  but  the  re- 
sultant will  still  pass  through  the  point  C.  Hence,  whatever  the  position 
of  the  two  particles  A  and  B,  so  long  as  their  distance  apart  remains  the 
same,  the  resultant  of  the  gravitational  attraction  of  the  earth  on  the 
two  particles  always  passes  through  a  point  C,  which  has  a  fixed  position 
relatively  to  A  and  B. 

If  we  have  a  system  consisting  of  three  "particles.  A,  B,  and  D  (Fig.  82) 
of  mass  Wj,  m<^,  and  m^  respectively,  then  ^ 
the  resultant  of  the  earth's  attraction  on  A 
and  B  acts  at  C,  as  in  the  previous  case. 
We  may  now  consider  that  we  have  two 
parallel  forces,  one  of  magnitude  m^g  +  ^2^ 
acting  at  C,  and  the  other  of  magnitude  m^ 
acting  at  D.     Hence  the  resultant  will  pass 

through  a  point  E,  such  that        

(wi^ -f  W2^)CE = W3 J' X  ED. 
Therefore  the  resultant  of  the  earth's  attrac- 
tion on  the  three  particles  passes  through 
E,  and  will  still  pass  through  E,  however  the 
three  particles  are  turned,  so  long  as  their 
relative  positions  remain  unaltered. 

Proceeding  in  this  way  we  might  find,  for  a  system  consisting  of  any 
number  of  particles,  a  single  point  through  which  the  resultant  of  all  the 


B 


Fig.  82. 
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forces  exerted  by  gravity  on  the  particles  willpass,  whatever  the  position 
of  the  system.  As  we  may  regard  any  solid  body  as  built  up  of  a  number 
of  particles,  it  therefore  follows  that  it  will  be  possible  in  the  case  of 
every  solid  body  to  find  a  point,  and  only  one  point,  through  which  the 
resultant  of  all  the  forces  exerted  by  gravity  on  the  particles  constituting 
the  body  must  pass.  This  point  is  called  the  centre  of  gravity^  or  the 
centre  of  mass  of  the  body.  From  this  definition  it  follows  that  the 
weight  of  a  body,  which  is  simply  the  magnitude  of  the  resultant  of  the 
forces  exerted  by  gravity  on  the  particles  which  constitute  the  body, 
always  acts  downwards  in  a  vertical  direction,  passing  through  the  centre 
of  gravity. 

There  cannot  possibly  be  two  centres  of  gravity  belonging  to  one 
body,  for  if  there  were  two,  say  G^  and  G^  and  the  body  was  turned  so  that 
the  line  joining  G^  and  G<i  was  horizontal,  then  by  definition  the  resultant 
of  all  the  parallel  forces  due  to  gravity  acting  on  the  particles  of  the  body 
passes  through  G^  ;  it  also  passes  through  a  second  point  6^25  which  is  not . 
on  the  line  of  the  other  resultant,  which  is  impossible.  Hence  there  can 
be  only  one  centre  of  gravity. 

The  centre  of  gravity  is  a  mathematical  point,  and  it  need  not  neces- 
sarily lie  within  the  substance  of  the  body.  Thus  the  centre  of  gravity 
of  a  uniform  ring  lies  outside  the  material  of  the  ring. 

If  a  body  is  suspended  from  a  point,  so  that  it  can  turn  freely  about 
the  point  of  suspension  in  every  direction,  then  the  centre  of  gravity  will 
lie  in  the  vertical  drawn  through  the  point  of  support.  For,  under 
the  circumstances  given,  there  are  only  two  forces  acting  on  the  body, 
namely  its  weight,  acting  vertically  downwards  through  the  centre  of 
gravity,  and  the  reaction  of  the  support.  In  order  that  the  body  may 
be  in  equilibrium  these  forces  must  be  equal  in  magnitude,  and  act  in 
opposite  directions  along  the  same  straight  line.  Hence  the  line  of 
action  of  the  weight,  i.e.  the  vertical  through  the  centre  of  gravity,  must 
pass  through  the  point  of  support,  since  the  reaction  of  the  support  must 
necessarily  act  through  the  point  of  support. 

Ill,  Stable,  Unstable,  and  Neutral  Equilibrium — In  the  case  of 
a  body  in  equilibrium,  when  suspended  from  a  point  about  which  it  can 
turn  freely,  two  cases  may  occur.  In  each  (see  Fig.  83),  the  vertical 
through  the  centre  of  gravity  G  passes  through  the  point  of  support  A. 
In  the  one  case,  however,  the  centre  of  gravity  is  vertically  below  the 
point  of  support,  while  in  the  other  case  it  is  vertically  above.  In  the 
first  case,  if  we  suppose  the  body  slightly  displaced  from  its  position  of 
equilibrium,  as  at  AG  (Fig.  84),  we  see  that  the  weight  of  the  body  acting 
through  G  has  a  moment  about  the  point  of  suspension  A,  and  that  this 
moment  tends  to  bring  the  body  back  to  its  original  position.  The  body 
is  therefore  said  to  be  in  stable  equilibrium.  In  the  other  case,  where 
the  centre  of  gravity  is  above  the  point  of  support,  if  the  body  is  dis- 
placed to  a'g'  (Fig.  84),  the  turning  moment  due  to  the  weight  now  acts 
so  as  to  increase  the  displacement,  and  therefore  the  body  moves  further 
and  further  away  from  its  original  position.  The  equilibrium  in  which 
the  centre  of  gravity  is  vertically  over  the  point  of  support  is  said  to  be 
unstable. 

If  the  body  is  supported  at  its  centre  of  gravity,  then,  since  the 
weight  acts  through  the  centre  of  gravity  whatever  the  position  of  the 
body,  the  direction  in  which  the  weight  acts  always  passes  through  the 
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point  of  support,  and  hence  the  body  when  displaced  is  still  in  equili- 
brium.    In  such  a  case  the  body  is  said  to  be  in  neutral  equilibrium. 

If  a  body  is  in  stable  equilibrium  as  at  AG  (Fig.  83),  its  centre  of 
gravity  is  in  the  lowest  possible  position.  Its  potential  energy  is  there- 
fore a  minimum,  for  any  possible  displacement  involves  the  raising  of 
the  centre  of  gravity,  and  in  order  to  raise  the  centre  of  gravity  of  a 
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Fig.  83. 
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body  we  must  do  work,  because  we  are  moving  the  point  of  application 
(centre  of  gravity)  of  a  force  (the  weight  of  the  body)  against  this  force. 
Hence  when  a  body  is  in  stable  equilibrium  the  potential  energy  is  a 
minimum,  and  any  possible  displacement  of  the  body  involves  the  raising 
of  the  centre  of  gravity,  and  therefore  the  expenditure  of  external  energy. 
As  an  example  of  stable  equilibrium  we  may  take  a  book  lying  on  a 
horizontal  table  (PMg.  85).  In  this  position  the  centre  of  gravity  of  the 
book  is  as  low  down  as  possible,  and  any  displacement,  except  sliding 


Fig.  85. 


along  the  table  which  does  not  alter  the  body's  state  of  equilibrium,  such 
as  that  shown  at  B,  involves  the  raising  of  the  centre  of  gravity. 

In  unstable  equilibrium  any  slight  displacement  tends  to  lower  the 
centre  of  gravity,  the  potential  energy  being,  in  this  form  of  equilibrium, 
a  maximum.  The  potential  energy  tending  to  change  into  kinetic  energy, 
a  very  slight  disturbance  may,  in  unstable  equilibrium,  produce  a  very 
great  displacement,  for  this  displacement  does  not  require  the  supply  of 
external  energy  to  the  system  in  order  for  it  to  take  place. 

In  neutral  equilibrium,  there  is  no  change  in  the  potential  energy 
when  the  body  is  displaced,  the  centre  of  gravity  remaining  at  the  same 
height.  A  sphere  resting  on  a  horizontal  table  is  an  example  of  neutral 
equilibrium. 

We  may  somewhat  generalise  the  above  statements  with  reference  to 
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the  equilibrium  of  a  body  under  the  action  of  gravity,  and  say  that  any 
system  in  equilibrium  under  the  influence  of  any  force  (mechanical, 
electrical,  magnetic,  chemical,  &c.)  whatever,  is  in  stable  or  unstable 
equilibrium  according  as,  when  slightly  disturbed  from  the  position  of 
equilibrium,  its  potential  energy  is  increased  or  decreased  by  the  dis- 
placement. If  when  disturbed  the  potential  energy  of  the  system 
remains  the  same,  then  the  equilibrium  is  neutral 


CHAPTER   XIV 
THE     PENDULUM 


112.  Simple  Pendulum. — A  heavy  particle  suspended  by  a  perfectly 
flexible  weightless  thread  forms  what  is  called  a  simple  pendulum. 
Although  it  is  impossible  rigorously  to  realise  a  simple  pendulum,  we 
may  closely  approach  the  required  conditions  if  we  suspend  a  small 
metal  sphere  by  a  long  and  very  thin  thread.  The  distance  between  the 
point  of  support  and  the  centre  of  the  metal  sphere  will  then  be  the 
length  (/)  of  the  simple  pendulum. 

Let  OA  (Fig.  86)  be  a  simple  pendulum  in  its  position  of  rest.  Suppose 
the  pendulum  deflected  from  its  position  of  rest  to  the  position  OB.  If  m 
is  the  mass  of  the  pendulum  bob,  then  we  have 
a  force  mg  acting  through  B  vertically  down- 
wards, i.e.  parallel  to  OA.  This  force  may  be 
resolved  into  a  component  77tg  cos  6  along  the 
prolongation  of  OB,  where  6  is  the  angle  AOB, 
and  a  component  mg  sin  6  along  BC,  the  tangent 
to  the  circular  arc  along  which  the  bob  moves. 
The  first  of  these  components,  namely  that  along 
BD,  does  not  tend  to  bring  the  pendulum  back 
to  its  equilibrium  position,  but  simply  causes  a 
tension  in  the  supporting  thread.  The  other 
component,  mg  sin  6  along  BC,  on  the  other 
hand,  tends  to  bring  the  pendulum  back  to  its 
undisturbed  position.  Since  mg  is  constant, 
whatever  the  displacement,  it  follows  that  the 
force  of  restitution  is  proportional  to  the  sine 
of  the  angle  through  which  the  pendulum  is 
displaced.  The  distance  through  which  the  pendulum  has  been  dis- 
placed is  the  length  of  the  arc  AB,  and  is  equal  to  16,  where  /  is  the 
length  (OB)  of  the  pendulum.  The  ratio  of  the  force  of  restitution  to  the 
displacement  is  therefore 
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Now  it  has  been  shown  in  §  51  that  when  a  body  moves  in  a  S.H.M. 
the  acceleration  is  proportional  to  the  displacement.  Hence,  as  the 
force  acting  on  a  body  is  proportional  to  the  acceleration  it  produces 
(Newton's  second  law),  it  follows  that  the  force  which  must  act  on  a 
body  to  cause  it  to  execute  a  S.H.M.  must  be  proportional  to  the  dis- 
placement. Thus  if  a  body  moves  from  rest  so  that  the  force  tending  to 
bring  it  back  to  its  position  of  rest  is  proportional  to  its  displacement,  or 
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that  the  ratio  of  the  force  of  restitution  to  the  displacement  is  constant, 
the  body  will  execute  a  simple  harmonic  motion.  Hence  if  the  quantity 
sin  B\d  is  constant  a  pendulum  will  execute  a  S.H.M. 

The  following  table  gives  some  values  of  the  ratio  sin  Q\Q  for  different 
values  of  Q  : — 


Degrees. 

Radians  =  ^. 

Sine. 

Sin  ei6. 

0°  lo' 
0°  30' 
1°  0' 
2°  0' 
3°  0' 
10°  0' 

20°  0' 

.002909 
.008727 

•017453 
.034907 
.052360 

•174533 
.349066 

.002909 
.008727 
.017452 
.034900 
.052336 
.173648 
.342020 

I.OOOO 
I.OOOO 
I.OOOO 

•9998 
•9995 
.9949 

.9798 

It  will  be  seen  that  for  values  of  Q  up  to  2°  or  3°  the  quotient  sin  QIQ  is 
constant  to  within  one  part  in  5000.  The  motion  of  a  pendulum  is  there- 
fore a  S.H.M.  as  long  as  the  angle  through  which  it  swings  is  not  too 
great.  The  table  also  shows  that  the  value  of  sin  Old  decreases  as  the 
angle  Q  increases ;  this  means  that  for  large  displacements  the  force  of 

restitution  increases  more  slowly  than  the 
displacement,  and  hence  the  pendulum  will 
take  longer  to  complete  a  vibration  when 
the  displacement  is  large  than  it  does 
when  the  displacement  is  small. 

113.  Time  of  Oscillation  of  a  Simple 
Pendulum.— From  what  has  been  said 
in  the  preceding  section  it  will  be  seen 
that  so  long  as  the  amplitude  of  the 
motion  of  the  pendulum  is  very  small 
the  quotient  sin  BIQ  is  practically  constant 
throughout  the  motion.  Hence,  subject 
to  this  limitation  as  to  the  amplitude,  we 
may  assume  that  the  motion  of  the  pen- 
dulum is  a  S.H.M.,  in  which  case  we  can 
easily  obtain  an  expression  for  the  period 
of  the  motion. 

In  §  51  it  has  been  shown  that  in  a 
S.H.M.  of  amplitude  a  the  maximum 
velocity  is  ««,  where  w  is  the  angular 
velocity  in  the  circle  of  reference.  Since 
w=27r/7',  where  T' is  the  periodic  time  of 
the  S.H.M.,  the  maximum  velocity  is  equal  to  2TralT.  Hence  the  kinetic 
energy  of  the  simple  pendulum,  of  which  the  bob  has  a  mass  w,  when  it 
passes  through  its  position  of  equilibrium,  is  27r^a^m/T\  U  we  consider 
that  the  pendulum  has  no  potential  energy  when  it  is  in  its  position  of 
equilibrium,  the  whole  energy  when  it  passes  through  this  point  is 
kinetic,  and  is  equal  to  2Tr^a'^mjT^.  When  the  pendulum  is  at  the 
extremity  of  its  swing  it  is  momentarily  at  rest,  hence  it  possesses  no 
kinetic  energy,  the  whole  of  the  energy  being  potential  energy. 
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Let  O  (Fig.  87)  be  the  point  of  suspension  of  the  pendulum,  OA  the 
position  of  rest,  and  OB  the  position  of  maximum  positive  elongation. 
Then  when  the  bob  is  at  B  it  has  been  raised  against  gravity  through  a 
height  AC,  hence  its  potential  energy  is  7ng  AC  (§  76). 

Since  the  triangles  ABC,  adb  are  similar, 

'AC  Jab 
'ab  ad 

:.     AcJ^. 

AD 

Since  

AD=2A0  =  2l, 
we  have 

2/ 

Hence  the  potential  energy  when  the  bob  is  at  rest  at  the  extreme 
elongation  is 

2/     * 

The  whole  of  the  energy  of  the  vibrating  pendulum  being  kinetic  at  A 
and  potential  at  B,  and  since  the  energy  at  A  must  be  equal  to  the  energy 
at  B,  we  get 

mgAB^_2Tr^a^m 
2/     ~     7-2    • 

In  this  equation  a  is  the  arc  AB,  and  AB  is  the  chord  of  this  arc.  Since 
the  amplitude  of  the  vibrations  are  supposed  to  be  small,  the  chord  may 
be  taken  as  equal  to  the  arc,  and  then 

gl2l=2-rr^lT\ 

It  must  be  remembered  that  this  expression  only  holds,  and  the  vibra- 
tions are  only  isochronous,  i.e.  the  periodic  time  T  independent  of  the 
amplitude,  when  the  amplitude  of  the  pendulum  is  small. 

Another  method  of  obtaining  the  expression  for  the  period  of  a  simple 
pendulum  is  as  follows.  It  has  been  shown  in  §  51  that  in  the  case  of  a 
S.H.M.,  when  the  displacement  is  d  the  acceleration  is  —  rt^w^,  where  w  is 
the  angular  velocity  in  the  circle  of  reference.  The  force  acting,  which  is 
equal  to  the  product  of  the  mass  into  the  acceleration,  is  therefore  equal 
to  —  niditP-,  where  in  is  the  mass  of  the  pendulum  bob. 

It  has  been  shown  in  §  112  that  the  force  of  restitution,  when  the 
displacement  is  W,  is  mg  sin  ^,  or,  since  the  force  tends  to  reduce  the 
displacement  and  is  therefore  negative  when  the  displacement  is  positive, 
we  must  write  the  force  of  restitution  —mgsvs\  0.     Hence,  putting  16  for 
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d  in  the  expression  for  the  force  of  restitution  in  the  preceding  paragraph, 
and  then  equating  the  two  expressions,  we  get 

mW<^^=mg  s\n  0; 

or,  since  w=27r/7',  where  T'\s  the  period  of  the  vibration, 

-^2"=^  sin  d. 


T=  27r    A  /  -   .   -: ,. 

V  ^    sin  $ 

But  we  have  supposed  that  the  amplitude  of  the  vibration  is  so  small 
that  6 /sin  6=  If  hence  we  get 

the  expression  found  before.  The  numbers  given  in  the  table  on  p.  124 
show  that,  if  the  amplitude  does  not  exceed  2°,  the  above  expression  gives 
the  time  of  vibration  correct  to  about  i  in  loooo. 

114.  The  Compound  Pendulum.— If  it  were  possible  to  construct  a 
pendulum  with  a  sufficiently  small  bob,  and  a  suspending  thread  so  thin 
and  flexible  that  it  could  be  regarded  as  a  simple  pendulum,  we  might 
employ  it  to  measure  ^,  the  acceleration  of  gravity.  For,  rewriting  the 
expression  obtained  in  the  last  section,  we  get 

Hence,  if  the  length  (/)  and  the  periodic  time  (7^  of  a  simple  pendulum 
are  observed,  we  can  calculate  g. 

Although  it  is  physically  impossible  to  realise  a  simple  pendulum,  it 
is  possible  to  determine  what  would  be  the  length  of  the  simple  pendulum 
which  would  vibrate  with  the  same  period  as  a  pendulum  of  any  given 
form  ;  this  operation  is  called  finding  the  length  of  the  equivalent  simple 
pendulum. 

We  may  look  upon  any  actual  pendulum  as  built  up  of  a  number  of 
material  particles.  Each  of  these  particles,  since  it  is  at  a  fixed  distance 
from  the  point  of  support,  tends  to  oscillate  as  a  simple  pendulum  with  its 
own  proper  period  ;  but  as  the  distances  between  the  various  particles 
and  the  point  of  support  are  different,  the  periods  in  which  the  particles 
tend  to  oscillate  are  different.  However,  since  they  are  all  rigidly  con- 
nected together,  they  are  all  obliged  to  oscillate  with  the  same  period. 
Thus  some  of  the  particles  will  be  obliged  to  oscillate  faster  than  their 
natural  period,  while  others  will  be  obliged  to  oscillate  more  slowly. 
There  will,  however,  always  be  at  least  one  particle  which  will  oscillate 
in  its  own  natural  period,  and  the  distance  between  this  particle  and  the 
point  of  support  will  be  the  length  of  the  equivalent  simple  pendulum. 
That  point  in  a  pendulum  where  the  particles  are  oscillating  with  the 
period  they  would  have  if  they  were  the  bobs  of  simple  pendulums 
suspended  from  the  same  point  of  support  as  the  actual  pendulum,  is 
called  the  centre  of  oscillation^  the  point  of  support  being  called  the 
centre  of  suspension. 
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From  what  has  been  said,  it  will  be  seen  that  if  the  whole  mass  of  the 
pendulum  is  supposed  to  be  concentrated  at  the  centre  of  oscillation,  so 
as  to  form  a  simple  pendulum,  then  the  period  of  this  simple  pendulum 
would  be  the  same  as  that  of  the  compound  pendu- 
lum. For  many  purposes  it  is  convenient  to  consider 
that  the  whole  mass  of  a  compound  pendulum  is  con- 
centrated at  its  centre  of  oscillation. 

There  are  many  very  interesting  properties  of  the 
centre  of  oscillation — to  prove  which  would  involve 
more  mathematics  than  it  is  possible  to  introduce 
into  these  pages — which  may  with  advantage  be 
stated  here  :  (i)  The  centre  of  oscillation  and  the 
centre  of  suspension  are  interchangeable.  Thus  the 
period  of  a  compound  pendulum  will  be  unaltered 
if  it  is  suspended  from  its  centre  of  oscillation,  and 
the  old  centre  of  suspension  will  then  be  the  new 
centre  of  oscillation.  (2)  If  the  pendulum  is  struck  a 
blow  at  its  centre  of  oscillation  it  will  rotate  round 
the  centre  of  suspension,  but  the  blow  will  not  pro- 
duce any  pressure  on  the  axle  or  knife-edge  by 
means  of  which  the  pendulum  is  supported.  For 
this  reason  the  centre  of  oscillation  is  often  called 
the  centre  of  percussion.  A  familiar  example  of  the 
above  property  of  the  centre  of  oscillation  occurs 
when  a  ball  is  struck  with  a  cricket-bat.  If  the  ball 
is  struck  with  a  certain  part  of  the  bat,  the  impact  is 
not  felt  by  the  hands  of  the  striker ;  if,  however,  the 
bat  is  struck  either  higher  up  or  lower  down,  a 
distinct  "sting"  is  felt  in  the  hands.  When  no  sting 
is  felt,  the  ball  has  been  struck  with  the  part  of  the 
bat  which  is  the  centre  of  oscillation  corresponding 
to  the  centre  of  suspension  where  the  bat  is  held  in 
the  hands.  (3)  If  a  body  is  so  placed  that  it  is  free 
to  turn  in  any  way,  say  by  being  floated  on  water, 
and  is  struck  at  a  point  A;  then  if,  under  the  in- 
fluence of  the  blow,  it  moves  so  that  a  point  B 
remains  at  rest,  the  points  A  and  B  will  be  to  one 
another  in  the  relation  of  centre  of  suspension  and 
centre  of  oscillation. 

115.  Katep's  Reversible  Pendulum.— Captain 
Kater  in  18 18  made  use  of  the  fact  that  the  centres 
of  suspension  and  oscillation  are  interchangeable,  to 
obtain  the  distance  between  these  centres,  or,  in  other 
words,  the  length  of  the  equivalent  simple  pendulum, 
and  from  this  the  value  of  the  acceleration  of  gravity 
{g).  Rater's  pendulum  consists  of  a  metal  rod  AB 
(Fig.  88),  which  carries  at  one  extremity  a  heavy 
lens-shaped  mass  C.  Two  steel  knife-edges  N^  and  Ng  are  fixed  to  this  rod 
with  their  edges  turned  towards  one  another,  and  at  such  a  distance  that 
the  pendulum  vibrates  with  very  nearly  the  same  period  whether  it  is 
suspended  from  one  or  the  other.  In  order  to  allow  of  the  time  of  vibra- 
tion about  these  two  knife-edges  being  exactly  adjusted  to  equality,  two 
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movable  metal  pieces  (d  and  e)  fit  round  the  rod.  The  heavier  of  these 
pieces  (d)  can  be  firmly  fixed  to  the  rod  by  means  of  clamping  screws, 
and  the  lighter  piece  (e)  is  attached  to  the  other  by  a  fine  screw.  The 
two  pieces  are  moved  till  the  adjustment  to  equal  periods  is  very  nearly 
complete,  then  the  position  of  the  lighter  piece  (e)  is  finally  adjusted  by 
means  of  the  screw  till  the  periods  are  exactly  equal.  When  this  adjust- 
ment is  complete,  the  distance  between  the  knife-edges  is  equal  to  the 
length  of  the  equivalent  simple  pendulum,  which  would  vibrate  with  the 
same  period  as  the  reversible  pendulum.  This  time  of  vibration  is  then 
very  carefully  determined  by  comparison  with  a  clock,  the  rate  of  which 
is  itself  determined  by  astronomical  observations  on  the  stars  made  with 
a  transit  instrument. 

116.  Variations  in  the  Value  of  g  at  Different  Parts  on  the 
Earth's  Surface. — If  the  earth  were  a  perfect  sphere  of  uniform  density, 
or,  at  any  rate,  if  it  were  built  up  of  spherical  shells,  each  shell  being  of 
uniform  density,  the  attraction  exerted  by  the  earth  on  a  given  mass 
would  be  the  same  at  all  points  on  the  earth's  surface.  Since,  however, 
the  earth  is  really  a  spheroid,  the  diameter  through  the  poles  being  about 
42  kilometres  less  than  the  minimum  equatorial  diameter,  the  value  of  g 
is  greater  at  the  poles  than  at  the  equator.  The  fact  that  the  earth,  and 
therefore  any  body  on  the  surface  of  the  earth,  is  in  rotation  about  the 
polar  axis,  also  makes  the  value  of  ^  less  at  the  equator  than  at  the  poles  ; 
the  reason  being  that,  as  a  body  on  the  earth's  surface  is  moving  in  a 
circle,  part  of  the  force  exerted  by  the  earth's  gravitational  attraction  is 
required  to  keep  the  body  from  flying  off  along  a  tangent,  i.e.  is  used  in 
neutralising  the  so-called  centrifugal  force. 

The  amount  by  which  the  weight  of  a  body  at  the  equator  is  less  than 
the  force  with  which  the  earth  attracts  it,  can  be  easily  calculated,  as 
follows  : — 

If  y?  is  the  radius  of  the  earth,  then  the  force  along  the  radius  neces- 
sary to  keep  a  body  having  a  mass  of  i  gram  moving  in  a  circle  of  radius 


'1 


A'U(see§42)(^"/)V=4-^dynes. 


Now  /?=6.37  X  lo*  cm.,  and  7'=  86 164  sec  (one  sidereal  6zy). 
Hence  the  "centrifugal  force "=^^^^^^^=34  dynes. 

Since  at  the  equator  the  value  of  ;f  is  978.0  cm./sec.*,  or  the  weight  of 
body  having  a  mass  of  i  gram  is  978.0  dynes,  it  follows  that  if  the  earth 
were  at  rest  the  weight  of  the  body  would  be  981.4  dynes. 

At  the  poles  the  weight  of  a  body  is  unaffected  by  the  rotation  of  the 
earth,  and  hence  j^  is  not  diminished  on  this  account. 

According  to  Helmert,  the  value  of^at  a  place  in  latitude  </i  and  at 
the  sea-level  is  given  by  the  equation 

^=977.989(1  -t-0.0052  sin  *</>)  cm./sec^ 
or =32.0862(1  -1-0.0052  sin  V)  foot/sec*. 
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The  following  table  gives  the  value  oi g  at  a  few  places  : — 


Value 

of^in 

Latitude. 

Cm./sec.2. 

Foot/i,ec2. 

Equator 

0 

977.99 

32.086 

Latitude  45° 

45° 

980.60 

32.172 

Paris       . 

48°5o' 

980.96 

32.184 

Greenwich 

5i°29' 

981.17 

32.191 

Berlin     . 

52°3o' 

981.26 

32.194 

Dublin    . 

53°2i' 

981.32 

32.196 

Manchester 

53°29' 

981.34 

32.196 

Edinburgh 

55,5/ 

981.54 

32.203 

Aberdeen 

57V 

981.64 

32.206 

Pole 

90°o' 

983.21 

32.258 

117.  Gravity  Independent  of  the  Nature  of  the  Matter.— The 
quantity^  in  the  expression  found  in  §  113  for  the  time  of  vibration  of  a 
simple  pendulum,  expresses  the  acceleration  with  which  the  bob  would 
fall  in  vacuo  under  the  influence  of  the  earth's  attraction.  For  in 
obtaining  that  formula,  we  called  the  force  with  which  the  earth  attracts 
the  bob  ing  \  in  other  words,  we  have  measured  the  force  by  the  product 
of  the  mass  of  the  body  into  the  acceleration  it  produces.  Suppose, 
however,  that  equal  masses  of  two  different  substances,  say  brass  and 
stone,  as  defined  according  to  Newton's  second  law  (see  §  60),  are  not 
equally  attracted  by  the  earth,  so  that  the  gravitational  force  between 
two  bodies  depends  not  only  on  their  mass,  but  on  the  nature  of  the  sub- 
stance of  which  the  bodies  are  formed.  In  these  circumstances,  the 
value  of  ^  obtained  by  pendulum  observations  from  the  equation 

would  depend  on  the  nature  of  the  material  of  which  the  pendulum  bob 
is  formed.  That  such  a  difference  might  quite  well  be  expected,  will  be 
seen  if  we  remember  that  equal  masses  are  defined  to  be  such  that  a 
given  force  produces  in  them  equal  accelerations,  while  in  the  case  of 
many  other  cases  of  attraction  exerted  between  bodies,  such  as  the  force 
exerted  on  a  body  by  a  magnet,  the  magnitude  of  the  force  depends  on 
the  nature  of  the  material  of  which  the  body  is  composed. 

The  first  to  investigate  whether  the  weight  of  a  body  was  proportional 
to  its  mass  was  Newton.  He  employed  in  the  first  place  two  pendulums 
of  the  same  length  (/),and  having  bobs  made  of  the  same  material^  but  of 
different  mass  (wj  and  m^.  Suppose  gy  and  ^2  ^^e  the  accelerations 
which  the  earth's  attraction  would  produce  in  the  masses  ;«,  and  Wg 
respectively,  then  the  force  {Fy)  with  which  the  earth  attracts  the  first 
mass  is  m^g^,  and  that  {F^  with  which  it  attracts  the  second  mass  is 
m^^.     Hence 


^•.=|and^,. 


fi. 


But  by  the  law  of  the  simple  pendulum 
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where  ty  and  /j  are  the  periodic  times  of  the  pendulums.  Equating  the 
expressions  for  g^  and  for  g^  we  get 

Hence  if,  as  Newton  found  was  the  case,  the  periodic  times  of  the  pen- 
dulums are  the  same,  i.e,  if  t^  =  /j,  then 

^^=^2  or  §  =  ^, 

and  therefore  the  forces  exerted  by  the  earth  on  two  bodies  of  the  same 
material  {i.e.  the  weights)  are  to  one  another  as  the  masses  of  the  bodies. 

Newton  then  proceeded  to  experiment  with  pendulums  the  bobs  of 
which  were  made  of  different  materials,  but  which  were  all  of  the  same 
length,  and  he  was  unable  to  detect  any  difference  in  the  periodic  times, 
so  that  the  value  of  g  was  the  same  whatever  the  material  of  the  bob. 
These  experiments  were  afterwards  repeated  in  a  much  more  accurate 
manner  by  Bessel,  in  1832.  Bessel  used,  as  the  bob  of  his  pendulum,  a 
hollow  brass  cylinder  which  could  be  filled  with  the  different  materials  to 
be  tested.  By  this  means  the  effect  of  the  resistance  of  the  air  on  the 
time  of  oscillation  of  the  pendulum  remained  the  same,  since  the  surface 
of  the  bob  was  the  same  in  all  the  experiments. 

Bessel  found  that  the  values  of  g^  as  determined  with  pendulums  of 
brass,  but  of  different  masses,  or  with  pendulums  of  various  materials, 
such  as  iron,  zinc,  lead,  silver,  gold,  meteoric  iron,  marble,  quartz,  water, 
&c.,  did  not  differ  one  from  another  by  more  than  about  i  part  in  70,000. 
He  further  showed,  by  making  repeated  observations  with  the  same 
pendulum,  that  the  differences  obtained  were  of  about  this  magnitude,  so 
that  such  small  variations  in  the  value  of  ^^  as  were  obtained  must  be  set 
down  to  experimental  error. 

118.  The  Pendulum  as  a  Measure  of  Time.— The  property  of  the 
pendulum  that,  so  long  as  the  maximum  amplitude  is  small,  the  period 
of  vibration  is  independent  of  the  amplitude  of  the  vibrations,  has  re- 
ceived a  most  important  practical  application  in  the  employment  of  the 
pendulum  for  the  measurement  of  time.  In  order  to  emp'oy  a  pendulum 
as  a  timekeeper,  we  require  to  supplement  it  by  some  mechanism  which 
shall,  in  the  first  place,  count  the  number  of  oscillations  of  the  pendulum  ; 
and,  in  the  second  place,  keep  the  pendulum  swinging  by  supplying 
enough  energy  to  allow  for  the  energy  which  it  loses  in  fnction  at  its 
point  of  support  and  against  the  air.  The  necessary  energy  is  stored  up 
m  a  raised  weight,  a  bent  spring,  or  an  electric  battery,  and  is  doled  out 
to  the  pendulum  at  the  proper  rate  by  the  mechanism  which  is  employed 
to  count  the  oscillations,  and  which  is  called  the  escapement.  Although 
space  will  not  permit  of  describing  the  forms  of  escapement  in  general 
use,  we  may,  by  a  consideration  of  the  laws  of  the  pendulum,  arrive  at 
the  characteristic  which  should  distinguish  a  good  escapement. 

Suppose  that  a  pendulum  OA  (Fig.  89)  is  swinging  so  that  B  and  D 
are  the  positions  of  maximum  elongation,  and  that  at  the  moment  when 
the  pendulum  is  passing  through  its  position  of  rest  (a),  moving  from 
right  to  left,  we  give  the  bob  a  sudden  blow  in  the  direction  of  the  arrow. 
The  result  will  be  that  the  pendulum  will  start  its  elongation  on  the  left 
side  with  a  greater  velocity  than  it  would  otherwise  do,  but  it  will  reach 
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A 

Fig.  89. 

Thus  it  can  be 


its  new  position  of  maximum  elongation  c  in  exactly  the  same  time  as 

it  would  have  reached  its  old  position  of  maximum  elongation  B,  since 

we  have  only  increased  the  amplitude  of  the  vibrations,  and  the  time 

of  vibration  is  independent  of  the  amplitude.^ 

Next,  suppose  that  the  blow  is  delivered  when 

the  pendulum  is  at  its  position  of  maximum 

elongation  D.     It  will  now  move  from  D  with 

the  velocity  it  would  have  had  if  it  had  come 

from  some  point  such  as  E,  and  will  therefore 

reach   its   position   of  rest  A   in   less   than   a 

quarter  period,   for    it    has    moved    from    its 

position    of    maximum    elongation    D    to    its 

position  of  rest  A  with  a  velocity  greater  than 

It  would   naturally  possess   suppose    no  blow 

had  been   struck.       The   effect,   therefore,   of  {' 

striking  the  pendulum   a  blow  when   at  D  is  p 

to  shorten  its  period  of  vibration  for  the  next 

quarter  period.     In  the  same  way,  if  the  blow 

had    been    struck    in    the    opposite    direction 

it  would  have  retarded  the  motion  of  the  pendulum. 

shown  that  if  we  attempt  to  keep  up  the  movement  of  the  pendulum 

by  supplying  it  with  energy,  we  must  only  do  this  when  it  is  passing 

through  its  position  of  rest,  for  if  we  interfere  with  the  free  swing  of  the 

pendulum  during  any  other  part  of  its  swing  the  period  of  the  pendulum 

will  be  affected.     Hence  a  good  escapement  is  so  arranged  as  to  give  a 

small  impulse  to  the  pendulum  each  time  it  passes  through  its  position 

of  rest,  but  to  allow  the  pendulum  to  move  quite  freely  during  the  rest 

of  its  swing. 

119*.  BifilaP  Pendulum.— If  a  rigid  body,  such  as  a  metal  bar,  AB 
(Fig.  90),  is  suspended  by  means  of  two  strings  CD  and  EF  of  equal  length 
/,  so  that  the  centre  of  gravity  G  lies  between  A 
and  B  ;  then,  so  long  as  there  is  no  torsion  in 
the  suspending  strings,  the  bar  will  take  up  a 
position  of  equilibrium  such  that  CD  and  EF  are 
both  in  the  same  vertical  plane.  Such  an  ar- 
rangement is  called  a  bifilar  pendulum,  and 
when  the  bar  AB  is  twisted  about  a  vertical  axis, 
it  will  be  acted  upon  by  a  couple  tending  to 
restore  it  to  its  position  of  rest.  In  order  to  find 
the  magnitude  of  the  restoring  couple,  we  will 
suppose  that  CE  is  equal  to  DF,  i.e.  that  when  the 
bar  is  in  its  position  of  equilibrium  the  suspend- 
ing strings  are  parallel.  Further,  we  shall 
suppose  that  the  centre  of  gravity  of  the  bar^^l^ 
lies  exactly  half-way  between  D  and  F,  so  that 
half  the  weight  of  the  bar  is  carried  by  each 
string.  If  then  the  mass  of  the  bar  is  w,  we  may, 
if  we  like,  consider  that  we  have  two  masses,  each  equal  to  w/2,  one  at  D 
and  the  other  at  F,  and  that  they  are  rigidly  connected  by  a  weightless 


*  The  amplitude  being  of  course  small,  and  nothing  like  as  large  as  that  shown  in 
the  figure. 
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rod  DF.  Let  this  rod  DF  (Fig.  91)  be  twisted  through  an  angle  B,  so  that 
each  of  the  suspending  threads  now  makes  an  angle  <^  with  its  former 
position.     Considering  one  end  only,  let  CD  (Fig.  92)  be  the  undisturbed 


Fig.  92. 


position  of  one  of  the  suspending  threads,  and  CD'  the  disturbed  position. 

tn 
Then  we  have  a  force  of  — ^  acting  at  d'  vertically  downwards.     This 

force  must  be  resolved  horizontally  and  along  CD'  produced.     In  the 

triangle  d'kh  the  angle  d'hk  is  equal  to  <^.     Hence  the  component 

/     •  y  .    "^     d'k     m    ^       , 

along  d'k  is  equal  to  —^irrr,=—^  tan  <p. 

2       D  XI       2 

This  force  acts  along  D^D,' ,  as  shown  in  the  right  hand  part  of  the 
figure,  which  represents  a  plan  of  the  arrangement.  Therefore  the 
moment  of  the  force  about  G  is 

--  .^tan  ^.  GK. 


But 


_    en     e 

GK^D^G  cos  2  =  2  ^os  -1 


where  a  is  the  distance  DF  between  the  suspending  threads. 
Hence  the  moment  about  G  is 


Now  tan  */> 


4           2 

tan  0. 

LDt 

CL 

~    CL 

a  sin  f 

CL 

cL 

=   — rL-  =    — — -    ,and  for  small  deflections, 


i.e.  small  values  of  </>,  CL  is  very  nearly  equal  to  CD^  i.e.  I. 
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Hence  the  restoring  moment  is  equal  to 

^,    sm  -  cos  -, 
4/  2         2 

or  g,    sm  p  :  smce  2  sm  -  cos  -  =  sm  0. 

8/  22 

Therefore  the  total  restoring  moment,  taking  into  account  the  two  ends, 

^%in^. 

From  this  expression  we  see  that  the  moment  of  the  restoring  forces  is 
proportional  to  the  sine  of  the  angle  of  deflection  (0)  ;  hence,  just  as  in 
the  case  of  the  simple  pendulum,  so  long  as  0  is  small,  and  therefore 
sin  6  practically  proportional  to  6,  the  system  will  ^ 

execute  oscillations  which  form  a  simple  harmonic 
motion. 

The  bifilar  pendulum  can  also  be  used  to  measure 
experimentally  the  moment  of  a  couple,  for  if  the 
couple  produce  a  twist  of  6,  then  the  moment  is 
given  by  the  expression  found  above. 

120.  Ballistic  Pendulum.— Suppose  we  have  a 
heavy  block  A  (Fig.  93)  of  mass  M  suspended  by  a  B 
thread  of  length  /  from  a  point  O,  and  that  a  bullet 
of  mass  m  moving  in  a  horizontal  direction  with  a  _ 

speed  V  strikes  A  opposite  its  centre  of  oscillation,  p^^^ 

and  sinks  into  the  block.  From  what  has  been 
said  in  §  114,  it  follows  that  in  these  circumstances  the  block  A  will 
move  in  a  circle  with  o  as  centre,  and  will  not  be  set  into  rotation 
about  a  vertical  axis.  Let  B  be  the  maximum  elongation  of  the  block, 
then  the  work  done  against  gravity  while  the  block,  with  the  bullet 
imbedded,  has  moved  from  its  position  of  rest  to  its  maximum  elongation 

is  {M+m)^,  CA. 

But  CA=OA-OC=/(i-cos  6). 

Hence  the  work  done  against  gravity  is 

gl{i  -  cos  e){M+m). 

Now  if  V  is  the  velocity  with  which  the  block  and  the  imbedded 
bullet  move  immediately  after  impact  we  have  (§  86) : — 

{M+m)V=mv. 

Hence  the  kinetic  energy  of  the  block  and  bullet  immediately  after 
impact  is 

UM+m)V^  or      -/^^"^  .' 

2^  ^  2{M+m) 
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Equating  the  two  expressions  we  have  found  for  the  energy  of  the 
block  and  imbedded  bullet  we  get 


2{M+m) 


=gl{i-cosd){M+m) 


or 


^-—'-J^gKi-cosO), 


Fig.  94. 
itself  cannot  be  set  in  rotation 


so  that,  by  observing  the  angle  6,  the  velocity  of  the 
bullet  when  it  struck  the  block  can  be  calculated. 

In  order  to  prevent  the  possibility  of  the  block 
being  set  in  rotation,  and  hence  the  utilisation  of  part 
of  the  kinetic  energy  of  the  bullet  in  setting  up  this 
rotation,  it  is  usual  to  suspend  it  by  eight  strings,  as 
shown  in  Fig.  94.     When  thus  suspended  the  block 


PART   IV— PROPERTIES   OF   MATTER 

CHAPTER  XV 
PROPERTIES  OF  MATTER 

121.  General  Properties  of  Matter.— We  have,  in  §  2,  defined 
matter  as  that  which  can  occupy  space,  and  in  the  subsequent  pages  we 
have  dealt  with  certain  of  the  more  general  properties  which  matter 
possesses.  Thus  we  find  that  matter  always  exists  in  a  definite  quantity, 
so  that  we  say  that,  as  far  as  we  are  ab!e  to  tell,  every  body  has  a 
definite  mass.  Another  property  of  matter  which  is  quite  general,  being 
shared  by  all  kinds  of  matter  alike,  is  extension^  i.e.  every  piece  of 
matter  must  occupy  some  definite  volume  of  space,  and  in  fact  we  have 
used  this  property  to  define  matter. 

Another  property  of  matter  intimately  related  to  the  last  is  that  of 
impenetrability,  or  that  two  portions  of  matter  cannot  occupy  the  same 
space.  Since,  however,  under  certain  conditions  the  volume  of  a  mixture 
of  two  kinds  of  matter  is  sometimes  less  and  sometimes  greater  than  the 
sum  of  the  volumes  of  the  two  constituents,  we  are  obliged  to  introduce 
certain  restrictions  into  the  statement  that  matter  is  impenetrable. 

If  50  c.c.  of  alcohol  are  mixed  with  50  c.c.  of  water,  the  volume  of  the 
mixture,  instead  of  being  100  c.c,  is  only  about  97  c.c.  It  would  thus 
appear  that  the  water  and  alcohol  are  able  to  a  certain  extent  to  inter- 
penetrate. 

We  may,  however,  regard  matter  as  built  up  of  a  number  of  small 
masses  called  molecules,  and  suppose  that  even  in  the  case  of  a  solid  or 
liquid  these  molecules  are  not  in  actual  contact,  but  that  there  exist 
interspaces  which  are  unfilled  by  matter.  Thus,  although  the  n\olecules 
may  be  rporously  impenetrable,  yet  in  certain  circumstances  we  may 
suppose,  either  that  fresh  molecules  can  be  packed  in  the  interstices,  or 
that  the  molecules  can  be  packed  closer  together,  and  hence  the  volume 
of  the  body  as  a  whole  may  be  reduced. 

That  bodies  in  general  are  porous,  i.e.  that  there  exist  pores  or 
channels  in  bodies,  which  to  the  eye,  and  even  in  some  cases  under  the 
highest-powered  microscope,  appear  quite  solid  and  impervious,  is  evi- 
dent by  many  experiments.  Thus  Bacon,  when  he  attempted  to  compress 
water  by  squeezing  a  lead  sphere  filled  with  water,  found  that  the  water 
exuded  through  the  pores  of  the  lead  and  stood  in  beads  on  the  surface. 
In  the  somewhat  more  famous  experiment  made  by  the  Florentine 
Academicians,  in  which  the  water  was  enclosed  in  the  first  place  in  a 
silver  sphere,  and  thereafter  in  a  silver  sphere  which  had  been  thickly 
gilded,  the  same  result  was  obtained,  the  water  passing  through  the  silver 
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and  gold.     In  a  later  section,  when  dealing  with  osmotic  pressure,  we 
shall  see  what  use  may  be  made  of  the  porosity  of  certain  materials. 

Another  property  of  matter  is  divisibility,  that  is,  all  such  portions  of 
matter  as  we  are  acquainted  with  can  be  subdivided.  The  interest  of  the 
study  of  this  property  of  matter  arises  when  we  consider  whether  it  would 
be  possible,  supposing  we  had  suitable  means,  to  continue  subdividing  a 
given  piece  of  matter,  say  gold,  indefinitely,  or  whether  we  should  finally 
arrive  at  such  a  condition  that  if  we  subdivided  the  excessively  minute 
piece  of  gold  under  test,  the  portions  would  no  longer  possess  the  pro- 
perties of  gold,  but  be  some  new  kind  of  matter  of  which  we  may  con- 
sider gold  to  be  built  up.  Considerations  of  the  relations  between  the 
quantities  of  different  kinds  of  matter  which  are  found  by  chemical 
analysis  to  build  up  all  known  compounds,  seem  to  point  conclusively  to 
the  conclusion  that  matter  is  not  infinitely  divisible,  bat  that  we  should 
finally  arrive  at  the  ultimate  particle  of  the  given  kind  of  matter,  so  that 
if  we  did  succeed  in  carrying  the  subdivision  any  further,  we  should  no 
longer  have  this  kind  of  matter,  but  should  have  split  it  up  into  its  com- 
ponents. Hence  we  suppose  that  for  every  kind  of  matter  there  exists 
some  particle  which  is  the  smallest  that  can  possibly  exist. 

Although  we  cannot  hope  to  prepare  such  an  ultimate  particle  by 
physical  subdivision,  it  is  interesting  to  note  some  of  the  examples  of 
extreme  tenuity  which  have  been  obtained.  Ordinary  gold-leaf,  which  is 
prepared  by  beating  out  a  small  nodule  of  gold  between  two  pieces  of 
skin,  has  a  thickness  of  about  1/300,000  inch,  or  8.2  x  iq-®  centimetre; 
and  Faraday  has  shown  that  the  thickness  can  be  very  much  further 
reduced  by  immersing  it  in  cyanide  of  potassium,  which  dissolves  the 
surface.  It  has  been  found  possible  to  rule  parallel  lines  on  a  polished 
piece  of  glass  at  a  distance  of  1/100,000  inch  (10-^)  or  2.5  x  lo"^  centi- 
metre from  one  another.  By  melting  a  small  piece  of  quartz  in  an  oxy- 
hydrogen  blowpipe,  it  is  possible  to  prepare  threads  of  quartz  having 
a  diameter  of  less  than  a  hundred  thousandth  (lo"*)  of  an  inch,  or 
2.5  X  lo"^  centimetre. 

The  whole  science  of  chemistry,  as  far  at  any  rate  as  it  is  a  quantita- 
tive science,  is  based  on  the  supposition  that  by  no  possible  means  can 
the  quantity  of  matter  be  altered,  so  that  if  the  mass  of  the  matter  within 
a  given  space  is  found  to  alter  it  must  be  due  to  matter  having  passed 
into  or  out  from  the  given  space  through  its  boundary.  Chemistry  also 
till  recently  taught  that,  as  far  as  the  elements  are  concerned,  the  quan- 
tity oi  each  element  in  any  given  space  cannot  be  altered  e:^ept  by  the 
introduction  or  withdrawal  of  such  element  through  the  bounaary  of  the 
space.  Hence  matter  is  said  to  be  indestructible,  i.e.  we  can  neither 
create  it  nor  destroy  it,  nor  can  we  convert  one  element  into  another. 
Recent  experiments  on  radio-activity  (see  Book  V.  Chapter  xix.)  have, 
however,  thrown  very  considerable  doubts  on  the  supposition  that  one 
kind  of  element  never  changes  into  another. 

The  fact  that  Newton's  first  law  of  motion  is  found  to  apply  to  all 
kinds  of  matter  shows  that  inertia  is  one  of  the  general  properties  of 
matter.  The  universal  tnith  of  Newton's  law  of  gravitation,  or  the  fact 
that  at  the  surface  of  the  earth  all  matter  possesses  weight,  constitutes  a 
property  of  matter. 

In  addition  to  the  above  properties,  which  are  common  to  matter  in 
all  its  forms,  and  are  therefore  called  general  properties  of  matter,  there 
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are  other  properties  which  may  be  quite  different  for  the  different  kinds 
of  matter,  or  for  the  same  kind  of  matter  when  its  surroundings  or  state 
are  different,  and  are  consequently  called  contingent  properties  of  matter. 
We  shall  consider  these  properties  in  the  appropriate  sections  under  the 
headings  of  sound,  light,  &c.,  where  the  groups  of  phenomena  depending 
on  each  particular  property  are  dealt  with. 

122.  Elasticity. — When  a  system  of  forces  act  on  a  portion  of  matter, 
although  they  may  not  produce  any  motion  of  the  body  as  a  whole,  yet 
they  may  produce  a  displacement  of  the  various  particles  of  the  body 
relatively  one  to  the  other.  Such  a  relative  motion  of  the  different 
portions  of  a  body  is  called  a  strain.  In  the  preceding  pages,  when 
dealing  with  the  action  of  forces  on  a  body,  we  have  supposed  the  body 
to  be  rigid  ;  that  is,  we  have  supposed  that,  however  great  the  forces 
acting  on  the  body,  they  did  not  produce  any  strain.  The  subject  of  the 
strains  produced  in  different  kinds  of  matter  under  various  conditions 
can,  in  such  a  work  as  the  present,  be  only  dealt  with  in  a  very  rudimen- 
tary manner. 

Strains  may  be  divided  into  two  classes,  according  as  to  whether  they 
consist  of  a  change  in  volume  of  the  body  or  a  change  in  shape. 

When  a  body  is  strained  by  the  application  of  external  forces  it  in 
general  resists  the  strain,  forces  being  called  into  play  by  the  relative 
displacement  of  its  parts  tending  to  cause  it  to  return  to  its  unstrained 
condition.  This  restoring  force,  called  into  play  owing  to  the  strain, 
is  called  a  stress. 

It  is  important  to  note  that  the  magnitude  of  the  stress  induced  in  a 
body  is  not  necessarily  always  equal  to  that  of  the  forces  applied  to  pro- 
duce the  strain.  Thus  it  requires  a  considerable  force  to  deform  or  strain 
such  a  body  as  a  lump  of  moist  clay  ;  but  if  the  external  forces  are  re- 
moved, there  is  no  tendency  for  t]je  clay  to  regain  its  former  shape.  If, 
however,  the  deforming  forces  strain  the  body  till  the  stress  induced  is 
such  as  just  to  prevent  further  strain,  then  a  state  of  equilibrium  will  be 
set  up,  and  the  stress  will  be  exactly  equal  and  opposite  to  the  deforming 
force.  ^ 

A  body  which  offers  a  stress,  tending  to  restore  the  body  to  its 
original  condition  when  it  is  strained,  is  said  to  be  elastic  or  to  possess 
elasticity. 

A  body  in  which  change  of  volume  calls  into  play  a  stress  is  said  to 
have  volutne  elasticity. 

A  body  in  which  change  of  shape,  without  change  of  volume,  calls 
into  play  a  stress  is  said  to  possess  rigidity. 

The  elasticity  of  a  body  is  measured  by  the  ratio  of  the  stress  pro- 
duced by  a  given  strain  to  that  strain,  or 

Elasticity=5^^ 
stram 

The  question  as  to  how  the  strain  and  stress  have  to  be  measured 
in  different  cases  is  postponed  till  we  come  to  consider  in  greater  detail 
the  properties  of  the  various  forms  of  matter. 

1  As  we  shall  only  deal  with  the  cases  where  a  strained  body  is  in  a  state  of 
equilibrium,  the  deforming  forces  will  always  be  equal  and  opposite  to  the  stress  called 
into  play.  Hence  it  saves  circumlocution  if  we  use  the  term  stress  to  indicate  the 
deforming  forces. 


138  Mechanics  and  Properties  of  Matter  [§123 

123.  States  of  Matter. — For  the  purposes  of  subdivision  we  may  say 
that  matter  exists  in  three  distinct  states,  the  solid,  the  hquid,  and  the 
gaseous.  In  addition,  however,  to  states  which  fulfil  the  definitions  of  a 
solid,  a  liquid,  or  a  gas,  which  we  shall  give  later  on,  it  will  be  found  that 
there  are  intermediate  states  which  bridge  over  the  intervals  between  the 
solid  and  the  liquid,  and  the  liquid  and  the  gas.  As  an  example  of  the 
kind  of  gradation  which  exists,  we  may  take  the  following  :  steel,  lead, 
wax,  cobbler's-wax  (which  will  flow  like  a  liquid  if  allowed  sufficient 
time),  treacle,  water,  ether,  liquefied  carbon  dioxide,  steam,  sulphur 
dioxide,  air,  hydrogen.  In  addition  there  is  the  critical  state  when  a 
substance  is  to  all  intents  and  purposes  both  a  liquid  and  a  gas,  and  the 
state  of  extreme  rarefication  of  a  gas  which  is  sometimes  called  the 
radiant  state  or  "  fourth  state  "  of  matter. 

We  may  define  a  solid  as  a  portion  of  matter  which  is  able  to  support 
a  steady  longitudinal  stress  without  lateral  support.  In  contradistinction, 
a  portion  of  matter  which  is  unable  to  support  a  steady  longitudinal  stress 
without  lateral  support  is  called  2i  fluid. 

If  we  take  a  solid  body,  say  a  lead-pencil,  then  we  may  apply  a 
deforming  force,  either  of  compression  or  extension,  in  any  direction  to 
the  pencil,  and  there  will  be  a  certain  amount  of  strain,  either  elongation, 
compression,  or  bending  produced,  which  will  call  into  play  a  stress  that, 
so  long  as  the  deforming  force  is  not  too  great,  will  be  in  equilibrium 
with  this  force,  and  this  stress  will  be  produced  without  the  body  being 
supported  in  any  way  in  a  direction  at  right  angles  to  that  along  which 
the  stress  acts.  In  the  case  of  a  fluid,  such  as  water  or  air,  we  are  unable 
to  exert  a  stress  on  it,  and  hence  produce  a  corresponding  strain,  unless 
we  supply  some  constraining  boundary  which  shall  prevent  the  fluid 
swelling  out  at  right  angles  to  the  line  of  action  of  the  stress.  Thus  if 
we  have  a  fluid  enclosed  in  a  cylindrical  tube  between  two  pistons,  then 
we  may  apply  a  deforming  force  to  the  fluid  either  by  forcing  the  pistons 
towards  one  another,  or  by  pulling  them  apart,  in  one  case  producing  a 
compression,  and  in  the  other  a  tension  in  the  direction  of  the  axis  of  the 
tube,  and  a  stress  will  in  both  cases  be  produced  in  an  opposite  direction 
to  the  applied  force.  If,  however,  part  of  the  wall  of  the  tube  between 
the  pistons  is  removed,  and  we  then  attempt  to  apply  stress  to  the  liquid, 
we  shall  not  succeed,  for  either  the  liquid  will  flow  out  through  the  gap 
in  the  tube,  or  air  will  be  sucked  into  the  tube  through  this  opening,  and 
the  fluid  will  remain  unstrained.  It  is  only,  therefore,  when  the  column 
of  fluid  is  laterally  supported  by  the  walls  of  the  tube  that  it  is  capable  of 
exerting  a  longitudinal  stress. 

Fluids  are  divided  into  liquids  and  gases.  A  liquid  is  a  fluid  such 
that  when  a  certain  volume  is  introduced  into  a  vessel  of  greater  volume 
it  only  occupies  a  portion  of  the  vessel  equal  to  its  own  volume.  A  gas 
is  a  fluid  such  that  if  a  certain  volume  is  introduced  into  a  vessel,  then, 
whatever  the  volume  of  the  vessel  may  be,  the  gas  will  distribute  itself 
throughout  the  vessel. 

124.  The  Constitution  of  Matter.— The  question  as  to  the  finite 
divisibility  of  matter  has  been  referred  to  in  §  121.  The  theory  that 
matter  is  not  infinitely  divisible,  but  that  every  body  is  made  up  of  small 
indivisible  parts  called  atoms  (from  iroiioi)  is  one  of  extreme  antiquity. 
At  the  present  day  this  theory  is  generally  accepted,  and  we  are  hence  led 
to  consider  what  is  the  nature  of  these  atoms.     In  chemistry  it  is  usual 
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to  apply  the  term  molecule  to  the  smallest  portion  of  any  kind  of  matter 
which  can  exist  alone  and  still  preserve  the  character  of  that  kind  of 
matter,  and  to  restrict  the  term  atom  to  the  smallest  portion  of  any 
element  which  can  take  part  in  a  chemical  reaction.  In  the  case  of  such 
a  substance  as  chalk,  the  molecule  is  the  smallest  portion  of  chalk  which 
can  exist. 

The  molecule  of  chalk  can,  by  certain  processes,  be  further  sub- 
divided, but  the  parts  have  no  longer  any  of  the  attributes  of  chalk  ;  they 
may  be  carbon  dioxide,  and  lime.  These  again  can  be  split  up  into 
carbon,  oxygen,  and  calcium,  but  further  than  this  it  has  up  to  now  been 
impossible  to  go.  For  this  reason  chalk  or  carbonate  of  lime,  carbon 
dioxide,  and  lime  are  called  compounds,  since  the  molecule  of  these 
bodies  can  be  further  subdivided,  losing,  however,  in  the  process  their 
essential  properties  as  chalk,  carbon  dioxide,  &c.  On  the  other  hand 
carbon,  oxygen,  and  calcium  are  called  elements,  since  the  molecule  of 
these  bodies  cannot  by  any  known  means  be  split  up  into  any  simpler 
bodies.  For  the  purposes  of  the  physicist,  as  distinct  from  the  chemist, 
it  is  generally  unnecessary  to  distinguish  between  the  smallest  particle 
which  can  exist  of  a  compound  or  of  an  element.  For  our  purposes,  in 
considering  the  structure  of  matter,  we  shall  call  the  ultimate  particle  a 
molecule,  and  shall  not,  in  most  cases,  further  consider  the  question 
whether  it  might  not  be  split  up  into  more  elementary  molecules. 

The  original  conception  of  a  molecule  was  that  it  consisted  of  a  hard 
sphere,  and  that  bodies  were  built  up  of  such  spheres,  which  were  not 
necessarily  in  contact  with  one  another.  This  conception  was  further 
extended  by  Boscovich,  who  did  away  with  the  consideration  that  the 
molecule  is  a  material  body  occupying  a  certain  space.  He  considered 
the  molecule  to  be  a  mere  mathematical  point  towards  or  from  which 
certain  forces  act.  He  further  supposed  that  any  two  molecules  attract 
each  other  with  a  force  which  for  considerable  distances  varies  inversely 
as  the  square  of  the  distance,  but  which  for  small  distances  becomes 
changed  into  a  repulsion,  which  increases  as  the  molecules  come  nearer 
and  nearer  together.  The  chief  difficulty  in  this  theory  is  that  it  does 
not  seem  capable  of  explaining  the  inertia  of  matter. 

One  of  the  most  recent  theories,  and  one  which  very  powerfully 
appeals  to  the  imagination,  is  Lord  Kelvin's  vortex  atom  theory.  By 
vortex  motion  is  meant  a  form  of  motion  such  as 
occurs  in  a  smoke-ring.  The  path  of  the  particles 
of  air  in  such  a  smoke-ring  is  indicated  by  the 
arrows  in  Fig.  95,  where  the  curved  arrows  show 
the  direction  in  which  the  air  particles,  which 
are  simply  rendered  visible  by  the  smoke,  rotate, 
while  the  straight  arrow  shows  the  direction  in 
which  the  ring,  as  a  whole,  moves.  There  is  a 
very  important  difference  between  this  form  of 
motion  and  a  wave  motion.  In  the  latter,  although 
the  waves  travel  onwards,  the  individual  particles 
of  the  medium  in  which  the  wave  is  being  pro- 
pagated only  move  through  a  comparatively  srnall  ^^^'  95- 
distance   from  their  original  position,  the  motion 

being  handed  on  from  one  particle  to  the  next.  In  vortex  motion,  how- 
ever, the  particles  of  the  medium  themselves  move  forward,  so  that  in 
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a  smoke-ring  the  particles  of  air  originally  forming  the  ring  move  on 
with  the  ring. 

The  properties  of  vortex  motion  were  first  examined  by  rigid  mathe- 
matical methods  by  von  Helmholtz,  who  found  that  if  the  fluid  in  which 
this  form  of  motion  exists  is  frictionless,  incompressible,  and  homogene- 
ous, then  :  (i)  A  vortex  can  never  be  produced,  nor  if  one  exists  can  it 
be  destroyed,  so  that  the  number  of  vortices  existing  is  fixed.  This  cor- 
responds to  the  property  of  indestructibility  of  matter.  (2)  The  rotating 
portions  of  the  fluid  forming  the  vortex  maintain  their  identity,  and  are 
permanently  differentiated  from  the  non-rotating  portions  of  the  fluid. 
(3)  These  vortex  motions  must  consist  of  an  endless  filament  in  which 
the  fluid  is  everywhere  rotating  at  right  angles  to  the  axis  of  the  filament, 
unless  the  filament  stretches  to  the  bounding  surface  of  the  fluid.  (4)  A 
vortex  behaves  as  a  perfectly  elastic  substance.  (5)  Two  vortices  cannot 
intersect  each  other,  neither  can  a  vortex  intersect  itself. 

On  the  basis  of  these  results  of  von  Helmholtz^  Lord  Kelvin  has 

founded  a  theory  as  to  the  constitution  of  matter.     He  supposes  that  all 

space  is  filled  with  a  frictionless,  incompressible,  and 

homogeneous   fluid  (the  ether),  and  that  an  atom  is 

simply  a  vortex   in  this  medium.      The   existence  of 

different  kinds  of  atoms  may  be  accounted  for  by  the 

fact  that  a  vortex  need  not  necessarily  be  a  simple 

ring,  as   shown    in  Fig.   95,  but  might   have   such  a 

form  as  that  shown  in   Fig.  96.      Since  a  vortex   can 

never  intersect  itself,  it   follows  that   the  number  of 

times  such  a  vortex  is  linked  with  itself  must  always 

Fig.  96.  remain  the  same.      Hence  we  may  suppose  that  the 

atoms  of  the  different  elements  are  distinguished  from 

one  another  by  the  number  of  times  they  are  linked. 

Another  hypothesis  as  to  the  constitution  of  matter,  which  is  suggested 
by  quite  recent  research,  will  be  considered  later  (Book  v.,  Chapter  xix.). 


CHAPTER    XVI 

PROPERTIES    OF    GASES 

We  commence  our  study  of  the  general  characteristics  of  the  different 
states  of  matter  with  that  of  the  gaseous  state,  for  in  this  condition  we 
are  able  to  account  for  most  of  the  observed  facts  by  dynamical  reasoning, 
based  on  what  is  known  as  the  kinetic  theory  of  gases.  On  the  other 
hand,  in  the  case  of  soHds  and  liquids  we  are  very  far  from  possessing 
even  an  approximate  dynamical  theory  to  account  for  the  observed  pro- 
perties. The  structure  of  a  gas  being  so  much  more  simple  than  that  of 
a  liquid  or  solid,  it  is  best  to  begin  by  the  study  of  the  gaseous  state,  and 
then  to  proceed  to  that  of  the  liquid  and  solid  states. 

Before,  however,  commencing  the  study  of  the  special  properties  of 
gases  it  will  be  convenient  to  consider  some  of  the  general  properties  of 
fluids,  since  these  properties  are  common  to  both  gases  and  liquids. 

125.  Pressure  Exerted  by  a  Fluid.— Since  a  fluid  cannot  resist  a 
stress  unless  it  is  supported  on  all  sides,  or  in  other  words  it  has  only 
elasticity  of  volume,  it  can  offer  no  permanent  resistance  to  forces  which 
tend  to  change  only  its  shape  and  not  its  bulk. 

It  follows,  from  this  mobility  of  fluids,  that  in  the  case  of  a  fluid  at  rest 
the  force  it  exerts  on  any  surface  in  contact  with  it  must  be  perpendicular 
to  the  surface.  If  the  force  did  not  act  perpendicular  to  the  surface,  then 
the  reaction  could  be  resolved  into  two  components,  one  acting  perpendi- 
cular to  the  surface,  and  the  other  acting  parallel  to  the  surface.  This 
latter  component  would,  if  it  existed,  cause  the  fluid  to  move  parallel  to  the 
surface.  Since  by  supposition  the  fluid  is  at  rest,  and  therefore  no  such 
tangential  motion  exists,  there  can  be  no  tangential  component  of  the 
force,  so  that  the  force  exerted  by  the  fluid  on  the  surface  is  perpendicular 
to  the  surface. 

The  magnitude  of  a  force  exerted  by  a  fluid  is  measured  by  the  force 
exerted  on  the  unit  of  surface,  and  is  called  the  pressure. 

Hence  in  the  c.^^.s.  system  the  unit  of  pressure  is  a  dyne  per 
square  centimetre.  The  dimensions  of  pressure  are  [Force] -5- [Area],  or 
[L^M  r-2]  -f  [Z2],  or  [Z-iA?  7^2]. 

If  the  pressure  over  a  surface  is  not  uniform,  then  we  measure  the 
pressure  at  a  point  by  considering  the  force  exerted  on  an  element  of 
area,  taken  round  the  given  point,  so  small  that  the  pressure  is  practically 
constant  over  this  area,  and  divide  the  force  by  the  area;  a  process 
exactly  analogous  to  that  adopted  in  the  case  of  a  variable  speed  in  §  31. 

It  also  follows,  as  a  consequence  of  the  mobility  of  fluids,  that  if  we 
apply  a  pressure  to  a  fluid  inclosed  in  a  vessel,  then  the  fluid  will  transmit 
this  pressure  equally  in  all  directions. 

If  a  fluid  is  unacted  upon  by  any  other  force  besides  the  pressure  of 
the  sides  of  the  containing  vessel,  then  the  pressure  must  be  the  same  at 
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every  point  within  the  fluid,  and  must  act  at  every  point  equally  in  all 
directions.  This  statement  may  be  proved  by  imagining  that  a  small 
cubical  element  of  volume  of  the  fluid  becomes  solidified  without  any 
other  change.  This  element  will  evidently  still  remain  in  equilibrium, 
and  hence  the  forces  acting  on  all  the  faces  must  be  equal.  As  the  area 
of  all  the  faces  is  the  same,  this  means  that  the  pressure  on  all  the  faces 
must  be  the  same.  Since  this  must  hold  good  however  the  small  cube  is 
turned,  it  follows  that  the  pressure  must  be  the  same  in  all  directions. 

126.  Fluids  under  the  Action  of  Gravity.  Principle  of  Archi- 
medes.— In  a  fluid  at  rest,  and  acted  upon  by  gravity,  the  pressure  in  the 
lower  layers  is  greater  than  in  the  upper,  since  each  layer  has  to  support 
the  weight  of  all  the  superincumbent  layers.  The  pressure  throughout 
any  horizontal  layer  must,  however,  be  everywhere  the  same.  Otherwise, 
if  there  were  two  points  in  the  same  horizontal  plane  at  which  the  pres- 
sure was  different,  then,  since  no  work  would  be  done  against  gravity  by 
the  passage  of  fluid  from  one  of  these  points  to  the  other,  if  we  had  a 
small  pipe  with  one  end  at  one  point,  and  the  other  end  at  the  other,  the 
fluid  would  flow  from  the  point  of  higher  pressure  to  the  point  of  lower 
pressure  through  the  pipe.  This  motion  would  also  take  place  even  if  no 
pipe  connected  the  two  points,  and  hence  the  fluid  would  not  be  at  rest, 
which  is  contrary  to  hypothesis.  If  the  two  points  are  at  different  levels, 
then  the  pressure  at  the  lower  point  is  greater,  but  the  liquid  there  does 
not  move  to  the  higher  point,  since,  to  do  so,  work  would  have  to  be  done 
against  gravity. 

When  a  solid  body  is  immersed  either  partly  or  wholly  in  a  fluid,  it 
displaces  a  volume  of  the  fluid  equal  to  the  volume  of  the  immersed  part, 
and  it  experiences  an  upward  force,  due  to  the  fluid,  ecjual  in  magni- 
tude to  the  weight  of  the  volume  of  fluid  displaced.  This  is  kr.own  as 
the  Principle  of  Archimedes^  and  its  truth  may  be  proved  as  follows. 
Suppose  that  the  body  immersed  in  the  fluid  is  a  cube  abcdefgh  (Fig.  97), 
and  that  it  is  immersed  so  that  the  edges  ae,  bf,  eg,  and  dh  are  vertical. 
Then  the  total  pressure  of  the  fluid  on  the  face  adhe 
is  exactly  equal  and  opposite  to  the  total  pressure 
on  the  face  bcgf.  For  we  may  suppose  them  each 
divided  into  equal  horizontal  strips,  so  that  the  pres- 
sure is  constant  over  each  strip.  Then  for  each 
strip  in  one  face  there  is  an  equal  strip  in  the  other 
in  the  same  horizontal  plane,  so  that  the  pressure  is 
the  same.  Hence  the  total  pressure  exerted  on  each 
pair  of  strips  is  equal  and  opposite  ;  and  therefore 
Fig.  97.  the  total  pressure  on  one  face  is  equal  to  the  total 

pressure  on  the  other.  The  same  argument  applies 
to  the  faces  abfe  and  dcgh.  The  upward  pressure  on  the  face  ef^h  is 
however  greater  than  the  downward  pressure  on  the  face  abcd^  since 
it  is  at  a  lower  level.  In  order  to  see  what  is  the  difference  between 
these  two  forces,  suppose  the  cube  removed  and  replaced  by  a  cube  of 
the  given  fluid,  which  by  some  means  has  been  solidified  without  any 
other  change.  This  cube  will  then  be  in  equilibrium  in  the  fluid.  The 
total  pressures  on  the  vertical  faces  will,  as  before,  exactly  balance  each 
other,  so  that  this  cube  of  the  fluid  is  in  equilibrium  under  the  three 
following  forces  :  (i)  the  weight  of  the  cube  of  fluid  acting  downwards; 
(2)  the  total  pressure  of  the  fluid  on  the  upper  face  abed  acting  down- 
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wards,  and  (3)  the  total  pressure  of  the  fluid  on  the  lower  surface  e/^h 
acting  upwards.  These  forces  are  all  parallel,  and  so,  in  order  that 
there  may  be  equilibrium,  the  sum  of  the  two  downward  acting  forces  must 
be  equal  to  the  upward  acting  force  ;  that  is,  the  difference  between  the 
total  upward  fluid  pressure  and  the  total  downward  fluid  pressure  is  equal 
to  the  weight  of  the  cube  of  fluid.  Hence  when  the  solid  is  immersed  in 
the  fluid,  since  its  upper  and  lower  faces  occupy  just  the  same  positions, 
as  we  have  supposed  the  faces  of  the  fluid  cube  to  occupy,  the  difference 
in  the  total  pressures  ^  on  the  lower  and  upper  faces  will  be  the  same 
as  before,  i.e.  it  will  be  equal  to  the  weight  of  a  cube  of  the  fluid  equal  in 
size  to  the  solid,  or,  in  other  words,  the  upward  force  acting  on  the  im- 
mersed solid  will  be  equal  to  the  weight  of  the  fluid  displaced  by  the  solid. 

127.  Expansive  Power  of  Gases.— The  property  of  gases  which 
distinguishes  them  from  other  fluids  is  that  a  given  mass  of  gas,  when 
introduced  into  a  closed  vessel,  always  exactly  fills  the  vessel,  whatever 
its  volume.  Thus  if  we  have  two  equal  closed  vessels  connected  together 
by  a  tube  which  can  be  closed  by  means  of  a  tap,  and  one  of  these  vessels 
is  filled  with  a  gas,  say  air  at  the  ordinary  pressure,  while  the  other  does 
not  contain  any  matter,  or,  in  other  words,  has  a  vacuum  inside,  then,  on 
opening  the  tap,  the  air  immediately  expands  and  rushes  into  the  second 
vessel,  till  finally  there  is  the  same  quantity  of  gas  in  each  vessel.  By 
again  closing  the  tap  and  exhausting  the  air  from  one  of  the  vessels  by 
means  of  an  air-pump  (§  135),  and  then  opening  the  tap,  the  remaining 
gas  again  expands  and  fills  the  two  vessels.  This  operation  may  be 
indefinitely  repeated,  and  in  every  case  the  gas  left  in  the  one  vessel 
will,  when  the  tap  is  opened,  expand  and  fill  the  two  vessels.  This 
experiment  illustrates  the  expansive  power  of  gases. 

Since  the  gas  enclosed  in  a  vessel  always  expands  and  completely 
fills  the  vessel,  even  if  this  latter  is  increased  in  volume,  it  follows  that 
the  gas  must  exert  a  pressure  on  the  inside  of  the  containing  vessel. 
That  this  is  so  can  be  shown  by  enclosing  some  air  at  ordinary  atmos- 
pheric pressure  in  a  thin  glass  flask,  and  then  removing  the  air  from 
outside  the  flask  by  placing  it  beneath  the  receiver  of  an  air-pump,  when, 
unless  the  flask  is  fairly  strong,  the  pressure  exerted  by  the  air  inside  the 
flask  will  be  sufficient  to  burst  the  flask.  The  reason  that  the  flask  does 
not  burst  before  the  air  surrounding  it  is  removed,  is  that  this  air  presses 
on  the  outside  of  the  flask  and  counteracts  the  effect  of  the  pressure  of  the 
enclosed  air  on  the  inside.  When  the  air  outside  is  removed  by  means  of 
the  pump  there  is  no  pressure  exerted  on  the  outside,  and  the  flask  may 
not  be  strong  enough  to  withstand  the  inside  pressure. 

128.  Density  of  Gases.— -The  density  of  a  body  is  the  mass  of  unit 
volume.  Hence  in  the  c.g.s.  system  the  density  of  a  body  is  the  mass  in 
grams  of  a  cubic  centimetre.  If  the  gram  were  exactly  the  mass  of  a 
cubic  centimetre  of  water  at  4°  C.  (§  145),  the  density  of  water  at  this 
temperature  would  be  unity.  Since,  as  will  be  explained  later  on,  the 
density  of  bodies  is  generally  obtained  by  determining  the  ratio  of  their 
density  to  that  of  water,  it  is  usual  to  assume  that  the  density  of  water  at 
4°  C.  is  exactly  i.  If  it  is  required  to  call  attention  to  the  fact  that  the 
density  has  been  obtained  on  this  assumption,  it  may  be  referred  to  as 
the  relative  density. 

^  In  many  cases  where  no  ambiguity  can  be  caused,  we  shall  use  the  word  pressure 
where  total  pressure  is  meant. 
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The  term  specific  gravity  is  often  used  as  synonymous  with  what  we 
have  called  the  density,  but  is  sometimes  distinguished  as  the  weight  of 
unit  volume.  In  the  case  of  gases,  the  density  is  sometimes  referred  to 
that  of  hydrogen  or  air,  taken  as  unity.  The  following  table  gives  the 
density  of  several  of  the  more  important  gases  :  (i)  in  grammes  per  cubic 
centimetre  ;  (2)  with  reference  to  hydrogen,  taken  as  unity,  the  gas  being 
in  every  case  at  a  temperature  of  0°  C.,  and  under  a  pressure  of  one 
standard  atmosphere. 

Density  of  Gases. 


Gas. 

Density  in  Grams  per 

Density  relative  to  Hydro- 

Cubic Centimetre. 

gen  taken  as  Unity. 

Hydrogen     .        *.        . 

0.0000896 

1. 00 

Coal  gas 

0.00046  (about) 

5.1  (about) 

Nitrogen  (atmospheric) 

0.001257 

14.03 

Air        .... 

0.001293 

14-43 

Oxygen 

0.001430 

15.96 

Carbon  dioxide    . 

0.001974 

22.03 

Chlorine 

0.003133 

34-97 

129.  Elasticity  of  Gases.— The  only  kind  of  elasticity  of  which  a 
gas  is  capable  is  elasticity  of  volume  or  bulk  elasticity,  since  it  is  only  to 
a  change  of  volume  that  a  gas  offers  any  permanent  resistance.  If  the 
pressure  acting  on  a  volume  F  of  a  gas  is  increased  from  P  to  P+p^  and 
as  a  result  the  volume  becomes  reduced  to  V-v^  the  temperature  re- 
maining constant ;  then  the  strain  or  deformation  produced  in  a  volume 
^  is  «/,  and  therefore  the  strain  produced  per  unit  volume 
C  is  vjVf  while  the  stress  corresponding  to  this  strain  is  /. 
Hence,  since  the  elasticity  of  a  body  is  the  ratio  of  the  stress 
to  the  strain  it  produces,  the  elasticity  of  the  given  gas  is 


1' 


P-^ 


or 


pV 


OD 


In  order  to  study  the  elasticity  of  ^ases,  Robert  Boyle 
A  made  use  of  a  glass  U-shaped  tube  (Fig.  98).  The  end  of 
the  shorter  limb  AB  of  this  tube  was  closed  at  A,  while  the 
end  of  the  longer  limb  was  open.  Having  calibrated  the 
shorter  limb,  so  that  the  volume  occupied  by  the  gas  en- 
closed in  it  was  known,  mercury  was  poured  into  the  open 
limb,  so  as  to  imprison  a  certain  quantity  of  air  in  the 
closed  limb.  The  volume  of  the  enclosed  gas  was  obtained 
from  the  previous  calibration  of  the  tube,  and  the  pressure 
to  which  it  was  subjected  was  the  atmospheric  pressure 
(§  ^32),  together  with  the  weight  of  a  column  of  mercury  of  height  ED. 
By  adding  more  and  more  mercury,  and  reading  the  corresponding 
values  of  the  volume  and  the  height  ed,  Boyle  obtained  a  series  of  values 
of  the  volume  of  a  given  mass  of  air  under  different  pressures,  and  as  a 


B 

Fio.  98. 
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result  he  was  led  to  enunciate  a  law,  which  is  known  as  Boyle's*  law, 
that  the  product  of  the  volume  of  a  given  mass  of  a  gas  into  the  pressure 
is  a  constant  for  all  pressures. 

If  F  is  the  volume  of  a  given  mass  of  gas,  and  P  is  the  pressure  to 
which  it  is  subjected,  then  Boyle's  law 
states  that,  so  long  as  the  temperature 
remains  constant, 

PF=  constant. 

The  experiments  of  Boyle  only 
showed  that  the  volume  of  a  gas  is 
inversely  as  the  pressure  for  a  small 
range  of  pressures,  and  his  form  of 
apparatus  was  not  sufficiently  accurate 
to  detect  small  deviations  from  his  law, 
even  if  they  had  occurred  within  the 
range  of  his  experiments. 

Regnault  in  1847  designed  a  form 
of  apparatus  in  which  the  two  great 
defects  of  Boyle's  apparatus,  namely, 
that  the  possible  range  of  pressures 
is  small,  and  that  as  the  pressure  in- 
creases the  volume  of  the  gas  becomes 
so  small  that  the  inevitable  errors 
made  in  measuring  this  volume  bear 
a  larger  and  larger  ratio  to  the  volume 
to  be  measured,  were  to  a  great  extent 
eliminated. 

Regnault  used  a  column  of  mercury 
to  measure  the  pressure  to  which  the  ' 
gas  was  subjected,  but  instead  of 
being  limited  to  a  column  about  a 
metre  high,  he  used  one  30  metres 
high.  This  column  of  mercury  was 
contained  iii  a  series  of  strong  glass 
tubes,  which  were  clamped  end  to  end 
and  fixed  to  the  side  of  a  tower.  In 
order  to  allow  of  the  glass  tubes  ex- 
panding and  contracting  with  changes 
of  temperature  without  fear  of  fracture, 
each  tube,  instead  of  being  rigidly  fixed 

to  the  wall,  was  suspended  by  two  strings  which  passed  over  pulleys  fixed 
to  the  wall  and  had  counterpoises  attached  (Fig.  99).  In  this  way  the 
weight  of  the  whole  colum.n  was  distributed  between  these  supporting 
strings,  and  any  expansion  could  take  place  quite  freely.  In  order  to 
measure  the  height  of  the  mercury  column  a  series  of  fine  marks,  o,  1,2, 


Fig.  99. 


^  Boyle  published  the  experiments  on  which  he  founded  the  enunciation  of  his  law 
in  1662.  Fourteen  years  later  Mariotte  enunciated  the  same  law,  using  the  same 
curious  illustration  of  a  heap  of  sponges  as  had  been  used  by  Boyle.  The  law  is, 
however,  known  on  the  Continent  as  Mariotte's  law.  For  an  interesting  discussion 
on  the  true  discoverer  of  this  law,  see  Tait's  "  Propcriies  of  Matter,"  p.  307. 
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3,  4,  &c.,  were  engraved  on  the  glass,  and  the  distance  between  these 
marks  was  measured  by  means  of  a  cathetometer. 

The  bottom  tube  was  firmly  cemented  at  B  to  a  strong  iron  reservoir 
LF,  into  which  the  glass  tube  CD  to  contain  the  gas  under  experiment 
was  also  cemented.  Attached  to  the  top  of  this  reservoir  was  a  small 
force-pump  G,  by  means  of  which  water  could  be  forced  into  F  from  the 
vessel  H,  thus  driving  the  mercury  which  filled  the  lower  part  of  F  up 
the  open  tube  AB,  and  compressing  the  gas  in  the  closed  tube  DC  ;  the 
magnitude  of  the  pressure  being  obtained  by  observing  the  height  to 
which  the  mercury  rose  in  AB.  The  tube  CD  was  furnished  with  a  tap 
at  C,  by  means  of  which  it  could  be  closed,  or  when  this  was  open  the 
gas  under  experiment  could  be  forced  in  from  a  reservoir  by  means  of  a 
force-pump  attached  to  the  tube  K.  A  wide  tube  surrounded  CD,  so  that 
by  the  passage  of  a  current  of  water  the  temperature  of  the  enclosed  gas 
could  be  kept  constant,  as  indicated  by  the  thermometers  Tj  and  Tg. 
Two  fine  crosses  were  engraved,  one  at  D  and  the  other  at  E,  and  the 
volume  of  the  closed  tube  from  the  tap  down  to  each  of  these  crosses  was 
very  carefully  determined. 

When  making  an  experiment,  the  gas  was  pumped  into  CD  till  the 
surface  of  the  mercury  stood  at  the  mark  D  in  the  closed  tube,  and  at 
the  same  level  in  the  open  tube.  The  gas  was  therefore  at  atmospheric 
pressure.  Water  was  then  pumped  into  F  till  the  surface  of  the  mercury 
stood  at  E,  and  the  position  of  the  top  of  the  mercury  column  in  AB, 
measured  from  E,  was  read,  and  thus  the  new  pressure  was  obtained. 
Then,  the  pressure  being  kept  constant,  gas  was  pumped  in  through  K 
till  the  surface  of  the  mercury  was  at  D.  More  water  was  then  pumped 
into  F,  till  the  gas  was  compressed  to  the  volume  CE,  and  the  pressure 
noted  as  before.  More  gas  was  then  pumped  in,  and  the  series  of  opera- 
tions repeated  till  the  greatest  available  pressure  was  reached. 

From  the  readings  thus  taken  it  could  be  seen  what  increase  of  pres- 
sure was  necessary  to  compress  the  gas  from  the  volume  CD  to  the  volume 
CE,  starting  at  different  initial  pressures  ;  the  great  improvement  on  the 
previous  methods  being  that  the  initial  and  final  volumes  were  the  same 
at  the  high  pressures  as  at  the  low,  and  hence  the  inevitable  small  un- 
certainties made  in  measuring  the  volume  did  not  produce  a  greater 
percentage  error  at  the  high  pressures  than  at  the  low. 

In  deducing  the  pressure  from  the  height  of  the  mercury  column, 
Regnault  allowed  for  the  change  in  density  of  the  mercury  with  tempera- 
ture, the  temperature  of  the  column  being  measured  by  a  series  of  ther- 
mometers T3,  T4,  &c.,  placed  alongside  the  column.  He  also  allowed  for 
the  increase  in  density  of  the  mercury  at  the  lower  parts  of  the  column 
produced  by  the  pressure  of  the  superincumbent  mercury.  Finally,  since 
to  obtain  the  total  pressure  to  which  the  gas  is  subjected  we  must  add 
the  pressure  of  the  atmosphere  (§  1 32)  on  the  top  of  the  mercury  column 
in  the  open  tube,  he  read  the  height  of  a  barometer  placed  on  a  level 
with  the  surface  of  the  mercury  in  AB  for  each  position. 

In  the  following  table  some  of  Regnault's  results  are  given.  The  first 
column  contains  the  initial  pressure  {P^  in  centimetres  of  mercury  under 
which  the  gas  occupied  the  volume  CD,  which  may  be  called  V^  If  then 
/'i  is  the  pressure  when  the  volume  is  reduced  to  CE,  say  Kj,  then,  if 

Boyle's  law  is  exactly  true,  fV©  would  be  equal  to  Fj/'j,  or  the  ratio  -^^ 
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would  be  unity ;  the  actual  values  found  for  this  ratio  are  given  in  the 
second  column  of  the  table  : — 


Air. 

Carbon  Dioxide. 

Hydrogen. 

Po- 

/'o- 

v,P,- 

/'o. 

em,  of  Mer- 
cury. 
73-872 
211.253 
414.082 
933-641 

1.001414 
1.002765 
1.003253 
1.006366 

Cm.  of  Mer- 
cury. 
76.403 
318.613 
487.977 
961.997 

1.007597 
1.028698 
1.045625 
I.155865 

Cm.  of  Mer- 
cury. 
221. 118 
584.518 
917.650 

0.998584 
O.996121 
0.992933 

From  this  table  it  will  be  seen  that  in  the  case  of  air  and  carbon 
dioxide  V^Pq  is  always  slightly  greater  than  V^P^^  and  that  as  the  pres- 
sure increases  this  excess  becomes  greater  and  greater.     Hence  these 
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gases  are  slightly  more  compressible,  particularly  at  high  pressures,  than 
they  would  be  if  they  obeyed  Boyle's  law  exactly.     Hydrogen,  however, 
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deviates  from  Boyle's  law  in  the  opposite  direction,  V^^P^  being  less  than 
Fj/^i,  so  that  this  gas  is  less  compressible  than  a  gas  which  obeys 
Boyle's  law  exactly. 

Regnault  in  his  experiments  was  only  able  to  go  up  to  a  pressure 
of  27  atmospheres  (§  132).  Amagat  has,  however,  investigated  the 
elasticity  of  gases  up  to  pressures  of  about  300  atmospheres,  and  his 
results  for  hydrogen,  nitrogen,  and  carbon  dioxide  (at  two  temperatures) 
are  shown  in  Fig.  100.  In  this  figure  a  curve  has  been  drawn  represent- 
ing for  each  gas  the  values  of  the  product  PV  2X  different  pressures. 
Since,  if  a  gas  obeys  Boyle's  law  exactly,  PV '\s  constant,  the  cuive 
corresponding  to  such  a  gas  would  be  a  horizontal  straight  line  parallel 
to  the  axis  pressures. 

It  will  be  noticed  that  the  curve  for  hydrogen  slopes  upwards  for 
increasing  pressures,  indicating  that  the  gas  is  less  compressible,  i.e. 
more  elastic,  than  if  it  obeyed  Boyle's  law.  In  the  case  of  nitrogen  at 
pressures  below  40  metres  of  mercury  the  curve  slopes  downwards,  and 
the  gas  is  less  elastic  than  if  it  obeyed  Boyle's  law  ;  while  for  higher 
pressures  it  resembles  hydrogen,  in  that  its  elasticity  is  greater  than  that 
given  by  Boyle's  law.  Carbon  dioxide  at  a  temperature  of  100**  C.  gives 
a  curve  which  is  an  exaggeration  of  the  nitrogen  curve.  At  a  temperature 
of  35°.  I  the  curve  for  carbon  dioxide  has  a  very  distinctive  form,  there 
being  a  pressure  (70  metres  of  mercury),  for  which  the  product  VP  has  a 
sharply  marked  minimum  value. 

A  consideration  of  these  curves  shows  that  gases,  which  at  low  pres- 
sures deviate  from  Boyle's  law  in  that  they  are  too  compressible,  at  high 
pressures  and  temperatures  resemble  hydrogen  at  ordinary  pressures,  and 
deviate  from  Boyle's  law  in  the  opposite  sense  to  that  at  low  pressures. 
130.  The  Air  Manometer. — The  elasticity  of  a  gas  can  be  made  use 
of  to  measure  pressures.     An  instrument  for  this 
purpose  consists  of  a  curved  tube  ABC  (Fig.  loi) 
closed  at  one  end.  A,  with  some  mercury  in  the 
bend  enclosing  some  air  in  the  closed  limb,  the 
volume  of  which  can  be  read  off  on  a  scale  at- 
tached to  the  side  of  the  tube.     The  open  end  c 
being   connected  with   the  vessel    in   which   the 
pressure  has  to  be  measured,  suppose  the  volume 
of  the  air  to  be  reduced  from  Tq,  at  atmospheric 
pressure,  to  Fj,  the  mercury  in  the  tube  standing 
at  E  and  D  in  the  two  branches  of  the  tube.     Then 
the  pressure  acting  through  c  is  balanced  by  the 
B  elasticity  of  the  air,  together  with  the  weight  of 

p,(j  jQj  a  mercury  column  of  height  DE.      The  pressure 

due   to   the  elasticity   of   the   air   is    by   Boyle's 

law  equal  to  -^  atmospheres,  and  hence  the  pressure  to  be  measured  is 


fxz 


W 


equal  to  -^  atmospheres  together  with   the   weight   of  the  column   of 

mercury  DE.     Of  course  for  high  pressures  a  correction  would  have  to 
be  applied,  to  allow  for  the  deviation  of  air  from  Boyle's  law. 

131.  ToPricelli's  Experiment.  — In  the  year  1643,  an  Italian  named 
Torricelli  having  filled  a  glass  tube,  about  a  metre  long  and  closed  at 
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one  end,  with  mercury,  inverted  it  and  dipped  the  open  end  below  the 
surface  of  some  mercury  in  a  trough.  He  then  found  that,  instead  of 
continuing  to  completely  fill  the  tube,  the  mercury  forsook  the  upper 
part  of  the  tube,  the  height  of  the  column  being  aboqt_26_centimetres. 
Torricelli  gave  the  true  explanation  of  this  phenomenon,  namely,  that 
the  mercury  column  was  supported  by  the  pressure  of  the  atmosphere 
acting  on  the  free  surface  of  the  mercury  in  the  trough,  so  that  this 
pressure  was  equal  to  the  weight  of  a  column  of  mercury  about  76  cm. 
liigh.  This  explanation  also  accounted  for  the  elevation  of  water  in 
suction-pumps,  which  had  previously  been  explainedhy  saying  that  nature 
abhorred  a  vacuum,  and  that  as  the  plunger  of  the  pump  rose,  it  tended 
to  produce  a  vacuum,  and  therefore  the  water  rushed  in.  Torricelli's 
experiment  was  further  extended  by  Pascal,  who  tried  the  experiment 
with  tubes  filled  with  oil,  water,  and  wine,  the  height  of  the  column  being 
in  each  case  inversely  proportional  to  the  density  of  the  liquid  employed 
Pascal  also  suggested  that  if  Torricelli's  explanation  were  the  correct 
one,  then  the  maximum  height  of  the  mercury  column,  or  the  height 
of  the  barometer^  as  it  is  called,  would  be  less  at  the  top  of  a  mountain 
than  at  the  foot,  since  the  air  is  a  heavy  fluid,  and  therefore  the  pressure 
increases  with  the  depth.  This  experiment  was  carried  out,  and  the 
results  completely  confirmed  his  prediction. 

132.  Pressure  of  the  Atmosphere.— Since  the  volume  of  a  gas  is 
so  very  largely  affected  by  the  pressure  to  which  it  is  subjected,  it  is 
necessary  to  state  the  pressure  at  which  the  measurement  is  made.  To 
simply  state  that  the  measurement  was  made  at  "atmospheric  pressure" 
is,  in  many  cases,  not  accurate  enough,  for  it  is  found  that  the  baro- 
metric height,  and  therefore  the  pressure  of  the  atmosphere,  varies  by 
a  considerable  amount  from  time  to  time.  A  standard  pressure  has 
therefore'  been  adopted,  which  is  called  an  atmosphere^  or  simply  the 
standard  pressure.  This  pressure  is  such  that  it  would  support  a  column 
of  mercury  76  cm.  high.  Since  the  density  of  mercury  varies  with  the 
temperature,  and  the  pressure  necessary  to  support  a  given  height 
depends  on  the  density  of  the  mercury,  it  is  necessary  to  state  the 
temperature  of  the  mercury  when  defining  the  standard  pressure.  In 
addition,  since  the  pressure  necessary  to  support  the  column  of  mer- 
cury depends  on  the  weight  of  the  mercury,  and  the  weight  of  a 
column  of  mercury  of  given  height  depends  on  the  value  of  g^  or  the 
acceleration  due  to  gravity,  it  is  necessary  to  state  the  value  of  g.  for 
which  76  cm.  of  mercury  are  equal  to  the  standard  atmosphere.  The 
temperature  chosen  has  been  that  of  melting  ice  (o"  C),  and  the  value 
of  g^  since  g  varies  both  with  the  latitude  (§  116)  and  with  the  altitude, 
is  taken  as  that  at  latitude  45'  and  at  the  sea-level.  Hence  the 
standard  pressure  is  defined  as  sucli  that  it  will  support  a  column  of 
mercury  76  cm.  high,  at  latitude  45°  and  at  the  sea-level,  the  temperature 
of  the  mercury  being  0°  C.  The  density  of  mercury  at  0°  C.  is  13.596, 
and  the  value  oi  g  at  the  sea-level  and  at  latitude  45°  is  980.60  cm.  per 
sec.  per  sec.     Hence  the  value  of  the  standard  pressure  is 

76  X  13.596x980.60  dynes  per  sq.  cm. 
=  1013250  dynes  per  sq.  cm. 

This  number  is  very  nearly  one  million  dynes  per  square  centimetre. 
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and  it  has  been  proposed  to  take  a  pressure  of  exactly  one  million  or 
10®  dynes,  or  a  mega-dyne,  per  square  centimetre  as  the  standard  pres- 
sure. This  would  correspond  to  a  column  of  mercury  at  0°  C,  at 
latitude  45°  and  the  sea-level,  of  a  height  of 


lOOOOCX) 


13.596x980.60 


75.005  cni. 


188.  The  Barometer.— A  knowledge  of  the  pressure  exerted  by  the 
atmosphere,  or  the  height  of  the  barometer,  is  of  great  importance  not 
only  in  meteorology,  but  also,  as  we  shall  see  in  the  later  sections  of  this 
volume,  in  many  branches  of  physics.  An  instrument  designed  for 
measuring  the  pressure  of  the  atmosphere  is  called  a  barometer,  and  we 
shall  now  proceed  to  describe  one  or  two  of  the  more  important  kinds  of 
barometers. 

Barometers  may  be  divided  into  two  classes  :  (i)  Liquid  barometers, 
in  which  the  pressure  is  measured  in  terms  of  the  height  of  a  column  of 
a  liquid,  and  (2)  aneroid  barometers,  in  which  the  pressure  is  measured 
by  the  deformation  of  the  lid  of  a  metal  box. 

Practically  the  only  liquid  that  is  used  in  liquid  barometers  is  mer- 
cury, since,  on  account  of  its  great  density,  the  height  of  the  column 
which  the  pressure  of  the  atmosphere  can  support  is  of  a  manageable 
magnitude.  Another  advantage  possessed  by  mercury  is  that  it  does  not 
absorb  moisture  from  the  air,  as  does  glycerine,  the  only  other  liquid  that 
has  been  used  to  any  extent. 

The  simplest  form  of  mercury  barometer  is  the  syphon  barometer. 
It  consists  of  a  U-shaped  tube,  the  longer  limb  (ab.  Fig. 
102)  of  which  is  closed  at  A,  and  is  about  86  cm.  long,  while 
the  shorter  limb  is  open  at  c.  This  tube  is  filled  with  pure 
mercury,  and  by  boiling  the  mercury  any  air  or  moisture 
adhering  to  the  mercury  or  the  bore  of  the  tube  is  ex- 
pelled. The  distance  DE  is  equal  to  the  barometric  height. 
When  the  barometric  pressure  increases,  the  mercury  rises 
in  the  closed  limb  and  falls  in  the  open  limb  ;  and  if  the 
bore  of  the  two  limbs  is  the  same,  the  movement  of  the 
mercury  surface  (meniscus)  is  the  same  in  the  two  limbs 
but  in  opposite  directions.  Hence,  if  the  mercury  rises 
in  the  closed  limb  by  i  cm.  it  will  also  fall  in  the  open 
limb  by  i  cm.,  and  therefore  the  distance  de  will  increase 
by  2  cm.,  that  is,  the  atmospheric  pressure  will  have  in- 
creased by  two  centimetres  of  mercury. 

If  a  scale  is  attached  to  either  of  the  tubes,  and  each 
half-centimetre  is  marked  a  centimetre,  then  the  reading  at 
once  gives  the  height  of  the  barometer.  Since,  however, 
the  bore  of  a  glass  tube  is  never  quite  uniform,  two  scales 
are  fixed,  one  alongside  each  limb,  having  their  zeros 
on  the  same  horizontal  plane,  that  alongside  the  closed 
limb  reading  upwards,  and  that  alongside  the  open  limb  reading  down- 
wards. The  sum  of  the  readings  correspondmg  to  the  two  mercury 
surfaces  then  gives  the  height  of  the  mercury  column. 


Fig.  102. 
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In  the  cistern  barometer  the  tube  is  straight,  the  open  end  dipping 
below  the  surface  of  some  mercury  contained  in  a  fairly  wide  vessel. 
Since,  as  the  atmospheric  pressure  alters,  and  there- 
fore the  height  of  the  mercury  column  alters,  mercury 
either  enters  or  leaves  the  tube,  the  level  of  the  mercury 
in  the  cistern  will  alter.  As  it  would  be  inconveni- 
ent to  have  a  cistern  with  such  a  large  cross  section, 
in  proportion  to  that  of  the  tube,  that  such  fluctuations 
in  the  quantity  of  mercury  contained  in  the  tube  as 
occur  in  practice  should  not  appreciably  alter  the  level 
of  the  surface  in  the  cistern,  a  device  due  to  Fortin 
is  employed,  by  means  of  which  the  level  of  the  surface 
of  the  mercury  in  the  cistern  is  always  brought  back 
to  a  fixed  mark  connected  to  the  scale  by  which  the 
height  of  the  column  is  measured.  The  plan  adopted 
is  shown  in  Fig.  103,  and  consists  in  making  the 
bottom  of  the  cistern  flexible.  The  upper  part  of  the 
cistern  is  of  glass,  and  is  cemented  to  a  boxwood 
ring  A,  to  which  is  tied  a  ring  of  buckskin  B.  This 
buckskin  carries  a  wooden  button  C,  which  rests  on 
the  point  of  a  screw  s,  and  forms  a  flexible  bottom  to 
the  cylinder,  so  that  the  surface  of  the  mercury  in 
the  cistern  can  be  raised  or  lowered  by  turning  the 
screw.  A  small,  pointed  ivory  pin,  D,  is  fixed  to  the 
top  of  the  cistern,  and  the  graduations  of  the  scale, 
which  are  usually  engraved  on  a  metal  tube  surround- 
ing the  glass  barometer  tube,  count  from  the  point 
of  this  pin.  Before  making  a  reading  of  the  menis- 
cus of  the  mercury  in  the  tube,  the  surface  of  the  mercury  is  adjusted  till 
it  exactly  touches  the  point  of  the  ivory  pin.  This  adjustment  is  complete 
when  the  point  of  the  pin  ap- 
pears just  to  touch  its  image, 
as  seen  by  reflection  in  the  sur- 
face of  the  mercury. 

The  aneroid- barometer  con- 
sists essentially  of  a  cylindrical 
metal  box  A  (Fig.  104),  the  lid 
of  which  consists  of  a  thin 
corrugated  metal  plate.  The 
inside  of  this  box  is  exhausted 
by  means  of  a  pump,  leaving 
a  more  or  less  perfect  vacuum 
and  the  pressure  of  the  air,  act- 
ing on  the  thin  elastic  lid,  bends 
it  and  forces  it  in  to  a  certain 
extent.  As  the  pressure  of  the 
atmosphere  varies,  the  amount 
of  flexure  of  the  lid  varies,  and 
by  means  of  a  system  of  delicate 
levers,  c,  D,  E,  this  change  in  the 
flexure  of  the  lid  is  shown  by 
graduated  scale. 


I04- 


the  movement  of  a  pomter,  F,  over  a 
The  great  advantage  of  an  aneroid  barometer  over 
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a  mercurial  barometer  is  its  extreme  portability.  The  scale  of  all 
aneroids,  however,  has  to  be  set  out  by  comparing  them  with  a  mercurial 
barometer. 

134.  Corrections  to  Barometer  Reading".— In  addition  to  the  cor- 
rections to  reduce  the  height  of  the  mercury  column  to  what  it  would  be 
at  o"  C,  at  latitude  45°,  and  at  the  sea-level,  a  correction  has  to  be  applied 
to  allow  for  the  expansion  of  the  scale  by  means  of  which  the  height  of 
the  column  is  measured.  If  this  scale  is  correct  at  0°  C,  then  at  all 
temperatures  above  0°  C,  the  length  of  the  divisions  will  be  too  ^eat^ 
since  all  metals  increase  in  length  when  heated.  Let  a  be  the  coefficient 
of  linear  expansion  of  the  metal  of  which  the  scale  is  composed  (§  184),  so 
that  unit  length  of  the  scale  at  0°  C.  becomes  i  -f  a  at  T  C.  and  i  -f-a/  at 
t°  C.  If  ht  is  the  barometric  height  as  measured  with  the  scale  at  a 
temperature  /,  then  the  height  as  measured  with  the  scale  at  0°  would  be 
greater,  since  the  length  of  each  division  of  the  scale  would  be  less  in  the 
ratio  of  I  to  1  -l-a/,  so  that  the  number  of  the  divisions  corresponding  to  a 
given  length  {i.e.  the  length  of  the  mercury  column)  will  be  increased  in 
the  ratio  of  i+a/  to  i.  Hence  if  ho  is  the  barometer  reading  corrected 
for  the  expansion  of  the  scale, 

/z„  =  //^(l+a/). 

Now  ho  is  the  height  of  a  column  of  mercury  at  a  temperature  /",  and  we 
have  to  find  what  would  be  the  height  if  the  temperature  of  the  mercury 
were  o"  C.  If  dt  is  the  density  of  the  mercury  at  /°,  do  the  density  at  0% 
8  the  coefficient  of  cubical  expansion  of  mercury  (see  §  189),  and  H  the 
height  which  the  column  would  have  if  the  mercury  were  at  o"  C.  ;  then 
I  c.c.  of  mercury  at  0°  becomes  i  -f  S  c.c.  at  T,  and  i  +S/  c.c.  at  /".  Hence, 
since  the  mass  M  of  the  mercury  remains  the  same, 


M=  Vodo-=  Vtdt, 

lumes  of  the  r 
refore 


where  Vo  and  Vt  are  the  volumes  of  the  mass  M  at  the  temperatures 
0°  and  /°  respectively.     Therefore 


or  ^=    .V.  =i-8/+8V2  +  ,&c. 
do     1+0/ 

Since  ^  is  an  excessively  small  quantity,  we   may  neglect   the  term 
involving  8^  and  higher  powers  of  8.     Therefore 

4'=  I -8/. 
do 

The  height  of  a  column  of  liquid  supported  by  a  given  pressure  being 
inversely  proportional  to  the  density, 

ho    do 
Hence  H^ho{\-ht) 

=  Ml-(8-a)/), 
if  we  neglect  the  term  rVx/^^  which  is  excessively  small. 
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For  brass  a  =  .000026,  and  for  mercury  §  =  .000182  (the  temperature 
being  measured  in  degrees  Centigrade). 

Hence,  for  a  mercury  barometer  with  a  brass  scale,  the  reduced  height 
corresponding  to  an  observed  height  ht^,  at  a  temperature  /"  C,  is 
given  by 

H=hi{i  -0.000162/). 

This  height  H  corresponds  to  a  pressure  of  Ng  dynes,  where  g  is 
the  acceleration  of  gravity  at  the  place  of  observation.  If  g^  is  the 
value  of  g  at  latitude  45°,  and  at  the  sea-level, 

—  =  I  -  0.0026  COS.  2X  —  0.0000002/, 

where  X  is  the  latitude  of  the  place  of  observation  and  /  is  the  height 
above  the  sea-level  in  metres. 

If  Ho  is  the  height,  under  standard  conditions,  which  corresponds  to 
the  same  pressure  as  does  H  at  the  place  of  observation,  then 

ff^^-^og,^ 

or    Ho=—^t 

=  hf{\  -  0.000 1 62/ )( I  -0.0026  cos.  2X- 0.0000002/). 

The  above-mentioned  corrections  are  practically  common  to  all  mer- 
cury barometers,  since  the  scale  is  almost  invariably  made  of  brass, 
and  the  magnitude  of  the  corrections  is  the  same  for  all  barometers 
under  the  same  conditions.  There  is,  however,  a  correction  which 
depends  on  the  fact  that  the  surface  of  the  mercury  in  the  tube  (menis- 
cus) is  curved  and  not  plane.  Hence,  on  account  of  capillarity  (see  §  159), 
there  is  a  force  tending  to  depress  the  mercury  column,  and  on  this 
account  the  height  of  the  column  is  less  than  it  would  be  if  the  atmos- 
pheric pressure  were  counterbalanced  by  the  weight  of  the  column 
alone.  The  amount  of  the  correction  to  be  applied  to  allow  for  this 
capillary  depression  of  the  column  depends  on  the  diameter  of  the  bore 
of  the  tube,  and  for  tubes  of  which  the  diameter  exceeds  2.5  cm.  it  can 
be  entirely  neglected.  The  corrections  to  be  applied  to  barometers  having 
smaller  bores  are  given  below,  but  it  must  be  remembered  that  these 
corrections  are  only  approximate,  and  the  only  satisfactory  method  of 
finding  the  capillary  correction  for  a  barometer  is  to  compare  its  reading 
with  that  of  a  standard  barometer  of  which  the  bore  is  more  than  2.5  cm. 
in  diameter. 


Diameter  of  Bore    .     . 

.    0.4    cm. 

0.8    cm. 

1.2    cm. 

Capillary  Depression   . 

.    0.14  cm. 

0.05  cm. 

0.02  cm. 

In  every  case  the  capillary  correction  must  be  added  to  the  observed 
height,  since  capillarity  tends  to  give  too  low  a  value  for  the  barometric 
height.     In  the  syphon  barometer  the  effects  of  capillarity  in  the  two 
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limbs  tend  to  neutralise  each  other ;  but  since  in  one  case  the  mercury 
surface  is  quite  clean  and  exposed  to  a  vacuum,  while  in  the  other  case 
it  becomes  coated  with  dust  and  is  exposed  to  air,  this  compensation 
is  by  no  means  complete. 

135.  Mechanical  Air-Pump. — An  air-pump  is  an  instrument  for 
withdrawing  the  air  from  within  a  vessel.  In  its  simplest  form  the  air- 
pump  consists  of  a  cylinder  in  which  a 
piston  P  (Fig.  105)  fits  air-tight.  There 
IS  a  hole  through  the  piston  closed  by 
a  flap  valve  C,  which  can  open  outwards. 
A  pipe,  the  opening  to  which  can  be 
closed  by  a  valve,  B,  which  opens  in- 
wards, leads  to  the  vessel  D,  that  is  to 
be  exhausted.  When  the  piston  is 
drawn  upwards  the  valve  C  closes,  and 
the  pressure  below  the  piston  is  reduced 
p.-  ,^^  so  that  the  air  in  the  receiver,  on  ac- 

r  IG.  105.  ,-   •  ...  .  ,  ,      ' 

count  of  Its  elasticity,  is  able  to  raise 
the  valve  B,  and  flows  into  the  cylinder.  When  the  piston  descends 
the  valve  B  closes,  and  the  air  in  the  cylinder  is  compressed  till  it  is 
able  to  force  open  the  valve  C,  and  escape  into  the  air.  By  repeating 
this  process  the  air  is  gradually  pumped  out  of  D. 

Let  the  volume  of  the  vessel  D  and  the  pipe  connecting  it  to  the 
cylinder  be  F,  and  the  volume  of  that  part  of  the  cylinder  through  which 
the  lower  surface  of  the  piston  moves  during  a  stroke  be  v.  Then,  if  we 
start  with  the  piston  at  the  bottom  of  its  stroke,  the  volume  of  the  mass 
{m)  of  air  in  the  instrument  is  V.  At  the  end  of  the  upward  stroke  the 
volume  of  this  mass  of  air  will  be  V-\rV.  Of  this  volume  v  c.c.  will  be 
expelled  at  the  down-stroke,  and  V  c.c.  will  be  left  in  the  instrument. 
Hence  at  the  end  of  the  first  stroke  the  mass  of  air  in  the  receiver  is 

V 
77- —  m.    At  the  end  of  the  second  up-stroke  the  volume  of  this  mass 

of  air  expands  to  F+z/,  and  during  the  down-stroke  v  c.c.  of  air  at  this 
density  are  expelled.     Hence  the  mass  of  air  at  the  end  of  the  second 

y 
stroke  left  in  the  receiver  is  y       times  the  mass  of  air  in  the  receiver 

V  V 

before  the   second  stroke,  or  y       •  ^        w,  which  may  be  written 

\yTZ.)   ^-     In  the  same  way  the  mass  of  air  left  after  three  strokes 

is  \-yT-)    ^i  and  generally  the  mass  of  air  left  after  n  strokes  is 

\  y       )    m.     Since  this  mass  of  gas  now  occupies  V  c.c,  it  follows  that 

its  density  is  (  y      j    w/K,  while  the  original  density  was  m\V.     Hence 

the  density  of  the  air  left  in  the  receiver  after  n  strokes  is  {-tttt  )  ^'  ^^ 

what  it  was  originally.     From  this  expression  it  will  be  seen  that  we 
cannot  make  the  density  of  the  air  zero  unless  the  number  of  strokes  n  is 
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Fig.  106. 


infinite.     If  the  original  pressure  within  the  receiver  is  p^  then  after 

n  strokes  it  will  be  f  „       j   p.     In  practice,  however,  it  is  not  possible 

to  obtain  a  very  low  pressure  owing  to  mechanical  defects  in  the  con- 
struction of  the  valves,  to  leakage  round  the  piston, 
and  to  the  fact  that  the  piston,  when  at  the  bottom  of 
its  stroke,  does  not  completely  expel  all  the  air  in  the 
cylinder.  Another  difficulty  met  with  in  mechanical 
pumps  is  that,  after  the  exhaustion  has  proceeded  a 
certain  distance,  the  elasticity  of  the  air  left  in  the 
receiver  is  not  great  enough  to  lift  up  the  valve  B 
(Fig.  105),  so  that  the  air  left  in  the  receiver  cannot 
escape  into  the  cylinder.  In  order  to  overcome  this 
difficulty,  the  valve  is  often  carried  at  the  end  of  a 
rod  A  (Fig.  106),  which  passes  through  the  piston  with 
a  little  friction.  When  the  piston  starts  moving  up,  it 
raises  the  valve  a  as  far  as  a  stop  fixed  to  the  top  of 
the  rod  will  allow.  When  the  piston  commences  to 
descend  it  forces  the  valve  down  into  its  seating,  and 
thus  closes  the  connection  between  the  cylinder  and 
the  receiver.  In  this  way  the  valve  is  opened  by  the  movement  of  the 
piston,  and  not  by  the  elasticity  of  the  air  in  the  receiver. 

In  the  Fleuss  pump,  which  is  shown  diagrammatically  in  Fig.  107, 
the  difficulty  with  the  valves,  and  also  the  defect  that  in  the  old  form  of 
pump  there  is  always  a  certain  amount  of  clearance  between  the  bottom 
of  the  piston  and  the  cylinder,  so  that  all  the  air  contained  within  the . 
cylinder  is  not  expelled  during  the  downward  stroke, 
is  avoided  in  another  way.  The  piston  P  consists  of 
a  metal  frame  with  a  leather  bucket  L,  and  has  a 
valve  A,  which  opens  upwards.  The  pressure  of  the 
air  on  the  upper  side  of  the  piston  presses  the  leather 
against  the  wall  of  the  cylinder,  and  thus  ensures  a 
close  fit.  The  valve  A  only  acts  when  exhaustion 
commences,  and  also  to  allow  any  oil  which  may 
have  got  below  the  piston  to  pass  up.  The  piston- 
rod  passes  through  the  upper  valve  B,  which  is  held 
down  on  the  seating  c  by  means  of  a  spring  i.  The 
communication  with  the  vessel  to  be  exhausted  is 
made  through  the  tube  G.  The  tube  E  is  designed  to 
relieve  the  piston  during  the  first  few  strokes,  when 
otherwise  there  would  be  a  vacuum  below  and  atmos- 
pheric pressure  above.  As  the  piston  rises  it  cuts  off  communication  with 
G,  and  then  compresses  the  air  till  it  strikes  the  valve  B,  which  it  raises, 
allowing  the  air  to  escape.  The  whole  of  the  air  is  driven  out,  some  of 
the  oil  D,  which  is  above  the  piston,  being  driven  out.  The  valve  does 
not  close  till  the  piston  has  descended  about  \  inch,  so  that  some  of  the 
oil  above  the  valve  passes  down  to  the  top  of  the  piston. 

136.  Mereupy  Air-Pumps. — A  very  good  mechanical  pump  will 
exhaust  a  vessel  till  the  pressure  of  the  remaining  air  will  support  a 
column  of  mercury  of  about  0.05  millimetre  in  height.  In  order  to  get  a 
better  vacuum  than  this,  it  is  necessary  to  employ  a  pump  in  which  the 
piston  is  formed  by  a  quantity  of  mercury.     Sprengel's  mercury-pump 
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consists  of  a  bent  glass  tube  ABC  (Fig.  108),  with  a  side-tube  D  joined  on 
at  the  bend.  The  end  A  of  this  tube  is  connected  by  means  of  a  thick- 
walled  rubber  tube  with  a  reservoir  E  containing  mercury.  The  vessel 
to  be  exhausted  is  connected  to  the  side-tube  D,  generally  by  means  of  a 
glass  tube  fitting  by  a  well-ground  neck  into  the  end  of  the  tube  D. 
This  ground  joint  is  surrounded  by  a  glass  cup,  shown  on  a  large  scale 
at  F,  in  which  a  little  mercury  is  placed  to  prevent  the  external  air 

reaching  the  joint.  The  flow  of  mer- 
cury from  the  reservoir  E  is  adjusted 
by  a  pinchcock  on  the  rubber  tube, 
so  that  when  the  mercury  reaches  the 
top  of  the  bent  tube  (shown  on  a 
larger  scale  at  G)  it  does  not  pass  over 
in  a  continuous  stream,  but  breaks  up 
into  drops.  Each  drop,  as  it  falls 
down  the  tube  BC,  forms  a  small  piston 
which  carries  a  little  of  the  air  from 
the  space  H  before  it,  the  air  in  the 
vessel  attached  to  D  expanding  to 
take  its  place.  These  small  mercuiy 
pistons  carry  the  air  down  the  tube, 
and  finally  drive  it  out  at  the  open 
end  C,  the  mercury  being  caught  in 
a  vessel  K,  and  returned  every  now 
and  then  to  the  reservoir  E.  When 
the  exhaustion  is  getting  fairly  com- 
plete, each  mercury  pellet,  as  it  falls 
down  the  tube  BC,  strikes  the  top  of 
the  mercury  column  left  in  the  tube, 
which  has  a  height  practically  equal 
to  the  barometric  height,  with  a  sharp 
metallic  click.  When  the  exhaustion 
is  not  so  complete,  the  air  imprisoned 
between  each  pellet  of  mercury  acts 
as  a  buffer,  and  there  is  no  click. 
The  object  in  carrying  the  tube  from 
the  reservoir  E  to  B  down  to  A  is  that, 
supposing  the  supply  of  mercury  in  E 
runs  short,  the  mercury  in  the  con- 
necting tube  EAB  will  not  be  driven 
over  by  the  atmospheric  pressure,  and 
thus  admit  the  air  to  the  vessel  being 
exhausted,  but  will  simply  stand  so  that  the  difference  in  level  between  the 
surface  of  the  mercury  in  the  part  of  the  tube  EA  aiid  that  in  the  part  ae 
will  be  equal  to  the  barometric  height,  and  this  column  of  mercuiy  will 
prevent  the  access  of  the  air. 

Another  form  of  mercury-pump  is  shown  in  Fig.  109,  and  was  devised 
by  Topler.  A  cylindrical  glass  vessel  A  has  a  side-tube  B  attached,  and 
to  the  lower  end  of  this  side-tube  is  attached  another  tube  CH,  which  is 
connected  to  the  vessel  to  be  exhausted.  To  the  top  of  A  a  tube  DC, 
about  80  cm.  long,  is  attached,  while  to  the  bottom  another  tube  EF,  also 
about  80  cm.  long,  is  attached.     The  lower  end  of  ef  is  connected  by  a 
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length  of  rubber  tubing  with  a  reservoir  K  containing  mercury.     When  K 

is  raised  the  mercury  rises  in  FE,  and  when  the  surface  reaches  c  cuts  off 

the  connection  between  the  vessel  A  and  the  tube  CH.     k  is  raised  till  the 

mercury  completely  fills  A  and  flows  out  through  G,  driving  any  air  that 

was  in  a  before  it.     If  now  K  is  lowered,  so  that 

the  surface  of  the  mercury  in  K  is  more  than  76 

cm.  below  c,  the  mercury  will  fall  in  A  and  in  DG 

till   it   stands  at  the  barometric  height  in  DG,  and 

will  leave  a  Torricellian  vacuum  in  A.     When  the 

mercury  in  EF  has  fallen  below  C,  the  tube  HC  will 

be  connected  to  this  vacuum,  and  hence  the  air  in 

the  tube  HC  and  any  vessel  attached  to  H  will  rush 

into  A.     By  again  raising  K  the  air  enclosed  in  A 

will  first  be  cut  off  from  CH  by  the  rising  mercury 

and  then  forced  out  of  the  apparatus  at  G,  and  on 

lowering  K  a  vacuum  will  again  be  left  in  A.     The 

mercury  here  plays  the  part  of  a  piston  moving  up 

and  down  in  the  cylinder  A,  and  constitutes  its  own 

valves.     By  repeating  this  operation  a  number  of 

times  it  is  possible  to  obtain  a  very  good  vacuum, 

in  fact  the  pressure  inside  a  vessel  has  been  reduced 

to   0.000012    millimetres    of   mercury,   that    is,    to 

.000000016  or  .016  of  a  millionth  of  an  atmosphere. 

137.  Effusion  of  Gases.  —  Suppose  a  gas  of 
density  d  {d  is  the  mass  in  grams  of  a  cubic  centi- 
pietre,  not  the  density  as  compared  with  that  of 
hydrogen)  is  enclosed  in  a  vessel  at  a  pressure  of 
p  dynes  per  square  centimetre  above  that  of  the 
surrounding  air,  and  is  allowed  to  escape  through 
a  small  opening,  the  cross  section  of  which  is  a. 
Then  if  7;  is  the  velocity  with  which  the  gas  escapes,- 
i.e.  the  velocity  with  which  a  small  dust  mote  would 
be  carried  through  the  opening,  the  volume  of  gas 
which  escapes  in  the  unit  time  is  az/,  and  its  mass  is  avd. 
energy  of  this  moving  mass  of  gas  is  \  avd.v^. 

Suppose  that  a  cylindrical  tube  ab  (Fig.  no)  of  cross  section  a  were 
fitted  over  the  opening  in  the  vessel,  and  a  small  weightless  piston  c  were 
fitted  in  this  tube  and  moved  without 
friction,  so  that  as  the  gas  escaped  this 
piston  was  driven  back.  If  the  piston 
starts  in  the  position  C,  then  at  the 
end  of  a  second  it  will  have  arrived 
at^  a  position  D,  sucji  that  the  distance 
CD  is  equal  to  v.  The  pressure  acting 
on  the  inside  surface  of  the  piston 
exceeds  the  pressure  acting  on  the  outside  by  ap.  Hence  the  work 
done  by  this  excess  pressure  while  the  piston  moves  from  c  to  D  is 
ap  X  CD  or  a^v.  This  work  will  be  done  by  the  expanding  gas  as  it 
escapes,  whether  we  imagine  such  an  arrangement  of  cylinder  and 
weightless,  frictionless  piston  to  exist,  or  whether  the  gas  simply  escapes 
into  the  air  without  any  such  contrivance.     It  is  owing  to  the  expenditure 
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of  this  work  (which  is  done  at  the  expense  of  the  potential  energy  of  the 
compressed  gas)  that  the  escaping  gas  possesses  kinetic  energy,  and  the 
amount  of  the  kinetic  energy  acquired  is  numerically  equal  to  the  work 
done.     Hence 


or 


-n/^ 


This  equation  gives  the  algebraic  statement  of  the  laws  which  regulate 
the  rate  at  which  gases  effuse  through  a  small  opening.  These  laws 
were  first  discovered  experimentally  by  Graham, 
and  are  expressed  in  words  as  follows  :  "  The 
velocity  with  which  a  gas  effuses  varies  directly 
as  the  square  root  of  the  difference  of  pres- 
sure on  the  two  sides  of  the  opening,  and  in- 
versely as  the  square  root  of  the  density  of 
the  gas." 

Hence  it  follows  that  if  two  gases  are 
allowed  to  effuse  through  the  same  opening 
under  the  same  difference  of  pressure,  then 
the  velocities  of  effusion  of  the  gases  will  be 
inversely  to  one  another  as  the  square  roots 
of  their  densities,  or,  what  amounts  to  the 
same  thing,  the  densities  of  the  two  gases  will 
be  to  one  another  as  the  square  of  the  times 
in  which  equal  volumes  of  the  two  gases  escape 
through  the  same  opening  under  the  same  ex- 
cess of  pressure. 

This  property  of  the  effusion  of  gases  has 
been  utilised  by  Bunsen  to  compare  the  densi- 
ties of  gases.  The  instrument  he  used  for  the 
purpose  is  shown  in  Fig.  in.  It  consists  of 
a  cylindrical  glass  vessel  A,  closed  at  one  end 
by  a  stopper  S.  At  V  a  thin  platinum  parti- 
tion completely  closes  the  neck  of  the  tube, 
but  is  pierced  with  a  small  hole  about  0.013 
mm.  in  diameter.  The  gas  under  observation 
is  enclosed  in  A,  which  is  inserted  in  another 
vessel  containing  mercury  to  such  a  depth 
that  the  top,  r,  of  a  glass  float  is  on  a  level 
with  the  outside  surface  of  the  mercury.  The 
stopper  S  is  then  removed,  and  the  time 
noted  that  it  takes  for  sufficient  gas  to  escape 
through  the  hole  in  the  platinum  plate  to 
allow  the  float  to  rise  till  a  mark  at  /  is  level  with  the  surface  of  the 
mercury.  Then  the  times  obtained  with  different  gases  are  one  to 
another  as  the  squares  of  their  densities. 

The  difference  in  the  rates  of  effusion  of  two  gases  is  sometimes  used 
to  separate  them  when  they  occur  as  a  mixture.  Thus  by  passing  at- 
mospheric air  through  a  number  of  clay  tobacco-pipe  stems,  placed  one 
after  the  other,  a  vacuum  being  maintained  at  the  outside  of  the  tubes, 
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Rayleigh  and  Ramsay  were  able  to  separate  argon  from  nitrogen.     The 
density  of  argon  being  about  20  and  that  of  nitrogen  14,  we  have — 

V  (nitrogen)  _      /20_ 

1.2. 


=y? 


V  (argon)       V  1 4 

so  that  the  nitrogen  passes  through  the  clay  1.2  times  faster  than  the 
argon,  and  the  gas  which  escapes  from  the  end  of  the  pipe-stems  is  richer 
in  argon  than  ordinary  atmospheric  nitrogen.  This  method  of  separating 
gases  is  called  atmolysis. 

138.  Diffusion  of  Gases.— If  two  equal  bottles,  one  containing 
hydrogen  and  the  other  carbon  dioxide,  are  placed  mouth  to  mouth,  the 
bottle  containing  the  hydrogen  being  on  the  top,  then  after  a  certain 
time  it  will  be  found  that  half  of  the  hydrogen  has  travelled  down  into 
the  lower  bottle  and  half  of  the  carbon  dioxide  has  ascended  into  the 
upper  bottle,  and  this  in  spite  of  the  fact  that  the  density  of  the  carbon 
dioxide  is  twenty-two  times  as  great  as  that  of  the  hydrogen.  This 
phenomenon  is  called  the  diffusion  of  gases,  and  we  notice  that  after 
diffusion  is  complete  the  proportion  of  each  gas  in  each  of  the  two  bottles 
is  the  same  as  it  would  be  had  one  of  the  bottles  filled  with  either  of  the 
gases  been  connected  to  a  second  equal  bottle  which  had  been  evacuated. 
Hence  it  is  usual  to  say  that  one  gas  diffuses  into  a  space  which  is  filled 
with  another  gas  just  as  if  this  other  gas  did  not  exist.  The  only  effect 
of  the  presence  of  the  second  gas  is  that  the  diffusion,  instead  of  being 
almost  instantaneous,  as  it  would  be  in  the  case  of  a  vacuum,  takes  some 
time  to  become  complete.  It  also  follows  that  in  the  case  of  a  vessel 
filled  with  a  mixture  of  gases,  each  gas  exerts  the  same  pressure  as  it 
would  exert  if  it  were  alone  present,  so  that  the  total  pressure  is  the  sum 
of  the  pressures  exerted  by  the  two  gases  (Dalton's  law).  Of  course,  in 
each  of  the  above  cases  it  is  presupposed  that  the  gases  do  not  exert  any 
chemical  action  on  one  another. 

It  is  on  account  of  diffusion  that  the  proportions  of  nitrogen  and 
oxygen  in  the  air  are  the  same  at  all  elevations,  there  being  no  excess  of 
the  heavier  constituent  (oxygen)  at  low  levels  or  of  the  lighter  constituent 
high  up. 

If  the  two  bottles  containing  hydrogen  and  carbon  dioxide,  instead 
of  being  placed  with  their  open  mouths  in  contact,  are  separated  by  a 
plate  which  is  pierced  with  a  number  of  small  holes,  such  as  a  piece 
of  unglazed  porcelain,  then  diffusion  will  still  go  on.  First  consider  the 
hydrogen  ;  since  the  bottle  containing  the  carbon  dioxide  acts  as  a 
vacuum,  the  hydrogen  will  pass  through  the  pores,  and  the  velocity  with 
which  it  passes  will  be  given  by  the  same  expression  as  that  found  for 
the  effusion  of  a  gas  in  the  previous  section.  Hence  the  rate  at  which 
the  hydrogen  passes  is  directly  proportional  to  the  square  root  of  the 
partial  pressure  ^  exerted  by  the  hydrogen  in  the  hydrogen  bottle,  and 
mversely  proportional  to  the  square  root  of  the  density  of  hydrogen.  In 
the  same  way,  the  rate  at  which  the  carbon  dioxide  passes  through  the 
porous  plate  will  be  directly  proportional  to  the  square  root  of  the  partial 
pressure  exerted  by  the  carbon  dioxide,  and  inversely  proportional  to  the 

1  By  partial  pressure  is  meant  the  pressure  which  would  be  exerted  by  the  hydrogen 
alone,  suppose  the  carbon  dioxide  which  is  mixed  with  the  hydrogen  were  removed. 
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square  root  of  the  density  of  the  carbon  dioxide.  At  the  commencement 
the  partial  pressure  due  to  each  gas  in  its  own  bottle  is  equal  to  the 
atmospheric  pressure.  Hence  the  rate  at  which  the  hydrogen  starts 
diffusing  into  the  carbon  dioxide  is  to  the  rate  at  which  the  carbon 
dioxide  diffuses  into  the  hydrogen  as  the  square  root  of  the  density  ot 
carbon  dioxide  is  to  the  square  root  of  the  density  of  hydrogen  ;  or  if  v^ 
and  di  are  the  rate  of  diffusion  of  the  hydrogen  at  the  start  and  itb 
density,  and  v.^  and  li^  are  the  corresponding  quantities  for  the  carbon 
dioxide,  then 


Hence,  as  the  density  of  carbon  dioxide  {d^  is  greater  than  that  of 
hydrogen  {d^^  the  hydrogen  will  diffuse  more  quickly  into  the  bottle 
containing  carbon  dioxide  than  this  gas  can  diffuse  into  the  hydrogen 
bottle.  As  a  result,  the  total  pressure  in  the  carbon  dioxide  bottle  will 
become  greater  than  one  atmosphere,  while  that  in  the  hydrogen  bottle 
will  be  less.  The  actual  pressure  causing  diffusion  being  the  difference 
between  the  partial  pressures  of  the  given  gas  in  the  two  bottles,  the 
acting  pressure  in  the  case  of  the  hydrogen  will  decrease  more  quickly 
than  in  the  case  of  the  carbon  dioxide,  and  on  this  account  the  rate  of 
diffusion  of  the  hydrogen  will  decrease  more  rapidly  than  that  of  the 
carbon  dioxide.  When,  if  the  two  bottles  are  of  equal  volume,  half  of 
each  gas  has  jjassed  over  into  the  other  bottle,  the  partial  pressures 
exerted  by  each  gas  on  each  side  of  the  porous  partition  will  be  equal, 
and  hence  diffusion  will  cease. 

139.  Absorption  of  Gases— Oeelusion.— Liquids  are  able  to  dissolve 
gases  even  when  they  do  not  enter  into  any  chemical  combination  with 
them.  The  volume  of  gas  which  the  unit  of  volume  of  any  given  liquid 
can  absorb  depends  on  the  nature  of  the  gas  and  on  the  temperature  of  the 
liquid.  The  number  of  units  of  volume  of  a  gas  which  can  be  absorbed 
by  unit  volume  of  a  given  liquid  at  15°  C.  is  called  the  absorption 
coefficient  of  the  liquid.  The  absorption  coefficients  for  some  gases  in 
water  are  as  follows  : — 


Ammonia    . 

.    756 

Chlorine   . 

.     2.4 

Carbon  dioxide  . 

.       I.O 

Oxygen     . 

.     0.035 

Hydrogen  . 

.    0.019 

Nitrogen  . 

.    0.017 

Since  a  liquid  can  absorb  a  certain  volume  of  a  given  gas,  it  follows 
that  the  mass  of  the  gas  absorbed  by  a  given  volume  of  liquid  depends 
on  the  pressure  to  which  the  gas  and  liquid  are  subjected  ;  for  the 
mass  of  a  given  volume  of  a  gas  is,  according  to  Boyle's  law,  proportional 
to  the  pressure,  while,  as  will  be  seen  later,  the  volume  of  a  given  mass  of 
liquid  IS  almost  independent  of  the  pressure.  Thus  at  two  atmospheres 
pressure  unit  volume  of  water  will  absorb  twice  the  mass  of  carbon 
dioxide  that  it  will  at  one  atmosphere's  pressure,  at  three  atmospheres 
three  times  the  mass,  and  so  on.  If,  after  the  liquid  has  absorbed  all 
it  can  of  a  given  gas  at  a  given  pressure,  the  pressure  is  reduced,  the 
excess  gas,  above  the  quantity  which  would  be  absorbed  at  this  new 
pressure,  will  be  evolved.  This  is  what  happens  in  the  case  of  soda- 
water,  bottled  beer,  champagne,  &c      In   each   case   the  liquid  has 
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absorbed  carbon  dioxide  gas  at  a  high  pressure,  and  when  the  bottle  is 
opened  the  excess  gas  is  evolved,  and  gives  rise  to  the  so-called  sparkle 
of  the  liquid. 

Metals  such  as  silver  and  gold  are  capable,  when  in  the  molten  con- 
dition, of  absorbing  gas  from  the  air,  just  as  other  liquids  ;  this  gas  being 
evolved  when  the  metal  solidifies. 

Some  metals,  notably  palladium,  are  able  to  absorb  very  large  volumes 
of  hydrogen,  even  when  in  the  solid  state.  Thus  if  a  slip  of  palladium  is 
used  as  the  negative  pole  in  the  electrolysis  (§  542)  of  a  dilute  solution 
of  sulphuric  acid,  it  will  absorb  about  900  times  its  own  volume  of  hydrogen 
gas.     Gases  absorbed  by  solids  are  said  to  be  occluded. 

Almost  all  solid  bodies  possess  the  power  of  condensing  gases  on 
their  surface,  so  that  after  being  surrounded  for  some  time  by  a  gas,  a 
solid  becomes  coated  on  the  outside  with  a  layer  of  this  condensed  gas, 
which  cannot  be  immediately  removed  by  merely  placing  the  solid  under 
the  receiver  of  an  air-pump  and  producing  a  vacuum.  In  order  to  com- 
pletely remove  this  gaseous  coating,  it  is  necessary  to  heat  the  solid  while 
it  is  in  a  vacuum,  or  to  rub  the  surface  with  alcohol,  or  some  fine  powder, 
such  as  tripoli.  The  amount  of  gas  which  can  in  this  way  be  occluded 
depending  on  the  surface  of  the  solid  exposed,  very  porous  bodies,  such 
as  wood-charcoal  and  platinum-black  {i.e.  finely  divided  platinum  obtained 
by  heating  platinic  chloride),  in  which  the  surface  bears  a  very  large 
ratio  to  the  mass  of  the  body,  are  able  to  occlude  comparatively  large 
quantities  of  some  gases.  Thus  freshly  heated  (in  order  to  free  it  of 
occluded  air)  box-charcoal  will  occlude  about  ninety  times  its  volume 
of  ammonia  gas. 

140*.  Kinetic  Theory  of  Gases. — The  phenomena  of  diffusion,  in 
which  a  heavy  gas  will  move  upwards  and  mix  with  a  lighter  gas  placed 
above,  and  this  lighter  gas  will  move  down,  show  that,  although  such 
amounts  of  the  gas  as  we  are  able  to  see,  and  particles  of  dust  suspended 
in  the  gas  appear  at  rest,  yet  there  must  be  some  kind  of  movement 
going  on  continuously  within  a  mass  of  gas.  We  have  seen  that  the 
most  probable  theory  of  the  constitution  of  matter  is  to  suppose  it  built 
up  of  fine  particles  or  molecules.  The  kinetic  theory  of  gases  supposes 
that  in  a  gas  these  molecules  are  endowed  with  a  motion  of  translation, 
and  that  the  spaces  between  adjacent  molecules  are  fairly  great  com- 
pared with  the  size  of  the  molecules.  We  may,  as  a  first  approximation, 
consider  that  the  molecules  are  hard,  elastic  spheres,  each  molecule 
having  a  definite  mass,  and  that  a  gas  consists  of  an  enormous  number 
of  these  small  spheres  moving  about  in  all  directions  with  different 
velocities.  During  its  movement  each  molecule  will  occasionally  collide 
with  another  molecule,  the  two  rebounding  after  collision  like  two 
billiard-balls  ;  also  some  of  the  molecules  will  be  continually  striking 
the  walls  of  the  vessel  containing  the  gas,  and  rebounding  from  them. 
In  the  intervals  between  its  impacts  with  other  molecules,  or  with  the 
walls,  each  molecule  will  travel  in  a  straight  line,  so  that  the  path  of  a 
molecule  consists  of  a  zigzag  line.  On  account  of  their  frequent  collisions, 
the  velocities  of  the  different  molecules  must  vary  considerably,  as  also 
the  velocity  of  any  given  molecule  at  different  times.  Hence,  in  investi- 
gating the  properties  of  gases  according  to  this  theory,  we  have  to  adopt 
what  is  called  the  statistical  method.  In  this  method  we  do  not  consider 
the  behaviour  of  one  particular  molecule,  but  we  take  such  a   large 
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number  of  molecules  into  consideration  that,  although  the  velocities  of 
individual  molecules  may  vary  considerably,  the  inean  velocity  of  all  the 
molecules  considered  at  any  moment  will  be  the  same  as  the  tnean 
velocity  of  the  same  molecules,  say  one  second  later,  or  will  be  the  same 
as  the  7nean  velocity  of  an  equal  number  of  other  molecules  of  the  same 
gas  taken  under  the  same  conditions  of  temperature,  pressure,  &c.  As 
an  illustration  of  such  a  method,  suppose  cloth  had  to  be  bought  to 
clothe  an  army  of  a  million  men,  then,  although  the  clothes  made  would 
be  of  many  sizes,  it  is  certain  that  the  quantity  of  cloth  used  from  year 
to  year  for  this  purpose  would  be  the  same,  and  we  could  calculate  what 
is  the  quantity  of  cloth  rec|uired  to  clothe  the  average-sized  soldier. 
Instead,  therefore,  of  attemptmg  to  allow  for  the  various  velocities  of  the 
different  molecules,  we  shall  suppose  that  they  all  move  with  the  7nean 
of  their  actual  velocities.  In  the  same  way  the  length  of  the  path 
traversed  by  each  molecule  between  successive  collisions  varies  greatly 
from  time  to  time,  but  under  given  conditions  the  mean  length  of  the 
path  between  successive  collisions,  or  the  mean  free  path,  as  it  is  called,  will 
for  any  large  number  of  molecules  be  the  same,  under  similar  conditions. 
141*,  Pressure  Exerted  by  a  Gas.— Suppose  that  a  molecule  of 
mass  in  moving  with  a  speed  V  impinges  at  right  angles  on  a  solid  sur- 
face, then  it  will,  if  it  is  perfectly  elastic,  rebound  with  a  speed  V^  but  in 
the  opposite  direction.  The  change  in  momentum  of  the  molecule  due 
to  the  impact  will  therefore  be  7.mV.  Hence,  by  §  60,  the  impulse  of  the 
blow  on  the  surface  is  im  V.  Suppose  now  we  have  a  certain  mass  of  a 
gas  enclosed  in  an  envelope,  which  for  simplicity  we  may  take  to  be  a 
cube  having  each  edge  one  centimetre  long.  The  molecules  in  this 
vessel  will  be  moving  in  all  directions,  but  we  may  resolve  the  velocity 
of  each  molecule  along  three  directions  parallel  to  the  mutually  perpen- 
dicular edges  of  the  cube  ;  or,  what  comes  to  the  same  thing,  if  the 
number  of  molecules  is  very  great,  we  may  suppose  that  one-third  of  the 
total  number  of  molecules  are_moving  parallel  to  each  of  these  three 
edges  with  the  mean  velocity  V.  Under  these  conditions,  the  molecules 
of  each  group  are  moving  parallel  to  four  faces  of  the  cube,  and  there- 
fore will  not  impinge  on  them  :  they  will  only  impinge  on  the  two  faces 
which  are  at  right  angles  to  their  direction  of  motion.  If  we^ consider 
one  molecule  of  one  of  these  groups  moving  with  the  velocity  V^  then  the 
interval  between  two  consecutive  impacts  of  this  molecule  on  one  of  the 
faces  will  be  the  time  taken  by  this  molecule  to  travel  to  the  opposite 
face  of  the  cube  and  back  again,  that  is,  through  a  distance  of  two  centi- 
metres. Hence  the  interval  between  two  consecutive  impacts  on  the 
face  will  be  2/K,  and  there  will  be  V\2  impacts  on  the  face  by  this 
molecule  in  each  jecond.  The  impulse  acting  on  the  face  due  to  each 
impact  being  im  K,  the  total  impulse  during  a  second  will  be  m  V^,  which 
is  what  would  be  produced  by  the  action  of  a  continuous  force,  w  V^, 
since  the  impulse  of  this  force,  if  it  acted  for  one  second,  would  be  m  V^  x  i. 
If  the  total  number  of  molecules  per  cubic  centimetre  at  the  given 
pressure,  &c.,  is  i\,  then  since  A73  molecules  may  be  considered  as 
moving  parallel  to  the  one  considered  above,  the  total  force  acting  on 
the  face  will  be  \.\'mV^.  Since  this  force  acts  on  unit  area,  if/)  is  the 
pressure  which  the  gas  exerts  on  the  containing  wall,  then 
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Now,  since  there  are  by  supposition  N  molecules  in  the  cubic  centi- 
metre, and  the  mass  of  each  molecule  is  w,  the  total  mass  of  the  gas 
is  wiV,  but  the  mass  of  unit  volume  of  a  body  is  the  density  ;  hence,  if  p 
is  the  density  of  the  gas, 

or  Pl9=  i^/3. 

Now  according  to  Boyle's  law  /'z/= constant,  if  v  is  the  volume  of  a 
given  mass  of  gas.  But  the  density  of  the  gas  is  equal  to  Mlv^  or 
v  —  MIp,  so  that  for  a  given  mass  of  gas  the  volume  is  inversely  pro- 
portional to  the  density,  and  Boyle's  law  may  be  written 

///3= constant. 

Hence  we  see  that,  if  Boyle's  law  holds,  the  mean  velocity  of  the  molecules 
V  is  constant. 

From  the  equation  V=  sj -—"t  the  value  of  V  can  be  calculated  if  we 

know  the  density  of  a  gas  at  any  given  pressure.  Since  the  value  of  V 
is  inversely  proportional  to  the  square  root  of  the  density,  this  result 
enables  us  to  see  why  it  is  that  the  rate  of  diffusion  of  a  gas  varies  in- 
versely as  the  square  root  of  the  density. 

In  the  following  table  the  values  of  F,  at  a  temperature  of  0°  C,  are 
given  for  some  gases  : — 

Hydrogen 185900  cm.  per  sec. 

Nitrogen 49200    „        „ 

Oxygen 46500    „        „ 

Carbon  dioxide      ....     39600    ,,        „ 

142*.  AvogadPO's  Law. — If  we  have  two  gases  under  the  same 
pressure,  and  at  the  same  temperature,  N-^  being  the  number  of  mole- 
cules per  unit  volume  of  one  gas,  Wj  the  mass  of  each  molecule,  and  V^ 
the  mean  velocity  of  translation  of  the  molecule ;  Ag,  ^2  ^"^  l\  being 
the  corresponding  quantities  for  the  other  gas.  Then,  since  the  pressure 
is  the  same  in  each  gas,  we  have,  from  the  result  obtained  in  the  previous 
section, 

\N^m^V^^\N^7n^Vi    .     .     .     (i) 

Now  \7n-^  V^  is  the  kinetic  energy  of  one  of  the  molecules  of  the  first 
gas  when  it  is  moving  with  the  mean  velocity.  The  mean  kinetic 
energy  of  the  molecules  depends  on  the  temperature,  as  we  shall  see 
later  on.  Also,  if  two  gases  are  at  the  same  temperature,  the  mean  value 
of  the  molecular  kinetic  energy  must  be  the  same,  for  otherwise,  when 
they  are  mixed,  since  now  by  collisions  between  the  molecules  the  kinetic 
energy  would  become  equalised,  the  temperature  would  alter.  Thus 
the  mean  kinetic  energy  being  the  same  for  the  gases,  if  the  temperature 
is  the  same,  we  have 
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Combining  this  equation  with  equation  (i)  above,  we  get 

or,  under  the  same  condition  of  pressure  and  temperature,  equal  volumes 
of  all  gases  contain  an  equal  number  of  molecules.  This  law  was 
enunciated  by  Avogadro,  who  was  led  to  it  by  purely  chemical  con- 
siderations. 

The  effect  of  temperature  on  the  movements  of  the  molecules  of  a  gas 
will  be  considered  in  the  section  on  Heat.  Space  and  the  scope  of  this 
book  will  not  allow  of  our  pursuing  the  subject  of  the  kinetic  theory  of 
gases  any  further,  and  we  must  refer  readers  for  further  information  on 
the  subject  to  Clerk  Maxwell's  "  Theory  of  Heat,"  or  Risteen's  "  Mole- 
cules and  Molecular  Theory." 


Fig.  112. 


CHAPTER   XVII 
PROPERTIES  OF  LIQUIDS 

143.  Equilibrium  of  a  Liquid  at  Rest.— In  the  case  of  a  liquid 
at  rest  under  the  influence  of  gravity  the  free  surface  must  be  horizontal. 
If  it  were  inclined  to  the  horizon,  then  the  weight  of  a  particle  P  (Fig. 
1 12)  of  the  liquid  at  the  surface  would  have  a  component  parallel  to  the 
surface  of  the  liquid.  Since  the  surface  is  everywhere 
at  the  same  pressure,  there  would  be  nothing  in  the 
nature  of  a  hydrostatic  pressure  to  resist  this  force, 
and  as  the  liquid  itself  would  offer  no  resistance,  the 
particle  P  would  move  along  the  surface,  and  hence 
the  liquid  would  not  be  at  rest. 

Although  a  comparatively  small  surface  of  a  liquid 
is  for  all  practical  purposes  plane,  it  is  not  absolutely 
so,  and  when  dealing  with  large  surfaces,  this  depar- 
ture from  planeness  becomes  appreciable.  The  condition  that  the 
particle  P  (Fig.  112)  should  be  at  rest  is  that  the  line  of  action  of  the 
attraction  of  gravity  on  P  should  be  normal  to  the  surface  at  P.  Hence 
the  surface  of  a  liquid  is  always  normal  to  the  radius  of  the  earth  at  the 
point  considered,  and  therefore  forms  part  of  a  sphere  having  the  earth's 
radius  as  radius.  The  fact  that  the  surface  of  a  liquid  is  always  horizontal 
is  made  use  of  in  the  spirit-level.  This  consists  essentially  of  a  glass 
tube  ABC  (Fig.  113),  which  is 
slightly  bent,  and  fitted,  with 
the  convex  surface  upwards, 
in  a  frame  DE.  This  tube  is 
closed  at  either  end,  and  is 
filled  with  alcohol^  except  for 
a  bubble  of  air  B,  which  is  left 
in.  This  bubl:)le  constitutes  the 
only  free  surface  of  the  liquid,  and  it  always  sets  itself  at  the  highest 
point  of  the  curved  tube.  Hence,  if  the  tube  is  fixed  in  the  frame  in  such 
a  way  that  when  the  lower  surface  of  the  frame  is  horizontal  the  highest 
point  of  the  bent  tube  is  opposite  a  fixed  mark  on  the  top  of  the  tube, 
then,  whenever  the  bubble  is  opposite  this  mark,  the  lower  surface  of  the 
stand  will  be  horizontal.  If  one  end,  say  E,  is  tilted  up,  then  the  marked 
point  of  the  tube  is  no  longer  the  highest,  and  the  bubble  moves  towards  E. 

144.  Level  of  Liquid  Surface  in  Communicating  Vessels.— Sup- 
pose a  U-tube  ABC  (Fig.  114)  has  the  same  liquid  in  either  limb,  then 
the  two  surfaces  A  and  B  will  be  in  the  same  horizontal  plane.  For  if 
we  consider  a  point  d  within  the  liquid,  at  a  depth  A^  below  the  surface 
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^  Alcohol  is  iised  on  account  of  its  extreme  mobility. 
16$ 
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at  A,  and  at  a  depth  //j  below  the  surface  at  C,  then  the  pressure  at_D 
must  be  the  same,  whether  caused  by  the  column  ad  or  the  column  CD  ; 
otherwise  the  liquid  would  move  towards  the  side 
on  which  the  pressure  was  least.     Hence 

%        where  p  is  the  density  of  the  liquid. 


By  an  exactly  similar  line  of  argument  it  can  be 
shown  that  the  pressure  at  any  pair  of  points,  one  in 
either  limb,  is  the  same  if  these  points  lie  in  the 
same  horizontal  plane. 

If,  instead  of  having  the  same  liquid  in  both 
limbs,  one  limb  AB  (Fig.  1 1 5)  contains  a  liquid  of  less  density  than  that 
in  the  other  ;  then,  if  B  is  the  surface  separating  the  two  liquids,  from 
what  has  been  said  in  the  previous  paragraph,  the  pressure  at  a  point 
D  in  the  denser  liquid  in  the  same  horizontal  plane  as  B  must  be 
equal  to  the  pressure  at  B.  Hence  the  pressure 
exerted  by  the  column  AB  of  the  one  liquid  must  be 
equal  to  the  pressure  exerted  by  the  column  CD 
of  the  other  liquid.  So  that,  if  h^  and  h^  are  the 
heights  of  these  columns,  and  p^  and  p^  are  the 
densities  of  the  liquids,  we  have — 

^=zPx 
h^    Pi 

_  That  is,  the  heights  of  the  columns  of  the  two 

xxS-  liquids  above  the  level  of  their  common   surface 

are  to  one  another  inversely  as  the  densities  of  the  liquids. 

145.  Density  of  Liquids.— In  order  to  determine  the  density  of  a 
liquid,  the  mass  of  a  known  volume  must  be  measured.  If,  however,  we 
know  the  density  of  any  given  liquid,  say  water,  then  we  can  find  the 
density  of  any  other  liquid  by  comparing  the  mass  of  any  volume  of  the 
liquid  with  that  of  the  same  volume  of  the  standard  liquid. 

The  density  of  water  has  been  determined  by  Mac^  de  L^pinay  with 
great  accuracy,  by  a  method  depending  on  the  principle  of  Archimedes. 
A  cube  of  quartz  was  prepared  and  its  volume  obtained  by  measurement 
The  planeness  of  the  faces  was  tested,  and  the  distance  between  the 
opposite  faces  measured  by  an  optical  method  depending  on  the  pro- 
duction of  Newton's  rings  (see  §  379).  This  cube  was  then  placed  on 
the  pan  of  a  very  delicate  balance,  a  small  cage  suspended  by  a  fine 
platinum  wire  hanging  from  the  under  side  of  the  same  pan.  This  cage 
was  completely  immersed  in  the  water  of  which  the  density  was  to  be 
measured,  and  which  was  kept  at  a  constant  temperature,  this  temperature 
being  read  by  means  of  a  thermometer.  The  weights  necessary  to 
counterpoise  the  quartz  block  (in  air)  and  the  wire  cage  (immersed  in  the 
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water)  having  been  placed  in  the  second  pan  of  the  balance,  the  quartz 
block  was  transferred  to  the  cage,  and  the  weights  found  which  were 
now  necessary  to  counterpoise.  The  difference  between  these  weights 
represents  the  loss  of  weight  of  the  block  when  immersed  in  water,  and 
this,  by  the  principle  of  Archimedes,  is  equal  to  the  weight  of  a  volume 
of  water  equal  to  that  of  the  block.  Hence,  knowing  the  volume  of  the 
block,  i.e.  the  volume  of  the  water  displaced,  the  density  can  be  calculated. 
The  object  of  having  the  wire  cage,  which  was  always  immersed  in  the 
water,  was  to  allow  for  the  weight  of  the  suspending  fibre  and  that  of  the 
water  it  displaced  ;  also,  by  this  arrangement  the  effect  of  the  surface  of 
the  liquid  on  the  suspending  wire  due  to  capillarity  (§  1 56)  was  the  same 
during  both  the  weighings,  and  was  therefore  eliminated. 

Since  the  volume  of  the  quartz  cube  altered  with  the  temperature,  this 
had  to  be  allowed  for,  so  that  a  preliminary  measurement  of  the  coefficient 
of  expansion  of  quartz  was  made. 

The  following  table  gives  the  density  of  water  at  different  tem- 
peratures : — 

Density  of  Water. 


Tempera- 
ture. 

Density. 

Tempera- 
ture. 

Density. 

Deg.  C. 

Grams  per  c.c. 

Deg.  C. 

Grams  per  c.c 

0 

.99984 

16 

.99894 

I 

89 

17 

77 

2 

93 

18 

59 

3 

95 

19 

40 

4 

96 

20 

19 

5 

95 

21 

.99798 

6 

93 

22 

76 

7 

89 

23 

52 

8 

84 

24 

28 

9 

77 

25 

03 

10 

.99969 

26 

.99677 

II 

60 

27 

50 

12 

49 

28 

22 

13 

37 

29 

•99593 

14 

24 

30 

63 

IS 

09 

Knowing  the  density  of  water,  A,  at  different  temperatures,  we  can 
determine  the  volume  of  a  solid  which  is  insoluble  in  water,  by  weighing 
it  first  in  air  and  then  when  immersed  in  water  at  a  known  temperature. 
If  «/i  is  the  weight  in  air  and  w^,  the  weight  in  water,  then  the  loss  of 
weight,  that  is,  the  weight  of  water  displaced,  is  w^  -  w^,  and  this  must  be 
equal  to  A  F,  where  V  is  the  volume  of  the  solid.     Thus 

V={w^-w^l^. 

One  method  of  comparing  the  density  of  a  liquid  with  that  of  water 


1 68 


Mechanics  and  Properties  of  Matter 


[§  MS 


is  to  determine  the  loss  of  weight  of  a  solid,  which  is  unacted  upon  by 
either  liquid,  when  weighed  first  in  water  and  then  in  the  liquid.  In 
this  way  the  weights  or  masses  of  equal  volumes  of  the  liquid  and  of 
water  are  obtained.  If  w,  is  the  loss  of  weight  in  the  given  liquid  of 
density  p,  and  nu  is  the  loss  of  weight  in  water  of  density  A,  then 


Wi=Fp 


and 


where  V  is  the  volume  of  the  solid. 


FA, 
Hence 


w, 


^A; 


and,  by  taking  the  value  of  A  for  the  temperature  of  the  experiment  from 
the  table  given  above,  p  can  be  calculated. 

Another  method  in  common  use  for  determining  the  density  of  a 
liquid  is  to  weigh  a  small  bottle,  called  a  specific  gravity  bottle  or 
pyknometer,  when  full,  first  of  water,  then  of  the  liquid.     Two  forms  of 

pyknometer  which  are  in  common 
E  use  are  shown  in  Fig.  Ii6.  One 
consists  of  a  small  glass  bottle  A, 
fitted  with  a  well-ground-in  glass 
stopper  B.  This  stopper  is  pierced 
by  a  fine  hole.  The  bottle  is  com- 
pletely filled  with  the  liquid,  and  the 
stopper  inserted,  care  being  taken 
not  to  include  any  air-bubbles.  The 
superfluous  liquid  flows  out  through 
the  hole  in  the  stopper  and  is  wiped 
off".  The  other  form  consists  of  a 
bent  glass  tube  CDE  of  the  shape 
shown.  The  end  C  is  drawn  out 
into  a  fine  capillary,  and  a  fine 
mark  is  engraved  on  the  glass  at  F.  To  fill  the  tube  the  end  c  is  dipped 
below  the  surface  of  the  liquid,  which  is  drawn  into  the  tube  by  suction 
at  E  till  it  fills  it  a  little  above  the  mark  F.  Then,  by  touching  the 
capillary  C  with  a  piece  of  blotting-paper,  liquid  is  withdrawn  till  the 
surface  comes  exactly  to  the  mark  F. 

Let  a/,  be  the  weight  of  the  empty  pyknometer,  and  iv^  and  Wj  the 
weight  when  full  of  the  liquid  and  water  respectively.  Then  w.^  —  w^  is 
the  weight  of  water  which  fills  the  instrument.  Hence  if  A  is  the  density 
of  the  water  at  the  temperature  at  which  the  pyknometer  was  filled,  its 
volume  V  is  given  by 

F»(«/j-«/i)/A. 


Fig.  ii6. 


The  weight  of  a  volume  V  of  the  given  liquid  is  w^-w^.     Hence  the 
density  p  of  the  liquid  is 
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Liquid. 

Mass  of  I  C.C. 

Temperature. 

Grams. 

Degree  C. 

Mercury         .        .         .        . 

13-596 

0 

Bromine 

3.187 

0 

Chloroform 

1.480 

18 

Glycerine 

1.260 

0 

Milk  (cow's) 

1.03  (about) 

15 

Sea  water 

1.025 

15 

Olive  oil 

0.918 

15 

Turpentine 

0.873 

16 

Alcohol  (ethy 

1) 

0.791 

0 

Ether 

0.736 

0 

146.  Flotation. — Since  when  a  body  is  immersed  in  a  fluid  it  ex- 
periences an  upward  force,  due  to  the  pressure  of  the  fluid,  equal  to  the 
weight  of  the  fluid  displaced,  it  follows  that  if  the  density  of  the  body 
is  less  than  that  of  the  fluid,  the  weight  of  the  displaced  fluid  will  be 
greater  than  the  weight  of  the  body,  and  hence  the  upward  force  acting 
on  the  body  due  to  the  fluid  will  be  greater  than  the  downward  force 
due  to  gravity.  If  no  other  forces  are  acting  on  the  body,  it  will  therefore 
rise  until  the  weight  of  the  displaced  fluid  is  exactly  equal  to  that  of  the 
body.  In  the  case  of  a  body  such  as  a  balloon  in  the  air,  this  will 
happen  when  it  has  risen  to  such  a  distance  that  the  density  of  the  air 
has  become  so  much  reduced  that  the  weight  displaced  by  the  balloon 
is  equal  to  its  own  weight.  In  the  case  of  a  solid  immersed  in  a  liquid, 
it  will  rise  till,  some  of  the  solid  having  risen  above  the  surface  of  the 
liquid,  the  weight  of  the  volume  of  liquid  displaced  by  the  remainder, 
which  is  still  submerged,  is  equal  to  the  weight  of  the  body. 

In  order  that  a  body  floating  in  a  liquid  may  be  in  equilibrium,  not 
only  must  the  upward  pressure  due  to  the  liquid  be  equal  in  magnitude 
to  the  weight  of  the  body,  but  it  must  also  act  vertically  upwards  through 
the  centre  of  gravity  of  the  body.  If  we  suppose  the  body  removed  and 
replaced  by  some  of  the  liquid  which  has  become  solid  and  occupies  ex- 
actly the  position  of  the  immersed  part  of  the  solid,  this  solidified  portion 
of  liquid  will  be  in  equilibrium.  Hence,  since  its  weight  acts  vertically 
through  its  centre  of  gravity,  the  pressure  due  to  the  part  of  the  liquid 
which  has  remained  liquid  must  also  act  vertically  through  the  centre  of 
gravity  of  the  solidified  portion.  The  direction  and  magnitude  of  this 
pressure  must  be  the  same  as  that  which  was  acting  on  the  floating  body, 
so  that  we  see  that  the  upward  force  due  to  the  liquid  is  equal  to  the 
weight  of  the  liquid  displaced,  and  acts  in  a  vertical  direction  through 
the  point  which  would  be  the  centre  of  gravity  of  the  displaced  liquid. 
If  G  (Fig.  117,  a)  is  the  centre  of  gravity  of  a  floating  body,  and  H  the 
centre  of  gravity  of  the  displaced  water,  the  two  points  G  and  H  must,  if 
the  body  is  in  equilibrium,  be  vertically  one  over  the  other.  If  the  body 
be  displaced  into  some  such  position  as  that  shown  at  B,  then  the  centre 
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of  gravity  of  the  displaced  liquid  will  no  longer  be  at  H,  but  at  some  point 
such  as  h'.  The  body  is  then  acted  upon  by  a  couple  which  tends  to  bring 
it  back  into  the  position  shown  at  a.    The  point  M,  where  the  new  vertic^ 


Fig,  117. 

through  h'  cuts  the  vertical  drawn  through  H  in  the  undisturbed  position, 
is  called  the  metacentre.  In  the  above  figure  the  metacentre  is  above  the 
centre  of  gravity,  and  the  floating  body  is  in  stable  equilibrium,  as  the 
couple  when  it  is  deflected  tends  to  restore  it  to  its  orij^mal  position.  In 
the  case  shown  in  Fig,  118,  however,  the  couple,  which  comes  into  play 
when  the  body  is  deflected  from  the  A  position,  tends  to  increase  the 
displacement,  and  hence  the  condition  figured  at  A  is  unstable.     In  this 

case  it  will  be  seen  that  the  meta- 
centre  M   is   below  the   centre   of 
br^  gravity  ofthe  floating  body.    Hence 


a  floating  body  is  stable  when  the 

metacentre  is  above  the  centre  of 

V  A—         ".\/Jj^-zLr  gravity,  and  the  higher  the  meta- 

-"^/^"—         ~-J^  ^ ~^=^  centre    is    above    the    centre    of 

gravity,    the   more   stable   is    the 
body.     If  the  metacentre  coincides 
Fig.  118.  with  the  centre  of  gravity  of  the 

floating  body,  as  it  does  in  the 
case  of  a  sphere,  the  body  is  in  neutral  equilibrium,  while  if  the 
metacentre  is  below  the  centre  of  gravity  the  equilibrium  is  unstable. 
These  principles  are  of  great  importance  in  designing  ships,  the  object 
of  ballast  being  to  lower  the  centre  of  gravity  so  as  to  keep  it  well  below 
the  metacentre. 

147.  Hydrometers. — The  volume  of  a  floating  body  immersed  in  a 
liquid  depends  on  the  density  ofthe  liquid,  for  the  product  ofthe  density 
of  the  liquid  into  the  volume  of  the  body  immersed,  which  gives  the 
weight  of  liquid  displaced,  must  always  be  equal  to  the  weight  of  the 
body  Hence  the  volumes  of  that  part  of  a  floating  body  immersed  in 
diflfercnt  liquids  may  be  employed  to  compare  the  densities  of  liquids. 
An  instrument  depending  on  this  principle,  called  the  hydrometer,  is 
shown  in  Fig.  119.  It  consists  of  a  glass  bulb  B,  to  the  lower  end  of 
which  a  small  bulb  A  is  fixed,  and  at  the  upper  end  a  narrow  glass  stem 
CD.  Some  mercury  or  lead-shot  is  placed  in  A,  so  that  the  instrument 
floats  upright.  The  stem  CD  is  graduated,  so  that  the  depth  to  which  the 
instrument  sinks  in  the  diflferent  liquids  can  be  read  oflT.  Suppose  that 
the  division  to  which  it  sinks,  when  floating  in  water,  is  marked  100,  and 
the  volume  of  the  stem  included  between  two  consecutive  divisions  is 
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i/iooth  of  the  total  volume  immersed  when  the  body  floats  in  water. 
Then,  if  the  instrument  when  floating  on  a  liquid  sinks  to  the  6oth  divi- 
sion, this  means  that  60  units  of  volume  of  this  liquid 
have  the  same  weight  as  100  units  of  volume  of  water. 
Hence  the  specific  gravity  of  the  liquid  is  100/60  or  1.67. 
In  the  same  way,  if  the  instrument  sinks  in  a  liquid  to 
the  I20th  division,  the  specific  gravity  is  100/120  or  0.833. 
The  length  of  the  stem,  which  will  have  a  volume  equal 
to  i/iooth  of  the  volume  of  the  instrument,  varies  in- 
versely as  the  cross  section,  so  that  by  making  the  stem 
very  narrow  the  sensitiveness  can  be  increased.  We 
cannot,  however,  increase  the  sensitiveness  indefinitely, 
on  account  of  the  force  which  the  surface  of  the  liquid 
exerts  on  the  stem  (see  §  156),  and  which  prevents  the 
instrument  taking  up  the  position  it  would  if  no  such 
capillary  force  existed.     In  order  to  avoid  having  a  very  11    III  d 

long  stem,  it  is  usual  to  have  a  series  of  hydrometers,  so  II    III  D 

weighted  that  in  the  liquid  in  which  one  sinks  to  nearly 
the  top  of  its  stem,  the  next  only  sinks  to  a  point  near 
the  bottom  of  its  stem.  The  stems  of  hydrometers  are 
often  graduated  so  as  to  give  directly  the  specific  gravity 
of  the  liquid  in  which  they  are  placed.  In  this  case  the 
length  of  the  graduations  is  not  constant,  but  decreases 
from  the  top  to  the  bottom  of  the  stem.  The  position  of 
two  points  on  the  scale  are  generally  found  by  floating  the 
instrument  in  two  liquids  of  known  specific  gravity,  and 
from  the  position  of  any  two  such  points  on  the  scale  the 
rest  of  the  graduations  can  be  obtained. 

Another  form  of  hydrometer  is  shown   in   Fig.    120, 
and  is  called  Nicholson's  hydrometer.     In  this  instrument 
the  stem  is  not  graduated,  but  has  a  single  mark,  O,  and 
when  in  use  the  instrument  is  always  sunk  to  this  mark,      Fig.  119. 
so  that  the  volume  immersed  is  constant.     Attached  to  <'^"^^f„^^^^^^'^4^^^; 
the  float  A  are  two  scale-pans  B  and  C,  the  lower  one  being     pa%^/")  '''"^'^'" 
weighted  so  that  the  instrument  can  float  upright. 

When  using  this  instrument  to  determine  the  density  of  a  liquid,  it  is 
first  floated  in  water  at  a  known  temperature,  and 
weights  are  placed  in  the  upper  scale- pan  till  the 
mark  o  is  coincident  with  the  surface  of  the  liquid. 
Let  IV  be  the  weight  of  the  instrument  itself,  and 
Wi  the  weights  added  ;  then  the  weight  of  the  water 
displaced  is  IV+w^  and  the  volume  Vof  the  displaced 
water  is  given  by 


F=(fr+«/i)/A, 

where  A  is  the  density  of  the  water  at  the  given  tem- 
perature. 

Now  let  the  instrument  be  floated  in  a  liquid  of 
density  p,  and  let  the  weight  which  has  to  be  placed 
in  the  pan  B  to  bring  the  mark  to  the  surface  of  the 
liquid  be  w^.     Then  the  weight  of  the  liquid  displaced  is  li'+w^ 


Fig.  120. 


Now, 
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since  the  volume  of  the  hydrometer  immersed  is  the  same  as  before, 
namely  K,  we  have — 

This  instrument  is  more  often  used  for  finding  the  density  of  solids 
than  of  liquids.  For  this  purpose  the  hydrometer  is  floated  in  water, 
and  the  solid  placed  in  the  pan  B,  and  weights  w^  added  till  it  sinks  into 
the  sighted  position.  Since,  when  the  solid  is  not  present,  the  weight 
necessary  to  sink  the  instrument  is  ^i,  it  follows  that  the  weight  of  the 
solid  is  Wj-Wa.  Next,  the  solid  is  placed  in  the  lower  pan  c,  and  the 
weight  W4  necessary  to  sink  the  instrument  determined.  The  solid  being 
immersed  in  water,  will  lose  in  weight  an  amount  equal  to  the  product 
V\  where  F  is  its  volume.     Hence 

or  V={w^- 71/^)1  ^, 

Therefore  the  density  p  of  the  solid  is  given  by 

148.  Elasticity  of  Liquids. — Liquids  can  only  have  bulk  elasticity, 
i.e.  they  only  offer  permanent  resistance  to  change  of  volume.  As  has 
already  been  mentioned,  liquids  require  a  very  great  pressure  to  reduce 
their  bulk  appreciably,  differing  in  this  respect  very  markedly  from  the 
other  division  of  fluids,  namely,  gases.  In  fact,  a  liquid  is  sometimes 
defined  as  a  fluid  which  offers  great  resistance  to  change  of  volume. 
The  first  person  to  show  that  liquids  were  compressible  was  Canton  in 
1 76 1,  while  the  first  measurements  of  any  accuracy  were  made  by 
CErsted  (1822). 

The  instrument  used  by  CErsted,  and  called  a  piezometer,  is  illus- 
trated in  Fig.  121.  It  consists  of  a  strong  glass  cylinder,  to  the  top  of 
which  is  cemented  a  metal  cap.  Water  can  be  introduced  into  the 
cylinder  through  the  funnel  R,  and  by  turning  the  screw  P  a  small  piston 
is  forced  down,  thus  compressing  the  water  in  the  cylinder.  Within  the 
cylinder  is  a  glass  vessel  A  filled  with  the  liquid  to  be  experimented  on, 
and  terminated  by  a  capillary  tube,  the  open  end  of  which  dips  beneath 
the  surface  of  some  mercury,  O.  The  volume  of  the  vessel  A,  as  well  as 
the  volume  of  unit  length  of  the  capillary,  having  been  determined  by 
filling  with  mercury  and  weighing,  the  total  volume  of  the  liquid  in  A, 
and  the  decrease  in  volume  corresponding  to  any  observed  rise  of  the 
mercury  into  the  capillary  tube,  when  pressure  is  applied,  is  known.  The 
pressure  is  measured  by  means  of  an  air  manometer  (§  130)  B,  consisting 
of  a  glass  tube  closed  at  the  top,  with  its  open  end  below  the  surface  of 
the  mercury.  This  tube,  before  the  pressure  is  applied,  is  quite  full  of 
air.  When  the  pressure  is  applied  the  mercury  rises,  the  air  being  com- 
pressed, so  that  by  noting  the  change  in  volume  by  means  of  the  attached 
scale,  the  pressure  can  be  calculated. 
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Since  the  glass  vessel  A  is  subjected  to  the  same  pressure  both  inside 
and  out,  OErsted  assumed  that  therefore  its  volume  was  the  same  at  all 
pressures,  and  hence  that  the  contraction 
observed  was  due  solely  to  the  compression 
of  the  liquid.  This  assumption  is,  however, 
not  justifiable.  For  imagine  the  vessel  to 
be  in  the  form  of  a  sphere,  and  that  the 
pressure  applied  both  inside  and  out  is,  say, 
100  atmospheres.  Now  suppose  that  the 
same  pressure  were  applied  externally  to  a 
solid  glass  sphere  of  exactly  the  same  ex- 
ternal dimensions  as  the  hollow  sphere.  The 
solid  sphere  would  contract,  since,  as  will  be 
seen  later,  glass  is  compressible  ;  and  if  we 
consider  a  thin  external  layer  of  the  sphere, 
it  will  eventually  be  at  rest  under  the 
pressure  of  100  atmospheres  acting  every- 
where towards  the  inside,  and  an  equal  and 
opposite  pressure  due  to  the  elasticity  of  the 
inside  layers  of  the  solid  sphere.  The  con- 
dition of  this  layer,  therefore,  resembles 
that  of  the  hollow  glass  sphere  filled  with 
liquid  and  subjected  inside  and  out  to  a 
pressure  of  100  atmospheres,  and  since  it  con- 
tracts in  volume  under  these  conditions,  we 
infer  that  the  hollow  sphere  would  do  so  also. 

In    order    to    overcome    this    difiSculty, 
Regnault  devised  a  modified  form  of  piezo- 
meter, in  which  the  change  in  volume  of 
the   containing  vessel   could    be    observed. 
His  apparatus  consisted  of  a  strong  glass 
bulb    A  (Fig.    122)  with    a    fine    capillary 
neck  B.     This  bulb,  in  which  the  liquid  to 
be  tested  is  contained,  was  inside  a  strong  metal  vessel  c. 
was  connected  with  a  compression-pump,  and  by  means 
of  the  taps  E,  F,  G,  H  the  volume  of  the  liquid  in  the 
bulb  was  observed  under  the  following  conditions  :  (i) 
The  taps  E  and  H  being  closed  and  F  and  G  open,  the 
apparent  increase  of  the  volume  of  the  liquid  due  to  the 
action  of  an  external  pressure  p  on  the  outside  of  the 
bulb  was  obtained  ;  (2)  the  taps  F  and  H  being  open 
and  E  and  G  closed,  the  apparent  contraction  of  the 
liquid  under  the  influence  of  a  pressure  p  acting  both 
on  the  inside  and  outside  of  the  bulb,  as  in  CErsted's 
experiment,  was  obtained  ;  (3)  the  taps  E  and  H  being 
open    and    F    and    G    closed,    the    apparent    contrac- 
tion  of  the  liquid  when  the  pressure  p  acted  on   the 
inside  of  the    vessel    only  was    obtained.      From   the 
results  of  these  three  observations,   the  effect  of   the 
contraction  of  the  envelope  can  be  eliminated  and  the 
true  coefficient   of  compressibility,  i.e.   the   diminution         Fig*  ^22. 
produced  in  unit  volume  by  unit  increase  in  pressure,  can  be  calculated, 


Fig.  121. 

(From  Ganot's  "  F.lementary  Treatise 
on  Physics.") 
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although  even  in  this  case  some  assumptions  as  to  the  uniformity  of  the 
thickness  of  the  walls  of  the  vessel  have  to  be  made.  In  some  of 
his  experiments  Regnault,  therefore,  used  spherical  bulbs  of  brass  or 
copper. 

The  following  table  (calculated  by  Tate  from  Cailletet's  results)  gives 
the  coefficient  of  compressibility  {i.e.  decrease  in  unit  volume)  per  atmos- 
phere for  some  liquids.  It  will  be  seen  that,  as  compared  with  gases  in 
which  the  coefficient  of  compressibility  at  a  pressure  of  one  atmosphere 
is  0.5,  liquids  are  very  little  compressible  : — 


Liquid. 

Temperature. 

Pressure  in  Atmos- 
pheres. 

Coefficiency 
of  Compressibility 
per  Atmosphere. 

Water    . 
Sulphuric  ether 
Bisulphide  of  carbon 
Sulphurous  acid     . 

8°C. 
10"  C. 

8''C. 
14°  C. 

705 
630 
607 
606 

0.0000469 
0.0001458 
0.0000998 
0.0003032 

149.  Hydraulic  Press.— Pascal's  law,  that  liquids  transmit  in  all 
directions  and  without  diminution  any  pressure  that  is  applied  to  them, 
receives  an  important  application  in  the  hydraulic  press  or  ram.  This 
machine  was  invented  in  1795  ^y  Bramah,  and  is  shown  in  section  in 
Fig.  123.    It  consists  of  a  large  metal  cylinder,  A,  with  very  strong  sides, 

in    which    an    iron 
v^mMzzsz2=z^  ram    works    water- 

tight, through  a 
joint,  B.  This  joint 
IS  made  water-tight 
by  means  of  a  circu- 
lar leather  washer, 
the  section  of  which 
is  U-shaped,  the 
concave  surface 
being  turned  towards 
the  inside  of  the 
cylinder.  The  pres- 
sure of  the  water  in 
the  cylinder  forces 
this  washer  against 
the  ram  on  the  in- 
p,Q  j2,  side,  and  against  the 

neck  of  the  cylinder 
on  the  outside,  so  that  the  greater  the  pressure  of  the  water  the  more 
tightly  does  the  washer  fit.  The  cylinder  is  connected  by  a  strong  pipe, 
C,  with  a  force-pump,  of  which  the  piston,  D,  is  of  small  diameter.  By 
this  means  water  can  be  pumped  into  the  large  cylinder  a.  When  the 
plunger  of  the  pump  is  forced  down,  the  liquid  in  the  machine  transmits 
the  pressure  to  the  base  of  the  ram,  which  is  forced  up.  Ma  is  the  area 
of  cross  section  of  the  plunger  of  the  pump,  and  the  downward  force 
exerted  on  the  plunger  is  Z',  then  the  pressure  exerted  on  the  water  in 
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the  pump  is  Pla.  This  pressure  is  transmitted  to  the  cylinder  A,  and 
hence  a  pressure  of  Pla  acts  on  each  unit  of  surface  of  the  base  of  the 
ram.  If  A  is  the  area  of  cross  section  of  the  ram,  the  total  upward  force 
exerted  on  it  is  APfa.  In  other  words,  the  force  {W)  exerted  by  the 
ram  is  to  the  force  acting  on  the  plunger  of  the  pump  as  the  area  of 
cross  section  of  the  ram  is  to  that  of  the  plunger,  or 

W_A_D'^ 
P~1l~  d'^' 


if  Z>  is  the  diameter  of  the  ram  and  ^the  diameter  of  the  plunger. 

The  principle  of  the  hydraulic  press  is  also  employed  as  a  means  of 
storing  power,  which  is  required  in  an  intermittent  manner,  such  as  for 
working  lifts.  In  this  case  powerful  pumps  are  employed  to  pump  water 
into  a  strong  steel  reservoir  fitted  with  a  wide  piston,  like  the  ram 
of  a  Bramah  press,  which  is  loaded  with  heavy  weights.  The  work 
performed  by  the  engine  which  drives  the  pumps  is  employed  in  raising 
these  weights,  and  the  potential  energy  thus  stored  up  can  be  usefully 
employed  by  connecting  the  reservoir  by  pipes  to  the  hydraulic  engines 
to  be  driven  by  the  water  under  high  pressure. 

150.  Pumps. — Pumps  may  be  divided  into  two  classes — suction- 
pumps  and  force-pumps — though  most  pumps  which  are  used  in  practice 
really  consist  of  both  kinds  combined,  the  suction  or  the  force,  as  the 
case  may  be,  however,  generally  playing  quite  a  subordinate  part. 

The  air-pump  described  in  §  135  (Fig.  105)  is  a  suction-pump,  and  if 
the  tube  leading  to  the  receiver  were  connected  to  a  tube  the  end  of 
which  dipped  beneath  the  surface  of  a  liquid,  when  the  piston  was  raised 
the  pressure  of  the  air  acting  on  the  surface  of  the  Hquid  would  force  it 
up  past  the  valve  B  into  the  cylinder.  When  the  piston  descends,  the 
valve  B  shuts  and  C  opens,  the  liquid  escaping  on  to  the  top  of  the  piston. 
If  a  spout  were  fixed  to  the  top  of  the  barrel  of  the  pump  the  liquid  would 
flow  out  through  it,  and  we  should  have  the  ordinary  domestic  pump. 
Since  it  is  the  pressure  of  the  atmosphere  which  drives  the  liquid  up  into 
the  barrel  of  the  pump  when  the  pistop  rises,  it  follows 
that  a  suction-pump  cannot  raise  a  liquid  through  a 
greater  height  than  that  of  the  column  in  a  barometer 
filled  with  the  liquid.  Hence  if  p  is  the  density  of  the 
liquid,  and  h  is  the  height  in  centimetres  through  which 
the  liquid  is  to  be  raised,  a  suction-pump  cannot  be 
used  if  ph  is  greater  than  13.6x76,  since  13.6  is  the 
density  of  mercury,  and  76  cm.  is  the  height  of  the 
mercury  barometer.  If  the  liquid  is  water,  p=i,  and 
the  limiting  value  for  h  is  13.6x76,  or  1033.6  cm.,  or 
about  34  ft. 

In  the  force-pump,  the  second  valve,  instead  of  being 
placed  in  the  piston  P  (Fig.  124)  is  at  D.  When  the 
piston  rises,  the  liquid  enters  the  barrel  of  the  pump 
through  the  tube  B  and  the  valve  C,  the  valve  D  remain-  Fig.  124. 

ing  shut.     When  the  piston  descends  the  valve  C  shuls, 
and  the  liquid  is  forced  out  through  the  valve  D  and  up  through  the  tube  E. 
The  height  to  which  the  liquid  can  be  forced  by  this  form  of  pump  is  only 
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limited  by  the  strength  of  the    barrel  A  and   the   force  that  can  be 
applied  to   drive  the  piston  down.     The   pumps    illustrated   in    Figs. 
99  and    123    are    force-pumps.      In    the    fire-engine, 
/""^N  which    is  a   force-pump,  there    is    an    air-chamber    A 

(Fig.     125),    the    water    being    forced    in    through    B 
A  by  the  pump  during   the   down-stroke   of    the  piston, 

and  escaping  through  C.  The  pipe  C  is  made  so 
small  that  the  water  cannot  escape  as  fast  as  it 
is  pumped  in  during  the  down-stroke  of  the  piston, 
so  that  the  air  which  is  enclosed  in  A  becomes  com- 
pressed, and  so  during  the  up-stroke  of  the  piston 
this  air,  by  expanding,  continues  to  drive  the  water 
out  through  C  ;  and  in  this  way  keeps  up  a  continuous 
stream. 

151.  The  Syphon. — The  syphon  consists  of  a  bent  tube  abc  (Fig.  126) 
open  at  both  ends,  one  leg  being  of  greater  length  than  the  other.  If  the 
tube  is  filled  with  a  liquid,  and  the  end  of  the  shorter  limb  dipped  beneath 
the  surface  of  some  of  the  liquid,  then  the  pressure  at  the  end  A,  tending 
to  force  the  liquid  into  the  tube,  is  equal  to  the 
atmospheric  pressure  minus  the  weight  of  the 
column  of  liquid  DB.  The  pressure  at  C,  tending  to 
force  the  liquid  up  the  tube,  is  the  atmospheric 
pressure  less  the^ weight  of  the  column  of  liquid  CB. 
Hence,  since  CB  is  greater  than  DB,  the  pressure 
tending  to  force  the  liquid  in  at  A  is  greater  than 
that  at  C,  so  that  the  liquid  will  flow  in  at  A  and 
out  at  C  as  long  as  the  surface  of  the  liquid  is  above 
the  end  a.  The  syphon  depending,  as  it  does,  on 
the  atmospheric  pressure  to  force  the_  liquid  up 
from  D  to  B,  will  not  work  in  a  vacuum,  or  if  the  height  DB  is  greater 
than  that  of  the  barometric  column  of  the  given  liquid.  In  either  of 
these  cases  the  liquid  would  not  fill  the  bend  of  the  syphon,  but  there 
would  be  a  vacuum  there. 

152*.  Kinetics  of  Liquids— Law  of  Continuity.— In  the  case  of  a 
liquid  flowing  in  a  pipe,  the  volume  of  liquid  that  passes  across  any  cross 

section  of  the  pipe  during  any 
given  time  must  be  the  same. 
If  this  were  not  so,  then  either 
the  liquid  would  accumulate  or 
diminish  between  the  two  sec- 
tions. Thus  if  we  have  a  liquid 
Fio.  197.  flowing  through  a  pipe  of  vari- 

able cross  section  (Fig.  127), 
the  volume  of  liquid  which  crosses  each  of  the  sections  A,  B,  C,  or  D, 
during  a  given  interval  must  be  the  same.  It  follows  from  this 
that  the  velocity  of  the  liquid  is  everywhere  inversely  proportional  to 
the  area  of  cross  section.  For  if  a  is  the  cross  section  of  the  tube 
at  A,  and  Va  is  the  velocity  with  which  the  liquid  is  moving,  the 
volume  which  passes  A  in  unit  time  is  ava.  In  the  same  way  the  volume 
which  passes  B  in  unit  time  is  bvh^  where  b  is  the  area  of  cross  section  at 
B,  and  Vt  is  the  velocity  of  the  liquid.    Since  the  quantity  of  liquid  which 
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crosses  A  in  unit  time  must  be  equal  to  the  quantity  which  crosses  B, 
we  get 

or  ?^_^. 

163*.  Force  producing:  Motion  in  a  Liquid.— In  every  case  a  liquid 
tends  to  flow  from  a  point  at  which  the  pressure  is  high  to  a  point  at 
which  it  is  lower.  Hence  if  we  find  that  the  velocity  of  flow  of  a  liquid 
increases  as  we  move  from  one  point  to  another,  it  shows  that  the  pres- 
sure at  the  first  point  is  greater  than  at  the  second.  For  the  fact  that 
the  velocity  of  the  liquid  is  increasing,  that  is,  has  a  positive  accelera- 
tion, shows  that  some  force  must  be  acting  on  it  tending  to  increase  its 
velocity,  and  the  only  force  acting  is  the  difference  in  the  pressures  at 
the  points  considered.  In  the  case  of  the  liquid  flowing  through  the  tube 
shown  in  Fig.  127,  the  velocity  at  A  is  greater  than  the  velocity  at  B. 
Hence  the  velocity  of  the  liquid  diminishes  from  A  to  B,  and  therefore  the 
liquid  must  be  moving  against  a  force,  or  the  pressure  at  B  must  be 
greater  than  at  A.  In  the  same  way  the  pressure  at  D  is  less  than  at 
A,  B,  or  C. 

If  we  consider  a  liquid  in  which  the  particles  exert  no  friction  one 
against  another,  flowing  in  a  tube  without  friction  against  the  walls,  then 
the  force  producing  motion  on  a  small  cube  of  the  liquid  of  which  the 
edges  are  parallel  to  the  direction  of  flow  of  the  liquid,  is  the  difference 
of  pressure  between  the  ends  of  the  cube  at  right  angles  to  the  direction 
of  motion.  If  /^  and  p^  are  these  pressures,  and  s  is  the  length  of  the 
edge  of  the  cube,  the  force  causing  motion  is  {p^  -AV^  fo'^  -^^  is  the  area 
of  a  face  of  the  cube,  and  if  p  is  the  density  of  the  liquid,  the  mass  of  the 
cube  of  liquid  is  s^p.  Hence  the  acceleration  {a)  with  which  the  liquid 
moves  is  given  by  the  equation— 

s        p 

The  quotient  {pi-p'^Js  is  the  rate  at  which  the  pressure  decreases 
with  distance  measured  parallel  to  the  direction  of  flow,  and  is  called  the 
pressure  gradient  or  pressure  slope  in  this  direction.  The  flow  of  a  liquid 
always  takes  place  in  the  direction  in  which  the  pressure  gradient  is 
greatest,  and  the  greater  the  pressure  gradient,  the  greater  the  velocity 
of  the  liquid. 

When  a  liquid  flows  gut  of  a  vessel  through  an  opening,  the  pressure 
just  outside  the  opening  is  zero,  while  the  pressure  just  inside  is  that  due 
to  a  column  of  liquid  of  the  height  of  the  free  surface  of  the  liquid  in  the 
vessel  above  the  opening.  This  height  of  the  free  surface  above  the 
opening  is  called  the  head  of  the  liquid  which  produces  the  pressure,  and 
the  pressure  is  equal  to  Upg,  where  //  is  the  head  and  p  is  the  density  of 
the  liquid. 
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154*.  Velocity  of  Outflov/  of  a  Liquid  (Torrieelli*s  Law).— In  order 
to  obtain  an  expression  for  the  velocity  with  which  a  liquid  will  flow  out 
under  the  action  of  gravity,  through  an  opening  in  the  base  of  a  vessel 
containing  the  liquid,  let  us  assume  that  the  cross  section  of  the  opening 
is  a^  and  that  of  the  vessel  at  the  free  surface  of  the 
liquid  is  A^  while  the  head  of  lic^uid  is  //.     Let  v  be 
the    velocity  ^    with   which   the   hquid,   of   density  p, 
escapes  from  the  opening.     Suppose  that,  in  the  very 
short  time  S/,  the  level  of  the  free  surface  of  the  liquid 
falls  through  a  distance  h  (Fig.  128),  then  the  volume 
of  liquid  that  has  escaped  in  this  time  is  Ah.     Hence 
the  potential  energy  of  the  liquid  within  the  vessel 
has    decreased    by    the    amount    Ahp.Hg^    for    each 
Fig.  128.  layer  of    the   liquid  has  fallen  through  a  height  hy 

or,  in  other  words,  the  whole  volume  of  liquid  HA 
has  fallen  through  this  distance.  The  kinetic  energy  of  the  liquid  as  it 
escapes  is  \^/ipyi/\  and  since  the  kinetic  energy  gained  must  be  equal  to 
the  potential  energy  lost,  we  have  : — 

\Ahpv^=AhpHg. 

or  z/=  ^igH. 

That  is,  the  velocity  with  which  the  liquid  escapes  varies  as  the  square 
root  of  the  head,  and  it  will  be  noticed  that  the  velocity  is  independent 
of  the  density  of  the  liquid  and  of  the  size  of  the  opening,  and  is  the 
same  as  that  which  would  be  acquired  by  a  body  falling  freely  through 
the  height  //,  i.e.  through  the  distance  between  the  free  surface  of  the 
liquid  in  the  vessel  and  the  opening. 

If  the  opening,  instead  of  being  made  through  the  bottom  of  the  vessel, 
is  made  through  the  side,  the  stream  of  liquid  will  be  projected  horizon- 
tally with  a  velocity  'J2gH.  Hence  each  particle  of  the  liquid  will  move 
in  a  horizontal  direction  with  a  uniform  velocity  '^2gH^  and  also  with  a 
uniform  acceleration  g  in  the  vertical  direction,  so  that  the  liquid  jet  will 
form  a  parabola  (§  40).  If  the  opening  is  made  so  that  the  liquid  jet 
is  directed  upwards,  the  highest  point  reached  by  the  water  ought, 
according  to  the  above  calculation,  to  be  in  the  same  horizontal  plane 
as  the  free  surface  of  the  liquid  in  the  vessel.  On  account,  however,  of 
viscosity  (§  161)  and  the  resistance  of  the  air, 

the  liquid  never  quite  rises  to  the  level  of  the 

1^1  ^^^;^::^^-I^I     surface. 

r^"  —  -  ^mm  T    '■J  The  volume  of  liquid  which  will  escape  per 

second  through  an  opening  of  cross  section  a  is 

found  experimentally  to  be  less  than  va.     This 

is  due  to  the  fact  that  the  jet  of  liquid,  as  it 

Fig.  ia9.  leaves  the  opening,  becomes  contracted,  forming 

the  vena  contractu  as  at  A  (Fig,  129),  so  that  the 

cross  section  of  the  jet  is  less  than  that  of  the  opening  through  which  it 

passes.     The  actual  volume  of  liquid  that  escapes  is  only  about  62  per 

1  By  velocity  of  the  liquid  is  meant  the  speed  with  which  a  small  specl.  of  dust 
would  be  carried  along  by  the  liquid. 
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cent,  of  the  volume  calculated  from  the  expression  a  s/igH^  while  the 
cross  section  of  the  vena  contracta  is  about  .62  times  the  cross  section  of 
the  opening.  The  quantity  of  liquid  which  escapes  can  be  considerably 
increased  if  a  small  cylindrical  tube  or  ajutage,  of  the  same  diameter  as 
the  opening,  is  fitted  to  the  aperture.  In  this  case  the  outflow  may  be 
increased  to  about  82  per  cent,  of  the  calculated  amount.  If  the  ajutage 
is  of  considerable  length,  the  outflow  is  again  reduced,  this  being  due  to 
viscosity,  i,e.  friction  between  the  different  parts  of  the  hquid. 


CHAPTER  XVIII 
MOLECULAR   PHENOMENA    IN  LIQUIDS 

165.  Cohesion.  — If  a  rod  or  tube  of  glass  is  dipped  into  water  and  is 
then  withdrawn,  a  drop  of  the  liquid  will  be  left  hanging  to  the  end  of  the 
rod.  If  more  water  is  carefully  added,  the  size  of  the  drop  will  increase 
until  its  weight  is  sufficient  to  tear  it  away  from  the  glass.  In  the  same 
way,  if  a  clean  metal  ring  is  dipped  into  a  solution  of  soap  and  then  with- 
drawn, a  film  of  the  liquid  will  remain  stretched  across  the  ring.  In  both 
these  cases  the  effects  are  said  to  be  due  to  the  cohesion  of  the  liquid.  The 
term  adhesion  is,  however,  sometimes  used  to  indicate  the  attraction 
manifested  between  a  liquid  and  a  solid,  and  the  term  cohesion  restricted 
to  the  attraction  between  the  different  particles  of  a  mass  of  liquid.  This 
cohesive  force  is  in  most  cases  masked  by  the  action  of  gravity,  and  the 
extreme  mobility  of  the  liquid  molecules,  and  hence  to  observe  its  effects 
we  require  to  reduce  the  effects  of  gravity  to  a  minimum. 

Thus,  if  a  large  drop  of  oil  is  placed  on  the  surface  of  water  it  imme- 
diately spreads.  If,  however,  a  mixture  of  alcohol  and  water  is  prepared 
of  exactly  the  same  density  as  the  oil,  and  a  drop,  or  even  a  considerable 
volume,  of  oil  is  introduced  in  the  water,  it  immediately  gathers  itself 
into  a  sphere  which  remains  suspended  in  the  alcohol  and  water.  By 
floating  the  oil  in  a  liquid  of  the  same  density  as  itself  we  remove  it  from 
the  influence  of  gravity,  and  then  the  cohesion  between  the  liquid  par- 
ticles causes  the  drop  to  assume  the  spherical  form. 

156.  Surface  Tension.— In  the  case  of  the  globule  of  oil  floating  in 
a  liquid  of  the  same  density,  the  shape  assumed  is  the  same  as  the  oil 
would  take  had  it  been  enclosed  in  an  elastic  membrane  or  skin.  The 
presence  of  such  an  elastic  skin  would  also  serve  to  explain  the  formation 
of  the  drops  on  the  end  of  the  glass  rod  or  the  soap  fiUn. 

We  can  explain  these  facts  on  the  molecular  hypothesis  in  which  it  is 
assumed  that  m  a  liquid  the  molecules  exert  on  one  another  an  attractive 
force  ;  this  force,  however,  being  only  appreciable  when  the  molecules 
are  within  a  short  distance  of  one  another,  which  is  called  the  range 
of  molecular  attraction.  If  we  describe  a  sphere  with  any  particle  as 
centre  having  a  radius  equal  to  the  range  of  molecular  attraction,  then 
we  may  neglect  the  effects  of  all  the  molecujes  which  lie  outside  this 
sphere  on  the  molecules  at  the  centre. 

In  the  case  of  a  molecule  A  (Fig.  130)  well  within  a  liquid,  the  whole 
sphere  will  lie  within  the  liquid,  and  hence  the  molecule  A  will  be  attracted 
by  the  neighbouring  molecules  equally  in  all  directions.  If,  however,  the 
molecule  (b)  is  so  near  the  surface  of  the  liquid,  E  F,  that  the  sphere  would 
intersect  the  surface,  then  the  attraction  exerted  on  the  molecule  is  not 
the  same  in  all  directions.  The  attraction  due  to  molecules  within  that 
portion  of  the  sphere  in  the  liquid  which  is  unshaded,  being  symmetrical 
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about  the  molecule  B,  will  have  a  resultant  which  is  zero.  The  attractions 
of  the  molecules  within  the  shaded  part  will,  however,  have  a  resultant 
directed  towards  the 
inside  of  the  Hquid 
mass,  and  perpen- 
dicular to  the  sur-  I 
face.  In  the  case  of 
a  molecule  actually 
on  the  surface,  as 
at  C,  this  resultant 
is  a  maximum.  The 
effect  of  these  un- 
balanced molecular 
forces  acting  on  the 
molecules  near  the 
surface  is  to  exert 
a  pressure  on  the  interior  of  a  liquid  mass,  similar  to  that  which  would 
be  caused  by  an  elastic  skin,  and  it  is  frequently  convenient  to  speak  as 
if  such  an  elastic  skin  really  existed,  and  to  say  that  this  pressure  within 
a  liquid  mass  is  due  to  the  surface  tension  of  the  liquid. 

The  magnitude  of  the  pressure  due  to  the  surface  tension  depends  on 
the  form  of  the  liquid  surface,  and  we  may  obtain  an  idea  of  the  direction* 
in  which  the  form  of  the  surface  will  effect  the  pressure  from  the  following 
considerations.  Let  us  take  the  case  of  three  molecules,  A,  B,  and  c 
(Fig.  131),  at  equal  distances,  less  than  the  radius  of  molecular  attraction, 
from  the  surface  EF,  which  in  the  first  case  is  plane,  in  the  second 
concave,  and  the  third  convex,  and,  as  before,  let  us  indicate  by  shading 
the  part  of  the  sphere  of  molecular  attraction  which  is  efficacious  in  pro- 
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Fig.  131. 

ducing  an  inwardly  directed  force  on  the  molecule.  If  the  surface  is 
concave  as  at  B,  then,  although  the  molecule  B  is  at  the  same  distance 
below  the  surface  as  is  A,  where  the  surface  is  plane,  the  shaded  part  is 
less,  so  that  the  molecular  force  acting  on  B  towards  the  inside  of  the 
liquid  is  less  than  that  6n  A.  In  the  case  where  the  liquid  surface  is 
convex  (c),  the  shaded  part  is  larger  than  in  A,  and  hence  the  force  is 
larger.  Looking  at  it  from  the  point  of  view  of  an  elastic  membrane, 
it  is  evident  that  at  B  the  elasticity  of  the  membrane  would  diminish  the 
pressure  within  the  liquid,  while  at  C  it  would  increase  the  pressure. 

The  existence  of  this  pressure  due  to  molecular,  as  distinct  from 
gravitational  attractions,  cannot  be  directly  demonstrated  by  experiment, 
but  there  are  many  striking  phenomena  depending  on  the  fact  that  the 
surface  of  a  liquid  is  in  a  state  of  tension.     Thus  if  a. metal  ring  is  dipped 
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Fig. 
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in  a  solution  of  soap,  and  a  small  loop  of  cotton,  which  has  been  pre- 
viously moistened  with  the  solution,  is  placed  on  the  film  left  on  the  rmg, 
this  loop  can  be  made  to  take  up  any  form  such  as  a  (Fig.  132),  and  will 

retain  this  form.  If,  how- 
ever, the  film  within  the 
loop  is  broken,  the  loop 
immediately  takes  up  the 
circular  form  shown  at  B ; 
and  if  it  is  now  deformed  in 
any  way,  on  being  released 
it  immediately  springs  back 
to  the  circular  form.  This 
behaviour  is  due  to  the  fact 
that,  in  the  first  case,  the 
surface  tension  of  the  liquid 
film  acts  equally  on  both 
sides  of  the  cotton,  but  when  the  film  inside  the  loop  is  broken,  the  surface 
tension  only  acts  on  one  side,  and  hence  draws  the  loop  out  into  a  circle. 
Another  method  of  showing  the  surface  tension  is  by  means  of  a  bent 
wire  ABC  (Fig.  133)  and  a  straight  wire  de,  which  simply  rests  against 
this.  If  a  soap  film  is  formed  in  the  en- 
closed space  DBE,  it  will  be  found  that  the 
surface  tension  acting  on  DE  is  able  to 
support  not  only  the  weight  of  the  wire  de, 
but  also  a  small  weight  w.  This  arrange- 
ment might  also  be  used  to  obtain  a  rough 
measure  of  the  amount  of  the  surface  tension. 
If  H^  is  the  mass  of  the  cross  wire  DE  and 
its  attached  weight,  then  the  surface  tension 
of  the  film  supports  weight  W^  and  therefore 
exerts  a  force  of  Jf^  units  of  force.  The  sur- 
face tension  of  the  film  acts  all  along  the  por- 
tion of  the  wire  DE,  intercepted  between  the 
legs  of  the  bent  wire,  and  acts  at  right  angles  to  the  wire.  Since  the 
film  has  two  surfaces,  if  the  force  exerted  on  unit  length  of  DE  due  to  the 
surface  tension  of  one  side  of  the  film  be  7",  then  the  whole  upward  force 
on  DE  due  to  surface  tension  is  2  77,  where  /  is  the  length  of  DE  in  contact 
with  the  film.     Hence  if  there  is  equilibrium 


or 


2/ 


The  quantity  T  is  called  the  surface  tension  of  the  liquid,  and  is  the 
force  exerted  across  unit  length  taken  along  the  surface  of  the  liquid. 
In  the  c.g.s.  system  the  surface  tension  is  measured  in  dynes  per  centi- 
metre. The  dimensions  of  surface  tension  are  [Force] -^ [Length]  or 
[iV7^«]. 

In  the  arrangement  shown  in  Fig.  133,  the  two  limbs  ab,  bc  are  not 
parallel,  for  if  they  were  the  arrangement  would  not  be  in  stable  equili- 
brium, but  in  neutral.     For  in  this  case  (Fig.  134)  the  length  /  of  the  film 


§157]  Surface  Tension  183 

in  contact  with  the  movable  rod  EF  is  constant,  and  hence  the  force  2  Tl 
exerted  by  the  film  is  independent  of  the  position  of  the  rod  EF.  Since 
the  downward  force  Wg  is  also  independent  of  the 
position  of  EF,  if  these  two  forces  are  exactly  equal 
the  rod  EF  will  remain  wherever  it  is  put.  If, 
however,  we  have  not  succeeded  in  exactly  ad- 
justing W  to  the  right  value,  then  if  W  is  too 
small  EF  will  be  drawn  up  till  it  is  in  contact  with 
BC,  or  if  W  is  too  great  EF  will  fall  till  the  ends  A 
and  D  are  reached,  when  the  film  will  break. 
When  the  side  wires  are  inclined  as  in  Fig.  133, 
the  length  of  the  film  in  contact  with  DE,  and 
hence  the  force  exerted  by  surface  tension  varies 
with  the  position  of  the  cross  bar.  If,  when  the 
bar  is  at  DE,  Wg  is  greater  than  2  77,  the  bar  will  fall  to  some  such 
position  as  d'e'  ;  so  that  the  new  value  of  /,  say  /^,  exactly  fulfils 
the  condition  2Tl^=  Wg.  If,  on  the  other  hand,  W  is  too  small,  the  bar 
will  rise  and  /  diminish  till  this  relation  is  fulfilled. 

In  the  case  of  the  arrangement  shown  in  Fig.  134,  if  we  start  with  EF 
in  contact  with  BC,  and  then  pull  it  down  into  the  position  shown,  we 
shall  in  doing  this  have  to  do  work,  since  we  are  moving  EF  against  a 

force  of  27". EF.     The  work  done  is  * 

aZ^EFXHE^ 

since  be  is  the  distance  through  which  EF  has  been  moved  against  the 
force.  The  energy  corresponding  to  this  work  is  stored  up  in  the  film, 
and  may  be  recovered  by  allowing  the  film  to  contract.  Hence  if  E  is 
the  energy  of  the  film  due  to  the  surface  tension,  or  the  superficial  energy, 
we  have 

.£  =  2  7".EFXBE. 

But  EF  X  BE  is  the  area  of  the  film,  A  say, 

E=2TA, 

Hence,  since  E  is  the  energy  of  the  two  surfaces  of  the  film,  each  of 
area  A^  E/2Aj  or  7',  is  the  energy  per  unit  of  area  of  a  single  surface  of 
the  film.  The  dimensions  of  T  obtained  from  this  consideration  are 
[Energy]^ [Area],  or  [ML^ 7 -'^]-^[L^l  or  [317-^];  the  same  result  as 
that  obtained  before.  The  fact  that  a  soap  film  possesses  a  store 
of  potential  energy  is  very  evident  when  it  breaks,  for  this  potential 
energy  immediately  becomes  kinetic  energy,  and  the  liquid  of  which 
the  film  was  composed  is  projected  with  considerable  velocity  in  all 
directions. 

157*.  Pressure  within  a  Soap  Bubble.— In  a  soap  bubble,  the 
pressure  inside  must  be  greater  than  the  external  pressure,  on  account  of 
the  surface  tension  of  the  film,  which  tends  to  make  the  bubble  contract. 
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Let  the  bubble  be  a  sphere  of  radius  /v*,  and  the  pressure  inside  exceed 
the  external  pressure  by  a  quantity  p.  Then,  if  we  suppose  the  bubble 
divided  into  two  hemispheres  by  a  solid 
plane  partition  ABCD  (Fig.  135),  the  area  of 
this  partition  will  be  TrA'-*,  and  the  downward 
force  on  the  upper  surface  due  to  the  excess 
of  pressure  p  will  be  irR-p.  The  film  meets 
the  partition  at  right  angles  round  the  cir- 
cumference of  the  circle  abcd,  or  along  a 
length  2TrR.  Hence  if  T  is  the  surface 
tension  of  the  liquid,  the  upward  force  ex- 
erted by  the  surface  tension  on  the  partition 
is  2Tx2TrR^  since  the  film  has  two  surfaces, 
or  47r77v'.  Hence,  since  this  upward  force 
must  be  equal  to  the  downward   force  due 


Fig.  135. 


to  the  excess  pressure,  we  have- 


or 


gri^=47r77e, 


From   this   expression  we  see  that  the  pressure  inside  a   soap-bubble 
decreases  as  the  bubble  gets  larger.     By  measuring  the  pressure/  within 
a  bubble,  and  also  measuring  the  radius  R^  the  value  of  the  surface  tension 
y'can  be  obtained. 

158.  Angle  of  Contact. — If  a  plate  of  glass  is  plunged  in  water 
with  its  sides  vertical,  it  will  be  found,  as  shown  at  (a),  Fig.  136,  that 

where  the  liquid  touches  the  glass  it  is  drawn 
up  above  the  level  of  the  general  surface.  If, 
however,  the  glass  is  placed  in  mercury,  the 
surface  of  the  liquid  near  the  glass  is  depressed 
below  the  general  surface,  as  shown  at  {b).  The 
angle  bpa  between  the  tangent  to  the  liquid  sur- 
face at  the  point  P,  where  it  meets  the  solid,  and 
surface  of  the  solid  is  called  the  angle  of  contact 
between  the  liquid  and  the  solid.  The  angle  of 
contact  between  a  solid  and  a  liquid  depends 
on  the  third  material,  which  exists  above  the  free 
surface  of  the  liquid.  Thus  the  angle  of  contact 
between  mercury  and  glass,  when  air  is  above 
the  mercury,  is  different  from  the  angle  of  con- 
tact when  there  is  a  layer  of  water  above  the  mer- 
cury. In  the  case  where  the  angle  of  contact 
APB  is  less  than  90°  {{a\  Fig.  136),  the  surface 
tension  of  the  liquid  surface  supports  the  part 
of  the  liquid  which  is  above  the  general  level. 
In  the  same  way  the  surface  tension,  when  the 
angle  of  contact  is  greater  than  90°  {{b\  Fig. 
'36),  withstands  the  hydrostatic  pressure  due  to 
the  liquid  displaced  near  the  surface  of  the  solid. 

159.  Capillarity. — If  a  clean  glass  tube  of  fine  bore  is  dipped  into 
water,  the  water  rises  inside  the  tube  and  stands  at  a  level  higher  than 


Fig.  136. 
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the  surface  of  the  external  water.     This  elevation  of  the  water  is  due  to 

the  angle  of  contact  between  glass  and  water  being  less  than  90°,  so  that 

the  surface  tension  tends  to  raise  up  the  water  near  the  glass.     Suppose 

a  tube  CB  (Fig.  137)  of  radius  r  dips  into  a  liquid,  and  the  angle  of  contact 

between  the  solid  and  liquid  is  a.     The 

surface  of  the  liquid  meets  the  solid  along 

the  circumference  of  a  circle  of  radius  r, 

and  so,  if  the  surface  tension  of  the  Uquid 

is  7",  the  force  exerted  by  the  tension  of 

the  surface  on  the  inside  of  the  tube  is 

27rr7'.     This  force  is  everywhere  directed 

along  the  tangent  to  the  hquid  surface  at 

the   point  of  contact,  i.e.   along  PA,  and 

makes   an  angle  a  with  the  side  of  the 

tube.     The  walls  of  the  tube  will  therefore 

react  on  the  liquid   with  an   equal  and 

opposite  force.     The  resolved  part  of  this 

force  parallel  to  the  axis  of  the  tube  is 

27rr7cos  a,  and  It  is   this  vertical  force 

which   supports   the  column  of  liquid  in 

the  tube,  so  that  the  weight  of  liquid  in  the  tube  above  the  level  of  the 

general  surface  outside  must  be  equal  to  this  resolved  force.     If  p  is  the 

density  of  the  liquid,  and  h  is  the  amount  of  the  elevation  in  the  tube, 

the  volume  of  liquid  raised  is  -Kt^h,  and  the  mass  raised  is  irr^hp.     The 

downward  force  exerted  by  gravity  on  this  mass  is  irr^hpg.     Hence 

2irr7'cos  a .  —Ttr^hpg^ 
2  /cos  a 


h  = 


9gr 


Thus  for  a  tube  of  a  given  material  and  a  given  liquid,  so  that  a,  7", 
and  p  are  constant,  h  is  inversely  proportional  to  r.  If  a  is  greater  than 
90°,  cos  a  is  negative,  and  hence  h  is  negative,  that  is,  the  level  of  the 
liquid  inside  the  tube  will  be  below  the  general  surface. 

If  the  liquid  wets  the  walls  of  the  tube,  the  angle  of  contact  a  is  zero, 
so  that  cos  a=  I,  and 

^  =  — •> 
pgr 


or 


Z= 


2 


Thus  by  measuring  the  radius  of  a  capillary  tube  and  the  capillary 
elevation  we  can  calculate  the  value  of  the  surface  tension  T.  Most  of 
the  accurate  measurements  of  the  surface  tension  of  liquids  have  been 
made  by  means  of  capillary  glass  tubes,  the  capillary  elevation  being 
measured  with  a  cathetometer,  and  the  radius  deduced  from  the  weight 
of  a  thread  of  mercury  filling  a  measured  length  of  the  tube. 

160.  Phenomena  due  to  Surface  Tension.— The  apparent  attrac- 
tions or  repulsions  exhibited  by  small  floating  bodies  on  the  surface  of  a 
liquid  are  due  to  surface  tension.    Thus  two  small  pieces  of  wood  floating 
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on  the  surface  of  water  rush  together  if  they  come  within  about  a  centi- 
metre of  one  another.  This  is  due  to  the  fact  that  the  angle  of  contact 
between  water  and  wood  is  less  than  90°,  so  that  the  water  is  shghtly 
raised  up  between  the  two  floating  bodies  as  in  a  wide  capillary  tube. 
The  pressure  in  the  liquid  between  is  less  than  in  the  surrounding 
mass,  and  the  bodies  come  together.  In  the  case  where  the  angle  of 
contact  is  greater  than  90°,  as,  for  instance,  with  needles  floating  on 
mercury  or  greased  wood  on  water,  the  liquid  between  the  bodies  is 
depressed,  and  the  hydrostatic  pressure  on  the  outside  forces  the  bodies 
together. 

If  small  fragments  of  camphor  are  placed  on  a  clean-water  surface, 
they  dart  about  in  a  most  life-like  manner.  This  is  due  to  the  fact  that 
the  camphor  dissolves  slowly  in  the  water,  and  that  the  surface  tension 
of  a  solution  of  camphor  in  water  is  less  than  that  of  pure  water.  Hence, 
if  the  camphor  dissolves  a  little  faster  at  one  side  of  the  floating  fragment 
than  at  the  other  side,  the  surface  tension  at  the  first  side  is  reduced 
most,  and  the  greater  surface  tension  on  the  other  side  draws  the  fragment 
away. 

161*.  Viscosity. — If  a  liquid  flows  over  a  horizontal  plate  ab 
(Fig.  138),  then  the  layer  of  liquid  next  the  surface  of  the  solid  is,  on 

account  of  cohesion,  at  rest,  and 

_      :  the  velocity  of  the  fluid  partides 

~2j^=~  3^      _  1      ~  "^^  the  different  layers  is  greater, 

—~^- — — ^" '-=-=^  -~n^Zr^.         ^^  greater  their  distance  from 

^:^3"~-~— -~ — -=~ ->^~—  ~         the  solid.     Hence  the  successive 

^W//?////y//y^y^////y^^^^////  P    layers    of    liquid    have    different 

velocities,  and  as  a  result  the 
Fig.  138.  more  slowly  moving  layer  tends 

to  retard  the  motion  of  the  ad- 
jacent more  quickly  moving  layer,  and  is  itself  accelerated  by  the 
action  of  this  layer.  Thus  any  horizontal  layer  is  acted  upon  above  by 
a  tangential  force  in  the  direction  of  motion  of  the  liquid,  and  below  by 
a  second  tangential  force  in  an  opposite  direction.  These  two  forces  are 
due  to  what  is  called  the  viscosity  of  the  liquid,  which  is  really  a  kind  of 
friction  between  the  particles  of  a  liquid  when  the  different  parts  of  the 
liquid  are  moving  with  different  velocities.  If  a  smaller  surface  c  in  the 
liquid  of  area  a  be  taken,  parallel  to  the  fixed  plane  ab  and  at  a  distance 
s  from  it  ;  then,  if  v  is  the  velocity  with  which  the  liquid  is  moving  at  C, 
the  tangential  resistance  (A*)  to  the  motion  experienced  by  C  is  found  to 
be  given  by  the  expression 

AT—— .17, 

where  17  is  a  constant  which  depends  on  the  nature  of  the  liquid.  If  R^ 
Vy  a,  and  s  are  all  measured  in  c.^.s.  units,  then  »?  is  called  the  coefficient 
of  viscosity  of  the  liquid,  and  may  be  defined  as  the  tangential  force  per 
unit  area  of  either  of  two  horizontal  planes  at  the  unit  of  distance  apart, 
one  of  which  is  fixed,  while  the  other  moves  with  unit  velocity,  the  space 
between  being  filled  with  the  viscous  liquid  (Maxwell). 

In  the  case  of  a  liquid  escaping  by  a  long  and  narrow  tube,  the 
velocity  of  efflux  depends  not  only  on  the  difference  of  pressure  {p)  be- 
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tween  the  ends  of  the  tube  and  the  radius  (r)  of  the  tube,  but,  on  account 
of  viscosity,  also  on  the  length  of  the  tube  (/)  and  the  coefficient  of 
viscosity  {rj).  The  volume  {V)  of  a  liquid  which  escapes  in  one  second 
is,  according  to  Poiseuille,  given  by  the  equation 

Thus  by  measuring  the  volume  of  a  liquid  which  escapes  from  a  tube 
under  a  given  difference  of  pressure,  the  coefficient  of  viscosity  can  be 
determined.  The  dimensions  of  the  coefficient  of  viscosity  are  [Z-^T'-^J/]. 
The  following  table  gives  the  coefficient  of  viscosity  in  c.g.s.  units  for 
some  liquids ; — 


Coefficients  of  Viscosity. 


% 


Liquid. 


Glycerine    . 
Water 

Mercury 
Ethyl  alcohol 


Temperature. 
Deg.  C. 


2.8 
20.0 

0.0 
1 0.0 
30.0 
17.2 
1 0.0 


Coefficient  of 
Viscosity  in 
c.g.s.  Units. 


42.20 
8.30 
0.0178 
aoi3i 
0.0081 
0.0160 
0.0153 


162.  Solution. — In  certain  cases  when  a  solid  and  liquid  are  mixed, 
the  solid,  or  at  any  rate  part  of  it,  becomes  dissolved  in  the  liquid,  forming 
a  homogeneous  liquid,  the  properties  of  which  may  differ  considerably 
from  those  of  the  pure  liquid.  The  solid  and  liquid  parts  of  such  a  solution 
cannot  be  separated  by  mechanical  means,  such  as  filtration,  nor  will 
the  solid  separate  out  on  allowing  the  solution  to  stand,  although  the 
density  of  the  solid  may  be  very  different  from  that  of  the  liquid  (the 
solvent). 

If  we  introduce  a  few  crystals  of  common  salt  (sodium  chloride)  into 
some  water  at  the  ordinary  temperature  they  will  dissolve ;  but  if  we 
continue  adding  the  salt  to  the  same  water,  a  time  will  come  when  no 
more  of  the  salt  will  dissolve.  Under  these  conditions  we  are  said  to 
have  a  saturated  solution.  If  the  temperature  of  the  saturated  solution 
of  common  salt  is  raised,  more  salt  will  be  dissolved  ;  on  allowing  the 
temperature  to  fall  to  its  original  temperature,  this  additional  salt  will  be 
deposited  from  the  solution  in  the  form  of  crystals.  Hence  at  any  tem- 
perature there  is  a  fixed  m^ss  of  a  given  solid  which  can  be  dissolved  by 
unit  mass  of  a  given  solvent  to  form  a  saturated  solution.  This  mass  of 
solid  is  called  the  coefficient  of  solubility  of  the  solid  in  the  given  solvent 
at  the  given  temperature. 
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In  addition  to  having  a  solution  of  a  solid  in  a  liquid,  we  may  have  a 
solution  of  a  liquid  in  another  liquid.  Here,  however,  we  have  to  deal 
with  two  cases.  We  may  have  two  liquids,  such  as  alcohol  and  water, 
which  mix,  or  dissolve,  one  in  the  other  in  all  proportions,  and  are  said  to 
be  miscible.  Or  we  may  have  two  liquids,  such  as  ether  and  water,  which 
are  not  soluble  in  all  proportions.  Thus  a  given  mass  of  water  will  only 
dissolve  a  small  quantity  of  ether,  forming  a  saturated  solution  of  ether 
in  water ;  similarly^  a  given  volume  of  ether  will  only  dissolve  a  small 
quantity  of  water,  again  forming  a  saturated  solution,  but  in  this  case  of 
water  in  ether. 

163.  Diffusion  of  Liquids.— If  two  liquids  which  are  miscible  are 
introduced  into  a  vessel  so  that  the  denser  is  below  and  the  lighter  is 
above,  then,  just  as  in  the  case  of  gases,  diffusion  will  take  place,  some 
of  the  lighter  liquid  travelling  down  and  mixing  with  the  heavier  liquid, 
and  vice  versa. 

The  rate  at  which  liquids  diffuse  is,  however,  extremely  small,  as 
compared  with  the  rate  at  which  gases  diffuse.  This  fact  confirms  the 
molecular  theory  of  the  constitution  of  liquids  and  gases,  for  in  gases  it 
is  supposed  that  the  molecules  travel  about,  only  occasionally  coming 
near  enough  to  other  molecules  to  influence  their  motion,  the  greater 
part  of  their  path  being  traversed  uninfluenced  by  other  molecules.  In 
a  liquid,  on  the  other  hand,  although  the  molecules  move  about,  they 
never  get  far  enough  away  from  the  adjacent  molecules  to  escape  from 
the  influence  of  these  molecules,  so  that  although  a  liquid  molecule  may 
move  relatively  to  neighbouring  molecules,  as  soon  as  it  passes  out  of 
the  range  of  influence  of  one  set  of  molecules  it  comes  within  the  range 
of  other  molecules.  Hence  the  molecular  motion  in  liquids  is  much 
more  constrained  than  in  the  case  of  gases,  and  we  should  expect  the 
rate  of  diffusion  to  be  slower. 

The  rates  at  which  liquids  (in  most  cases  solutions  of  salts)  diffuse 

into  water  were  experimentally  determined  by  Graham  in  the  following 

manner.     A  small  wide-mouthed  bottle  A  (Fig.  139), 

filled  with  the  liquid,  was  closed  by  a  glass  plate,  and 

then  placed  in  a  larger  vessel  B  containing  water,  so 

that  the   surface  of  the  water  was  above  the  top  of 

the  bottle  a.     The  glass  plate  was  then  carefully  slid 

off  the   top  of  the  bottle,  and   the   liquids   left   to 

diffuse.     After  a  certain  time  samples  of  the  different 

layers  of   the  mixed  liquids  were  drawn    off  by  a 

pipette,  and   the   composition  of  the  solution  detcr- 

mmed.     With  solutions  of  the   same  substance    of 

Fio.  139,  different  strengths,  Graham  found  that  the  rates  of 

diffusion  were  proportional  to  the  strengths  of  the 

solution.     The  rates  of  diffusion  of  difl'erent  substances  are,  however, 

very  different. 

If  we  consider  a  small  cylinder,  one  centimetre  long  and  one  square 
centimetre  in  cross  section,  and  if  the  concentrations  of  the  solution  of  a 
salt  in  water,  i.e.  the  mass  of  the  salt  contained  in  unit  volume  of  the 
solution,  at  the  two  ends  of  the  cylinder  differ  by  unity,  then  the  quantity 
of  salt  in  grams  which  will  diffuse  through  the  cross  section  of  the 
cylinder,  i.e.  through  unit  area,  in  a  day  is  called  the  diffusion  constant 
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of  the  salt.     The  following  table  gives  some  values  of  the  diffusion  con- 
stant in  grams  per  square  centimetre  per  day  : — 


Diffusion  Constants. 


Hydrochloric  acid 
Sodium  chloride 
Urea 

Cane  sugar. 
White  of  Q^^g    . 
Caramel    . 


2.3    grams  per  sq.  cm. 

per  day. 

0.75 

» 

>» 

0.81           „ 

j» 

» 

0.31 

»> 

n 

0.05          „ 

»> 

» 

0.02           „ 

M 

» 

A  consideration  of  the  table  of  the  diffusipn  constants  given  above 
shows  that  the  rates  of  diffusion  of  different  substances  vary  very  con- 
siderably. Thus  hydrochloric  acid  diffuses  about  one  hundred  times  as 
fast  as  caramel.  For  this  reason  bodies  have  been  subdivided  into  two 
classes,  one  containing  such  bodies  as  hydrochloric  acid  and  the  salts  of 
the  mineral  acids,  which  are  mostly  crystalline,  and  diffuse  comparatively 
rapidly.  These  are  called  crystalloids.  The  other,  containing  such 
bodies  as  gum,  albumen,  caramel,  and  the  like,  which  are  glue-like 
amorphous  bodies  that  diffuse  very  slowly,  and  are  called  colloids. 

A  film  of  a  colloid,  such  as  paper  coated  with  starch,  if  placed  as  a 
partition  in  a  vessel,  with  pure  water  on  one  side  and  a  solution  of  crys- 
talloids and  golloids  on  the  other  will  allow  the  crystalloids  to  diffuse 
through  into  the  water,  but  entirely  stops  the  passage  of  the  colloids. 
Thus  a  colloid  septum  prevents  the  diffusion  of  other  colloids,  but  allows 
the  diffusion  of  crystalloids. 

164.  Osmosis. — If  in  a  vessel  a  (Fig.  140),  such  as  a  thistle  funnel 
with  its  larger  end  closed  by  a  sheet  of  parchment,  we  place  a  solution 
of  dopper  sulphate,  filling  the  vessel  up  to  about  D, 
and  then  place  it  as  shown  in  the  figure,  so  that  the 
parchment  is  below  the  surface  of  some  pure  water 
contained  in  a  vessel  C.  Then  it  is  found  that  the 
water  makes  its  way  through  the  parchment  par- 
tition into  A,  the  solution  inside  gradually  rising  up 
in  the  tube  DB.  Thus  the  water  has  been  able  to 
pass  through  the  parchment  ir^  opposition  to  _the 
hydrostatic  pressure  due  to  the  column  of  liquid  BD. 
After  a  time  the  water  ceases  to  force  its  way  through 
the  partition,  its  tendency  to  do  so  being  counter- 
balanced by  the  hydrostatic  pressure.  It  will  also  be 
noticed  that  in  time  some  of  the  copper  sulphate 
travels  out  into  the  surrounding  water.  If,  instead  of 
placing  the  vessel  A  containing  the  copper  sulphate 
solution  in  pure  water,  it  is  placed  in  a  solution  of  ^^^-  '4o- 
copper  sulphate  of  the  same  strength  as  that  inside,  no  change  in  the 
quantity  of  liquid  in  the  vessel  takes  place.  If,  however,  it  is  placed  in 
a  stronger  solution,  water  will  pass  out  from  the  vessel  A,  so  that  the 
solution  inside  becomes  more  concentrated.    These  phenomena  are  called 
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osmosis,  and  the  pressure  produced  in  the  vessel  containing  the  salt 
solution,  when  placed  in  water,  is  called  the  osmotic  pressure. 

By  using  as  the  separating  membrane  a  substance  which,  while  it 
readily  permits  the  passage  of  pure  water,  is  impervious  to  the  passage 
of  certain  substances  when  dissolved  in  the  water,  Pfeffer  was  able  to 
measure  the  osmotic  pressure  due  to  solutions  of  different  substances 
at  different  concentrations.  Thus  in  the  case  of  cane  sugar  such  a 
semi-permeable  membrane  is  prepared  by  depositing  ferrocyanide  of 
copper  within  the  pores  of  a  porous  earthenware  cylinder.  The  cylinder, 
filled  with  the  sugar  solution,  is  plunged  into  pure  water,  and  the 
maximum  pressure  developed  inside  measured  by  means  of  a  mano- 
meter. 

The  osmotic  pressure  may  be  explained  by  supposing  that  the  semi- 
permeable membrane  is  struck  on  both  sides  by  the  water  molecules, 
but  since  there  are  fewer  .water  molecules  per  unit  volume  inside,  some 
of  the  space  being  occupied  by  sugar  molecules  which  cannot  traverse 
the  niembrane,  more  water  molecules  will  in  a  given  time  strike  the 
outside  of  the  membrane  than  the  inside,  and  hence,  as  the  water  mole- 
cules can  pass  through  the  membrane,  more  water  molecules  will  enter 
than  leave. 

In  the  following  table  some  of  PfefTer's  results  are  given  : — 


Percentage 

of  Sugar  in 

Solution. 

Osmotic 
Pressure  in 
cm,  of  Mer- 
cury =  P. 

Density 

of 
Solution. 

Mass  of  Sugar 

in  X  c.c.  of 

Solution. 

Volume 
of  Solution 
containing 

I  grm.  of 
Sugar=V. 

PV. 

I 
2 

4 
6 

"•1 
IOI.6 

208.2 
307.5 

1.0039 
1.0078 
I.OI58 
I.OI98 

0.001004 
0.002016 
0.004063 
0.0061 19 

99.6    C.C. 
49.6      „ 
24.61     „ 
16.34    „ 

5329 
5039 
5124 
5025 

It  will  be  seen  that,  if  we  consider  the  sugar  when  in  solution  as 
occupying  the  volume  occupied  by  the  solution,  then  the  product  of  the 
osmotic  pressure  (/^)  into  the  volume  ( V)  occupied  by  a  gjam  of  sugar 
is  constant.  This  result,  as  was  first  pointed  out  by  Van't  Hoff,  corre- 
sponds to  Boyle's  law  for  gases.  • 

Measurements  of  the  change  of  osmotic  pressure  with  temperature 
have  shown  another  remarkable  relation  between  the  behaviour  of  a 
dilute  solution  and  of  a  gas.  Thus  the  osmotic  pressure  {F)  of  a  i  per 
cent,  solution  of  cane  sugar  at  a  temperature  /  is  given  by  the  formula 

/*■»  49.62(1  +0.00367/). 

The  coefficient  0.00367  will  be  found  later  on  to  be  the  same  as  that  for 
the  variation  of  the  pressure  of  a  gas  with  temperature  (§  196). 

It  is  only  for  dilute  solutions  that  the  above  resemblances  of  the 
behaviour  of  the  dissolved  body  and  a  gas  hold.     It  would,  however. 
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appear  that  in  such  a  dilute  solution  the  molecules  of  the  dissolved  body 
exist  in  a  condition  in  some  way  resembling  that  which  occurs  in  a  gas. 
We  shall  see  later,  particularly  when  we  come  to  consider  the  electrical 
properties  of  dilute  solutions,  what  suppositions  have  been  made  to 
account  for  the  fact  that  it  is  only  when  dilute  that  the  solutions  obey 
the  above  gaseous  laws. 


CHAPTER  XIX 
PROPERTIES   OF  SOLIDS 

165.  Isotropic  Bodies. — A  body  in  which  a  spherical  portion,  when 
tested  in  different  directions,  exhibits  no  difference  in  its  physical  prO' 
perties  is  said  to  be  isotropic.  Except  under  very  special  conditions,  all 
liquids  and  gases  are  isotropic.  Some  solids,  however  (for  instance, 
crystals),  exhibit  different  physical  properties  in  different  directions,  and 
are  called  aeolotropic.  In  most  of  the  following  sections  we  shall  deal 
exclusively  with  the  properties  of  isotropic  solid  bodies. 

166.  A  Perfect  Solid.— When  discussing  the  distinction  between 
solids  and  liquids,  we  pointed  out  that  there  was  no  clear  line  of  demar- 
cation, but  that  from  a  rigid  solid,  such  as  glass,  there  is  a  continuous 
series  extending  through  soft  solids  such  as  lead  and  butter,  very  viscous 
liquids  such  as  sealing-wax  and  pitch,  to  treacle  and  glycerine.  Just  as 
in  considering  the  behaviour  of  liquids  we  dealt  with  a  typical  liquid  such 
as  water,  so  in  the  case  of  solids  we  shall  consider  one  in  which,  after 
suffering  a  strain  which  alters  its  shape^  on  the  removal  of  the  stress  it 
completely  regains  its  former  shape.  Such  a  solid  is  called  a  perfect 
solid,  and  the  above  conditions  are  practically  satisfied  by  many 
solid  bodies  so  long  as  the  deforming  stress  does  not  surpass  a  certain 
value. 

167.  Malleability  and  Ductility.— By  malleability  is  meant  the 
property  possessed  by  some  solids  of  being  beaten  into  thin  sheets  with- 
out losing  their  continuity.  Of  all  materials  pure  gold  possesses  the 
property  of  malleability  to  the  most  marked  degree.  Thus,  when  pre- 
paring gold-leaf,  a  piece  of  gold  is  first  rolled  into  a  sheet  some- 
what thinner  than  foreign  note-paper,  next  a  portion  is  beaten  out 
between  two  sheets  of  vellum  till  its  surface  has  been  increased,  and 
therefore  its  thickness  decreased  about  twenty-fold.  This  twenty- 
fold  decrease  of  thickness,  without  rupturing  the  sheet,  can  be  again 
twice  repeated.  , 

By  ductility  is  meant  the  property  of  being  drawn  out  into  fine  wires. 
A  rod  of  the  metal  is  passed  in  succession  through  a  number  of  holes, 
each  a  little  smaller  than  the  last,  the  diameter  of  the  rod  contmually 
decreasing,  while  its  length  is  correspondingly  increased. 

168.  Hardness.— When  one  body  can  be  made  to  scratch  a  second, 
but  cannot  be  scratched  by  it,  we  say  that  the  former  body  is  harder  than 
the  latter.  Although  some  attempts  have  been  made  to  devise  a  means 
of  accurately  measuring  the  hardness  of  bodies,  they  have  not  been 
attended  with  much  success.  All  that  can  be  done  at  present  is  to  give 
a  body's  position,  as  far  as  hardness  is  concerned,  in  a  scale  of  hardness 

19* 
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composed  of  various  bodies.  The  scale  usually  adopted,  and  due  to 
Mohs,  is  as  follows,  the  first  being  the  softest : — i.  Talc  ;  2.  Crystallised 
Gypsum  ;  3.  Calcspar;  4.  Fluorspar;  5.  Apatite  ;  6.  Felspar  ;  7.  Quartz; 
8.  Topaz  ;  9.  Sapphire ;  10.  Diamond.  A  body  having  a  hardness  of 
6.5  would  be  one  which  would  scratch  felspar,  and  be  scratched  with 
about  the  same  ease  by  quartz. 

169.  Density  of  Solids.— The  most  usual  way  of  measuring  the 
density  of  solids  is  to  determine  the  weight  of  the  solid  in  air,  and  then 
again  the  apparent  weight  when  the  solid  is  immersed  in  a  liquid  of 
known  density.  In  the  case  of  all  solids  not  soluble  in  water,  this 
liquid  is  almost  always  employed.  If  iv  is  the  weight  of  the  solid  in  air 
and  Wi  is  the  apparent  weight  when  immersed  in  a  liquid  of  density  A, 
then  the  weight  of  liquid  displaced  (§  126)  is  w-w^^  and  the  volume  of 
this  weight  of  liquid  is  {w  —  w-^j^,.  But  the  volume  of  the  liquid  dis- 
placed by  the  solid  is  the  same  as  the  volume  of  the  solid  itself.  Hence 
the  density  p  of  the  solid  is  given  by 

wA 
^     w  —  iv^ 

Another  method  of  measuring  the  density  of  a  solid  is  to  employ  Nichol- 
son's hydrometer,  as  described  in  §  147. 

\yhen  the  solid  is  in  the  form  of  a  powder,  such  as  sand,  the  specific 
gravity  bottle  (§  145)  may  be  employed.  Let  o/j  be  the  weight  of  the 
empty  bottle,  and  w^  its  weight  when  the  powder  has  been  intro- 
duced, so  that  the  weight  of  the  powder  is  w^  —  w^.  The  bottle  is  then 
filled  up  to  the  fiducial  mark,  the  powder  being  left  in,  with  a  liquid  of 
density  A  in  which  the  solid  is  insoluble.  If  the  weight  of  the  bottle 
with  the  solid  and  liquid  is  W3,  while  its  weight  when  filled  with  the  liquid 
only  is  w^,  we  have  the  following  relations  : — 


Weight    of   liquid    required   to   fill 

bottle 

Volume  of  bottle       .... 

=  0/4  —  0/1 
=  (a/4-tt/i)/A 

Weight  of  liquid  in  bottle  required 
to  fill  up  to  the  mark  when  solid 

is  present 

Volume  of  this  liquid 
Hence  volume  of  solid 

=  W3  —  «/2 

=  («/3-0/2)/A 

=  (w4-o/i)/A 

{w^-w^l^ 


Hence  the  density  of  the  solid  is  given  by 
(0/2 -Wi)  A 


0/4  — 0/1  —  0/3 +  «/2 


When  only  a  very  small  fragment  of  a  solid  is  available  its  density 
may  be  measured  by  taking  two  miscible  fluids,  one  having  a  greater 
and  the  other  a  less  density  than  that  of  the  solid,  and  preparing  a 
mixture  of  these  liquids  such  that  the  solid  just  floats  in  the  midst  of 
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the  liquid.  When  this  condition  is  realised  the  density  of  the  mixture 
must  be  the  same  as  that  of  the  solid,  and  hence  by  measuring  the 
density  of  the  liquid  by  one  of  the  methods  previously  described  that  01 
the  solid  is  obtained. 

The  density  of  most  solids  varies  very  considerably  with  the  con- 
dition of  the  solid,  as,  for  instance,  whether  it  has  been  cast,  forged  or 
hammered,  drawn  or  rolled,  &c.  Hence  the  numbers  given  in  the 
following  table  must  be  taken  as  only  approximate.  They  correspond, 
except  where  otherwise  stated,  to  a  temperature  of  about  15°  C. 


Density  of  Solids. 


Solid. 

Mass  of  I  c.a 

Solid. 

Mass  of  I  c.c. 

Aluminium    . 

2.7 

Iron 

7.3 

Copper  .... 

8.8 

Lead 

II.4 

Diamond 

3-5 

Marble 

2.6 

Flint      .... 

2.6 

Platinum 

21.5 

Glass  (crown) 

2.5 

Quartz 

2.65 

Glass  (flint)  . 

3.5 

Silver 

10.5 

Gold      .... 

19.3 

Tin 

7.3 

Ice(o'C.)       . 

0.9167 

Zinc 

7-1 

170.  Elasticity  of  Volume.— Solids,  with  few  exceptions,  are  very 
slightly  compressible,  in  this  property  resembling  liquids.  The  volume 
elasticity  of  a  solid  is  measured  in  the  same  way  as  that  of  a  liquid. 
Thus  if  a  uniform  pressure  of/  dynes  per  square  centimetre,  acting  every- 
where normal  to  the  surface  of  the  solid,  such  as  would  be  produced  if 
the  solid  were  immersed  in  a  liquid  under  a  pressure/,  is  applied,  and 
the  volume  changes  from  Vx.o  V—v^  then  the  volume  elasticity  of  the 
solid  \s  p  —  v/V  or  pV/v.  The  following  table  gives  the  value  of  the 
volume  elasticity  of  some  solids  : — 


Volume  Elasticity  of  Solids. 


Glass 

Brass 

Iron  (wrought) 

Steel 


4.1  X  10" 

dynes/cm'. 

10.6 

>> 

14.9 

>> 

18.8 

»» 

171.  Elasticity  of  Shape  (Rigidity).— The  elasticity  of  shape  or 
rigidity  of  a  solid  is  measured  by  the  ratio  of  the  stress,  t'.e.  the  force 
producing  the  change  of  shape,  to  the  strain,  t'.e.  the  change  in  shape, 
produced.  The  shape  of  a  body  may  be  altered  in  various  ways  :  thus 
if  weights  are  attached  to  one  end  of  a  wire,  the  other  end  being  held 
fast,  the  wire  stretches  ;  on  the  removal  of  the  weights,  so  long  as  the 
wire  has  not  been  too  much  deformed,  it  regains  its  original  length. 
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Another  way  of  altering  the  shape  of  a  body  is  to  twist  one  end  while 
the  other  end  is  held  fast ;  or  again,  if  one  end  of  a  rod  is  held  in  a  vice, 
and  the  other  end  pulled  on  one  side,  the  rod  becomes  bent ;  in  each  case 
the  elasticity  of  the  solid  will  resist  the  deformation,  and  when  the 
stress  is  removed  will  cause  the  body  to  resume  its  unstrained  position. 
We  shall  consider  each  of  the  above  methods  of  straining  a  solid 
separately. 

172.  Elongration :  Young's  Modulus— Hooke's  Law.— Suppose  a 
wire  of  length  L  and  radius  r,  when  stretched  by  a 
force  P  in  the  direction  of  its  length,  increases  in 
length  by  an  amount  /,  then  the  stress,  or  force  per  unit 
area,  acting  on  the  material  of  the  wire  and  tending  to 
increase  its  length,  is  /'-J-  area  of  cross  section,  or  Pjirr^. 
The  total  elongation  being  /,  the  strain,  or  elongation  per 
unit  length  of  the  wire,  is  //Z.  Hence  the  modulus  of 
elasticity,  F,  is  given  by 

stram  irr^l 

Y  is  called  Young's  modulus,  and  it  may  be  experi- 
mentally determined  by  means  of  the  arrangement  shown 
in  Fig.  141.  Two  wires  of  the  material  to  be  tested 
are  securely  fastened  to  an  overhead  beam  at  A.  To 
one  of  these  wires  is  attached  a  small,  finely  divided 
scale  B,  and  to  the  other  a  vernier.  Attached  to  the 
lower  end  of  one  "wvce.  are  two  weights  D,  which  serve 
to  keep  the  wire  stretched  tight,  and  to  the  lower  end 
of  the  other  wire  is  attached  a  scale-pan  E,  in  which 
the  weights  used  to  stretch  the  wire  can  be  placed.. 
The  elongation  produced  by  the  weights  is  measured  by 
the  vernier  and  the  scale.  The  object  of  the  second 
wire 'is  to  eliminate  the  effects  of  any  change  in  length 
produce4  in  the  wire  by  a  change  of  temperature,  since 
such  a  change,  would  affect  both  wires  to  the  same 
extent,  and  hence  'would  not  affect  'the  reading  on  the 
scale.  The  same  remark  applies  to  any  give  of  the 
support  at  A  produced  by  the  added  weights.  So  long 
as  the  weight  used  to  stretch  the  wire  is  not  so  great 
as  to  produce  a  permanent  elongation  of  the  wire,  it 
is  found  that  the  elongation  is  proportional  to  the  stretch- 
ing force.     This  is  known  as  Hooke's  law. 

The  following  table  gives  the  value  of  Young's  modulus  for  some 
metals  : — 


Young's  Modulus. 

Steel  (hard  drawn)  .        .        .        .  2.0  x  10"  dynes/cm*. 

Iron  (wrought)  ....  1.9  „ 

Silver  (drawn) 0.7  „ 

Brass  (drawn) i.i  ,« 
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173.  Bending".— When  a  rod  ab  (Fig.  142),  firmly  fixed  at  A,  has  a 
force  applied  at  B  at  right  angles  to  ab,  it  becomes  bent  into  such  a  form 
as  ab'.     In  this  case  the  upper  parts  of  the 
rod    have  been    stretched,   while   the    lower 
-jp  parts  have  been  compressed,  so  that,  except 
J     for  a  thin  band  down  the  middle,  the  strain 


^  "'■'■'"*--^^^  7g'  is   really  one   of  elongation.      If  the   rod   is 

vi  ""•'       rectangular  in  section,  and  of  depth  d  and 

Fig.  142.  breadth  b,  the  length  being  Z,  and  a  force  of 

P  dynes  deflects  the  end  through  a  distance  /,  then  Young's  modulus 

Y  is  given  by 

bdH' 

If,  instead  of  being  fixed  at  one  end,  the  two  ends  of  the  rod  are  free, 
but  are  supported  on  two  knife-edges  placed  at  a  distance  L^  apart,  and 
/i  is  the  distance  through  which  the  centre  of  the  rod  is  deflected  when 
loaded  with  a  force  /*,  Young's  modulus  is  given  by 

P      /  3 

/i,bd^'  /,  • 

It  will  be  noticed  that  in  this  case  we  are  practically  dealing  with  two 
rods  each  of  length  Z1/2,  fixed  as  in  the  first  case,  and  each  acted  upon 
by  a  force  P\2  in  the  upward  direction  at  the  point  where  the  rod  rests 
on  the  knife-edge. 

174.  Torsional  Rigidity.— If  one  end  of  a  cylindrical  wire  of  radius 
r  and  length  /  is  kept  fixed  while  a  twisting  couple  u  is  applied  to  the 
other  end,  and  under  this  twisting  stress  the  end  of  the  wire  turns  through 
an  angle  </>,  it  is  found  that  so  long  as  </>  is  not  too  great,  this  angle  is 
proportional  to  the  applied  couple  «,  so  that  if  the  couple  is  doubled,  the 
angle  through  which  the  end  of  the  wire  is  twisted  is  also  doubled.  The 
value  of  ^,  in  terms  of  the  dimensions  of  the  wire,  is  given  by  the 
equation 

,      7.lu   I 

where  «  is  a  constant  depending  on  the  nature  of  the  material  of  the 
wire,  and  is  called  the  simple  rigidity  or  coefficient  of  torsional  rigidity 
of  the  wire.  It  will  be  noticed,  since  </>  is  inversely  proportional  to  the 
fourth  power  of  the  radius  of  the  wire,  that  the  deflection  produced 
by  a  given  couple  increases  very  rapidly  as  the  radius  of  the  wire  de- 
creases. Thus  if  the  radius  of  the  wire  is  reduced  to  a  half,  the  value 
of  c/),  corresponding  to  the  same  value  of  the  deflecting  couple,  increases 
sixteen-fold.  The  importance  of  this  rapid  decrease  of  the  torsional 
rigidity  of  a  wire,  when  the  diameter  is  reduced,  comes  in  when  we  use 
the  rigidity  of  such  a  wire  to  measure  small  forces  and  couples,  as  in 
the  Cavendish  experiment.  By  very  rapidly  drawing  out  a  small  stick 
of  quartz,  raised  to  a  white  heat  in  an  oxy-hydrogen  blowpipe.  Boys  has 
produced  threads  of  fused  quartz  of  such  extreme  fineness  that  a  force 
of  one  dyne  acting  at  each  end  of  a  lever  i  centimetre  long  {i.e.  a  unit 
couple)  will  twist  one  end  of  a  fibre  10  centimetres  long  through  360°. 
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The  following  table  gives  the  coefficient  of  torsional  rigidity  for  some 
solids  : — 

Simple  Rigidity. 

Steel 8.2X  lo'i  dynes/cm2 

Iron  (wrought) 'j.'j  „ 

Brass 3.8  „ 

Quartz  (fused) 2.9  „ 

Glass 2.4  „ 

175*.  Topsion  Pendulum.— If  a  solid  body,  suspended  by  a  wire,  be 
twisted  away  from  its  position  of  rest  and  then  released,  it  will  execute 
S.H.  vibrations  about  its  position  of  rest,  for  the  torsional  rigidity  of  the 
wire  will  give  a  force  tending  to  restore  the  body  to  its  original  position 
proportional  to  the  deflection.  If  u  is  the  restoring  couple  due  to  the 
rigidity  of  tlje  wire  produced  when  the  body  is  twisted  through  unit  angle 
(a  radian),  and  K  is  the  moment  of  inertia  of  the  solid,  then  the  time  of 
oscillation  is  given  by 


'-Vf. 


or,  substituting  the  value  oi  u  in  terms  of  the  simple  rigidity  and  dimen- 
sions of  the  wire, 


^  V      n    ' 

Such  a  torsional  pendulum  can  be  used  to  prove  that  Hooke's  law  holds 
for  torsional  strains,  that  is,  that  the  restoring  couple  or  stress  is  propor- 
tional to  the  strain  or  twist,  for  the  time  of  oscillation  is  found  to  be  inde- 
pendent of  the  amplitude  of  the  vibrations,  and  it  is  only  when  the  restoring 
force  is  proportional  to  the  deflection  that  this  isochrony  is  secured. 

176.  Elastic  Limit,  Elastic  Fatigue.— It  is  found  that  if  a  solid  is 
deformed  more  than  a  certain  amount,  then,  on  the  removal  of  the  de- 
forming stress,  it  does  not  completely  regain  its  original  form.  In  these 
circumstances  the  body  is  said  to  have  been  strained  beyond  its  elastic 
limit.  The  limits  within  which  they  may  be  considered  as  completely 
elastic  vary  very  much  with  different  materials.  Thus  quartz,  and  to  a 
less  extent  steel  and  glass,  can  suffer  a  considerable  strain,  and  yet  when 
the  stress  is  renioved  they  will  recover  their  original  form ;  while  soft 
iron,  copper,  and  lead  exhibit  a  permanent  deformation  or  "set"  even 
with  quite  small  strains. 

It  is  found  that  if  the  deforming  stress  is  continued  for  a  long  time 
the  strain  produced  gradually  increases.  This  phenomenon  is  referred 
to  as  elastic  fatigue,  and  it  seems  to  show  that  for  long-continued  stresses 
the  molecules,  even  of  solids,  gradually  take  up  new  configurations.  A 
somewhat  similar  phenomenon  is  the  fact  that  after  a  solid  has  been 
strained,  even  below  its  elastic  limit,  it  does  not,  on  the  removal  of  the 
deforming  force,  immediately  return  completely  to  its  original  form,  but 
only  does  so  after  some  time.     Thus  if  a  silver  wire  is  twisted  in  one 
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direction  and  kept  twisted  for  a  day,  and  then  twisted  in  the  opposite 
direction  for  an  hour,  on  being  released  it  does  not  completely  recover, 
but  remains  slightly  twisted  in  the  direction  of  the  last  twist.  This 
residual  twist  gradually  disappears,  and  then  a  slight  twist  in  the  direction 
of  the  first  one  appears,  reaches  a  maximum,  and  then  dies  out.  The 
wire  thus  "remembers"  the  deformation  previously  applied,  and  the 
residual  effects  appear  in  the  opposite  order  to  the  original  de- 
formations. 
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HEAT 

CHAPTER   I 
THERMOMETRY  AND   EXPANSION  BY  HEAT 


ill.  Temperature. — Although  we  are  able  in  many  cases  to  dis- 
tinguish by  our  sensations  between  hot  and  cold  bodies — for  instance,  we 
can  by  touch  often  determine  which  of  two  bodies  is  the  hotter — yet  our 
senses  do  not  permit  of  our  forming  a  quantitative  estimate  of  the  amount 
by  which  one  is  hotter  than  the  other.  In  ordinary  language  we  use  the 
words  hot,  warm,  tepid,  cool,  cold,  &c.,  to  indicate  a  series  of  states  of 
a  body  with  reference  to  heat.  In  scientific  language  we  use  the  word 
temperature  to  express  the  same  series  of  condition.  Thus  a  hot  body  is 
said  to  have  a  higher  temperature  than  a  cold  body. 

As  we  shall  see  in  the  following  pages,  the  characteristic  which  above 
all  others  distinguishes  bodies  of  which  the  temperatures  differ  is,  that  if 
these  bodies  are  placed  in  contact,  then  heat  will  of  itself  pass  from  the 
one  to  the  other  until  they  reach  the  same  temperature.  That  body 
which  loses  heat  during  the  process  of  equalisation  is  said  to  be  at  the 
higher  temperature. 

It  is  found  that  not  only  does  the  sensation  we  experience  when  we 
touch  a  body  vary  with  the  temperature,  but  also  that  most  of  the 
physical  properties  of  matter  change  when  the  temperature  changes. 
Thus  the  density,  elasticity,  refractive  index,  &c.,  of  a  body  all  depend 
on  the  temperature. 

In  order  to  have  a  means  of  measuring  temperature,  we  make  use  of 
the  change  in  some  physical  property  of  some  kind  of  matter  which  takes 
place  as  the  temperature  of  the  body  changes.  The  physical  property 
which  is  most  often  employed  for  this  purpose  is  the  length  of  a  solid,  or 
the  volume  of  a  liquid  or  gas,  both  of  which  depend  on  temperature.  In 
order  to  define  certain  fixed  temperatures,  we  also  make  use  of  the  fact 
that  the  physical  state  of  a  body  depends  on  the  temperature.  Thus 
according  to  the  temperature  we  may  have  the  same  kind  of  matter 
existing  as  a  solid,  a  liquid,  or  a  gas,  as,  for  instance,  ice,  water,  and 
steam.  It  is  found  that  during  the  time  the  change  from  one  state  to 
the  other  is  going  on  the  temperature  remains  constant.  Thus  if  a 
quantity  of  pounded  ice  is  heated  over  a  flame,  the  whole  being  kept 
well  stirred,  although  the  ice  becomes  gradually  converted  into  water  the 
temperature  does  not  rise  till  the  last  particle  of  ice  has  been  melted,  the 
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heat  supplied  by  the  flame  being  simply  used  up  in  changing  the  body 
from  the  solid  state  into  the  liquid  state.  If,  after  the  ice  is  all  melted, 
the  heating  is  continued,  the  water  will  eventually  begin  to  boil,  becoming 
converted  into  the  gaseous  state  (steam),  and  during  the  change  the 
temperature  of  the  remaining  water  will  remain  constant.  It  will  thus 
be  seen  that  we  may  use  the  temperatures  at  which  a  given  substance, 
under  given  conditions,  changes  its  state  as  fixed  points  on  a  scale  of 
temperature. 

In  order  to  subdivide  the  interval  between  these  two  temperatures, 
use  is  made  of  the  change  in  volume  of  some  fluid,  usually  mercury  or 
hydrogen,  which  occurs  with  change  in  temperature.  Now  there  is  no 
d.  priori  reason  for  supposing  that  the  rale  of  change  of  volume  of  a 
substance,  say  mercury,  with  temperature  is  the  same  at  all  temperatures. 
Since,  however,  we  have  no  special  means  of  measuring  temperature  as 
distinct  from  the  effects  of  temperature  on  the  physical  properties  of 
bodies,  we  have,  at  any  rate  as  a  starting-point,  to  assume  that  the  rate 
of  change  of  some  fixed  property  of  some  standard  substance  is  constant, 
and  to  use  this  change  to  subdivide  the  temperature  between  our  two 
fixed  points.  For  the  present,  at  any  rate,  we  shall  take  the  change  in 
volume  of  mercury  when  contained  in  a  glass  vessel  as  the  means  of 
defining  the  temperature  between  our  fixed  points. 

178.  ThermometPic  Scales.— The  lower  fixed  point  of  most  scales 
of  temperature  is  the  temperature  of  melting  ice  under  ordinary  atmos- 
pheric pressure.  The  upper  fixed  point  is  the  temperature  of  the  steam 
given  off"  from  water  boiling  under  the  pressure  of  one  standard  atmos- 
phere(§  132). 

Let  V  be  the  apparent  increase  in  volume  of  a  given  mass  of  mercury 
enclosed  in  a  glass  envelope  when  its  temperature  is  raised  from  that  of 
melting  ice  to  that  of  water  boiling  under  standard  conditions.  Then 
the  interval  of  temperature  which  will  cause  this  quantity  of  mercury  to 
expand  by  an  amount  7//100  is  called  a  degree  Centigrade,  and  is  indicated 
by  the  symbol,  1°  C.  On  the  Centigrade  scale  (first  used  by  Celsius)  the 
temperature  of  melting  ice  is  called  zero  (0°  C),  and  that  of  boiling 
water  100°  C,  the  interval,  as  has  been  said,  being  divided  into  a 
hundred  degrees.  For  temperatures  below  that  of  melting  ice  the  scale 
is  continued  downwards,  the  sign  minus  being  prefixed.  Thus  a  tem- 
perature such  that  the  volume  of  the  above  mass  of  mercury  is  -^  less 

than  at  o"  C.  is  indicated  by  -5°  C.  In  a  similar  way  the  scale  is 
continued  above  100"  C.  In  all  scientific  work,  and,  with  one  or  two 
exceptions,  for  everyday  use  also,  the  Centigrade  scale  of  temperature 
is  employed  in  all  countries.  There  are,  however,  two  other  scales  of 
temperature  occasionally  employed.  In  one  of  these,  the  Fahrenheit 
scale,  the  temperature  of  melting  ice  is  called  32°  F.,  and  that  of  water 
boiling  under  sUndard  conditions  212°  F.,  the  interval  being  divided 
into  i8o*. 

The  Fahrenheit  scale  is  in  use  in  England  for  commercial  and 
meteorological  purposes.  The  other  temperature  scale  is  one  due  to 
Reaumur,  on  which  the  temperature  of  melting  ice  is  called  0°  R.,  and 
that  of  boiling  water  80°  R.,  the  interval  being  divided  into  80°. 

Any  reading  on  one  of  these  scales  can  easily  be  converted  to  the 
corresponding  reading  on  either  of  the  others,  for  from  the  definitions 
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100  degrees  on  the  Centigrade  scale  are  equal  to  180  degrees  on  the 
Fahrenheit  scale,  and  to  80  degrees  on  the  Reaumur  scale,  tet  c^f^  and  r 
indicate  the  readings  corresponding  to  the  same  temperature  on  the  three 
scales.  Then  since  0°  €.  =  32°  F.=o°  R.,  if  we  deduct  32°  from  the 
Fahrenheit  reading  we  have  the  number  of  degrees  on  each  scale 
by  which  the  given  temperature  differs  from  the  temperature  of 
melting  ice. 
Hence 

c  \f—  32  :  r  : :  100  :  180  :  80, 

or  c  ^-32^  r 

100      180      80* 


By  means  of  these  equations,  any  temperature  on  any  one  scale  can  be 
immediately  converted  into  either  of  the  other  scales. 

179.  The  Mereupy  ThermometeP.— The  most  commonly  employed 
instnmient  for  the  measurement  of  temperature  is  the  mercury  thermo- 
meter. The  ordinary  form  of  a  mercury  thermometer  is  shown  in 
Fig.  143.     It  consists  of  a  glass  bulb  B  containing  mercury,  connected 
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Fig.  143. 

(From  Watson's  "  Elementary  Pradical  Physics.'^ 

to  a  Stem  CA,  which  is  traversed  by  a  fine,  uniform  capillary  bore. 
Such  a  thermometer  is  filled  by  attaching  a  small  funnel  to  the  open  end 
of  the  tube,  and  placing  some  pure  and  dry  mercury  in  it.  The  bulb  is 
then  slightly  heated,  some  of  the  contained  air  being  thus  expelled,  and, 
on  cooling,  a  little  mercury  is  driven  into  the  bulb  by  the  atmospheric 
pressure.  This  mercury  is  then  heated  till  it  boils,  the  mercury  vapour 
driving  out  the  air,  so  that  when  the  bulb  cools  the  mercury  is  driven 
in  and  completely  fills  the  bulb  and  tube.  The  thermometer  is  then 
heated  up  to  the  highest  temperature  which  it  is  intended  to  measure, 
and  the  end  of  the  tube  closed  in  the  blowpipe  flame.  On  cooling,  the 
mercury  contracts  and  the  column  sinks  in  the  stem,  leaving  a  vacuum 
at  the  top  of  the  tube.  In  order  to  prevent  the  mercury,  at  high 
temperatures,  distilling  to  the  top  of  the  bore,  the  tube  above  the 
mercury  is  sometimes  filled  with  some  gas  which  does  not  act  chemically 
on  mercury,  such  as  nitrogen,  under  pressure. 

In  thermometers  intended  for  accurate  measurements,  the  scale,  as 
is  shown  in  Fig.  143,  is  generally  engraved  on  the  outside  of  the  stem. 
In  some  German  thermometers  the  stem  is  made  very  narrow,  and  the 
scale  is  engraved  on  a  separate  piece  of  opal  glass  attached  to  the  back 
of  the  stem,  the  whole  being  enclosed  in  a  glass  tube,  in  order  to  protect 
the  scale  and  tube,  and  so  that  their  relative  position  should  not 
vary. 
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180.  Determination  of  the  Fixed  Points  of  a  Thepmometep.— 

The  freezing-point  of  a  mercury  thermometer  is  determined  by  surround- 
ing the  bulb  and  the  stem  up  to  the  zero  mark  with  pure  snow,  or  finely 
pounded  pure  ice,  then  pouring  over  the  snow  or  ice  some  distilled  water. 
The  thermometer  is  allowed  to  stand  in  the  mixture  of  ice  and  water  till 
the  reading  becomes  constant.  It  is  of  utmost  importance  that  the  ice 
or  snow  used  in  determining  the  freezing-point  should  be  quite  free  from 
contamination,  such  as  salt,  as  otherwise  the  zero  obtained  will  be  too 
low  (§  225). 

In  determining  the  upper  fixed  point  (the  boiling-point)  the  thermo- 
meter is  suspended  in  the  arrange- 
ment shown  m  Fig.  144,  so  that  the 
end  of  the  mercury  column  just  projects 
above  the  top.  The  steam  rising  from 
boiling  water  in  the  vessel  A  passei  up 
the  tube  B  into  the  inside  tube  c,  which 
surrounds  the  thermometer,  then  down 
between  the  inside  and  outside  tubes, 
and  escapes  by  a  lateral  opening  E  into 
a  Liebig  condenser  F.  Here,  by  means 
of  a  stream  of  cold  water  which  is 
passed  round  the  outside,  it  becomes 
condensed  and  returns  as  water  to  the 
boiler  through  the  tube  G.  The  baro- 
metric height  must  be  noted,  for  the 
temperature  of  the  steam  rising  from 
boiling  water  varies  with  the  pres- 
sure. 

It  is  only  when  the  pressure  corre- 
sponds to  the  weight  of  a  column  of 
mercury  at  0°  C.  76  cm.  high,  measured 
at  sea-level  and  at  latitude  45°,  that  the 
temperature  is  100°  C.  If  the  pressure 
is  different  a  correction  will  have  to  be 
applied,  which  may  be  obtained  from 
tables  giving  the  temperature  of  the 
steam  given  off  from  boiling  water  at 
different  pressures  (§  218). 

The  reason  for  placing  the  thermo- 
meter in  the  steam  and  not  in  the 
boiling  water  is  that  it  is  found  that 
the  temperature  of  the  boiling  water 
depends  to  a  certain  extent  on  the 
nature  of  the  vessel  in  which  the  water 
is  contained.  Another  important  con- 
sideration is  that  small  quantities  of 
impurity  in  the  water  alter  the  tempe- 
rature of  the  water  at  which  ebullition 
takes  place,  but  do  not  affect  the  tem- 
perature of  the  steam. 

181.  Calibration  of  the  Thermometer  Tube.— If  the  bore  of  a 
thermometer  were  of  exactly  uniform  cross  section  throughout  its  whole 
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length,  equal  lengths  of  the  bore  would  everywhere  have  equal  capacities, 
so  that  if  the  stem  between  the  two  fixed  points  were  divided  into  100 
equal  parts,  the  volume  of  the  bore  between  any  two  divisions  would 
be  exactly  j^^  of  the  volume  between  the  fixed  points.  In  practice, 
however,  this  condition  is  never  quite  accurately  fulfilled,  the  bore  of 
the  tube  varying  slightly  in  cross  section  from  point  to  point,  so  that 
equal  lengths  no  longer  represent  equal  volumes.  Since  we  use  equal 
increments  of  volume  of  the  mercury  to  measure  equal  increments  of 
temperature,  it  becomes  necessary  either  to  place  the  divisions  of  the 
scale,  not  at  equal  distances  apart,  but  so  spaced  that  the  volume 
of  the  bore  between  any  two  divisions  is  everywhere  the  same,  i.e. 
make  the  divisions  closer  together  in  those  parts  where  the  bore  is 
wide,  and  further  apart  where  the  bore  is  more  narrow,  or,  having 
divided  the  stem  into  divisions  of  equal  length,  to  determine  a  series 
of  corrections  to  be  applied  to  the  readings  to  allow  for  the  inequalities 
of  the  bore. 

To  subdivide  a  tube  into  divisions  corresponding  to  equal  volumes, 
or  calibrate  the  tube,  as  it  is  called,  a  thread  of  mercury  2  or  3  cm. 
long  is  drawn  into  the  tube,  if  the  calibration  is  performed  before  the 
thermometer  is  made,  or,  in  the  case  of  a  finished  thermometer,  a  short 
length  of  the  mercury  column  is  separated  from  the  remainder  either  by 
jerking,  or  by  heating  the  column  at  the  point  where  separation  is  required 
by  means  of  a  small  gas  jet  about  3  mm.  high.  This  thread  is  moved 
to  different  parts  of  the  tube,  and  its  length  measured  either  by  means 
of  the  graduations  on  the  tube  or  by  a  horizontal  cathetometer.  Then, 
since  each  of  these  lengths  corresponds  to  a  volume  of  the  bore  equal  to 
that  of  the  thread  of  mercury,  we  get  the  tube  divided  into  intervals  of 
equal  volume.  By  using  threads  of  various  lengths,  a  tube  can  in  this 
way  be  very  accurately  calibrated.  The  process  is,  however,  a  very 
lengthy  one,  and  the  corrections  of  a  thermometer  are  generally  obtained 
by  comparing  its  readings  with  those  of  a  standard  thermometer,  which 
has  been  previously  calibrated,  when  the  two  thermometers  are  placed  in 
an  enclosure  so  that  they  are  at  the  same  temperature. 

182.  Errors  of  Mercury  Thermometers. — Two  mercury  thermo- 
meters, of  which  the  tubes  have  been  accurately  calibrated,  will  give 
readings  which  agree  very  closely  with  one  another  if  the  glass  of  which 
they  are  composed  is  of  exactly  the  same  kind.  Thermometers  made  of 
different  kinds  of  glass  do  not,  however,  agree  completely,  owing  to  the 
fact  that  the  different  kinds  of  glass  do  not  expand  exactly  alike,  and 
that  what  we  observe  is  the  difference  between  the  expansion  of  the 
mercury  and  of  the  glass  envelope. 

Another  effect  due  to  the  glass  is  a  gradual  rise  of  the  zero  point,^ 
which  goes  on  a  long  time  after  the  thermometer  is  made.  This  rise  is 
rapid  for  the  first  few  months  ;  it  then  gradually  becomes  slower,  but 
does  not  stop  even  after  many  years.  The  rise  is  due  to  the  gradual 
recovery  of  the  glass  from  the  effects  of  the  extreme  heating  to  which  it 
was  subjected  when  the  thermometer  was  made.     The  magnitude  of  this 

1  Of  course  the  rise  in  the  zero  reading  is  accompanied  by  an  equal  rise  in  all 
the  other  readings  of  the  thermometer.  The  term  "rise  in  the  zero"  is  employed 
because  this  rise  is  generally  detected  by  observations  on  the  lower  fixed  point. 
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secular  rise  of  the  zero,  as  it  is  called,  depends  on  the  nature  of  the  glass, 
and  the  following  table  gives  some  values  for  two  kinds  of  glass,  from 
which  the  magnitude  of  the  effect  can  be  judged  : — 


Secular  Change  of  Zero. 


••  Vcrre  Dur." 

"Crystal." 

Date. 

Zero  Reading. 

Date. 

Zero  Reading. 

Feb.      1885     . 

-0.144 

May      1885     . 

+  0.130 

July       1885     . 

-O.I2I 

Nov.      1885     . 

+  0.281 

Nov.      1885     . 

-O.II2 

March  1886     . 

+  0.323 

March  1886    . 

-0.106 

May      1886     . 

+  0.376 

Dec.      1886    . 

-0.098 

Oct.      1887     . 

+  0.501 

Sep.      1887    . 

-0.092 

Aug.      1888     . 

-0.090 

It  has  been  proposed  to  hasten  the  secular  rise  by  maintaining  the 
thermometer  at  as  high  a  temperature  as  it  will  stand  for  some  days, 
then  to  keep  it  for  some  days  at  a  somewhat  lower  temperature,  and  so 
on,  till  the  temperatures  at  which  the  thermometer  is  to  be  used  are 
reached ;  the  reason  for  this  treatment  being,  that  it  is  found  that  the 
secular  rise  is  more  rapid  at  high  temperatures  than  at  low,  so  that  in 
this  way  the  greater  part  of  the  rise  can  be  got  over  in  a  few  weeks. 

In  addition  to  the  secular  rise  of  the  zero,  a  temporary  lowering  of  the 
zero  takes  place  when  the  thermometer  has  been  heated  even  to  com- 
paratively low  temperatures,  due  to  the  temporary  enlargement  of  the  bulb. 

183.  Maximum  and  Minimum  Thermometers.  —  Thermometers 
for  registering  the  highest  or  lowest  temperature  reached  during  any 
interval  are  much  used  in  meteorology.  The  commonest  forms  are 
Rutherford's  and  Six's. 

Rutherford's  maximum  thermometer  consists  of  an  ordinary  mercury 
thermometer  with  a  small  iron  index  introduced  into  the  bore.  Since 
mercury  does  not  wet  iron,  when  the  temperature  rises  the  mercury 
column  pushes  the  index  before  it,  but  when  the  temperature  falls  the 
mercury  does  not  draw  the  index  back,  so  that  the  end  of  the  index  next 
the  bulb  indicates  the  highest  temperature  reached.  The  minimum 
thermometer  has  alcohol  for  the  thermometric  liquid,  and  the  index  is 
of  glass.  The  glass  is  wetted  by  the  alcohol,  and  hence,  when  the 
temperature  falls,  the  index  is  carried  along  by  the  retreating  surface 
of  the  alcohol  on  account  of  capillarity.  When  the  temperature  rises, 
the  alcohol  flows  past  the  index,  but  does  not  move  it,  and  hence  the 
end  furthest  away  from  the  bulb  indicates  the  lowest  temperature  reached. 

In  Six's  thermometer  the  maximum  and  minimum  temperatures  are 
shown  by  two  small  indexes  on  the  same  thermometer.  The  thermo- 
metric liquid  is  alcohol  contained  in  the  bulb  A,  Fig.  145.  At  the  end 
of  the  alcohol  column  is  placed  a  thread  of  mercury  BC,  while  the  re- 
mainder of  the  tube  and  part  of  the  bulb  D  is  filled  with  alcohol.  The 
two  ends  of  the  mercury  thread  serve  to  indicate  the  temperature.  Two 
small  glass  rods,  fitted  with  a  small  steel  spring,  as  shown  at  G,  are 
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pushed  up  by  the  mercury  but  are  kept  from  slipping  down,  when  the 
mercury  retreats,  by  the  springs.  The  bottom  of  the  index  E  shows  the 
lowest  temperature  reached,  since  it  indicates  the 
smallest  volume  which  has  been  occupied  by  the 
alcohol  in  A.  In  the  same  way  the  bottom  of  F 
shows  the  highest  temperatures  reached.  The  in- 
dexes can  be  moved  down,  and  hence  reset,  by  a 
small  magnet  which  attracts  the  steel  springs. 

184.  Linear  Expansion  of  Solids.— If  the  tem- 
perature of  a  solid   body  is   raised,   the   distance 
between  any   two    points  in   the  body   in  general 
increases,  and  the  body  is  said  to  expand.     Thus 
a  cylindrical  bar  of  a  metal,  say  iron,  when  its  tem- 
perature   is    raised,   increases    in    length ;    it    also    ^% 
mcreases  in  radius.     If  we  only  consider   the    in-    '" 
crease    in    length   that    takes    place   in    any  given    ^oj 
direction,   we    are    said    to    deal    with    the    linear 
expansion  of  the  body. 

This  expansion  of  solid  bodies  with  heat  is  made 
use  of  in  many  ways.  Thus  the  iron  tyres  of  car- 
riage wheels  are  made  slightly  smaller  than  the 
wooden  rim.  The  tyre  is  then  heated,  so  that  it  -10- 
expands,  and  is  placed  round  the  wheel.  On  cooling  .4o3 
the  iron  contracts,  and  binds  the  wood  firmly  to- 
gether. The  same  kind  of  operation  is  gone  through 
when  making  large  guns,  which  are  built  up  of  a  Fig.  145. 

number  of  cylinders  fitting  one  over  the  other.     The 
inside  of  each  cylinder  is  made  just  a  little  smaller  than  the  outside  of 
the  previous  one,  then,  by  heating  the  outer,  it  expands  till  it  will  slip 
over  the  inner,  and  on  cooling  shrinks  on  to,  and  becomes  firmly  at- 
tached to  the  inner  cylinder. 

In  all  large  metal  structures,  such  as  bridges,  very  careful  provi- 
sion has  to  be  made  so  as  to  allow  for  the  expansion  and  contraction 
which,  takes  place  with  change  of  temperature,  otherwise  the  structure 
would  be  strained  or  even  ruptured. 

If,  when  a  bar  of  a  solid  of  length  /  is  heated  from  o"  C.  to  T,  it 
increases  in  length  to  /+S/,  then  S///,  or  the  increment  of  length  of  unit 
length  of  the  bar,  is  called  the  coefficient  of  linear  expansion.  If  a  bar 
of  which  the  coefficient  of  linear  expansion  is  a  is  heated  from,  say,  t^  to 
/g,  and  \i  Lo  is  the  length  at  0°,  then  the  length  at  /j  will  be  La  +  Loa^^,  or 
Lo{i  +a^i),  and  the  length  at  /g  will  be  Loii+at^)-  Hence  the  increase 
in  length,  when  heated  from  /^  to  /"g,  is 

Lo(  I  +  aQ  -Lo(i+  «/i), 

or  Lt>a{t2  -  ^i) 

If  Z^i  is  the  length  at  /j,  since  Lti=Lo{i  +  afi),  the  increase  in  length  at 
/gis 

or  aLii(^2  -  ^i)(  I  -  «^i  +  &c.), 

since  =i-afi  +  terms  in  a^  and  higher  powers  of  a. 
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Hence  the  increase  in  length  is  aLtiit^- 1^ - Ltit-^it.j,- t^a^.  If,  there- 
fore, as  is  the  case,  a  is  very  small,  so  that  terms  in  d^  can  be  neglected 
on  account  of  their  extreme  smallness,  this  reduces  to 

aLtlt^-tp, 

We  therefore  get,  in  the  case  of  linear  expansion,  that  the  increase  in 
length  is  equal  to  the  original  length  multiplied  by  the  coefficient  of 
linear  expansion  and  by  the  increase  in  temperature. 

In  the  case  of  the  expansion  (cubical)  of  gases,  the  coefficient  of 
expansion  is  so  great  that  the  term  involving  its  square  cannot  be 
neglected,  and  hence  the  coefficient  of  expansion  has  to  be  defined,  with 
reference  to  the  state,  at  0°.  In  the  case  of  the  linear  expansion  of 
solids,  although  for  the  sake  of  uniformity  we  have  taken  the  increment 
in  the  length  between  0°  and  1°  in  the  definition,  the  above  investigation 
shows  that  as  a  is  always  very  small  we  need  not  have  done  so, 
but  may  simply  define  the  coefficient  of  linear  expansion  of  a  solid 
as  the  increase  in  length  of  unit  length,  when  the  temperature  is  raised 

185.  Measurement  of  the  Coefficient  of  Linear  Expansion.— 

Since  the  distance  between  the  marks  on  all  standards  of  length  is  only 
what  it  purports  to  be  at  one  temperature,  it  is  very  important  to  know 
the  coefficient  of  linear  expansion  of  the  material  of  which  the  standards 
are  made,  in  order  that  we  may  be  able  to  reduce  measurements  made 
at  any  temperature  to  what  they  would  be  if  the  standard  had  been  at 
the  temperature  at  which  it  is  correct. 

The  amount  by  which  solids  expand  when  heated  through  any 
reasonable  range  of  temperature  being  very  small,  a  bar  of  iron  one 
metre  long  at  0°  C.  expanding  to  i. 001 17  metres  when  heated  to  100°  C, 
the  chief  difficulty  in  determining  the  coefficient  of  expansion  lies  in 
measuring  the  increase  in  length.  Two  methods  have  been  used  for  this 
purpose.  In  the  first  of  these,  by  a  system  of  levers  (partly  material  and 
partly  optical)  the  expansion  is  greatly  magnified,  and  then,  from  the 
relative  lengths  of  the  arms  of  the  levers,  the  actual  expansion  is  cal- 
culated from  the  magnified  movement.  In  the  other  method  the  utmost 
refinement  is  introduced  into  the  instruments  for  measuring  small  lengths, 
and  the  expansion  is  measured  directly.  The  relative  accuracy  of  these 
two  methods  is  very  different,  since  in  the  first  method  it  is  almost 
impossible  to  measure  with  any  great  degree  of  accuracy  the  actual 
amplification  given  by  the  levers.  In  the  second  method,  however,  by 
the  combination  of  a  microscope  with  a  micrometer  screw,  or  by  means 
of  optical  interference,  it  is  possible  to  measure  the  expansion  with 
considerable  accuracy. 

As  an  example  of  the  first  method,  we  may  take  the  experiments  of 
Lavoisier  and  Laplace. 

The  bar  HK  (Fig.  146)  to  be  measured  is  placed  in  a  water  bath,  the 
end  K  resting  against  a  firm  stop.  A  lever  D  pivoted  at  G  carries  a 
telescope  at  its  upper  end  and  rests  against  the  end  H  of  the  bar.  The 
telescope  is  focussed  on  a  vertical  scale  AB  fixed  at  some  distance  away. 
The  bar  being  packed  round  with  water  and  ice,  the  reading  on  the  scale 
which  coincides  with  the  cross  wire  of  the  telescope  is  taken.  The  water 
in  the  bath  is  then  heated  to  a  temperature  /,  which  is  measured  by  a 
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thermometer  placed  alongside  the  bar,  and  the  bar  expands  to  c,  the 
end  K  remaining  against  the  stop.     The  expansion  of  the  bar  moves  the 


Fig.  146. 

{From  Ganots  "Physics.") 

lever,  which  tilts  the  telescope  down,  so  that  the  image  of  the  point  B 
is  now  seen  to  coincide  with  the  cross  wire.  Since  the  two  triangles 
HCG,  ABG  are  similar,  we  have 

He    'AB 
Hcr'AS 

or  HC^A^.S^ 

If  HG  and  AG  are  measured,  the  expansion  HC^  and  hence  the 
coefficient  of  expansion  of  the  bar,  can  be  calculated  from  the  difference, 
AB^  in  the  scale  readings. 

As  an  example  of  the  second  method,  we  may  take  the  measurements 
made  by  Roy  and  Ramsden  when  determining  the  coefficient  of  expan- 
sion of  the  rods  used  in  measuring  an  arc  of  the  meridian. 

Roy  and  Ramsden  employed  three  troughs,  AB,  CD,  and  EF  (Fig.  147). 
These  troughs  were  of  such  a  length  that  they  could  hold  the  bar  to  be 

an 


experimented  upon  and  two  similar  bars  of  iron.  At  either  end  of  each 
of  these  bars  an  upright  was  fixed.  The  two  uprights  on  the  bar  in  AB 
carry  the  eyepieces  of  two  small  telescopes,  these  eyepieces  being  fitted 
with  cross  wires.  The  uprights  on  the  bar  in  CD  carry  the  object-glasses 
of  the  telescopes,  while  those  on  the  bar  in  EF  carry  two  fine  spider  lines 
forming  a  cross.     The  upright  G  on  the  bar  in  CD  can  be  moved  through 
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a  small  distance  parallel  to  the  length  of  the  bar  by  means  of  an  adjusting 
screw.  The  central  bar  rests  on  rollers  and  is  held  by  a  spring  which 
presses  against  the  end  nearer  C,  so  that  the  other  end  rests  against  the 
point  of  a  micrometer  screw  M.  The  three  troughs  are  first  filled  with 
pounded  ice  or  snow,  so  that  the  temperature  of  all  three  bars  is  0°  C. 
The  bar  in  CD  is  then  moved  parallel  to  its  length  by  the  micrometer 
screw  till  the  image  of  the  cross  wires  K,  formed  by  the  object  glass  L, 
coincides  with  the  cross  wires  in  the  eyepiece  N.  The  upright  G  is  then 
moved  till  the  image  of  the  cross  wires  H  coincides  with  the  cross  wires 
in  the  eyepiece  O. 

The  ice  in  the  trough  CD  is  then  melted  and  the  water  heated  and 
well  stirred,  the  temperature  being  read  by  means  of  thermometers 
placed  alongside  the  bar.  The  bar  expands  and  moves  towards  C,  since 
the  point  of  the  micrometer  screw  prevents  it  moving  in  the  opposite 
direction.  The  troughs  ab  and  ef  are  kept  full  of  ice,  so  that  the  bars 
they  contain  remain  at  0%  and  thus  the  distances  between  the  uprights 
they  carry  remain  unaltered.  If,  on  account  of  the  expansion  of  the  bar 
between  the  upright  L  and  the  end  on  which  the  micrometer  screw 
presses,  the  image  of  the  cross  wire  K  does  not  exactly  coincide  with  the 
cross  wire  in  the  eyepiece  N,  the  micrometer  screw  is  turned,  so  that  the 
bar  is  moved  as  a  whole,  till  this  coincidence  takes  place.  The  position 
of  the  micrometer  screw  is  then  read  by  means  of  a  scale  giving  the 
whole  turns,  and  a  divided  head  by  which  the  fractions  of  a  turn  are 
obtained.  The  micrometer  screw  is  now  turned,  so  that  the  bar  is 
moved  from  C  towards  D,  till  the  cross  wires  on  H  coincide  with  the 
cross  wires  in  the  eyepiece  O,  and  its  position  is  again  read.  The  differ- 
ence in  the  micrometer  readings  gives  the  amount  by  which  the  bar  has 
expanded,  and  hence  by  measuring  the  distance  between  the  uprights, 
i.e.  the  length  of  the  part  of  the  bar  whose  expansion  has  been  measured, 
and  knowing  the  interval  of  temperature  through  which  the  bar  has  been 
heated,  the  coefficient  of  expansion  can  be  calculated. 

More  recent  measurements  of  the  coefficient  of  linear  expansion 
have  been  made  with  the  comparator  described  on  p.  17  ;  the  distance 
between  two  fine  marks  on  a  bar  of  the  metal,  almost  exactly  one  metre 
apart,  being  measured  at  two  known  temperatures. 

The  coefficient  of  expansion  of  most  bodies  is  not  the  same  at  all 
temperatures.  Thus  in  the  case  of  platinum  the  coefficient  at  a  tempera- 
ture /  is  given  by  (8868/+ 1.324/*'')  10"^  for  temperatures  between  o  and 
iooo°  C. 

The  following  table  gives  the  coefficient  of  linear  expansion  of  some 
materials  per  degree  Centigrade  : — 

Coefficients  of  Linear  Expansion. 

Platinum 0887  x  io~* 

Copper 1678x10"-* 

Steel  (annealed) 1095  x  io-» 

Zinc 2918  X  io~* 

Brass  ...      .187   x  10  "* 

Glass  .083   X  10-* 


P'"/^)  Parallel  to  fibre    ....     (•°54    x  lo" 
Ash  }  L095    X  ID 

Invar  <'5;teel  containing  36%  of  nickel)    .       .0087  X  lo" 
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186.  The  Compensation  of  Timekeepers  fop  Variation  in 
Temperature. — A  problem  of  considerable  practical  importance  is  to 
design  a  pendulum  the  length  of  which  shall  be  the  same  at  all  tempera- 
tures, for,  as  we  have  seen  in  §  113,  the  time  of  vibration  of  a  pendulum 
depends  on  its  length.  The  result  is  that  in  an  ordinary  pendulum  the 
length  increases  with  increasing  temperature,  thus  the 
clock  goes  slower.  The  problem  to  be  solved  is  to 
design  a  pendulum-rod  in  such  a  way  that  the  distance  C  E 

between   the  point  of  support  and  the  centre  of  oscilla-  ~  " 

tion  (practically  the  centre  of  the  bob)  shall  be  the  same 
at  all  temperatures.  One  solution  of  this  problem  is 
to  employ  a  rod  composed  of  two  metals  having  different 
coefficients  of  expansion.  Let  the  coefficient  of  linear 
expansion  of  one  of  the  metals,  A^  be  a,  and  that  of  the 
other  metal,  B,  be  /?.  Suppose  we  have  three  rods  of  the 
metal  A  and  two  of  the  metal  B,  and  that  they  are  con- 
nected together  as  shown  in  Fig.  148,  where  the  thick  lines 
AB,  CD,  and  EF  represent  the  metal  A^  and  the  thin  lines 
EC,  DE  represent  the  metal  B.  Let  the  total  length  of 
the  rods  of  the  metal  A  be  Z',  and  the  total  length  of 


B 


F 
Fig.  148. 


now  the  rods  made  of  A   were  alone  heated  to  a  temperature  /, 
end  F  would  descend^  supposing  the  end  A  fixed,  through  a  distance 


If 

the 


LaU 

If,  on  the  other  hand,  the  rods  made  of  ^  had  been  alone  heated  to  /,  the 
end  F  would  have  risen  through  a  distance 

The  condition  that  the  descent  due  to  the  expansion  of  one  set  of  rods 
shall  be  equal  to  the  rise  due  to  the  expansion  of  the  other,  or  that  the 
distance  between  A  and  F  shall  be  the  same  at  all  temperatures,  is 


or 


Z'a/=Z"/3/, 
L'IL"=Pla, 


Thus,  if  the  total  lengths  of  the  rods  of  the  two  metals  are  to  one  another 
inversely  as  the  coefficients  of  linear  expansion  of  the  materials,  the  length 
of  the  arrangement  will  be  the  same  at  all  temperatures.  If,  then,  the 
point  A  is  the  point  of  attachment  of  a  pendulum,  and  the  bob  is  attached 
to  F,  this  arrangement  will  form  a  compensated  pendulum.  Since  the 
coefficient  of  linear  expansion  of  brass  is  .187  x  io~*,  and  that  of  steel 
.II  X  io~^,  we  have — 


I 


Total  length  of  Steel  Rods  ^.187 
Total  length  of  Brass  Rods     .  1 1 

=  1.7. 
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A  pendulum  built 


I'iG.    149. 
(From  Canot's  "Physics. 

can  be  made  exactly 


Fig.  150. 
was  I  cc,  and  heated 


up  in  this  way  is  shown  in  Fig.  149,  and  is  called  a 
gridiron  pendulum.  The  shaded  rods  are 
steel  as  well  as  the  spring  b  and  the 
middle  rod  /,  which  passes  freely  through 
holes  in  the  two  lower  cross-pieces. 

In  the  case  of  chronometers,  the  dia- 
meter of  the  balance-wheel  increases  with 
rise  in  temperature,  and  so  its  moment  of 
inertia  increases,  causing  the  balance  to 
oscillate  more  slowly.  A  more  important 
effect  is,  however,  caused  by  the  influence 
of  temperature  on  the  elasticity  of  the  hair- 
spring. As  the  temperature  rises,  the  elas- 
ticity of  the  hair-spring  decreases,  and  so 
the  period  of  the  balance-wheel  decreases 
on  this  account  also.  In  order  to  compen- 
sate for  this  change  in  the  hair-spring,  the 
moment  of  inertia  of  the  balance-wheel 
ought  to  decrease  as  the  temperature  in- 
creases. This  is  brought  about  by  making 
the  rim  of  the  balance-wheel  of  two  strips 
of  metal  as  shown  in  Fig.  150,  the  outer 
strip  being  composed  of  a  metal  with  a 
higher  coefficient  of  expansion  than  that 
composing  the  inner  strip.  The  result  is 
that,  when  the  temperature  rises,  the  outer 
strip  expanding  more  than  the  inner,  causes 
the  semicircles  AB  and  CD  to  become  more 
curved,  so  that  the  ends  B  and  D  being 
fixed  to  the  spokes  of  the  wheel,  the  ends 
A  and  C  move  in  towards  the  axis  E,  about 
which  the  wheel  oscillates.  In  this  way  the 
moment  of  inertia  of  the  wheel  decreases 
as  the  temperature  increases,  and,  by  suit- 
ably adjusting  the  dimensions  of  the  wheel, 
the  shortening  of  the  period  on  this  account 

to  compensate  for  the  lengthening  on  account  of 
the  weakening  of  the  hair-spring. 

As  a  result  of  a  very  complete  set  of  ex- 
periments on  the  expansion  of  various  alloys, 
Guillaume  has  discovered  that  a  nickel  steel 
containing  36  %  of  nickel  has  a  very  small 
coefficient  of  expansion  (about  one-twentieth 
of  that  of  brass).  This  alloy  is  now  much 
used  for  the  construction  of  pendulums  and 
standards  of  length. 

187.  Cubical  Expansion  of  Solids.— 
If  we  had  a  cube  of  a  solid,  of  which  the 
coefficient  of  linear  expansion  was  a,  each 
edge  of  which  measured  one  centimetre 
at  0°,  so  that  its  volume  at  this  temperature 

it  to  1°,  it  would  expand.     The  length  of  each  edge 
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would  become  i+a,  and  hence  the  volume  would  become  {\-\-af  or 
i  +  3«  +  3«^  +  a^  Now,  as  has  been  pointed  out,  the  quantity  a  is  small, 
so  that  a^  and  c^  are  so  very  small  that  we  may,  without  making  any 
appreciable  error,  neglect  them,  and  call  the  volume  of  the  cube  at  i" 
i  +  3«.  In  the  case  of  zinc,  of  which  the  coefficient  of  linear  expansion 
is  .0000292,  the  value  of  2>(^^  is  2.5  x  io~^  or  0.0000000025,  while  the  value 
of  a^  is  2.5  X  io~^^  Hence  the  volume  at  1°  when  we  include  the  terms 
in  a^  and  a^^  is  1.0000876025,  while  omitting  these  terms  the  volume  is 
1.0000876. 

The  increase  in  the  volume  of  unit  volume  of  a  body,  when  its  tem- 
perature is  raised  1°,  is  called  the  coefficient  of  cubical  expansion  of  the 
body.  Or,  in  other  words,  the  increase  in  volume  of  a  body,  when  its 
temperature  is  raised  1°,  divided  by  its  original  volume,  is  called  the 
coefficient  of  cubical  expansion  of  the  body.  Hence  we  see  that  if  a  is 
the  coefficient  of  linear  expansion  of  a  body,  the  coefficient  of  cubical 
expansion  will  be  3<2. 

188.  Expansion  of  Non-Isotropie  Bodies.— In  the  preceding  sec- 
tions we  have  dealt  with  the  expansion  of  isotropic  bodies,  in  which  the 
coefficient  of  linear  expansion  is  the  same  in  every  direction.  In  the 
case  of  non-isotropic  bodies,  such  as  crystals,  the  coefficient  of  linear 
expansion  is  different  in  different  directions.  Thus,  in  the  case  of  Iceland 
spar,  the  coefficient  of  linear  expansion  parallel  to  the  axis  (§  404)  is 
0.2631  X  io~*,  while  that  perpendicular  to  the  axis  is  0.0544  x  io~*.  In 
the  case  of  quartz,  the  coefficient  of  expansion  parallel  to  the  axis  is 
0.0797  X  io~^,  and  that  perpendicular  to  the  axis  is  0.1337  X  io~*. 

189.  Coefficient  of  Expansion  of  Fluids.— In  the  case  of  fluids,  we 
have  only  to  deal  with  the  coefficient  of  cubical  expansion.  Fluids,  par- 
ticularly gases,  are  so  much  more  expansible  than  solids,  that,  as  has 
been  mentioned  in  §  184,  we  have,  in  their  case,  to  make  an  addition  to 
the  definition  of  the  coefficient  of  cubical  expansion  given  for  solids,  and 
say  that  the  coefficient  of  cubical  expansion  is  the  increase  in  volume  of 
a  given  mass  of  the  fluid  when  its  temperature  is  raised  one  degree, 
divided  by  the  volume  of  the  same  mass  at  0°  C.  In  calculating  the 
increase  in  volume  of,  say,  a  volume  V-^  of  a  fluid  at  a  temperature  /j, 
when  heated  to  /g,  we  must  include  the  terms  in  a^  and  a?  (§  184). 

190.  Expansion  of  Liquids— Apparent  Expansion.— Suppose  that 
a  glass  vessel  A  (Fig.  151)  is  filled  with  a  liquid,  say  water,  and 
that,  when  the  whole  is  at  a  temperature  of  0°,  the  volume  |_|d 
of  the  water,  i.e.  of  the  glass  vessel,  is  F^ ;  the  surface  of  the 
water  being  at  B.     Suppose,  now,  it  were  possible  to  raise  the 
temperature  of  the  glass  vessel  to  1°,  keeping  the  temperature 
of  the  contained  water  still  at  0°.     The  vessel  would  expand,      y 
and  its  volume  up  to  the  mark  B  would  become  Fj  (1+/?)     [ 
where  /?  is  the  coefficient  of  cubical  expansion  of  the  glass. 
Hence  the  water  surface  would  fall  to  C,  the  volume  of  the 
bore  between  B  and  c  being   V^^.     If,  now,  the  water  was 
also  heated  to  1°  it  would  expand,  and  its  volume  would    .  . 

become   V^  (i+a),  where  a    is  the  coefficient  of  expansion     \ / 

(cubical)  of  the  water.     Hence  if  the  surfa^  of  the  water  now     y\g.  151. 
stood  at  D,  the  volume  of  the  bore  between  C  and  D  would 

be  F^a.  Therefore  the  volume  of  the  bore  between  B  and  D  is  V^{a.  —  ^). 
If  we  had  not  allowed  for  the  expansion  of  the  envelope,  we  should 


^ 
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have  taken  the  volume  V-^a.  -  yS),  i.e.  the  volume  of  the  bore  between 
the  first  and  last  positions  of  the  surface  of  the  water,  as  the  ex- 
pansion, and  this  volume  divided  by  the  volume  at  0°,  i.e.  J^i(a-i8)-T-Kj, 
or  a  -  /3,  as  the  coefficient  of  expansion  of  the  liquid.  The  coefficient 
of  expansion  of  a  liquid  obtained  without  considering  the  expansion  of 
the  containing  vessel  is  called  the  apparent  coefficient  of  expansion 
or  dilatation,  and  it  is  eaual  to  the  difference  between  the  true  or  real 
coefficient  of  expansion  (a)  of  the  liquid  and  the  coefficient  of  cubical 
expansion  (/8)  of  the  solid  envelope. 

The  bulb  shown  in  Fig.  1 5 1  is  called  a  volume  dilatometer,  and  is 
employed  for  determining  the  apparent  expansion  of  liquids.  The  cubical 
expansion  of  the  glass  is  obtained  either  by  filling  the  bulb  with  a  liquid 
of  known  absolute  expansion,  and  making  a  series  of  measures,  or  by 
experiments  on  the  linear  expansion  of  a  rod  of  the  same  glass.  This 
known,  the  absolute  expansion  of  the  liquids  can  be  calculated  from  the 
apparent  expansion.  The  stem  of  the  dilatometer  is  graduated,  and  the 
volume,  up  to  the  zero  graduation,  is  determined  by  first  weighing  the 
dilatometer  empty,  and  then  when  filled  to  the  zero  mark  at  0°  with  mer- 
cury or  water,  and  from  the  weight  of  mercury  or  water  calculating  the 
volume,  using  the  known  density  of  these  liquids  at  0°.  The  volume  of 
the  bore  between  two  divisions  is  obtained  in  the  same  way  by  weighing 
a  thread  of  mercury  which,  when  in  the  stem,  occupied  a  known  numlDer 
of  divisions.  The  dilatometer  is  filled  with  the  liquid,  the  expansion  of 
which  has  to  be  measured,  and  the  position  of  the  surface  in  the  stem 
noted  when  the  dilatometer  is  placed  in  melting  ice.  The  whole  is  then 
heated  to  a  temperature  /"  in  a  water  bath,  the  temperature  being 
measured  by  a  thermometer  placed  in  the  water,  and  the  position  of  the 
liquid  surface  again  noted. 

Suppose  that  the  volume  of  the  dilatometer  up  to  B,  the  surface  of 
liquid  at  the  temperature  /j,  is  V-^^  while  the  volume  of  the  dilatometer 
up  to  D,  the  position  of  the  liquid  surface  at  the  temperature  /2>  found 
when  determming  the  volume  of  the  instrument,  is  V^.  Now  V^  is  the 
volume  of  the  instrument  up  to  D,  not  at  the  temperature  t<i^  but  at  the 
temperature  at  which  the  instrument  was  calibrated.  If  we  suppose  that 
this  calibration  was  performed  at  Z^,  then  V^  is  the  true  volume  of  the 
liquid  at  /,,  and  the  true  volume  of  the  liquid  at  /j  is 

where  /?  is  the  coefficient  of  cubical  expansion  of  the  glass.  Thus  the 
increase  in  volume  of  the  liquid  is 

F^i+i8(/,-0}-F„ 

and  the  coefficient  of  cubical  expansion  of  the  liquid  is  given  by 
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Another  form  of  dilatometer  is  the  weight  dilatometer.  This  re- 
sembles the  volume  dilatometer,  except  that  there  is  only  a  single 
graduation  on  the  stem,  so  that  it  resembles  a  specific-gravity  bottle. 
The  dilatometer  is  first  weighed  empty  and  is  then  filled  with  the  liquid 
and  placed  in  melting  ice.  When  the  contents  have  reached  a  tempera- 
ture of  o",  the  quantity  of  liquid  is  adjusted  by  means  of  a  capillary  tube 
till  the  surface  coincides  with  the  mark  on  the  stem,  and  the  dilatometer 
is  again  weighed.  The  dilatometer  is  now  heated  to  a  temperature  of  /", 
and  some  of  the  liquid  withdrawn  till  the  surface  coincides  with  the  mark, 
when  the  dilatometer  is  weighed.  Let  w^  be  the  weight  of  liquid  con- 
tained in  the  dilatometer  at  the  temperature  /^  and  w^  the  weight  of  the 
contents  at  a  temperature  t^.  If  v^  and  7/2  are  the  volumes  of  unit  mass 
of  the  liquid  at  the  temperatures  t^  and  /g  respectively,  and  a  is  the  co- 
efficient of  cubical  expansion  of  the  liquid,  we  have  by  definition 

k-h      ^1         h-hX'^x     i|      .     .     .     \ih 

If  V^  and  ^2  are  the  true  volumes  of  the  dilatometer  at  the  temperatures 
/j  and  /g)  so  that 

where  /?  is  the  coefficient  of  cubical  expansion  of  the  glass  of  the  dilato- 
meter. If  pi  and  /J2  are  the  densities  of  the  liquid  at  the  two  tempera- 
tures, we  have 

w^=  ^iPi  and  w^=  V^pt 

Hence 

But 

Hence  '^'2    ^1  (        ^/         x  ) 

Substituting  this  value  for  v^v^  in  (i)  we  get 

/2-/1I         a/2        j         IVf' 

Probably  the  most  accurate  method  of  determining  the  coefficient  of 
expansion  of  a  liquid  is  that  which  has  been  described  in  §  145,  and  has 
been  employed  by  Benoit.  By  determining  the  loss  of  weight  of  the 
quartz  cube  in  the  liquid  at  different  temperatures,  the  mass  of  a  known 
volume  of  this  liquid,  the  volume  of  the  cube  being  known  at  these  temr 
peratures,  is  obtained.  Hence  the  density  at  the  different  temperatures, 
and  therefore,  by  a  calculation  similar  to  that  given  above,  the  coefficient 
of  absolute  expansion  of  the  liquid  can  be  calculated. 
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P2 

^1 

P2      ^] 

1, 

214 


Heat 


[§  191 


191.  Direct  Determination  of  the  Absolute  Expansion  of 
Liquids. — A  direct  method  of  determining  the  absolute  coefficient  of 
expansion  of  mercury  was  devised  by  Dulong  and  Petit.  The  principle 
of  this  method  is  to  use  a  U-tube  filled  with  mercury,  one  limb  being 
kept  at  0°,  and  the  other  at  100°.  If  A^  is  the  density  of  mercury  at  0°, 
and  Aj(jQ  that  at  100°,  then  if  >^o  ^"^  ^100  ^^^  the  heights  of  the  mercury  in 
the  two  limbs  above  the  horizontal  part  of  the  Uj  we  get,  by  the  principle 
of  balancing  columns  (§  144),  -^o^o  = -^loo^ioo- 

Now  the  volume  of  unit  mass  of  mercury  at  o*  is  i/A^j,  and  at  100° 

is    i/Ajoo,  so  that  the   increase  in  volume  is   -\      ^^.      The  increase 

divided  by  the  volume  at  0°  (i/Aq),  and  by  the  temperature  range,  gives 
the  coefficient  of  expansion  y.     Hence 


7-1A0      A 

7-ri.('t-) 


-*(^-> 


ori^ 
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The  form  of  apparatus  as  used  by  Dulong  and  Petit  was  subject  to 
numerous  errors,  but  Regnault  introduced  some  modifications,  so  that 
most  of  these  were  avoided,  and  his  form  of  the  apparatus  will  be 
described. 

Two  upright  iron  tubes  aa',  bb'  (Fig.  152),  are  connected  together 

near  the  top  by  a  horizontal 
tube  C.  At  the  bottom  two 
horizontal  branches  a'd  and 
b'f  are  connected  to  two  ver- 
tical glass  tubes  DG  and  FH, 
these  tubes  being  joined  to- 
gether at  the  top  by  a  T-piece, 
the  third  arm  of  the  T  being 
connected  to  a  glass  globe  K 
containing  compressed  air. 
The  tubes  aa'  and  bb'  are 
surrounded  by  cylindrical 
vessels,  which  are  filled  with 
water  or  ice.  The  water  in 
these  cylinders  is  kept  well 
stirred,  and  the  temperature 
in  the  one  which  is  heated  is 
measured  by  an  air-thermo- 
meter (§  198)  T,  and  that  of 
the  other  by  a  series  of 
mercurial     thermometers     t^ 

i  he  upper  horizontal  tube 
AB  is    pierced    at   C    with    a 
small  hole,  so  that  the  upper 
surfaces    of   the   mercury   in 
the  vertical  tubes  are  at  the  same  level  as  at  c. 

The  pressures  at  A  and  B  being  equal,  and  those  at  G  and  H  also 
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equal,  it  follows  that  a  column  of  mercury  equal  in  height  to  the  vertical 
distance  {h)  between  H  and  G  represents  the  difference  in  the  pressures 
due  to  two  columns  of  mercury,  each  of  height  aa'  or  bb',  one  hot  and  the 
other  cold.  Hence,  if  the  temperatures  of  the  cold  column  and  of  the 
columns  DG  and  FH  are  the  same,  the  effective  height  of  the  cold 
column  is  bb'  less  the  height  GH,  while  the  height  of  the  hot  column 
is  bb'  or  H.  Substituting  these  values  in  the  expression  for  y  obtained 
above,  we  get 

Where  /  is  the  temperature  of  the  hot  column,  and  the  temperature  of  the 
cold  column  is  taken  to  be  zero.  The  mean  value  obtained  for  the  coeffi- 
cient of  cubical  expansion  of  mercury  between  0°  and  ioo°  is  0.0001819. 

192.  Density  of  Water  at  different  Temperatures— Point  of 
Maximum  Density. — The  expansion  of  water  with  rise  of  temperature 
is  anomalous,  since  this  substance  has  a  maximum  density  at  a  tempera- 
ture of  4°  C.  If  water  is  cooled  below  4°  it  expands^  and  its  density 
decreases,  as  shown  in  the  table  on  p.  167. 

This  property  possessed  by  water  has  an  important  bearing  in  nature, 
for  otherwise  all  deep  lakes  in  temperate  zones  would  become  frozen  into 
a  solid  block  of  ice,  and  only  the  upper  surface  would  thaw  in  the  summer. 
As  it  is,  in  winter  the  surface  water  becomes  cooled  by  radiation,  &c., 
and  as  it  cools,  and  its  temperature  falls,  it  becomes  denser  and  sinks, 
convection  currents  being  set  up.  This  convection  goes  on  till  the  tem- 
perature of  the  whole  mass  of  water  has  fallen  to  4°  C.  On  the  surface 
water  becoming  further  cooled  it  expands,  and  its  density  becomes  less 
than  that  of  the  water  beneath.  Hence  the  colder  water  remains  on 
the  top,  and  convection  currents  are  not  set  up.  Water  being  a  very  bad 
conductor  of  heat  (§  240),  it  takes  a  long  time  for  the  deeper  layers 
of  water  to  part  with  their  heat,  and  so,  even  in  the  hardest  winters,  the 
ice  in  temperate  zones  is  seldom  very  thick,  and  the  water  at  the  bottom 
of  deep  lakes  is  never  colder  than  4°. 

The  experiments  made  by  Despretz  in  order  to  determine  the  tempera- 
ture of  maximum  density  illustrate  very  clearly  the  changes  in  tempera- 
ture which  take  place  in  a  mass  of  water,  such  as  a  lake.  The  apparatus 
which  is  a  modification  of  one  devised  by  Hope,  con- 
sists of  a  tall  metal  cylinder  fitted  with  a  lid,  through 
the  side  of  which  are  inserted  four  thermometers 
(Fig.  153).  The  cylinder  was  filled  with  water  at  a 
temperature  of  about  10°  C,  and  was  then  placed  in 
a  cold  room,  of  which  the  temperature  was  about  0°. 
The  temperatures  of  the  water  at  different  depths,  as 
indicated  by  the  thermometers,  were  noted  at  fre- 
quent intervals,  and  the  results  plotted  on  curve 
paper,  the  ordinates  being  the  temperature,  and  the 
abscissae  the  times.      In  this   way  the  curves  shown  y\g.  153. 

in  Fig.   154  were  obtained.      As  the  water  near  the 
sides   lost  its  heat   by  radiation   it  became  cooler  and   sank.      Thus 
thermometer  a  sank  the  most  rapidly,  till  it  indicated  a  temperature 
of  4°.     Next  thermometers  b,  c,  and  d  arrive  at  the  same  temperature 
in  succession.     The  whole  mass  being  at  the  point  of  maximum  density, 
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when  the  temperature  fell  any  more,  the  colder  water  was  lighter,  and 
hence  the  upper  thermometer  {d)  began  to  fall  first,  the  others  followmg 
in  the  order  c,  b^  a.     These  changes  are  well  indicated  by  the  curves. 


TIME   — >  d    c     b    a 

Fig.  154. 

The  reason  that  the  horizontal  parts  of  all  the  curves  are  not  coin- 
cident, is  that  disturbing  currents  are  produced  by  the  manner  in 
which  the  water  is  cooled,  namely,  from  the  sides  of  the  vessel. 

193.  Expansion  of  Gases.— In  the  case  of  gases,  owing  to  their 
compressibility,  we  have  to  take  account  of  the  pressure  to  which  the 
gas  is  subject  when  its  temperature  is  raised  in  order  to  get  its  thermal 
expansion.     In  determining  the  coefficient  of  expansion,  we  may  either 

keep  the  pressure  constant  and  measure  the 

increase  in  volume  when  the  temperature 

is  raised,  and  thus  obtain  the  coefficient  of 

/^ — X  *      f       fl    Up  ^^P^'^s^o"  ^^  constant  pressure,  or  we  may 

A  ^    \  El      —  J      I      vary  the  pressure  so  as  to  keep  the  volume 

I    ^    7^  y~\         1_8  constant,  and  from  the  amount  by  which 

^>. — ^  IllliT"!  FTj  the  pressure  has  to  be  changed  calculate 

the  coefficient  of  increase  of  pressure  at 
constant  volume.  In  either  case,  since  the 
expansion  of  gases  with  temperature  is  con- 
siderable, we  must  refer  the  increase  in 
volume  or  pressure,  as  the  case  may  be,  to 
the  volume  or  pressure  at  0°  (§  184). 

194.  Expansion  of  a  Gas  at  Constant 
Pressure. — The  first  experiments  on  the 
expansion  of  a  gas  at  constant  pressure, 
having  any  pretensions  whatever  to  accu- 
racy, were  made  by  Gay-Lussac,  who  mea- 
sured the  expansion  of  the  gas  contained  in 
a  glass  bulb  by  the  motion  of  a  small  mer- 
cury index.  Owing,  however,  to  the  gases 
not  being  quite  free  from  moisture,  and 
to  the  fact  that  a  mercury  index  does  not 
completely  enclose  the  gas,  a  film  of  gas  existing  between  the  mercury 
and  the  walls  of  the  tube,  the  results  obtained  were  not  very  accurate. 

Regnault,  having  taken  up  the  question,  devised  the  form  of  apparatus 
shown  in  Fig.  155.     The  gas  is  contained  in  a  glass  bulb  A,  which  is 


Fig.  155. 
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connected  by  means  of  a  very  fine-bore  tube  with  the  graduated  tube  B. 
The  lower  end  of  this  tube  is  connected  with  an  upright  tube  c,  which  is 
open  at  the  top.  A  tap  D  serves  to  draw  off  the  mercury  from  the  tube 
when  required.  The  air  is  exhausted  from  the  globe  through  a  three- 
way  cock  E,  the  globe  being  heated  to  a  temperature  of  at  least  100°. 
Air  or  other  gas  is  then  admitted  after  passing  through  a  series  of  drying 
tubes.  The  process  of  exhaustion  and  filling  with  dry  gas  is  repeated  a 
number  of  times,  in  order  to  remove  from  the  inside  of  the  globe  the 
layer  of  moisture  which  is  always  condensed  on  a  glass  surface. 

The  ig^lobe  having  finally  been  filled  with  dry  gas,  the  mercury  is 
adjusted  so  that  the  surface  is  near  the  top  of  the  graduations  in  B.  The 
tap  E  is  then  turned  in  order  to  cut  off  the  connection  between  the  globe 
and  the  drying-tubes,  the  bulb  is  surrounded  by  melting  ice  or  water  at  a 
known  temperature,  and  the  positions  of  the  mercury  surfaces  in  B  and  C 
noted.  The  pressure  to  which  the  gas  is  subjected  is  equal  to  the  baro- 
metric height //z/i"  or  minus  the  difference  in  level  of  the  mercury  in  the 
tubes  B  and  C. 

The  globe  is  then  heated  to  a  known  temperature,  say  100°,  and  the 
mercury  run  out  of  the  tap  D  till  the  diffei-ence  in  level  of  the  mercury  in 
the  two  tubes,  and  hence  the  pressure  acting  on  the  gas,  is  the  same  as 
before.  The  volume  of  the  globe  and  of  the  portions  of  the  tube  B 
between  the  various  graduations  having  been  obtained  by  filling  with 
mercury  or  water  and  weighing,  the  original  volume  and  the  increase  in 
volume  are  known,  and  hence  the  coefficient  of  expansion  can  be  cal- 
culated. The  water  bath  surround- 
ing B  and  C  serves  to  keep  the 
mercury  and  the  gas  ir^  B  at  a  con- 
stant temperature,  which  is  read  off 
on  the  thermometer  T. 

195.  Measurement  of  the  In- 
crease of  Pressure  of  a  Gas  at 
Constant  Volume.— As  in  the  case 
of  the  coefficient  of  expansion  at 
constant  pressure,  the  first  jeally 
accurate  measurements  of  the  co- 
efficient of  increase  of  pressure  of 
gases  at  constant  volume  were  made 
by  Regnault.  One  of  the  form's  of 
apparatus  which  he  employed- 'fftr 
this  purpose  is  shown  in  Fig.  156. 

The  gas  is  contained  in  a  glass 
or  porcelain  globe  A,  which  is  con- 
nected by  a  fine  tube  with  an  up- 
right tube  B.  A  side  tube  and  a 
three-way  tap  F  allow  of  the  globe 
being  filled  with  dry  gas,  as  in  the 
constant  pressure  apparatus.  At 
the  upper  part  of  the  tube  B  an  index 
E  (shown  on  a  larger  scale  at  G),  con-  Fig.  156. 

sisting  of  a  curved  piece  of  black 

glass,  is  attached  to  the  inside,  and  the  mercury  is  always  brought  so  that 
the  surface  just  touches  the  point  of  this  piece  of  glass ;  the  pressure  being 
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adjusted  by  pouring  mercury  into  the  open  tube  C,  or  removing  mercury 
through  the  stop-cock  D.  7'he  difference  in  level,  which  is  measured  by 
a  cathetometer,  between  the  surface  of  the  mercury  in  B  and  c,  added  to 
the  barometric  height,  gives  the  pressure  to  which  the  gas  is  subjected. 

If  the  globe  did  not  expand  when  heated,  the  volume  of  the  gas  would  be 
the  same  at  each  temperature  ;  owing,  however,  to  the  expansion  of  the 
globe  a  correction  has  to  be  applied,  which,  on  account  of  the  small  co- 
efficient of  expansion  of  glass  or  porcelain  compared  with  that  of  a  gas,  is 
not  considerable. 

196.  Effect  of  Change  of  Pressure  on  the  Coefficients  of  Ex- 
pansion of  Gases. — Regnault  made  a  series  of  experiments  on  the 
coefficient  of  expansion  at  different  pressures  of  air  and  some  other  gases, 
and  the  following  table  gives  some  of  his  results  . — 

Coefficient  of  Expansion  of  Gases. 


Gas. 

Constant  Pressure. 

Constant  Volume. 

Pressure 
at  o"  in  cm. 
of  Mercury. 

Coefficient  of 
Expansion. 

Pressure 
at  0°  in  cm. 
of  Mercury. 

Coefficient  of 
Expansion. 

Air 

» 

» 

»_ 

Nitrogen  .... 
Hydrogen     .     .     . 
„             ... 
Carbon  dioxide 
>>            »> 

76  cm. 
257 

'76 
254 

76 
252 

.003671 
.003695 

.0036613 
.0036616 
.003710 
.003845 

II  cm. 
76 
200 
2000 
76 
76 

76 
200 
800 

.003648 
.003665 
.003690 
.003887 
.003668 
.003669 

.003686 
.003752 
.004252 

An  efxamination  of  the  above  table  will  show  that  in  the  case  of  air  and 
carbon  dioxide  the  coefficient  of  expansion  increases  as  the  pressure  to 
which  the  gas  is  subjected  increases.  This  increase  of  the  coefficient  of 
expansion  being  much  more  noticeable  in  the  case  of  carbon  dioxide,  a 
gas  which  deviates  considerably  from  Boyle's  law(§  129),  than  in  the  case 
of  air  ;  hydrogen,  again,  being  an  exception,  in  that  the  coefficient  of 
expansion  is  constant,  at  any  rate  up  to  a  pressure  of  254  cm.  of  mercury. 
In  most  cases  the  coefficient  of  expansion  at  constant  pressure  is  greater 
than  that  at  constant  volume.  The  most  important  characteristic,  how- 
ever, is  that  the  coefficients  of  thermal  expansion  for  the  different  gases 
are  almost  exactly  the  same,  the  differences  between  different  gases  being 
less,  the  lower  the  pressure  to  which  the  gases  are  subjected.  We  are 
therefore  led  to  the  conclusion  that  in  the  case  of  perfect  gases  {ie.  ones 
which  obey  Boyle's  law  exactly)  the  coefficients  of  thermal  expansion 
would  be  constant,  and  have  a  value  about  0.00366. 

197.  Charles's  Law— Absolute  Zero.— The  law  that  all  gases  have 
the  same  coefficient  of  thermal  expansion  was  first  enunciated  by  Charles. 
It  is,  however,  sometimes  known  as  Gay-Lussac's  law,  since  he  was  the 
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first  to  make  experiments  to  test  the  accuracy  of  the  law.  From  what  has 
been  said  in  the  previous  section,  it  will  be  seen  that  gases  obey  Charles's 
law  with  about  the  same  accuracy  with  which  they  obey  Boyle's  law. 

If  we  consider  a  mass  of  a  perfect  gas  of  which  the  volume  is  Vo  and 
the  pressure  po-,  at  a  temperature  of  0°  C,  and  imagine  the  volume  kept 
constant  while  its  temperature  is  lowered  to  — /°,  the  pressure/  will, 
by  Charles's  law,  be  given  by 

where  a  is  the  coefficient  of  expansion.  If  the  cooling  is  continued  to  a 
temperature  of  (  ~  -]°i  then 

i.e.  at  this  temperature  the  gas  would  exert  no  pressure  on  the  walls  of 
the  containing  vessel.  According  to  the  kinetic  theory  of  gases,  this  can 
only  occur  when  the  velocity  of  translation  of  the  molecules  is  zero.  If, 
as  seems  probable,  the  motion  of  the  atoms  in  the  molecules,  or  perhaps 
it  is  better  to  say  the  vibratory  motion  of  the  molecules,  increases  and 
decreases /an /a jj«  with  the  motion  of  translation,  it  follows  that  at  a 

temperature  of  -  (  -  j°C.  the  molecules  will  have  completely  lost  all  their 

motion.  Heat  consisting,  as  we  shall  see  later,  of  the  motion  of  the 
molecules,  when  no  such  motion  exists  the  body  must  be  devoid  of  heat. 
Since  it  is  impossible  to  imagine  a  body  colder  than  one  which  is  devoid 

of  all  heat,  i.e.  one  at  a  temperature  of  —  ( -  j°  C,  this  temperature  is  called 

the  absolute  zero. 

Taking  a  as  .0036625  (the  mean  value  for  hydrogen  between  o'  and 

100°),  the  absolute  zero  will  be 7Jr~>  °^  "  ?73''-o  C.      Although  it  is 

impossible  actually  to  cool  a  body  down  to  the  absolute  zero,  it  is  interest- 
ing to  note  that  temperatures  as  low  as  —250°  C.  have  been  obtained  by 
allowing  liquid  hydrogen  to  boil  at  reduced  pressure.  The  true  value  of 
such  low  temperatures  is,  however,  difficult  to  estimate,  since  it  is  hardly 
safe  to  say  that  any  property  of  matter  which  we  may  use  to  measure 
temperature  will,  at  such  low  temperatures,  change  with  temperature 
according  to  the  same  law  as  is  found  to  hold  at  temperatures  near  o'  and 
100°  C.  .'-^ 

In  order  to  convert  temperatures  referred  to  0°  C.  to  the  corresponding 
temperatures  referred  to  the  absolute  zero,  we  have  to  add  273.  Thus  if 
T  and  t  represent  the  temperature  reckoned  from  the  absolute  zero  and 
the  temperature  of  melting  ice  respectively, 

■r=/+273. 
According  to  Charles's  law, 

and  z/=7/tf(i+aA 
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Hence,  substituting  for  a  its  value  1/2^^3,  and  reckoning  the  temperature 
from  the  absolute  zero,  the  above  equations  become 

= A  27273, 
and  v=VoTl272f 

At  any  other  temperature  Vy  if  the  pressure  when  the  volume  is  con- 
stant is  p'  and  the  volume  when  the  pressure  is  constant  is  i/y  we  have 

/=Ar/273 
and  7/ =  z/<7  7^/273. 

Hence  ^,=^  and  ^=y>, 

or  the  pressure  of  a  gas  at  constant  volume  varies  directly  as  the  absolute 
temperature,  and  the  volume,  at  constant  pressure,  also  varies  directly  as 
the  absolute  temperature. 

Suppose  that  the  conditions  of  a  certain  mass  of  gas,  as  far  as  pres- 
sure, volume,  and  temperature  are  concerned,  are  indicated  by  the  symbols 
/,  -z/,  /  respectively,  while  when  the  temperature  of  the  same  mass  of  gas 
is  kept  constant,  the  pressure  being /<,,  let  the  volume  be  ?/.  Then  since 
the  temperature  is  maintained  constant  we  have,  by  Boyle's  law, 

or  v=<--. 


P 


Now,  keeping  the  pressure /<,  constant,  let  the  temperature  of  the  gas 
be  reduced  to  0°,  and  let  Vo  be  the  volume  under  these  conditions.  By 
Charles's  law  we  have 

2/  =  z//i+a/), 

where  a  is  the  coefficient  of  expansion  of  the  gas.     Hence,  equating  the 
two  values  of  z/,  we  get 

pv=poV<f^\  +a/). 

Taking  the  value  of  a  as  .003663,  or  — ,  and  writing  T  for  the  tempera- 
ture measured  from  the  absolute  zero,  i.e.  —  273°  C,  we  get 

^poVo      J. 
"  273  • 

For  a  given  mass  of  gas  the  quantity /«!/<,  is  a  constant,  hence  we  may 
write  the  above  equation — 

pv^RT, 

where  R  is  a  constant,  depending  only  on  the  nature  and  quantity  of 
the  gas. 


A 
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198.  The  Gas  Thermometer. — Since  the  standard  thermometric 
substance  employed  for  all  accurate  measurements  of  temperature  is 
either  hydrogen  or  nitrogen,  the  problem  of  comparing  the  readings  of 
the  ordinary  liquid-in-glass  thermometers,  such  as  are  actually  used  to 
note  the  temperature,  with  the  gas  thermometer,  and  hence  deducing  the 
corrections  to  be  applied  to  the  readings  to  reduce  them  to  the  gas  scale, 
is  of  very  considerable  importance.     There  are  several  forms  of  so-called 


air  thermometers,  which  are  all  more  or  less  modifications  of  the  instru- 
ments used  by  Regnault,  and  we  shall  content  ourselves  with  describ- 
ing the  form  employed  at  the  Bureau  International  des  Poids  et  Mesures 
at  Paris. 

The  instrument  consists  of  two  distinct  parts,  the  bulb,  containing 
the  gas  (hydrogen),  and  the  manometer,  used  to  measure  the  pressure  to 
which  the  gas  is  exposed  at  the  different  temperatures.  A  section  of  the 
arrangement  employed  for  heating  the  bulb  A  is  shown  in  Fig.  157.  The 
bulb  A,  which  is  made  of  platinum  iridium,  and  has  a  capacity  of  about 
a  litre,  is  connected  with  the  manometer  (shown  in  Fig.  158)  by  a  fine 
metal  tube  B,  about  a  metre  long,  and  having  a  bore  of  0.07  cm.  For 
the  comparisons  at  comparatively  low  temperatures  the  bulb  A  and  the 
thermometers  T,  which  are  to  be  compared  with  the  gas  thermometer, 
are  placed  side  by  side  in  a  long  water-bath,  which  is  kept  well  stirred. 
For  the  higher  temperatures  the  arrangement  shown  in  Fig.  157  is 
employed.  Steam,  or  the  vapour  of  some  other  liquid,  enters  the 
apparatus  by  the  tube  E,  passes  up  alongside  the  bulb  A  and  the  bulbs 
of  the  thermometers  T,  and  then  at  the  end  passes  to  the  outside  of  the 
metal  screen  DD  and  back  along  the  outside,  finally  escaping  by  the 
tube  F.  The  arrangement  resembles  that  used  for  determining  the 
upper  fixed  point  of  an  ordinary  mercurial  thermometer  (see  Fig.  144). 

In  Regnault's  form  of  the  constant-volume  air  thermometer,  the 
manometer  employed  only  measures  the  excess  or  defect  of  the  pressure 
to  which  the  gas  is  exposed  over  the  ordinary  atmospheric  pressure,  so 
that  to  obtain  the  actual  pressure  the  barometric  height  has  also  to  be 
determined.  In  the  Bureau  instrument  the  manometer  and  barometer 
are  combined  in  a  single  instrument,  so  that  the  height  of  a  single  column 
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of  mercury  only  has  to  be  measured,  and  thus  the  chances  of  error  are 
reduced.      The  tube  b,  coming  from  the  bulb,  is  attached  to  a  steel 

block  A  (Fig.  158),  which  is  clamped 
air-tight  on  the  end  of  a  glass  tube 
C.  The  lower  end  of  this  glass  tube 
is  cemented  into  a  steel  block  D,  to 
which  is  also  cemented  a  second 
glass  tube  E.  These  two  glass  tubes 
communicate  with  each  other  through 
a  channel  in  the  steel  block,  as  well 
as  with  a  tap  and  flexible  steel  tube 
K.  The  block  D  is  attached  to  an 
upright  metal  pillar  P,  which  also 
carries  a  movable  cradle  Q,  the  posi- 
tion of  which  can  be  adjusted  by  the 
screw  s.  The  cradle  Q  carries  the 
upper  end  of  a  barometer  tube  hg, 
the  lower  end  of  which  dips  in  the 
mercury  contained  in  the  tube  E. 
The  lower  surface  of  the  steel  plug 
A  is  made  plain,  except  for  a  fine 
metal  point,  shown  on  a  larger 
scale  at  N,  which  serves  as  a  fixed 
mark  to  which  the  surface  of  the 
mercury  in  the  tube  C  is  always 
brought  back.  The  height  of  the 
reservoir  L  is  altered,  roughly  by 
sliding  the  cradle  R  up  and  down 
by  hand,  and  finally  by  means  of 
the  screw  M,  till  this  adjustment 
is  complete  at  each  temperature. 

When  the  surface  of  the  mer- 
cury at  J  is  exactly  in  contact  with 
the  steel  point,  the  excess  of  the 
pressure  within  the  bulb  above  the 
atmospheric  pressure  is  equal  to 
the  weight  of  a  column  of  mercury 
of  height  OJ.  The  atmospheric 
pressure  is  equal  to  the  weight  of 
a  column  of  mercury  of  height  10. 
Hence  the  pressure  acting  on  the 
gas  in  the  bulb  is  equal  to  the 
weight  of  a  column  of  mercury  of 
height  lO-fOj  or  IJ,  and  the  mea- 
surement of  the  vertical  distance 
between  the  two  mercury  surfaces 
I  and  J  suffices  to  give  the  pressure. 
The  measurement  of  this  height  is 
efl^ected  by  means  of  a  cathetometer, 
which  is  carried  on  a  pillar  fixed 
alongside  the  instrument,  the  measurement  being  facilitated  by  the  fact 
that  the  two  surfaces  i  and  j  are  placed  vertically  one  over  the  other. 


Fig.  158. 
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The  temperature  of  the  mercury  column  is  measured  by  a  series  of 
thermometers  attached  to  the  upright  P. 

The  readings  obtained  have  to  be  corrected  to  allow  for  the  expansion 
of  the  bulb  on  account  of  (i)  rise  of  temperature  and  (2)  the  increase  of 
the  pressure  of  the  gas  inside.  Allowance  has  also  to  be  made  for  the 
decrease  in  volume,  as  the  pressure  is  increased,  of  the  air  contained  in 
the  tube  BB  and  the  space  between  the  mercury  meniscus  J  and  the  lower 
surface  of  the  steel  block  A.  The  coefficient  of  cubical  expansion  of  the 
platinum-iridium  bulb  is  determined  by  measuring,  directly  on  the  com- 
parator, its  coefficient  of  linear  expansion. 


CHAPTER   II 
CALORIMBTRY 

199.  Quantity  of  Heat.— In  order  to  measure  the  quantity  of  heat 
which  a  body  loses  or  gains  when  its  temperature  changes,  or  when  its 
physical  state  changes,  we  generally  use  as  the  unit  that  quantity  of 
heat  which,  acting  on  a  given  mass  of  some  chosen  substance,  alters  its 
temperature  by  some  fixed  amount.  The  substance  employed  almost 
exclusively  for  this  purpose  is  water.  Thus  the  unit  of  heat  might  be 
defined  as  the  heat  necessary  to  raise  the  temperature  of  one  gram  of 
water  through  one  degree  Centigrade.  This  definition,  however,  will 
only  be  complete  if  a  gram  of  water  requires  the  same  quantity  of  heat 
to  raise  its  temperature  one  degree,  whatever  the  temperature  at  which 
we  start  ;  that  is,  if  it  required  the  same  quantity  ot  heat  to  raise  a 
gram  of  water  from  o°  to  i",  as  from  15°  to  16°,  or  from  90°  to  91°.  Since 
it  has  been  found  that  the  quantity  of  heat  required  at  different  tem- 
peratures is  different,  it  is  necessary  to  specify  between  what  two 
temperatures  the  water  has  to  be  taken,  and  there  are  a  number  of 
thermal  units  in  use  differing  from  one  another  in  the  temperature  at 
which  the  water  is  taken.     The  chief  of  these  are  as  follows  : — 

(i)  The  heat  required  to  raise  1  grm.  of  water  from  0°  C.  to  i"  C. 

(2)  The  heat  required  to  raise  i  grm.  of  water  from  3°.5  C.  to  4°.5  C. 

(3)  The  heat  required  to  raise  i  grm.  of  water  from  14.°.$  C.  to  15".5  C. 
Each  of  the  above  units  has,  at  some  time  or  other,  been  called  a 

calorie^  and  so  in  accurate  work  it  is  necessary  to  say  at  what  tempera- 
ture the  calorie  is  taken. 

A  unit  of  heat  largely  used  in  England  in  engineering  is  the  heat 
required  to  raise  i  lb.  of  water  through  1°  F.  As  this  unit  is  only  used 
for  comparatively  rough  measurements,  the  question  as  to  the  tempera- 
ture at  which  the  water  is  taken  does  not  come  in. 

For  theoretical  purposes  (and  practical  also,  now  that  electrical 
measurements  play  such  an  important  part  in  engineering),  it  is  con- 
venient to  measure  heat  in  terms  of  the  units  of  work  or  energy,  since, 
as  will  be  seen  later  (§  250)  heat  and  energy  are  convertible,  and  it  has 
been  proposed  to  adopt  as  the  practical  unit  of  heat  4.2  x  lo^  ergs — the 
reason  for  the  adoption  of  this  number  will  be  seen  later  (§  251)— and  to 
call  this  unit  a  joule. 

200.  Specific  Heat. — If  100  grams  of  water  at  100"  are  mixed  with 
100  grams  of  water  at  0%  the  temperature  of  the  mixture  is  found  to  be 
very  nearly  50°.  But  if  100  grams  of  copper  at  100°  are  placed  in  100 
grams  of  water  at  0°,  the  final  temperature  of  the  copper  and  water  is 
not  50°,  but  about  9°.i.  The  heat  given  out  by  the  copper  in  cooling  from 
100"  to  9°. I,  i.e.  through  9o°.9,  has  only  been  able  to  heat  an  equal  mass 
of  water  through  9°.i.     It  is  therefore  evident  that  a  given  mass  of  copper 
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requires  much  less  heat  to  raise  its  temperature  1°  than  does  an  equal 
mass  of  water.  The  quantity  of  heat  necessary  to  raise  the  temperature 
of  I  gram  of  a  substance  through  1°  C,  at  any  given  temperature,  is  called 
the  specific  heat  of  the  substance  at  that  temperature.  The  specific  heat 
of  water  (at  the  temperature  at  which  the  calorie  is  defined)  is  therefore 
unity,  and  that  of  copper  .1. 

The  following  table  gives  the  specific  heat  of  some  substances  in 
terms  of  water  at  1 5°  C.  The  second  column  gives  the  mean  temperature 
at  which  the  specific  heat  of  the  substance  was  measured. 


Specific  Heat. 


Substance. 

Temperature. 

Specific  Heat. 

Water  .... 

5° 

1.0041 

))       •         •         ' 

10° 

I.0019 

»       •         • 

15° 

I.oooo 

»       •         • 

20- 

.9987 

55       •         • 

^7l 

.9967 

Ice        . 

-10° 

.502 

Paraffin  (wax) 

10° 

.694 

Copper 

50° 

.092 

Zinc 

5°: 

.093 

Iron      . 

15 

.109 

Platinum 

50° 

.032 

Mercury 

20° 

•0331 

Petroleum     . 

40- 

•51 

201.  The  Measurement  of  the  Specific  Heat  of  Solids.— The 

most  usual  method  of  determining  the  specific  heat  of  a  solid  is  called 
the  method  of  mixtures,  and  consists  in  heating  a  given  mass  of  the 
solid  to  a  known  temperature,  and  then  immersing  it  in  a  vessel  con- 
taining a  known  mass  of  water,  the  initial  and  final  temperatures  of 
which  are  noted.  If  M  is  the  mass  of  the  body,  W  that  of  the  water, 
/j  the  initial  temperature  of  the  body,  t^  the  initial  temperature  of  the 
water,  and  4  the  final  temperature  of  the  body  and  the  water,  we  have, 
if  we  suppose  for  the  moment  that  the  vessel  does  not  take  up  any  heat, 
that  the  heat  gained  by  the  water  is  W{t^-t^.  The  heat  lost  by  the  body 
is  M{t^  -  t^s^  where  s  is  the  specific  heat  of  the  body.  Equating  these 
two  quantities  of  heat,  we  get 

Since  the  temperature  of  the  vessel  in  which  the  water  is  contained 
(called  the  Calorimeter)  is  raised  from  t^  to  /g,  some  of  the  heat  given 
out  by  the  body  will  have  been  used  for  this  purpose,  and  the  above 
result  must  be  corrected  on  this  account.  If  w  is  the  mass  of  the 
calorimeter,  and  cr  the  specific  heat  of  the  material  of  which  it  is 
composed,  the  heat  necessary  to  raise  its  temperature  from  t^  to  4  is 

P 
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ivit^-t^tT.  The  product  wo-,  which  represents  the  quantity  of  water 
which  would  require  the  same  quantity  of  heat  to  raise  its  temperature 
1°  as  does  the  calorimeter,  is  called  the  water  equivalent  or  water  value 
of  the  calorimeter.  The  heat  gained  by  the  water  and  calorimeter  is 
W{t^  —  t^-\-w  {t^-t^a^  and  hence 

(lV+w<r){t,-t,) 
'-       M{t,-t^       ' 

In  forming  the  above  expressions,  we  have  supposed  that  ail  the  heat 
given  out  by  the  hot  body  is  received  by  the  calorimeter  and  its  contents. 
Since  the  hot  body  has  to  be  moved  from  the  enclosure  in  which  it  was 
heated  to  the  calorimeter,  special  precautions  have,  as  we  shall  see  later  on, 
to  be  taken  to  prevent  loss  of  heat  during  transit.  Again,  although  the 
calorimeter  may  be  at  the  same  temperature  as  its  surroundings  at  one 
temperature,  say  the  initial  temperature,  yet  when  the  hot  body  is  placed 
in,  the  temperature  will  be  higher  than  that  of  the  surroundings,  and 
hence  the  calorimeter  will  lose  heat  by  conduction  and  radiation  (§  241). 
In  order  to  reduce  such  loss  of  heat  to  a  minimum,  the  calorimeter  is 
supported  on  small,  badly  conducting  feet,  or  suspended  by  threads,  so 
that  it  shall  not  gain  or  lose  heat  by  conduction  through  the  supports. 
The  loss  or  gain  of  heat  by  radiation  is  reduced  to  a  minimum  by  having 
the  outside  of  the  calorimeter  polished,  since  polished  metal  is  a  bad 
radiator  (§  246). 

Rumford  first  proposed  to  eliminate  the  effects  of  radiation  by  making 
a  preliminary  experiment  to  determine  approximately  the  rise  in  tempera- 
ture of  the  calorimeter,  and  then,  in  the  final  experiment,  cooling  the 
calorimeter  before  the  introduction  of  the  hot  body  to  a  temperature 
below  that  of  the  surrounding  bodies  by  an  amount  equal  to  half  the  rise. 
By  this  device,  during  the  first  part  of  the  time  between  the  introduction 
of  the  hot  body  and  the  reading  of  the  final  tempyerature,  the  calorimeter 
would  receive  heat  by  radiation,  and  during  the  second  part  it  would 
lose  heat.  As,  however,  the  temperature  rises  most  rapidly  at  first,  this 
correction  is  not  perfect,  and  for  very  accurate  observations  the  following 
method,  adopted  by  Regnault,  in  which  the  loss  or  gain  by  radiation  is 
directly  measured,  is  used. 

The  temperature  of  the  calorimeter  and  its  contents  is  read  at  short 
intervals  (t),  say  every  10  seconds,  after  the  introduction  of  the  hot  body 

until  the  maximum  reading  has 
been  obtained,  and  the  tempera- 
ture begins  to  fall.  The  calori- 
meter is  then  left,  and  the  fail 
of  temperature  in  two  or  three 
minutes  determined,  and  from 
this  the  fall  in  the  interval  r 
(10  seconds)  calculated.  This 
gives  the  rate  of  loss  of  heat  at 

the    highest    temperature.      The 

TEMPERATURE  OF  CALORIMETER-^   calorimeter   is    allowed    to    cool, 

and   the    rate    of   loss    of    heat 

Fig.  159.  in    a    time    r    determined    at    a 

number  of  temperatures  between 

the  maximum  and  the  original  temperature.     A  curve  pq  (Fig.   159) 
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is  then  plotted,  in  which  the  abscissae  are  the  temperatures  of  the 
calorimeter  and  the  ordinates  are  the  fall  in  temperature  at  the 
different  temperatures  during  the  interval  r.  The  point  P,  where  this 
curve  cuts  the  axis  of  X,  of  course  corresponds  to  the  calorimeter  being 
at  the  same  temperature  as  its  surroundings,  so  that  it  neither  gains  nor 
loses  heat  by  conduction  or  radiation.  The  readings  of  the  temperature 
of  the  calorimeter  while  the  temperature  was  rising  are  plotted  on  square 
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Fig.  160. 


paper,  the  abscissae 
being  the  times  from 
the  instant  when  the  hot 
body  was  introduced 
into  the  calorimeter. 
In  Fig.  160  DBC  is  such 
a  curve.  An  ordinate 
NR  is  then  drawn  cor- 
responding to  a  time 
r/2  from  the  start,  and 
the  corresponding  tem- 
perature T  read  from 
the  curve.  Next  the 
fall  of  temperature  (/j) 
during  the  time  r,  when 
the  temperature  of  the 
calorimeter  is  7",  is  read 
from  the  curve  (Fig. 
159).  This  quantity  /, 
is  added  on  to  the  ordinate  MD  to  give  a  new  point  d'.  This  point 
represents  what  would  have  been  the  temperature,  if  there  had  been  no 
loss  of  heat,  at  the  end  of  the  time  r,  for  MD  represents  the  actual 
temperature,  and  dd'  represents  the  loss  which  has  taken  place  up  to 
then.  In  the  same  way  the  fall  of  temperature  /g  corresponding  to  the 
temperature  at  the  middle  of  the  next  interval  is  read  off,  and  the  sum  of 
the  two  quantities  /j,  4  is  added  to  the  ordinate  EP,  since  the  total  fall  of 
temperature  due  to  radiation  and  conduction  up  to  the  time  P  is  the  loss 
during  the  interval  OM,  together  with  that  during  the  interval  MP. 
Proceeding  in  this  way  a  series  of  points  are  obtained,  such  as  are  indi- 
cated on  the  dotted  curve  d'e'b'c'.  This  curve  rises  to  the  point  b',  and 
after  that  is  horizontal.  The  reason  why  it  remains  horizontal  is  that  we 
are  allowing  for  the  fall  of  temperature  due  to  radiation,  and  hence  the 
dotted  curve  represents  the  temperature  of  the  calorimeter  supposing 
there  were  no  loss  by  radiation,  in  which  circumstances  the  temperature 
would  remain  constant  as  soon  as  the  hot  body  and  the  calorimeter  had 
reached  the  same  temperature.  The  final  temperature  taken  in  the 
calculation  of  the  specific  heat  is  that  corresponding  to  the  horizontal 
part  of  the  dotted  curve,  i.e.  QB'. 

In  Fig.  161  a  modified  form  of  Regnault's  calorimeter  is  shown.  The 
substance  of  which  the  specific  heat  is  to  be  measured  is  heated  in  the 
heater  A.  This  heater  is  shown  in  section  at  (<2),  and  is  connected  by  the 
side- tube  ^  with  a  boiler,  so  that  steam  enters  at  E  and  passes  out  through 
F  to  a  condenser.  The  temperature  to  which  the  substance  is  heated  is 
indicated  by  the  thermometer  T^.  The  calorimeter  c  is  suspended  by 
means  of  three  light  strings  inside  a  brightly  polished  metal  vessel  D 
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while  this  vessel  is  itself  contained  within  a  wooden  box  b  (one  side  is 
shown  as  removed  in  the  figure  to  exhibit  the  calorimeter).  A  delicate 
thermometer  Tg,  which  is  held  in  a  clip  attached  to  the  box  B,  is  used  to 
give  the  temperature  of  the  liquid  in  the  calorimeter,  while  a  stirrer  S 

serves  to  mix  the  liquid  and 
thus  insure  it  all  being  at  the 
same  temperature.  A  screen 
K,  which  slides  up  and  down 
in  guides,  serves  to  protect  the 
calorimeter  from  radiation  from 
the  heater.  When  the  sub- 
stance has  attained  the  tem- 
perature of  the  heater,  the 
screen  K  is  raised,  the  box  B 
run  on  its  guides  under  the 
heater,  and  the  substance 
dropped  down  into  the  calori- 
meter, the  small  slide  L  (Fig. 
161  (rt))  being  momentarily 
drawn  out  for  this  purpose. 
Directly  the  substance  has  been 
introduced,  the  calorimeter  is 
withdrawn,  and  the  screen  K 
again  lowered. 

The  consideration  of  calori- 
metric  methods  which  depend 
on  latent  heat  of  vaporisation 
or  fusion  will  be  dealt  with  later 
(§§212,215). 

Favre  and  Silbermann  used 
a  calorimeter  which  was  essenti- 
ally a  very  large  mercurial  ther- 
mometer. The  bulb  consisted 
of  an  iron  sphere  connected  to 
a  narrow  glass  graduated  stem.  Into  this  sphere  one' or  two  closed 
tubes  made  of  glass  or  platinum,  somewhat  of  the  shape  of  test-tubes, 
projected.  The  instrument  was  standardised  by  introducing  into  one 
of  the  tubes  a  known  weight  of  hot  water  and  noting  the  fall  of 
temperature  of  the  water  and  the  distance  through  which  the  mercury 
column  in  the  stem  travelled.  Then,  from  the  advance  of  the  column 
when  another  body  was  introduced  into  one  of  the  tubes,  the  quantity 
of  heat  it  imparts  to  the  mercury  could  be  calculated. 

202.  The  Measurement  of  the  Specific  Heat  of  Liquids.— The 
method  of  mixtures  is  applicable  in  the  case  of  liquids  ;  either  a  solid  of 
known  specific  heat  being  used,  the  calorimeter  containing  the  liquid,  or, 
if  the  liauid  does  not  combine  chemically  with  water,  a  known  mass  of 
the  liquia,  at  a  temperature  higher  or  lower  than  that  of  the  water,  is  run 
into  the  calorimeter. 

203.  The  Two  Specific  Heats  of  Gases.— When  a  body  expands 
it  drives  back  the  atmospheric  pressure  and  hence  does  work  (§  252), 
and,  as  we  shall  see  later  (§  253),  this  work  is  done  at  the  expense  of 
some  of  the  heat  supplied  to  the  body.     Thus  the  specific  heat,  i.e.  the 
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heat  required  to  raise  the  temperature  of  unit  mass  1°  C,  of  a  body 
will  be  different  according  as  it  is  allowed  to  expand,  and  hence 
do  external  work,  or  kept  at  constant  volume  by  suitably  altering 
the  pressure.  In  case  of  solids  and  liquids,  the  expansion  is  so  small 
that  the  external  work  done  and  the  heat  necessary  to  do  this  work  are 
negligible.  The  specific  heats  as  determined  are  at  constant  pressure 
but  would  differ  inappreciably  from  the  specific  heats  at  constant  volume. 
In  the  case  of  gases,  where  the  change  of  volume  when  they  are  heated 
at  constant  pressure  is  considerable,  the  amount  of  heat  required  to  do 
the  external  work  performed  by  the  expanding  gas  amounts  to  a  large 
fraction  of  the  heat  supplied.  Hence  there  are  two  specific  heats  to  be 
considered  in  the  case  of  a  gas — (i)  The  specific  heat  at  constant  pres- 
sure, which  is  the  heat  required  to  raise  the  temperature  of  unit  mass 
of  the  gas  through  1°  when  the  pressure  is  kept  constant.  (2)  The 
specific  heat  at  constant  volume,  which  is  the  heat  required  to  raise  the 
temperature  of  unit  mass  of  the  gas  through  1°  when  the  volume  is  kept 
constant. 

204.  The  Measurement  of  the  Speeifle  Heat  of  a  Gas  under 
Constant  Pressure. — Accurate  measurements  of  the  specific  heat  of 


Fig.  162. 


gases  under  constant  pressure  have  been  made  by  Regnault.  The  gas 
to  be  experimented  upon  was  stored  under  pressure  in  a  large  metal 
reservoir  A  (Fig.  162).  From  this  reservoir  the  gas  passes  along  a  tube 
to  a  screw  valve  B,  shown  in  section  at  C.  A  little  way  beyond  the  valve 
there  is  a  partition  across  the  tube,  pierced  with  a  small  hole  D.    Between 
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this  partition  and  the  valve  a  side-tube  leads  to  a  manometer  E.  As  the 
gas  escapes  from  the  reservoir  the  pressure  becomes  reduced,  but  by 
opening  the  valve  the  pressure  to  the  left  of  the  partition,  as  shown  by 
the  manometer,  can  be  kept  constant,  and  hence  the  gas  made  to  flow 
through  the  apparatus  at  a  uniform  rate.     The  gas  next  passes  through 

a  long  spiral  F  (Fig.  163)  immersed  in 
an  oil  bath.  Having  thus  acquired  the 
temperature  of  the  bath,  the  gas  passes 
into  the  vessel  G  contained  in  the  calori- 
meter H.  By  means  of  a  series  of  spiral 
partitions,  as  shown  at  K  (Fig.  162),  the 
gas  is  obliged  to  go  round  and  round, 
so  that  it  becomes  cooled  down  to  the 
temperature  of  the  water  in  the  calori- 
meter before  escaping. 

The  mass  of  the  gas  which    passes 

through  the   apparatus    is    obtained    by 

Fig.  163.  noting  the  pressure  in  the  vessel  A  before 

and  after  the  experiment.     The  volume 

having    been    previously    determined,    this    allows    the    mass    to    be 

calculated. 

Corrections  have  to  be  applied  for  the  loss  of  heat  by  radiation,  and 
for  heat  conducted  to  the  calorimeter  by  the  tube  through  which  the  gas 
enters. 

The  following  table  contains  some  of  the  values  obtained  by 
Regnault : — 


Specific  Heat  of  Gases  at  Constant  Pressure. 

Air 0.2374 

Chlorine 0.1220 

Carbon  dioxide 0.2169 

Hydrogen 34090 

Nitrogen 0.2438 

Oxygen 0.2175 


205.  Speclfle  Heat  of  Gases  at  Constant  Volume.— The  direct 
determination  of  the  specific  heat  of  a  gas  at  constant  volume  is  rendered 
very  difficult  from  the  necessity  of  enclosing  the  gas  in  a  vessel,  the 
water  value  (§  201)  of  which  will  be  enormously  greater  than  that  of  the 
enclosed  gas.  Direct  determinations  of  this  quantity  have,  however,  been 
made  by  Joly,  who  employed  for  this  purpose  the  steam  calorimeter 
described  in  §  215. 

As  will  be  seen  later,  it  is  possible,  by  measuring  the  velocity  of 
sound  in  a  gas,  to  calculate  the  ratio  of  the  specific  heat  at  constant 
pressure  to  that  at  constant  volume.  Knowing  the  specific  heat  at  con- 
stant pressure,  we  are  then  able  to  calculate  that  at  constant  volume. 

206.  Variation  of  Specific  Heat  with  Changre  of  Temperature, 
Density,  and  State. — Regnault  examined  the  values  of  the  specific  heat 
at  constant  pressure  of  gases,  at  dift'erent  temperatures,  and  found  that 
while  the  specific  heat  of  air  is  practically  constant,  that  of  carbon  dioxide 
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increases  considerably  as  the  temperature  rises.  It  is  probable  that  all 
gases  which  deviate  from  Boyle's  and  Charles's  laws  show  an  increase  of 
specific  heat  with  increase  of  temperature,  but  that  a  perfect  gas  would 
possess  a  constant  specific  heat. 

In  the  case  of  water,  Rowland  and  Bartoli  and  Stracciati  find  that  the 
specific  heat  decreases  from  0°  to  a  temperature  of  30°  (Rowland)  or  20° 
(Bartoli  and  Stracciati),  and  then  increases.  The  recent  measurements 
of  Griffiths,  however,  seem  to  show  that  there  is  no  minimum  at  any 
temperature  below  30°.  This  has  been  confirmed  by  the  experiments  of 
Callendar  and  Barnes,  who  found  that  there  was  a  minimum  at  37.5°  C. 
Between  the  temperatures  of  5°  C.  and  37.5°  C.  the  specific  heat  in  terms 
of  the  thermal  unit  at  16°  C.  is  given  by  the  expression  : — 

J =0.99733 +0.0000035  (37.5-^)^ 
+ 0.000000 1 0(37. 5  -  tY. 

The  specific  heat  of  most  solids  increases  with  increase  of  tempera- 
ture. The  most  noteworthy  cases  of  the  increase  of  specific  heat  with 
temperature  are  the  solids  carbon,  boron,  and  silicon.     For  the  reasons 
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given  in  the  next  section,  a  study  of  the  specific  heat  of  these  three  bodies 
is  of  particular  interest,  and  was  undertaken  by  Weber,  who  employed 
Bunsen's  ice-calorimeter  (§212)  for  temperatures  up  to  200°,  and  a  water- 
calorimeter  for  higher  temperatures.  The  temperature  to  which  the  body 
was  raised  was  obtained  by  having  a  lump  of  platinum  heated  to  the 
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same  temperature  as  the  body,  and  placing  this  in  a  second  calorimeter. 
Then  from  the  rise  in  temperature  produced  by  the  platinum,  and  from 
the  specific  heat  of  platinum,  the  initial  temperature  was  calculated. 
The  values  he  obtained  for  carbon  in  the  form  of  diamond  are  shown  by 
a  curve  in  Fig.  164.  It  will  be  noticed  that  the  specific  heat  of  diamond 
is  about  four  times  as  great  at  a  temperature  of  300°  as  it  is  at  0°,  while 
at  temperatures  above  600°  the  specific  heat  remains  almost  constant 
Similar  results  were  obtained  in  the  case  of  boron  and  silicon,  except 
that  in  the  case  of  the  latter  substance  the  specific  heat  is  almost  constant 
at  temperatures  above  200°. 

In  the  case  of  bodies  which  are  capable  of  existing  in  more  than  one 
allotropic  modification,  marked  differences  in  the  specific  heats  of  the 
various  forms  are  often  found.  Thus  in  the  case  of  calcium  carbonate 
the  specific  heats  of  aragonite  and  Iceland  spar  are  0.2085,  that  of  chalk 
0.2148,  and  that  of  marble  0.2158.  At  ordinary  temperatures  the  specific 
heat  of  carbon  in  the  form  of  diamond  is  0.1469,  wood  charcoal  0.2415, 
and  graphite  0.2017.  Weber  found,  however,  that  at  high  temperatures 
all  forms  of  carbon  have  the  same  specific  heat,  the  same  probably  being 
the  case  with  other  polymorphous  bodies. 

The  specific  heat  of  most  bodies  is  different  in  the  three  states — solid, 
liquid,  and  gas.  In  general  the  specific  heats  in  the  solid  and  gaseous 
states  are  much  smaller  than  in  the  liquid  state.  The  following  table 
gives  some  values  of  the  specific  heat  for  bodies  in  different  states  : — 


Change  of  Specific  Heat  with  Change  of  State. 


Solid. 

Liqiiid. 

Gas. 

Water       . 

0.50 

1. 000 

0.477 

Mercury    . 

0.0314 

0.0333 

Tin    ...         . 

0.0562 

0.0637 

... 

Lead 

0.0314 

0.0402 

... 

Alcohol 

0.5475 

0.4534 

Ether 

... 

0.5290 

0.4797 

207.  Dulongr  and  Petit*S  Law.— Dulong  and  Petit  first  enunciated 
the  law  that  the  product  of  the  specific  heat  of  an  element  in  the  solid 
state  into  the  atomic  weight  is  a  constant.  The  product  of  the  atomic 
weight  into  the  specific  heat  of  a  gas  is  also  approximately  constant,  but 
about  half  the  value  of  the  product  in  the  case  of  solids.  In  the  case  of 
liquids  the  law  does  not  apply  at  all.  If  n  is  the  number  of  molecules  in 
unit  mass  of  a  solid  clement,  w  the  mass  of  each  molecule,  a  the  heat 
required  to  raise  the  temperature  of  a  single  molecule  1°,  and  S  the 
specific  heat  of  the  body,  we  have  S=(rn  and  ««/=!.  Hence  <t  =  'wS. 
Since,  according  to  Dulong  and  Petit's  law,  ivS  is  a  constant,  it  follows 
that  o-  is  also  constant,  or  the  heat  required  to  raise  the  temperature  of  a 
molecule  of  all  the  elements,  when  in  the  solid  state,  through  1°  is  the 
same.    The  product  of  the  specific  heat  into  the  atomic  weight  of  an 
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element  is  called  the  atomic  heat,  and  the  values  of  this  quantity  for 
some  elements  are  given  in  the  following  table  : — 


Atomic  Heats. 


Atomic 
Weight. 

Specific  Heat. 

Atomic 
Heat. 

Hydrogen  \                              ( 

I 

3409 

3-4 

Oxygen        -  (gaseous)  . 

16 

0.218 

3-5 

Nitrogen    ) 

14 

0.244 

3.4 

Iron 

56 

0.109 

6.1 

Copper  

63 

0.092 

5.8 

Zinc 

65 

0.093 

6.1 

Platinum        .... 

194 

0.032 

6.2 

Arsenic 

75 

0.081 

6.1 

Selenium        .... 

79 

0.084 

6.6 

Sodium 

23 

0.293 

6.7 

Potassium      .... 

39 

0.170 

6.6 

Sulphur 

32 

0.163 

5.2 

Mercury  (solid) 

200 

0.031 

6.2 

Carbon 

12 

/              0.144 
1(985°)  0.459 

(1.7) 

5-5 

Boron 

II 

r  (27°)  0.238 

U233°)  0.366 
/  (57°)  0.183 
1(232°)  0.203 

(2.6) 
4.0 

Silicon 

28 

(5.2) 
5.7 

It  will  be  seen  that  the  atomic  heats  of  gases  are  about  3.4^  and  those  of 
solids  about  6.4.  After  what  has  been  said  in  the  previous  section  as  to 
the  change  of  specific  heat  with  temperature  and  with  the  allotropic 
state  of  a  body,  the  differences  obtained  are  not  surprising.  The  values 
of  the  atomic  heats  of  carbon,  boron,  and  silicon  obtained  by  using  the 
specific  heat  as  measured  at  ordinary  temperatures  are  very  different 
from  6.4,  and  it  was  with  a  view  to  testing  whether  these  abnormal  values 
of  the  atomic  heat  would  persist  at  all  temperatures  that  Weber  under- 
took his  investigation  into  the  specific  heat  of  these  bodies.  It  is  to  be 
noted  that  these  three  bodies  are  all  very  difficultly  fusible,  so  that  at 
ordinary  temperatures  they  are  a  long  way  from  their  melting-point. 
The  specific  heat  of  most  solids  seems  to  become  constant  near  a  certain 
temperature,  and  hence  it  is  only  reasonable  to  employ  the  specific  heat 
measured  at  such  temperature  ifbr  getting  the  atomic  heat ;  and  it  is 
probable  that,  if  this  were  done,  Dulong  and  Petit's  law  would  be  more 
nearly  true.  In  the  case  of  carbon,  boron,  and  silicon  the  table  shows 
how  very  much  better  the  atomic  heats  calculated  from  the  specific  heats 
at  high  temperatures  agree  with  the  other  atomic  heats,  than  do  those 
calculated  from  the  specific  heats  at  low  temperatures. 

An  extension  of  Dulong  and  Petit's  law  is  due  to  Woestyn,  who  sug- 
gests that  the  atoms  of  the  elements,  even  when  combined  with  one 
another,  preserve  the  same  specific  heat  that  they  have  in  the  uncombined 
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state,  so  that  the  thermal  capacity  of  the  molecule  of  any  compound  is 
equal  to  the  sum  of  the  atomic  heats  of  its  constituent  atoms.  This  law 
is  not  verified  by  experiment  with  any  degree  of  completeness,  and 
Neumann  has  limited  the  law  to  the  statement  that,  for  compounds  be- 
longing to  the  same  general  formula,  and  which  are  similarly  constituted, 
the  product  of  the  molecular  weight  into  the  specific  heat  is  constant  ; 
but  that  the  value  of  the  product  varies  from  one  series  to  another. 

The  following  table  gives  the  specific  and  molecular  heats  of  some 
compounds  : — 

Molecular  Heats. 


Type  RCl. 

Molecular 
Weight. 

Specific 
Heat. 

Molecular 
Heat. 

Sodium  chloride  (NaCl) 
Potassium  chloride  (KCl) 
Silver  chloride  (AgCl)    . 

58.5 

74-5 

143 

0.214 
0.173 
0.091 

12.5 
12.9 
130 

Type  RCl^ 

Barium  chloride  (BaCla) 
Strontium  chloride  (SrClg) 
Lead  chloride  (PbClg)     . 

208 
158 
278 

0.090 
0.120 
0.066 

18.7 
19.0 
18.3 

Type  RSO^. 

Barium  sulphate  (BaS04) 
Strontium  sulphate  (SrS04)    . 
Lead  sulphate  (PbS04)  . 

233 
184 
303 

0.1 13 
0.143 
0.087 

26.4 
26.3 
26.4 

If  we  assume  that  the  atom  of  sodium,  potassium,  or  silver  requires 
the  same  amount  of  heat  to  raise  its  temperature  one  degree,  whether  it 
is  free  or  combined  with  chlorine,  we  can  calculate  the  atomic  heat  of 
chlorine  in  the  solid  condition.     Thus 

12.8-6.4  =  6.4, 

so  that  the  atomic  heat  of  solid  chlorine  is  6.4,  and  its  specific  heat  is 
6.4/35.5,  or  0.18. 

In  the  same  way,  from  the  salts  of  the  type  RClg,  we  have  that  the 
atomic  heat  of  chlorine  is 

i(i8.7 -6.4)- 12.3/2=6.15. 

Applying  the  same  method  of  calculation  to  obtain  the  atomic  heat  of 
solid  oxygen  from  the  molecular  heats  of  the  salts  of  the  type  RSO4, 
we  get 

i(26.4  -  6.4  X  2)  =  1 3.6/4  =  3.4- 

In  this  case  the  atomic  heat  is  distinctly  below  6.4,  and  the  mean  value 
for  solid  oxygen  obtained  from  oxides  and  salts  is  4.1. 
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Assuming  the  value  4.1  for  the  atomic  heat  of  oxygen,  we  can  cal- 
culate the  atomic  heat  of  solid  hydrogen.  The  specific  heat  of  ice  is  0.5, 
so  that  the  molecular  heat  is  18  x  .5  =  9.  Hence  the  atomic  heat  of  solid 
hydrogen  is 

K9-4.i)  =  2.5. 

The  numbers  obtained  in  this  way,  depending  as  they  do  on  so  many 
hypotheses,  are  probably  only  approximately  correct ;  they  represent, 
however,  an  interesting  application  of  Woestyn's  extension  of  Dulong 
and  Petit's  law. 
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208.  Meltingr-Point. — One  of  the  fixed  points  chosen  for  thermo- 
metry is  the  temperature  at  which  ice  melts  when  subjected  to  atmos- 
pheric pressure.  As  long  as  the  ice  is  pure  this  temperature  seems  quite 
constant,  and  therefore  is  suitable  for  use  as  a  fixed  point.  If  a  mixture 
of  ice  and  water  is  at  any  temperature  except  o°  C,  it  will  gradually 
change  its  physical  state,  some  of  the  ice  becoming  fluid,  if  the  tempera- 
ture is  above  o",  or  some  of  the  water  solid  if  the  temperature  is  below  o°. 
At  a  temperature  of  o%  however,  solid  water,  or  ice,  and  liquid  water  can 
coexist  without  change.  In  the  case  of  ice,  the  melting-point,  which  is 
the  temperature  of  melting  or  the  temperature  at  which  water  solidifies, 
is  very  well  marked  ;  there  are,  however,  other  bodies,  such  as  glass, 
iron,  &c.,  which,  when  heated,  become  gradually  softer  and  softer  as  the 
temperature  rises,  passing  through  the  conditions  of  a  soft  solid  and  a 
viscous  fluid,  so  that  they  have  no  very  well-marked  melting-point,  the 
solid  passing  into  the  liquid  condition  by  insensible  gradations. 

The  following  table  gives  a  series  of  melting-points,  the  temperature 
corresponding  to  the  bodies  at  the  upper  end  of  the  list  being  rather 
doubtful : — 

'"'"" ^^\\\\\  Melting-Points. 


Iridium . 
Platinum 
Copper  . 
Gold  . 
Silver  . 
Aluminium 


^106 
OI-05 

UJ 

Sl04 


lliliiiiiiliiiiiiiigii 


Deg.  C. 

Deg.  C. 

2230 

Zinc  .     . 

41S 

1800 

Bismuth 

268 

1096 

Sulphur 

115 

1092 

Paraffin 

S2 

98s 

Ice    .     . 

0 

625 

Mercury 

-39 

-20 


0  +20' 

TEMPERATURE 


209.  Change  in  Volume  during: 
Fusion.  —  Most  substances  occupy 
a  larger  volume  in  the  liquid  than 
in  the  solid  state,  so  that  contrac- 
tion takes  place  on  solidification. 
There  are,  however,  exceptions; 
some  substances,  such  as  ice,  cast 
iron,  and  bismuth,  expand  on  solidi- 
fication. In  the  case  of  water,  the 
changes  in  volume  which  take  place 
2o'  C.  and  50°  are  shown  in  Fig.  165.     The 


Fig.  165. 

between  a  temperature  of 

density  of  ice  at  o"  being  0.91674,  and  that  of  water  at  the  same' tempe- 
rature 0*99987,  the  increase  in  volume  of  one  gram  of  water  when  it 
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solidifies  is  0.0907  c.c.  Water,  when  changing  to  ice,  is  capable  of  exert- 
ing an  enormous  force  if  its  expansion  is  resisted.  This  expansive  force 
is  evident  in  the  bursting  of  water-pipes,  and  the  disintegration  of  rocks 
into  the  pores  of  which  water  has  permeated. 

210.  Effects  of  Pressure  on  the  Melting-Point.— In  1849  Prof. 
James  Thomson  showed^  that  it  followed,  from  the  mechanical  theory  of 
heat,  that  if  a  body  expands  on  solidification,  like  water,  then  increasing 
the  pressure  will  lower  the  freezing-point ;  while  if  the  body  contracts 
on  solidification,  like  parafifin,  then  increasing  the  pressure  will  raise  the 
freezing-point.  He  calculated  that  in  the  case  of  water,  increasing  the 
pressure  by  one  atmosphere  would  lower  the  freezing-point  by  o°.oo75  C. 
Hence,  under  a  pressure  of  1000  atmospheres,  water  would  not  freeze 
above  a  temperature  of  -7°.5.  In  other  words,  if  water  remains  liquid, 
which  it  must,  unless  it  is  able  to  expand  as  it  passes  into  ice,  at  a  tem- 
perature of  -7°.5,  then  it  must  be  subjected  to  a  pressure  of  at  least  1000 
atmospheres,  and  it  is  clear  how  water  in  freezing  is  able  to  burst  even 
thick  steel  shells. 

The  following  table  gives  some  of  the  results  obtained  by  Tammann 
on  the  eflfect  of  pressure  on  the  melting-po\nt  : — 


Change  of  the  Melting-Point  with  Pressure. 

Substance. 

Pressure  in  kilograms 
weight  per  square 

Melting-Point. 
Deg.  C. 

■ 

centimetre. 

Benzene    . 

0 

5-3 

»           •         • 

500 

19.0 

>j           •        « 

1000 

31-4 

»           •        • 

2000 

54.8 

»           • 

3000 

73.5 

>j           •        " 

3500 

81.4 

Nitrobenzene 

I 

5-17 

>» 

500 

16.2 

)) 

1000 

27.4 

)) 

2000 

46.4 

;> 

3000 

65.4 

J)                ' 

3500 

74.3 

Phosphorus 

0 

43-9 

)> 

500 

57.8 

r 

1000 

71.5 

5) 

2000 

97.4 

It  will  be  noticed  that  the  change  in  the  melting-point  is  very  con- 
siderable. Thus  at  a  pressure  of  3500  kilograms  per  square  centimetre 
(3387  atmospheres),  the  melting-point  of  benzene  is  above  the  ordinary 
boiling-point  (81°)  at  a  pressure  of  one  atmosphere. 

If  a  wire  loop  is  passed  round  a  block  of  ice,  and  a  weight  is  attached 
to  the  bottom  of  the  loop,  it  will  be  found  that  the  wire  gradually  cuts 
through  the  block,  but  that  the  ice  joins  together  again  above  the  wire^ 

1  See  §264. 
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so  that  the  block  remains  whole.  This  phenomenon,  which  is  referred 
to  as  regelation,  is  explained  as  follows.  The  whole  block  being  at  0°, 
the  ice  immediately  under  the  wire  is  compressed,  and  has  its  melting- 
point  lowered  so  that  it  can  no  longer  remain  solid  at  0°,  and  therefore 
it  melts,  letting  the  wire  down  ;  the  water  flowing  round  the  wire. 
The  melting  of  the  ice  causes  a  lowering  of  temperature  on  account  of 
the  latent  heat  (§  211)  effusion  of  the  ice.  The  water,  when  it  gets 
above  the  wire,  is  no  longer  compressed,  and  hence,  as  its  temperature 
is  below  0°,  it  again  freezes,  joining  together  the  severed  portions  of  the 
ice  above, 

211.  Latent  Heat  of  Fusion.— When  a  vessel  containing  a  mixture 
of  ice  and  water  at  o"  is  heated,  it  is  found,  if  the  contents  are  well  stirred, 
that  the  temperature  remains  at  0°  as  long  as  any  ice  is  left.  Since 
heat  is  being  supplied,  and  the  temperature  does  not  rise,  it  follows  that 
heat  must  be  required  to  convert  ice  at  0°  into  water  at  the  same  tem- 
perature. This  heat,  which  is  employed  not  in  changing  the  tempera- 
ture of  a  body,  but  in  changing  its  state,  is  called  latent  heat.  In  the 
same  way,  to  convert  water  at  0°  into  ice  at  0°,  heat  has  to  be  abstracted. 
The  quantity  of  heat  required  to  melt  unit  mass  of  a  solid,  or  the  quan- 
tity of  heat  which  must  be  removed  to  convert  unit  mass  of  a  liquid  into 
a  solid,  in  both  cases  without  changing  the  temperature,  is  called  the 
latent  heat  of  fusion  of  the  body. 

We  have  seen  that,  according  to  the  molecular  theory  of  the  con- 
stitution of  matter,  the  molecules  in  a  solid  are  more  closely  held 
together  than  in  a  liquid,  so  that  part,  at  any  rate,  of  the  latent  heat 
probably  represents  the  work  which  has  to  be  done  in  loosening  the 
molecules  of  a  solid  when  it  becomes  a  liquid. 

The  latent  heat  of  solids  may  be  measured  by  means  of  the  method 
of  mixtures.  Thus  suppose  W  grams  of  a  solid,  of  which  the  latent 
heat  of  fusion  is  Z,  at  a  temperature  /^  are  placed  in  a  calorimeter,  the 
water  equivalent  of  which  and  of  its  contents  is  w^  and  that  the  tem- 
perature of  the  calorimeter  falls  from  t^  to  t^  If  j  is  the  specific  heat 
of  the  body  in  the  solid  state,  s^  the  specific  heat  in  the  liquid  state,  and 
/(,  the  melting-point  of  the  body,  then  the  heat  absorbed  by  the  body 
in  being  heated  from  t^  to  /q  in  the  solid  state,  then  melting  at  /q,  and 
finally  rising  from  /©  to  t^  in  the  liquid  state,  is 

while  the  heat  lost  by  the  calorimeter  and  its  contents  i.s 

Equating  these  two  quantities  of  heat,  we  get 

^  W 

he  solid  is  originally  at  its  1 
heat  is 


If  the  solid  is  originally  at  its  melting-point,  /,  is  equal  to  t^  and  no 
Lt  is  used  in  raising  the  temperature  of  the  solid,  so  that  L  is  given  by 


W 
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The  following  table  gives  the  latent  heat  of  fusion  of  some  sub- 
stances. 

Latent  Heat  of  Fusion. 


Calories 


Calories 


gram. 

gram. 

Ice      . 

.     80.02 

Zinc     . 

.         .     28.13 

Sulphur 

•       9.37 

Lead  . 

.         .       5.86 

Paraffin       . 

.     35-IO 

Silver  . 

.     21.07 

Benzene 

.         .     30.85 

Mercury 

.       2.82 

212.  Bunsen's  lee  Calorimeter.— Bunsen  has  utilised  the  change 
in  volume,  which  takes  place  when  ice  is  melted,  to  estimate  the  quantity 
of  ice  melted,  and  hence,  knowing  the  latent  heat  of  ice,  to  obtain  a 
measure  of  the  heat  employed.  His  ice  calorimeter  consists  of  a  glass 
test-tube  A  (Fig.  166),  fused  into  a  cylindrical  glass  bulb  B.  The  lower 
part  of  this  bulb  is  connected  by  a  glass  tube  C,  with  a  horizontal  glass 
tube  D,  of  fine  bore,  to  which  a 
scale  is  attached.     The  upper 


1 


--2^ 


B 


part  of  B  is  filled  with  distilled 
water,  which  has  been  well 
boiled  to  free  it  from  dissolved 
air,  the  lower  part  and  the  side- 
tube  being  filled  with  mercury. 
By  passing  alcohol,  which  has 
been  cooled  in  a  freezing  mix- 
ture, through  A,  a  coating  of  ice 
is  formed  all  round  the  lower 
part  of  A.  The  instrument  is 
then  packed  round  with  melting 

snow,  and  left  till  the  tempe-  Fig.  166. 

rature  of  the  whole  apparatus 

comes  to  zero.  To  determine  the  specific  heat  of  a  substance,  a  known 
mass,  heated  to  a  temperature  /,  is  dropped  into  A,  and  the  amount  of 
ice  melted  calculated  from  the  distance  the  mercury  recedes  along  the 
graduated  tube.  The  instrument  is  often  calibrated  by  introducing  a 
known  mass  of  water  at  a  temperature  /,  and  noting  the  number  of 
divisions  through  which  the  mercury  recedes,  and  then  calculating  the 
quantity  of  heat  given  to  A,  which  causes  the  mercury  to  recede  through 
one  division. 

213.  Boiling-Point.— When  water  is  heated  in  a  beaker  the  tempera- 
ture gradually  rises,  and,  unless  the  water  has  been  very  carefully  freed 
from  dissolved  gas,  as  the  temperature  gets  near  100°  C.  small  bubbles 
are  formed,  mostly  on  the  sides  of  the  containing  vessel.  If  the  atmos- 
pheric pressure  is  76  cm.  of  mercury,  under  ordinary  conditions,  when 
the  temperature  reaches  100°  C.  bubbles  are  rapidly  formed,  and,  rising 
to  the  surface,  burst,  and  the  temperature  remains  constant.  The  water 
is  now  said  to  boil.  As  has  been  mentioned  in  dealing  with  the  upper 
thermometric  fixed  temperature,  the  temperature  of  boiling  water  depends 
on  the  pressure  to  which  the  water  is  subjected.  Unless  otherwise  stated, 
it  is  usual  to  give  the  boiling-point  of  a  liquid  under  the  pressure  of  a 
standard  atmosphere  (§  132). 
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The  temperature  of  the  liquid  when  ebullition  takes  place  depends 
slightly  on  the  nature  of  the  containing  vessel.  The  temperature  of  the 
vapour  given  off  is,  however,  independent  of  the  nature  of  the  vessel,  and 
hence,  in  determining  the  boiling-point  of  a  liquid,  the  thermometer  is 
usually  placed  in  the  vapour  and  not  in  the  liquid  itself. 

The  following  table  gives  the  boiling-point  of  some  bodies  under  a 
pressure  of  one  atmosphere  : — 

BOILING-POINTS. 


Zinc  . 

916°  C. 

Carbon  dioxide . 

•     -  79' 

Sulphur     . 

444-5 

Oxygen 

.     -183 

Mercury     . 

357 

Air     .        .         . 

.     -192 

Water 

100 

Nitrogen    . 

.     -196 

Ethyl  alcohol     . 

78 

Hydrogen  . 

.     -238 

Ether 

34.6 

214.  Latent  Heat  of  Vaporisation.— As  in  the  case  of  the  conver- 
sion of  a  solid  into  a  liquid,  so,  in  the  case  of  conversion  of  a  liquid  into  a 
vapour  at  the  same  temperature,  heat  has  to  be  supplied.  The  quantity 
of  heat  that  has  to  be  supplied  to  one  gram  of  the  liquid,  at  the  boiling- 
point,  to  convert  it  into  vapour  without  changing  its  temperature,  or  the 
quantity  of  heat  given  out  by  one  gram  of  the 
vapour,  at  the  boiling-point,  when  condensing 
to  liquid  at  the  same  temperature,  is  called 
the  latent  heat  of  vaporisation.  The  boiling- 
point  in  the  above  definition  is  the  tem- 
perature of  ebullition  under  one  standard 
atmosphere. 

One  of  the  simplest  methods  of  determin- 
ing the  latent  heat  of  vaporisation  is  that 
designed  by  Berthelot  and  shown  in  Fig.  167. 
The  liq^uid  to  be  experimented  upon  is  con- 
'"  tained  in  a  glass  flask  d,  down  the  centre  of 
which  runs  a  tube  ab^  open  at  both  ends.  The 
lower  end  of  this  tube  is  connected  by  a  ground 
joint  to  a  glass  spiral  S,  which  terminates  in 
a  small  reservoir  R,  and  an  exit-tube  open  to 
the  air.  The  spiral  and  reservoir  are  con- 
tained in  a  calorimeter  which,  to  protect  it 
against  radiation,  is  itself  contained  in  an 
outer  vessel.  The  liquid  in  the  flask  is  boiled 
by  means  of  a  ring  burner  B,  the  calorimeter 
being  protected  from  the  heat  by  being  covered 
with  a  slab  of  wood  HH.  The  liquid  boils, 
and  the  vapour  travels  down  the  tube  ab^  is  condensed  in  the  spiral, 
and  collects  in  the  reservoir  R.  By  this  arrangement  the  condensation 
of  the  liquid,  before  it  reaches  the  calorimeter,  is  avoided.  The  heat 
conducted  to  the  calorimeter  by  the  glass  tube  ab  is  allowed  for  by 
noticing  the  rate  at  which  the  temperature  of  the  calorimeter  rises  before 
and  after  the  experiment,  when  the  flask  is  heated,  but  no  distillation  is 
taking  place.  The  weight  of  liquid  condensed  is  obtained  by  weighing 
the  spiral  and  R  before  and  after  the  experiment. 


Fig.  167. 

{From  Ganoft  "Physics.'^ 
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This  apparatus  is  very  convenient,  for  it  only  requires  about  50  grams 
of  the  liquid,  and  the  experiment  only  lasts  three  or  four  minutes.  By 
its  means  Berthelot  obtained  as  a  mean  the  value  536.2  calories  as  the 
latent  heat  of  vaporisation  of  water,  while  Regnault,  using  very  elaborate 
apparatus,  obtained  536.6  calories.  Griffiths  has  recently  obtained  the 
value  536.63  calories  (calories  at  15°,  see  §  199). 

The  latent  heat  varies  with  the  pressure,  and  therefore  temperature, 
at  which  vaporisation  takes  place  ;  and,  according  to  Griffiths,  the  latent 
heat  at  a  temperature  t  is,  in  the  case  of  steam,  given  by  the  expression 

Z/=  596.73 -0.601/. 

215.  Joly*S  Steam  Calorimeter.— Dr.  Joly  has  invented  a  form  of 
calorimeter  in  which  the  heat,  necessary  to  raise  the  temperature  of  the 
substance  of  which  the  specific  heat  is  being  measured  from  a  known 
temperature  of  about  20°  to  100°, 
is  obtained  by  determining  the 
weight  of  steam  which  must  be 
condensed  to  supply  this  heat.  The 
arrangement  employed  in  measur- 
ing the  specific  heat  of  a  gas  at 
constant  volume  is  shown  in  section 
in  Fig.  168.  The  gas  is  contained 
in  a  copper  sphere  A,  suspended  by 
means  of  a  fine  wire  C,  from  one 
arm  of  a  delicate  balance  D,  which 
is  supported  on  a  shelf  above  the 
apparatus.  This  wire  passes  through 
a  small  hole  in  the  top  of  a  copper 
vessel  B,  which  is  itself  enclosed  in 
a  non-conducting  box.  Steam  is 
admitted  to  the  box  B  through  the 
tube  E,  and  that  which  is  not  con- 
densed within  the  apparatus  passes 
out  through  the  tube  F. 

When  the  steam  is  admitted  it 
condenses  on  the  sphere  A  till  the 
temperature  reaches  100°,  and  the 
water  formed  by  the  condensation 
is  collected  in  a  thin  catch-pan  G, 
attached  to  the  bottom  of  the  sphere, 
and  its  weight  is  determined  by 
putting  weights  on  the  opposite  pan 
of  the  balance  till  equilibrium  is 
again  secured.  A  light  metal  shield 
H,  with  a  hole  through  which  the  suspending  wire  C  passes,  serves  to 
protect  the  sphere  from  any  drops  of  water  produced  by  the  steam  con- 
densing on  the  top  of  the  vessel  B.  In  order  to  prevent  the  condensation 
of  steam  on  the  wire  C,  where  it  passes  through  the  hole  in  B,  a  spiral  of 
fine  platinum  wire,  I,  is  placed  round  the  wire,  but  not  touching  it,  and 
this  spiral  is  heated  by  passing  a  current  of  electricity.  In  this  way  the 
portion  of  the  wire  passing  through  the  hole  is  heated  above  100°,  so  that 
no  steam  condenses  on  it. 
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In  the  best  form  of  the  steam  calorimeter  there  is  a  sphere,  &c,  sus- 
pended from  each  of  the  arms  of  the  balance,  so  that  they  are  alongside 
each  other  in  the  vessel  b.  An  experiment  is  then  made,  in  which  both 
the  copper  spheres  are  exhausted,  and  if  they  have  exactly  the  same 
"  water-value,"  the  balance  will  remain  in  equilibrium  after  the  admission 
of  the  steam.  If  the  balance  is  deflected,  weights  are  added  till  it  comes 
back  to  equilibrium,  and  from  the  value  of  these  added  weights  the 
difference  in  the  water-values  of  the  spheres  can  be  calculated.  One  of 
the  spheres  is  then  filled  with  the  gas  to  be  experimented  on  under  a 
pressure  of  about  40  atmospheres,  and  from  the  increase  in  the  weight  of 
the  sphere  the  mass  of  the  gas  is  obtained.  The  sphere  is  then  placed  in 
the  calorimeter,  the  sphere  attached  to  the  other  arm  being  still  ex- 
hausted, and  steam  is  admitted.  The  sphere  containing  the  gas  now 
condenses  more  steam  than  the  empty  one,  since  it  requires  some  heat  to 
raise  the  temperature  of  the  enclosed  gas.  The  weight  «/,  which  has  to 
be  added  to  the  other  side  to  produce  equilibrium,  is  then  equal  to  the 
weight  of  the  water  produced  by  the  condensation  of  the  steam,  and  the 
latent  heat  given  out  by  this  steam  has  heated  the  gas  in  the  sphere 
from*  a  temperature  /,  say,  to  100°.  Hence  if  M  is  the  mass  of  the  gas, 
and  L  the  latent  heat  of  steam,  the  specific  heat  {s)  of  the  gas  is  given  by 

_^       luL 
^^  M{\oo-{) 

The  thermal  value  of  the  copper  containing-sphere  does  not  come  in 
since  this  is  compensated  by  the  empty  sphere  attached  to  the  other  arm 
of  the  balance. 

By  means  of  this  calorimeter,  Joly  has  found  the  following  values  for 
the  specific  heat  of  some  gases  at  constant  volume,  at  a  pressure  of  about 
20  atmospheres : — 

Specific  Heat  at  Constant  Volume. 

Air  . 0.1721 

Carbon  dioxide 0.1730 

Hydrogen 2.402 

216.  Vapour  Pressure. — If  a  small  bubble  of  air  is  allowed  to  pass 
into  the  Torricellian  vacuum  of  a  barometer,  the  mercury  .column  is 
depressed,  and  if  a  succession  of  bubbles  are  passed  up,  each  will  pro- 
duce a  depression.  If  a  small  drop  of  a  liquid,  say  ether,  is  introduced 
the  column  will  be  depressed,  and  the  ether  becomes  entirely  vaporised 
even  at  a  temperature  much  below  its  ordinary  boiling-point.  If,  how- 
ever, successive  small  drops  of  ether  are  introduced,  it  will  be  found  that 
after  a  time  the  further  addition  of  ether  does  not  produce  an  additional 
depression,  and  that  the  ether  no  longer  vaporises,  but  simply  floats  as  a 
liquid  on  the  top  of  the  mercury  column.  If  the  space  above  the  mercury 
be  increased  or  decreased,  by  raising  or  lowering  the  barometer-tube  in 
the  cistern,  it  will  be  found  that,  so  long  as  there  is  any  liquid  present, 
the  height  of  the  mercury  column  remains  constant,  but  that  the  quantity 
of  ether  which  vaporises  varies  with  the  space  above  the  mercury.  If  the 
temperature  is  increased,  more  ether  vaporises,  and  the  mercury  column 
becomes  more  depressed,  and  vice  versa. 
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The  depression  of  the  mercury  column  indicates  that  the  liquid  forms 
a  vapour  in  the  Torricellian  vacuum,  and  that  this  vapour  exerts  a  pres- 
sure on  the  upper  end  of  the  mercury  column  which  partly  balances  the 
atmospheric  pressure.  The  amount  by  which  the  column  is  depressed  is 
a  measure  of  this  pressure,  which  is  called  the  vapour  pressure  of  the 
liquid.  When  an  excess  of  liquid  is  present,  so  that  the  vapour  exerts  its 
maximum  pressure,  and  no  more  liquid  will  vaporise  at  the  given  tem- 
perature into  the  space  under  consideration,  the  vapour  is  said  to  be 
saturated.  When,  however,  a  given  space  contains  some  vapour,  but 
if  some  more  liquid  were  introduced  some  of  it  would  vaporise  at 
the  given  temperature,  the  vapour  is  said  to  be  unsaturated^  or  super- 
heated. 

The  vapour  pressure,  or  tension,  as  it  is  sometimes  called,  of  a  liquid 
depends  on  the  temperature  only.  In  the  case  of  non-saturated  vapours, 
Boyle's  and  Charles's  laws  apply  approximately,  the  approximation 
beingf  the  better  the  further  the  vapour  is  removed  from  its  saturation- 
point. 

Suppose  some  liquid  is  contained  within  a  cylinder  which  is  closed 
by  a  freely  moving  piston,  and  that  a  pressure  P  acts  on  the  outside  of 
this  piston.  If  the  temperature  of  the  liquid  is 
below  its  boiling-point  at  the  pressure  P,  the 
vapour  tension  will  be  less  than  p,  and  the  pres- 
sure of  the  vapour  on  the  inside  of  the  piston 
will  be  less  than  that  on  the  outside,  so  that  the 
piston  will  rest  on  the  surface  of  the  liquid.  As 
the  temperature  of  the  liquid  is  raised,  the  vapour 
pressure  increases  ;  when  the  vapour  pressure  is 
equal  to  the  pressure  P  acting  on  the  outside  of 
the  piston,  this  latter  is  in  equilibrium.  If  the 
temperature  rises  ever  so  little  more,  the  vapour 
pressure  will  be  greater  than  P,  and  so  the  piston 
will  be  driven  out,  and  vapour  will  be  formed 
freely  above  the  liquid.  Now,  exactly  the  same 
thing  occurs  when  a  liquid  is  heated  in  an  open 
vessel,  so  that,  when  vapour  is  formed  freely,  the 
vapour  pressure  is  equal  to  the  pressure  of  the 
atmosphere  acting  on  the  surface  of  the  liquid. 
Since  when  a  liquid  is  vaporising  freely  it  is  said 
to  boil,  we  have  that  when  a  liquid  boils  the 
vapour  pressure  at  that  temperature  is  equal  to 
the  external  pressure  to  which  the  liquid  is  sub- 
ject, while  at  temperatures  below  the  boiling-point 
the  vapour  pressure  is  less  than  the  external 
pressure.  At  temperatures  above  the  boiling- 
point,  corresponding  to  the  pressure  acting,  the 
tigut'd  c2iY\not  exist,  and  the  vapour  is  unsatu- 
rated. 

217.  Vapour  Density.— In  order  to  deter- 
mine to  what  extent  unsaturated  vapours  obey 
Boyle^s  and  Charles's  laws,  the  usual  method  is 
to  determine  the  density,  z.e.  the  volume  of  a  gram  of  the  vapour,  at 
different  pressures  and  temperatures.      For  temperatures  lower  than 
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about  300°,  the  most  convenient  and  accurate  method  for  measuring  the 
density  of  a  vapour  is  one  due  originally  to  Gay-Lussac,  but  modified  by 
Hofmann.  A  tube  a  (Fig.  169)  about  80  cm.  long,  and  having  a  bore  of 
about  I  cm.,  is  closed  at  one  end  and  graduated,  the  volume  from  the 
closed  end  up  to  each  division  having  been  determined  by  weighing  the 
mercury  which  filled  it  up  to  the  division.  This  tube  is  surrounded  by 
another  tube,  B,  to  which  two  side-tubes  are  attached.  The  tube  A  is 
filled  with  pure  dry  mercury,  and  then  inverted  in  a  dish  e  containing 
mercury.  The  vapour  from  some  boiling  liquid,  contained  in  the  vessel 
F,  is  introduced  at  c,  and  escapes  at  D,  and  thus  heats  the  inner 
tube  to  some  uniform  tempeiature.  For  instance,  the  following  series 
of  liquids  boil  under  one  atmosphere  at  the  temperatures  given, 
and  hence  would  heat  the  apparatus  to  this  temperature  if  they 
were  used  : — 


Deg.  C. 

Deg.  C 

Carbon  bisulphide . 

46.2 

Bromobenzene 

.     156.1 

Ethyl  alcohol 

.       78.3 

Aniline     . 

.     184.4 

Water    . 

.       lOO.Cf 

Methyl  salicylate     . 

.     222.9 

Chlorobenzene 

.   132. 1 

Bromonaphthaline  . 

.     277 

The  liquid  whose  vapour  is  to  be  experimented  upon  is  placed  in  a  small 
glass  bottle,  which  is  stiown  full  size  at 
G,  the  difference  in  weight  of  the  bottle 
empty  and  full  giving  the  weight  of  the 
liquid,  and  hence  also  that  of  the  vapour. 
The  bottle  is  passed  up  the  tube  A,  and 
when  it  reaches  the  Torricellian  vacuum 
the  stopper  is  driven  out,  and  the  con- 
tents, if  too  much  liquid  has  not  been 
taken,  are  completely  vaporised.  The 
volume  of  the  vapour  is  read  off  on  the 
tube,  and  the  pressure  to  which  it  is  sub- 
jected is  obtained  by  subtracting  the  height 
of  the  column  of  mercury  (corrected  for 
change  of  density  with  temperature)  from 
the  barometric  height,  while  the  tempera- 
ture is  obtained  by  means  of  the  thermo- 
meter T.  At  temperatures  above  about  100' 
it  is  necessary  to  take  account  of  the  vapour 
pressure  of  the  mercury  in  the  tube,  which 
is  added  on  to  the  pressure  exerted  by  the 
vapour. 

A  convenient  method  of  roughly  measur- 
ing the  vapour  density  of  a  body  which  at 
atmospheric  pressure  does  not  require  a  very 
high  temperature  to  vaporise,  is  that  devised 
p,Q   ,70  by  Victor  Meyer.     His  apparatus  is  shown 

in  Fig.  170,  and  consists  of  a  glass  bulb  A 

connected   to  a  straight  stem   B,  about   70  cm.  long,  which  is  closed 
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at  the  top  by  a  cork  E,  and  has  a  side  delivery-tube  C  attached. 
This  delivery-tube  opens  beneath  the  end  of  a  graduated  glass  tube 
D,  which  is  filled  with  water,  and  stands  in  a  pneumatic  trough. 
An  outer  tube  F  is  partly  filled  with  a  liquid  which  can  be  heated 
to  a  temperature  above  the  boiling-point  of  the  substance  to  be 
tested.  A  weighed  quantity  of  the  substance  contained,  if  it  is  a 
liquid,  in  a  small  stoppered  glass  bottle  is  introduced,  and  the  cork  E 
rapidly  replaced.  The  substance  vaporises  within  the  bulb  A,  and  in 
doing  so  drives  some  of  the  air  out  of  B  through  c.  The  volume  of  this 
air  will  be  equal  to  the  volume  of  the  vapour  if  it  were  at  the  temperature 
and  pressure  of  the  air  in  D.  The  reason  is,  that  although  the  vapour 
displaces  a  volume  of  hot  air  from  A  equal  to  its  own  volume  when  at  the 
temperature  of  the  liquid  in  F,  this  air,  being  driven  into  the  upper  and 
cold  part  of  the  tube  B,  becomes  cooled,  and  contracts  according  to 
Charles's  law.  Hence  the  volume  of  air  actually  expelled  from  the 
apparatus  is  equal  to  the  volume  which  would  be  occupied  by  the  hot  air 
displaced  by  the  vapour  if  it  were  cooled  down  to  the  temperature  of 
the  room.  The  volume, of  the  air  in  D  has  to  be  reduced  to  standard 
pressure  and  temperature,  corrections  being  applied  for  the  vapour  pres- 
sure of  the  water  within  D,  and  for  the  weight  of  the  column  of  water 
in  D  above  the  surface  of  the  water  in  the  pneumatic  trough.  From  this 
reduced  volume  of  the  vappur  and.  thQ  mass  we  can  then  calculate  the 
density. 

For  high  temperatures,  a  method  due  to  Dumas  is  employed.  A 
glass  globe,  the  capacity  of  which  is  about  half  a  litre,  and  having  a  neck 
drawn  out  to  a  fine  point,  is  taken,  and  about  30  grams  of  the  substance 
is  introduced.  The  globe  is  then  immersed  in  a  bath  of  water,  oil,  or 
molten  metal,  at  a  temperature  above  the  boiling-point  of  the  substance, 
the  end  of  the  neck  just  projecting  above  the  surface.  The  body  (solid 
or  liquid)  is  vaporised,  and  a  jet  of  vapour  spurts  out  of  the  neck  of  the 
globe,  carrying  with  it  the  air  contained  in  the  globe.  Directly  the 
whole  of  the  substance  has  vaporised,  the  jet  of  escaping  vapour  ceases, 
and  the  globe  is  now  full  of  vapour  at  atmospheric  pressure  and  at  the 
temperature  of  the  bath.  The  end  of  the  neck  is  then  sealed  up  by 
means  of  a  blow-pipe.  When  the  globe  is  cold  it  is  weighed,  it  having 
been  weighed  previously  before  the  introduction  of  the  substance  ;  the 
difference  in  weight  giving  the  weight  of  the  vapour,  less  the  weight  of  an 
equal  volume  of  air  which  has  been  driven  out.  The  end  of  the  neck  is 
then  broken  off  below  the  surface  of  some  water,  and  since  the  vapour 
will  have  now  condensed,  the  water  is  sucked  up  and  fills  the  globe. 
Another  weighing  gives  the  weight  of  water  contained  in  the  globe,  and 
hence  the  volume  ;  and,  knowing  the  density  of  air  at  the  pressure  and 
temperature  of  the  first  weighing,  the  density  of  the  vapour  can  be  cal- 
culated. For  very  high  temperatures,  Deville  and  Troost  have  replaced 
the  glass  globe  by  one  of  porcelain,  using  the  vapours  of  sulphur,  cad- 
mium (815°),  and  zinc  (930°),  to  heat  the  globe. 

The  density  of  a  vapour  having  been  measured  at  a  temperature 
/,  well  above  the  boiling-point,  and  at  a  pressure  py  the  density  it 
would  have  at  the  standard  temperature  to  and  pressure  po^  supposing 
it  could  exist  as  a  perfect  gas  under  these  conditions,  is  calculated 
by  means  of  Boyle's  and  Charles's  laws.     Thus,  if  p  is  the  observed 
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density,  and  po  the  reduced  density,  we  have,  if  we  consider  unit  mass 
of  the  gas, 

9     9^ 


and  hence 
where  a =0.00366. 


■a(/-/.)|, 
p.-^]l+a(/-/.)}, 


In  the  following  table,  the  values  of  the  density  of  some  gases  and 
vapours  at  0°  C.  and  under  a  pressure  of  a  standard  atmosphere  are 
given,  both  in  c.^s^.s.  units  (grams  per  cubic  centimetre)  and  also  in  terms 
of  the  density  of  hydrogen  taken  as  2  : — 


Density. 

Molecular 

Weight 
in  terms  of 

H=2. 

Grams  per  c.c. 

In  terms  of 

H  =  2. 

Hydrogen  (H^) 
Oxygen  (O2)     . 
Nitrogen  (Ng)  . 
Carbon  dioxide  (CO.) 
Carbon  monoxide  (CO) 
Ammonia  (NH^) 
Chloroform  (CHCI3) 
Nitric  oxide  (NO)   . 

0.000089551 

0.00142923 

0.001257 

0.001977 

0.001251 

0.000763 

0.005431 
0.00 1 34 1 

2.0 
31.92 
28.1 
44.6 
27.9 
17.0 
121.3 
29.9 

2.0 
31.92 
28.01 
43-89 
27-93 
I7-OI 
119.08 
29.96 

A  consideration  of  this  table  will  show  that  the  density  is  proportional 
to  the  molecular  weight,  so  that,  when  they  are  both  measured  in  terms 
of  hydrogen,  the  numbers  as  given  in  the  third  and  fourth  columns  are 
identical.  Since  the  molecular  weight  represents  the  weight  {w)  of  a 
molecule,  if  N  is  the  number  of  molecules  in  a  cubic  centimetre,  and  p 
the  density  in  grams  per  cc,  we  have 

Nw  =  p,  or  N=pIw. 


But,  as  shown  in  the  above  table,  pjw  is  constant  for  all  gases ;  hence  N^ 
or  the  number  of  molecules  contained  in  unit  volume  of  all  gases  under 
the  same  conditions  of  pressure  and  temperature,  is  the  same.  The 
above  is  Avogadro's  law,  and  is  of  extreme  utility  in  chemistry  for  de- 
termining the  molecular  weight  of  bodies  which  can  be  obtained  in  the 
form  of  a  gas  {i.e.  vapours  and  gases). 

The  values  of  the  molecular  weights  as  deduced  from  the  vapour 
density  in  the  case  of  some  bodies  do  not,  at  any  rate  at  some  tem- 
peratures, agree  with  the  values  deduced  from  the  chemical  behaviour 
of  the  bo<ly. 
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In  the  following  table  are  given  the  values  of  the  density  (in  terms 
of  H  =  2)  obtained  at  various  temperatures  for  five  of  these  anomalous 
bodies : — 


Temperature, 

Density, 

Molecular  Weight. 

Deg.  C. 

H  =  2. 

H  =  2. 

Nitrogen  tetroxide 

29 

85.8 

N204  =  9i.9 

» 

100 

49.4 

N  02= 46.0 

)) 

135 

46.2 

Phosphorus  pen-  \ 
tachloride          ) 

.    182 
250 

186.7 
115.2 

PCl6= 207.7 
\  (Densityof  PCI3 
\      +Cl2=io4) 

» 

300 

105.4 

Iodine     .... 

448 

252.4 

12  =  253 

)> 

940 

220.9 

j  (Density  of  I  +  I 
\          =126.5) 

)> 

1470 

146. 1 

Acetic  acid .     .     . 

130 

90. 1 

CaH402=  59.86 

» 

200 

64.1 

>> 

300 

60.1 

Sulphur  .... 

520 

191.2 

82=63.96 

» 

660 

84.6 

»> 

1040 

64.7 

» 

1400  (about) 

63.5 

In  the  case  of  nitrogen  tetroxide,  the  vapour  density,  at  a  tempera- 
ture of  135°,  corresponds  to  the  molecule  NOg.  At  lower  temperatures 
the  density  corresponds  more  nearly  to  the  molecule  N2O4.  Thus  it 
would  seem  that,  as  the  temperature  is  raised,  each  molecule  of  N2O4 
splits  up  into  two  molecules  of  NO2.  The  values  obtained  for  the  vapour 
density  of  phosphorus  pentachloride  in  the  same  way  show  that,  even  at 
182°,  some  of  the  molecules  of  PClg  have  split  up  into  a  molecule  of  PCI3 
and  a  molecule  of  Clg,  while  at  a  temperature  of  300°  this  dissociation 
is  almost  complete.  At  a  temperature  of  448°  the  iodine  molecule  con- 
sists of  two  atoms,  while  at  a  temperature  of  1470°  each  of  these  molecules 
has  split  up  into  two  molecules.  In  the  case  of  acetic  acid  and  sulphur 
at  low  temperatures,  we  have  the  opposite  phenomenon  to  dissociation 
taking  place,  namely,  the  association  of  the  molecules  to  form  complex 
molecules.  Thus  at  a  temperature  of  520°  the  molecule  of  sulphur 
appears  to  be  Sg.  At  high  temperatures  these  associated  molecules 
break  down,  and  we  get  the  normal  vapour  density. 

218.  The  Measurement  of  Vapour  Pressure.— The  determina- 
tion of  the  maximum  vapour  pressure  which  a  liquid  possesses  at  a  given 
temperature,  or  the  vapour  pressure  of  the  saturated  vapour,  can  be 
performed  for  ordinary  temperatures  by  means  of  Hofmann's  apparatus 
for  vapour  density  (Fig.  169).  In  this  case  liquid  is  introduced  into  the 
tube  till  it  ceases  to  evaporate,  and  a  thin  layer  floats  on  the  top  of  the 
mercury  column,  and  the  pressure  is  obtained  by  measuring  the  height 
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of  the  mercury  column  and  the  barometric  height.  The  height  of  the 
mercury  column  has  to  be  reduced  to  what  it  would  be  if  the  temperature 
of  the  mercury  were  0°,  and  at  temperatures  above  100°  a  correction  has 
to  be  applied  for  the  vapour  pressure  of  mercury.  The  chief  objection 
to  this  method  is  that  the  layer  of  liquid  on  the  top  of  the  mercury 
column  alters  the  capillary  constant  of  the  mercury-glass  surface,  and 
necessitates  a  correction  of  doubtful  amount. 

For  low  temperatures  Gay-Lussac  used  the  arrangement  shown  in 
Fig.  171.  The  liquid  was  introduced  into  the  tube  DCE,  which  is  an 
ordinary  barometer  tube  with  the  end  E  bent  round, 
so  that  it  can  be  immersed  in  a  freezing  mixture. 
The  other  tube,  AB,  acts  as  a  barometer  for  measuring 
the  atmospheric  pressure.  Under  these  conditions 
the  vapour  pressure  in  the  upper  part  of  DCE  corre- 
sponds to  the  maximum  vapour  pressure  at  the 
temperature  of  the  coldest  part,  i.e.  E.  That  this 
must  be  so  is  evident,  if  we  consider  two  bulbs,  A 
and  B  (Fig.  172),  connected  by  a  tube  C,  the  one 
bulb,  A,  being  at  a  temperature  /j,  and  the  other 
at  a  lower  temperature  to.  Suppose  we  start  with 
some  liquid  in  both  bulbs,  then  the  vapour  pressure 
of  the  liquid  in  A  will  be  /i,  say,  and  that  in  B  po^ 
where /i  > po.  If  then  we  consider  a  piston  placed 
in  c,  the  pressure  on  the  left  would  be  greater  than 
that  on  the  right,  and  the  piston  would  be  driven 
over  towards  B,  thus  increasing  the  pressure  of  the 
vapour  in  B,  and  therefore  causing  some  of  the 
vapour  to  condense,  for  B  is  already  full  of  vapour 
171.  saturated  at  to.     The  pressure  in  A  would  at  the 

same  time  be  reduced,  and  hence  the  vapour  would 
no  longer  be  saturated,  and  some  of  the  liquid  would  be  vaporised. 
This  action  goes  on  although  the  piston  we  have  imagined  does  not  exist, 
and  will  continue  till  all  the  liquid  in  A,  the 
bulb  at  the  higher  temperature,  has  been 
evaporated,when  the  vapour  pressure  through- 
out becomes /<>,  i.e.  corresponds  to  the  tempe- 
FiG.  172.  rature  of  the  coldest  part  of  the  enclosure. 

The  vapour  in  A  is  then  no  longer  saturated, 
while  in  B  it  is  saturated.  In  Gay-Lussac's  apparatus,  therefore,  the 
vapour  pressure,  as  measured  by  the  difference  in  height  of  the  mercury 
columns  AB  and  CD,  corresponds  to  the  temperature  of  the  bath  F.  There 
is  a  further  advantage,  in  that  there  is  no  liquid  to  affect  the  capillarity 
of  the  mercury  in  the  tube  CD. 

For  pressures  greater  than  atmospheric  pressure,  Regnault  designed 
a  form  of  apparatus  in  which  the  vapour  itself  kept  the  temperature 
constant  while  an  experiment  was  being  made,  and  which  could  also  be 
used  for  pressures  less  than  an  atmosphere.  The  liquid  is  enclosed  in  an 
air-tight  metal  vessel  A  (Fig.  173),  from  which  an  inclined  tube  leads  to  a 
copper  globe  B.  This  globe  is  surrounded  by  a  water  bath  to  keep  its 
temperature  constant,  and  can  be  connected  by  means  of  a  three-way 
cock,  F,  to  a  compressing  or  exhausting  pump,  and  to  a  mercury  mano- 
meter.    The  liquid  in  A  is  boiled,  and  the  vapour  passes  up  into  the 
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inclined  tube,  where  it  is  condensed  by  a  stream  of  cold  water  which 
passes  through  the  condenser  c,  and  then  flows  back  into  the  boiler  a. 
The  temperature  of  the  vapour  over  the  boiling  liquid  is  given  by  four 


Fig.  173. 


thermometers  T,  which  are  placed  in  four  iron  tubulars,  which  are  closed 
at  the  bottom,  and  contain  mercury.  Since  a  liquid  boils  when  its 
temperature  is  such  that  the  maximum  vapour  pressure  is  equal  to  the 
pressure  to  which  it  is  subjected,  the  manometer  gives  the  vapour  pres- 
sure corresponding  to  the  temperature  as  given  by  the  thermometers  T. 
The  pressure  in  the  globe  having  been  adjusted  to  the  required  value, 
which  may  if  necessary  be  either  greater  or  less  than  the  atmospheric 
pressure,  and  the  flask  heated,  boiling  soon  starts,  and  in  a  very  short 
time  the  temperature  becomes  absolutely  constant,  and  remains  so  as 
long  as  is  required.  The  manometer  and  the  thermometers  T  having 
been  read,  the  pressure  is  altered  by  means  of  the  pump,  and  when 
ebullition  has  continued  for  a  few  minutes,  the  readings  for  the  new 
pressure  are  taken,  and  so  on.  In  this  arrangement,  when  the  steady 
state  has  been  reached,  the  heat  supplied  by  the  burner  is  employed  in 
supplying  the  latent  heat  of  vaporisation  of  the  liquid.  The  vapour  then 
passes  to  the  condenser,  where  it  parts  with  its  latent  heat  and  again 
becomes  liquid,  and  returns  to  the  vessel  A,  running  down  the  inclined 
tube.  The  pressure  does  not  rise,  since  as  much  vapour  is  condensed 
during  each  second  as  is  produced.  If  the  supply  of  heat  is  increased, 
the  rate  at  which  the  vapour  is  produced  is  also  increased,  and  the  only 
eflect  of  this  is  that  the  vapour  is  able  to  pass  a  little  further  up  the  con- 
denser before  it  is  all  condensed  ;  but  since  the  condenser  is  always  made 
so  long  that  the  vapour  never  reaches  the  further  end,  no  vapour  passes 
over  to  the  globe  B.  Thus  the  rate  at  which  the  vapour  is  condensed  is 
increased,  and  remains  equal  to  the  rate  at  which  it  is  vaporised,  so  that 
the  pressure  does  not  alter. 
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The  following  table  gives   the  maximum  vapour  pressure  of  four 
liquids  at  different  temperatures  : — 

Vapour  Pressure  in  cm.  of  Mercury. 


Temperature. 

Carbon  Bi- 
sulphide. 

Ethyl  Alcohol 

Water. 

Mercury. 

Deg.  C. 

Cm. 

Cm. 

Cm. 

Cm. 

0 

12.8 

1.22 

.46 

0,00002 

5 

... 

... 

.65 

... 

10 

19.8 

2.38 

.91 

0.00005 

15 

... 

... 

1.27 

... 

20 

29.8 

4.40 

1.74 

0.000 1 

30 

43.5 

7.81 

3.15 

0.0003 

40 

61.8 

13-37 

5-49 

0.0008 

50 

85.7 

22.0 

9.20 

0.0015 

60 

35-0 

14.89 

0.0029 

70 

... 

54.1 

23-33 

0.0052 

80 

... 

81.2 

35-49 

0.0092 

90 

... 

1 18.7 

52.55 

0.0160 

100 

... 

169.2 

76.00 

0.0270 

150 

... 

736.9 

2|^-' 

0.2684 

200 

... 

2218.2 

1168.9 

1. 701 5 

In  Fig.  174,  the  curve  showing  the  connection  between  the  vapour 
pressure  of  water  and  the  temperature  has  been  plotted.  This  curve 
divides  the  diagram  into  two  regions,  in  one  of  which  the  conditions  arc 
such  that  the  water  can  only  exist  as  an  unsaturated  vapour,  and  in  the 
other  only  as  a  liquid,  while  along  the  curve  we  may  have  the  liquid  and 
vapour  existing  simultaneously,  i.e.  the  vapour  is  saturated.  For  suppose 
we  had  some  water  enclosed  in  the  Torricellian  vacuum  of  a  barometer 
tube,  the  pressure  being  20  cm.  of  mercury  and  the  temperature  80°. 
The  conditions  are  represented  by  the  point  A  on  the  diagram.  From 
the  curve  we  see  that  the  maximum  vapour  pressure  corresponding  to  a 
temperature  of  80°  is  35.5  cm.,  so  that  the  vapour  is  unsaturated.  If 
now  the  pressure  on  the  vapour  is  increased,  the  temperature  remaining 
constant,  the  conditions  the  vapour  passes  through  are  represented  by 
the  vertical  line  AB.  When  the  point  B  on  the  curve  is  reached,  the 
pressure  is  equal  to  the  maximum  vapour  pressure,  and  if  the  pressure  is 
increased  beyond  this  point  the  vapour  will  condense  into  a  liquid.  In 
the  same  way  if,  starting  from  A,  we  keep  the  pressure  constant,  reducing 
the  temperature,  the  changes  are  indicated  by  the  straight  line  AC. 
When  the  point  C  is  reached,  i.e.  the  temperature  falls  to  66",  the  vapour 
will  be  saturated.  Any  further  fall  of  temperature  will  be  accompanied 
by  the  condensation  of  the  vapour  into  a  liquid.  Hence,  corresponding 
to  all  points  on  the  diagram  to  the  right  and  below  the  curve  we  have 
vapour,  and  to  those  on  the  left  and  above  we  have  liquid. 

219.  Mixtures  of  Vapours  and  Gases.— In  the  previous  sections 
we  have  considered  the  formation  of  vapour  in  a  space  which  was  free 
from  gas,  we  have  now  to  consider  the  formation  of  vapour  when  the 
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space  over  the  liquid  already  contains  a  gas  such  as  air.  Dalton,  who 
first  investigated  this  question,  found  that  if  some  liquid  is  introduced 
into  an  enclosure  which  contained  a  gas  at  a  pressure  H^  then  the  pres- 
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sure  in  the  enclosure  rises,  and  if  the  whole  of  the  liquid  does  not 
evaporate,  i.e.  if  there  is  enough  liquid  to  saturate  the  space,  the  final 
pressure  H-\-h  \s  such  that  h  represents  the  maximum  vapour  pressure 
of  the  liquid  at  the  temperature  of  the  experiment.  Hence,  as  far  as  the 
vapour  is  concerned,  a  space  filled  with  a  gas  behaves  as  a  vacuum,  the 
only  difference  being  that  in  a  vacuum  the  space  becomes  saturated 
almost  immediately  after  the  introduction  of  the  liquid,  while  when  a  gas 
is  present  the  evaporation  of  the  liquid  is  much  slower,  and  hence  it 
takes  some  time  to  saturate  the  space.  From  the  results  of  his  experi- 
ments Dalton  enunciated  the  two  following  laws,  which  are  known  by  his 
name  :  (i)  The  pressure  exerted  by,  and  the  quantity  of,  a  vapour  which 
saturates  a  given  space  are  the  same  for  the  same  temperature,  whether 
this  space  is  filled  by  a  gas  or  is  a  vacuum.  (2)  The  pressure  exerted 
by  a  mixture  of  a  gas  and  a  vapour,  of  two  vapours  or  of  two  gases,  is 
equal  to  the  sum  of  the  pressures  which  each  would  exert  if  it  occupied 
the  same  space  alone. 

In  order  to  verify  the  accuracy  of  Dalton's  laws,  Gay-Lussac  used  the 
apparatus  shown  in  Fig.  175.  The  glass  tube  A  is  closed  above  by  a 
special  form  of  tap  c,  in  which  the  barrel  instead  of  being  pierced  com- 
pletely, has  only  a  small  recess  made  at  one  point.  The  lower  end  of  A 
is  connected  to  a  side-tube  B,  which  acts  as  a  manometer,  and  has  a  tap 
D  by  which  mercury  can  be  withdrawn.  When  the  stopcock  c  is  turned 
with  the  recess  upwards,  this  becomes  filled  with  any  liquid  placed  in  E, 
and  when  the  stopcock  is  turned  round  through  180°  the  liquid  filling  the 


252 


Heat 


[§219 


Fig.  175. 


recess  is  discharged  into  A.  The  position  of  the  mercury  in  the  two 
limbs  is  noted  before  the  introduction  of  the  liquid,  then  enough  liquid 
is  introduced  to  saturate  the  space,  and  mercury  poured 
into  B  till  the  level  of  the  mercury  surface  in  a  comes 
back  to  its  original  position,  so  that  the  gas  now  occupies 
the  same  volume  it  did  before  the  introduction  of  the 
liquid.  The  difference  in  the  levels  of  the  mercury  in  B 
before  and  after  the  introduction  of  the  liquid  gives  the 
pressure  exerted  by  the  vapour,  and  this  pressure  will  be 
found  to  be  equal  to  that  exerted  by  some  of  the  same 
liquid  when  introduced  into  a  Torricellian  vacuum  at  the 
same  temperature. 

It  would  seem  i  priori  that  Dalton's  law  can  only  be 
an  approximation,  for  otherwise  it  would  mean  that,  by 
introducing  a  sufficiently  large  number  of  different  kinds 
of  liquids  into  the  same  space,  we  could  produce  as  great 
a  pressure  as  we  please,  a  result  that  is  unlikely  to  be 
true.  Regnault,  who  investigated  the  pressures  of  mixtures 
of  gases  and  vapours,  found  that  in  the  case  of  vapours 
formed  in  air  and  in  nitrogen,  the  two  gases  he  tested,  the 
vapour  pressure  was  very  slightly  less  than  in  a  vacuum. 
The  differences,  however,  were  so  small  that  he  considered 
they  might  be  due  to  the  condensation  which  always  takes 
place  on  the  glass  walls  of  the  apparatus,  so  that  Dalton's 
laws  may  be  true  in  the  cases  of  mixtures  of  gases  and  vapours.  In  the 
case  of  mixtures  of  two  vapours,  Magnus,  and  subsequently  Regnault, 
found  that  the  pressure  of  the  vapour  of  a  mixture  of  two  or  more  liquids 
which  do  not  mutually  dissolve  one  another  is  equal  to  the  sum  of  the 
pressures  they  would  each  exert  separately,  but  that  when  the  liquids 
dissolve  the  vapour  pressure  of  the  solution  is  less  than  the  sum  of 
the  vapour  pressures  of  the  constituents. 

Experiments  by  Andrews  show  that,  in  the  case  of  a  mixture  of  two 
gases,  Dalton's  law  only  holds  if  the  gases  are  far  removed  from  their 
point  of  liquefaction,  i.e.  are  practically  in  the  condition  of  perfect  gases. 
Since  an  unsaturated  vapour  obeys  Boyle's  law  and  Charles's  law,  at 
any  rate  when  it  is  not  too  near  its  saturation  point,  we  have  if/ and  v 
are  the  pressure  and  volume  of  a  certain  mass  of  an  unsaturated  vapour 
at  a  temperature  /,  and/',  1/  are  the  corresponding  quantities  at  a  tem- 
perature /, 

vf  _  i/f 
\->t-a.t     I+a/ 

where  a  is  1/273  or  -00366. 

This  expression  can  only  be  used  so  long  as/'  is  less  than  the  maxi- 
mum vapour  pressure  corresponding  to  the  temperature  /'.  If  the  value 
of/'  calculated  by  this  formula  comes  out  greater  than  the  maximum 
vapour  pressure  for  a  temperature  fy  this  indicates  that  some  of  the  vapour 
has  condensed  into  the  liquid  state. 

If  we  have  a  mixture  of  an  unsaturated  vapour  and  a  gas,  both  obey 
Boyle's  and  Charles's  laws  so  longas  the  vapour  does  not  become  saturated. 

Let  P  be  the  pressure  and  v  the  volume  of  a  certain  mixture  of  gas 
and  vapour  at  a  temperature  /,  the  pressure  exerted  by  the  vapour  alone 
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being/,  the  corresponding  quantities  at  a  temperature  /  being  Fy  t/,  and/'. 
Then  the  pressure  exerted  by  the  gas  alone  at  /,  is  P  -/,  and  that  exerted 
at  /  is  F  -/'.  Hence  applying  Boyle's  and  Charles's  laws  to  the  gas 
only  we  get 

v{F-f)jl{F-f) 
l+a/  I+a/' 

Hence 

''  7/     l+at      ^       •' ' 

If  the  value  thus  obtained  for/'  is  greater  than  the  maximum  vapour 
pressure  for  the  temperature  /',  this  indicates,  as  before,  that  some  of  the 
vapour  has  condensed.  This  equation  is  of  considerable  use  in  solving 
questions  on  mixtures  of  vapours  and  gases. 

220.  Humidity  of  the  Atmosphere— Hyg-rome trie  State.— The 
atmosphere  consists  of  a  mixture  of  oxygen  and  nitrogen  in  a  practically 
constant  ratio,  together  with  some  small  quantities  of  other  gases,  and 
with  a  very  variable  amount  of  aqueous  vapour.  The  maximum  quantity 
of  aqueous  vapour  which  a  given  volume  of  air  can  contain  is,  of  course, 
equal  to  the  mass  of  vapour  this  volume  would  contain  when  filled  with 
saturated  water  vapour  at  the  given  temperature.  Ordinarily,  however, 
the  air  contains  less  aqueous  vapour  than  would  saturate  it,  and  the  ratio 
of  the  pressure  (/)  exerted  by  the  aqueous  vapour  actually  present  to 
the  maximum  vapour  pressure  (/• )  at  the  actual  temperature  is  called  the 
humidity^  relative  humidity^  ox  fraction  of  saturation  of  the  air.  Our 
sensations  as  to  the  dryness  or  dampness  of  the  air  depend  on  the  above 
ratio,  and  not  on  the  actual  quantity  of  vapour  present  in  the  air.  Thus 
on  a  cold  winter's  day,  when  the  air  is  saturated  at  a  temperature  of  say 
5°,  the  air  feels  very  damp,  while  if  the  temperature  had  been  15°  the 
same  quantity  of  moisture  would  not  nearly  saturate  the  air  (the  humidity 
would  be  .65/1.27=0.51  ;  see  table  of  vapour  tension  of  water,  p.  250), 
and  it  would  feel  comparatively  dry. 

The  humidity  {flF)  may  also  be  expressed  as  the  ratio  of  the  weight 
iw)  of  vapour  actually  present  ^  in  a  given  volume  of  air  to  the  weight 
( \V)  which  would  saturate  the  same  volume  of  air  at  the  given  tempera- 
ture. Since  unsaturated  vapours  obey  Boyle's  law,  the  weight  of  the 
vapour  in  a  given  volume  is  proportional  to  the  pressure  exerted  by  the 
vapour.     Hence 

w     f 
W^F' 

If  air  containing  aqueous  vapour  is  cooled,  a  temperature  will  eventu- 
ally be  reached  such  that  the  vapour  saturates  the  space,  and  any  further 
cooling  will  cause  condensation  of  some  of  the  vapour  into  water.  This 
temperature  is  that  at  which  the  air  would  be  saturated  {i.e.  have  a 
humidity  i)  if  it  contained  the  same  quantity  of  water  that  it  has  at  the 
original  temperature,  and  is  called  the  dew-point. 

If  /i  is  the  actual  temperature  of  the  air  and  t^  the  dew-point,  then, 
from  a   table  giving  the  quantity  of  water  vapour  in  unit  volume  of 

1  The  mass  of  aqueous  vapour  present  in  a  cubic  metre  of  air  is  often  called  the 
absolute  humidity  of  the  air. 
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saturated  air  at  the  different  temperatures,  we  can  obtain  W^  the  weight 
of  water  in  unit  volume  saturated  at  /j,  and  w  that  in  unit  volume 
saturated  at  t^.  But  w  is  the  weight  of  water  actually  present  in  the  air, 
since  we  have  supposed  it  cooled  down  to  the  dew-point  without  loss  or 
gain  of  moisture.  Hence  the  hygrometric  state  w/^Fcan  be  obtained 
from  aknowledgeofthedew-point,and  of  the  actual  temperature  of  the  air. 
The  diagram  given  in  Fig.  174  will  assist  in  making  this  clear. 
Suppose  (although,  of  course,  such  a  high  temperature  would  not  occur 
in  the  open  air)  that  the  temperature  of  the  air  and  the  vapour  pressiure 
of  the  water  present  are  represented  by  the  point  A,  so  that  at  a  tempera- 
ture of  80°  the  vapour  pressure  is  equal  to  20  cm.  of  mercury.  The 
maximum  vapour  pressure  corresponding  to  a  temperature  of  80°  is 
35.5  cm.  of  mercury.  Hence  the  hygrometric  state  corresponding  to  the 
point  A  is  20/35.5.  Now,  if  the  air  is  cooled  down,  we  shall  travel  along 
the  line  AC,  but  when  the  point  C  is  reached,  that  is,  at  a  temperature  of 
66°,  the  air  will  be  saturated,  and  the  deposition  of  dew  will  commence. 
The  temperature  corresponding  to  the  point  C  will  therefore  be  the  dew- 
point.  If,  then,  by 
experiment  we  deter- 
mine the  temperature 
of  the  dew-point,  we 
can,  from  such  a 
curve,  or  from  a  table 
of  the  vapour  pres- 
sure of  water,  de- 
termine what  is 
the  maximum  vapour 
pressure  at  the  dew- 
point,  and  this  is  the 
actual  vapour  pres- 
sure present.  Also, 
by  observing  the  tem- 
perature of  the  air,  we 
can  in  the  same  way 
obtain  what  would  be 
the  maximum  vapour 
pressure  at  this  tem- 
perature,and  the  ratio 
of  these  two  numbers 
is  the  hygrometric 
state. 
221.  Hygrrometpy. 
^^^-  '76.  —Hygrometers     are 

^Fr^  canccs "  vHysicu  1  instrumeuts  for  mea- 

suring the  hygrometric  state  of  the  air,  and  may  be  divided  into  three 
classes  :  (i)  Those  in  which  the  dew-point  is  determined,  called  dew- 
point-hygrometers  ;  (2)  those  in  which  the  actual  weight  of  moisture 
contained  in  a  measured  volume  of  air  is  determined,  called  chemical 
hygrometers  ;  and  (3)  wet  and  dry  bulb  hygrometers. 

The  most  commonly  used  form  of  dew-point  hygrometer  is  that  de- 
vised by  Regnault  This  instrument  consists  of  two  glass  tubes  E  and  D 
(Fig.  176),  the  lower  ends  of  which  arc  closed  by  thin  silver  thimbles 
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They  are  each  closed  at  the  top  by  a  cork,  which  supports  a  delicate 
thermometer  (t  and  /).  Through  the  cork  in  D  a  glass  tube  A  also  passes, 
the  end  reaching  nearly  to  the  bottom  of  the  thimble.  The  tube  AD  is 
connected  by  means  of  the  tubulure,  which  fixes  it  to  the  stand,  and  an 
india-rubber  tube  to  an  aspirator  G.  Some  ether  is  placed  in  the 
thimbles,  and  after  the  instrument  has  had  time  to  reach  the  temperature 
of  the  air,  the  two  thermometers  are  read,  giving  the  temperature  of  the 
air,  ty  The  aspirator  is  now  started,  and  draws  air  through  the  tube  A  into 
the  instrument.  This  air  bubbling  through  the  ether  causes  evaporation, 
which  cools  the  ether  and  thimble,  which  in  turn  cools  the  air  in  its 
immediate  vicinity.  When  a  film  of  dew  is  deposited  on  the  thimble  D, 
indicating  that  the  dew-point  has  been  reached,  the  aspirator  is  stopped, 
and  the  temperature  of  the  thermometer  T  read.  It  is  again  read  when 
the  dew  disappears  from  the  thimble,  and  the  mean  of  these  two  readings 
gives  the  dew-point  /q. 

In  the  chemical  hygrometer  a  known  volume  of  air  is  drawn,  by  means 
of  an  aspirator,  through  a  series  of  tubes  containing  substances,  such  as 
anhydrous  calcium  chloride  or  phosphorous  pentoxide,  which  readily 
absorb  moisture.  From  the  difference  in  the  weight  of  these  tubes  before 
and  after  the  passage  of  the  air  and  the  volume  which  has  passed,  the 
absolute  hygrometric  state  of  the  air  {w)  can  be  obtained,  and  W  can  be 
got  from  tables,  if  the  temperature  of  the  air  is  taken. 

The  wet  and  dry  bulb  hygrometer  depends  for  its  action  on  the  fact 
that  the  drier  the  air  is,  the  more  rapid  will  be  the  evaporation  from  a  wet 
body  exposed  to  the  air.  Since  evaporation  requires  the  supply  of  heat 
(latent  heat  of  evaporation),  it  follows  that  the  extent  to  which  a  wet  body 
is  cooled  by  evaporation  will  depend  on  the  hygrometric  state  of  the  sur- 
rounding air.  Two  similar  thermometers  are  fixed  on  a  stand,  the  bulb 
of  one  of  them  being  covered  with  muslin  kept  moist  by  means  of  a  piece 
of  lamp-wick  which  dips  in  a  vessel  of  water.  Unless  the  air  is  saturated, 
evaporation  will  take  place  from  the  muslin,  and  hence  the  wet  bulb  ther- 
mometer will  indicate  a  lower  temperature  than  the  other,  the  difference 
being  greater  the  greater  the  evaporation,  that  is,  the  drier  the  air.  By 
comparing  the  readings  of  the  wet  and  dry  bulb  thermometers  with  the 
humidity,  as  obtained  by  other  hygrometers,  a  table  has  been  drawn  up, 
by  means  of  which,  from  the  reading  of  the  dry  bulb  thermometer,  and 
the  difference  between  the  dry  and  wet  bulb  thermometers,  the  dew-point 
can  be  obtained.  The  indications  of  this  instrument  are,  however, 
considerably  influenced  by  its  environment,  also  by  the  action  of 
draughts,  &c. 

222*.  Effect  of  the  Curvature  of  the  Surface  on  the  Vapour 
Pressure. — The  form  of  the  surface  separating  a  liquid  from  its  saturated 
vapour  has  an  influence  on  the  vapour  pressure,  which  Lord  Kelvin  was 
the  first  to  point  out,  and  which  has  important  applications  in  ex- 
plaining the  condensation  of  vapour  into  liquid  in  such  cases  as  occur 
in  clouds. 

Suppose  we  have  some  liquid,  such  as  water,  contained  within  a 
vessel  C  (Fig.  177),  from  which  all  air  has  been  exhausted,  so  that  we 
have  only  to  do  with  the  liquid  below  and  its  vapour  above.  Further, 
let  a  fine  capillary  tube  AD  of  radius  r  dip  in  the  liquid.  If  the  liquid 
wets  the  glass  it  will  rise  in  the  capillary,  and  let  the  height  of  the  curved 
surface  A  above  the  plane  surface  B  be  h. 
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.  Now  the  pressure  within  the  vapour  at  the  level  of  B  will  exceed  the 
pressure  at  the  level  of  a  by  the  weight  of  a  column  of  vapour  of  height 
h,  or,  if  <r  is  the  density  of  the  vapour,  by  ohg  dynes  per  square  centi- 
metre. Hence,  if  the  whole  is  at  the  same  temperature,  and  if  the 
vapour  pressure  at  the  concave  surface  A  is 
the  same  as  at  the  plane  surface  b  ;  then 
when  the  pressure  at  B  is  equal  to  the  vapour 
pressure  at  the  existing  temperature,  the  pres- 
sure at  A  will  be  less  than  the  vapour  pressure, 
and  so  evaporation  will  still  take  place  from 
the  surface  A.  This  would  involve  a  con- 
tinuous circulation  of  the  liquid  up  the  tube, 
for  the  height  h  depends  on  the  surface 
tension,  and  must  remain  constant.  Such  a 
continuous  circulation  could,  theoretically,  be 
made  to  do  external  work,  say  by  turning  a 
small  turbine  placed  in  the  tube ;  and  since 
the  temperature  is  maintained  constant,  we 
should  thus  manufacture  energy,  which  is  con- 
trary to  the  law  of  the  conservation  of  energy. 
We  therefore  conclude  that  the  liquid  and  its  vapour  must  be  in  equili- 
lirium  both  at  a  and  at  B,  or  that  the  vapour  pressure,  /,  at  the  plane 
surface  must  be  greater  than  that,  ^,  at  the  concave  surface  A  by  an 
amount  equal  to  the  weight  of  a  column  of  the  vapour  of  height  h^  or 
p  —  c=ahg. 

If  the  density  of  the  liquid  is  p,  the  weight  of  the  column  of  liquid  of 
height  h  is  pgh.  The  difference  in  pressure  between  the  surface  A  and  a 
point  D  within  the  tube  on  a  level  with  the  surface  is  equal  to  the  weight 
of  the  column  of  the  liquid  of  density  p,  less  the  difference  of  pressure 
between  a  and  B,  due  to  the  weight  of  an  equal  column  of  the  vapour  of 
density  <r.  Thus  the  difference  of  pressure  between  A  and  D  \sgh{p  —  a). 
If  the  liquid  wets  the  tube,  so  that  the  angle  of  contact  is  180°,  it  has  been 
shown  in  §  159  that  the  difference  in  pressure  between  A  and  D  is  equal  to 
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where  T  is  the  surface  tension  of  the  liquid-vapour  surface. 

Hence,  equating  the  two  values  we  have  obtained  for  the  difference 
of  pressure,  we  get 


or,  substituting  for  /i  its  value  (^  —  c)/<rgf 

2T    (p-c){p-<r) 

-y" — ^      ' 

2<rT 


or 


P-C: 


r(j>-<ry 


Now  the  curved  surface  of  the  liquid  is,  as  shown  at  the  side,  very  nearly 
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a  hemisphere  of  radius  r,  and  we  see  from  the  above  expression  that  the 
decrease  of  vapour  pressure  with  curvature  is  inversely  proportional  to 
the  radius  of  the  spherical  surface.  If,  instead  of  being  concave,  the 
surface  had  been  convex,  such  as  is  the  case  in  a  raindrop,  the  vapour 
pressure  at  the  curved  surface  would  be  greater  than  that  at  a  plane 
surface,  and  this  increase  would  increase  with  the  decrease  in  the  radius, 
r,  of  the  drop.  Thus,  in  the  case  of  very  small  drops,  the  vapour  pressure 
may  be  very  considerably  greater  than  that  corresponding  to  a  plane 
surface  at  the  same  temperature.  The  result  is  that  although  the  air 
may  be  saturated,  as  measured  in  the  ordinary  way  with  a  plane  surface, 
very  small  drops,  so  far  from  increasing  in  size  by  the  condensation  of 
vapour,  are  actually  evaporating. 

The  above  reasoning  explains  why  it  is  that  if  air  is  perfectly  free 
from  suspended  solid  matter,  or  dust,  it  may  be  cooled  to  a  temperature 
considerably  below  the  dew-point,  without  the  formation  of  drops  of 
water  or  mist.  A  very  small  drop — and  at  first,  in  such  a  dust-free  air, 
all  the  drops  must  be  small — will  have  a  high  vapour  pressure,  and  will 
again  evaporate.  If,  however,  there  is  dust  in  the  air,  the  dust  particles 
will  act  as  nuclei,  so  that  the  water  which  condenses  first  on  them, 
instead  of  being  in  the  form  of  an  excessively  small  spherical  drop,  may 
be  spread  out  into  a  surface  of  comparatively  small  curvature,  so  that 
re-evaporation  will  not  take  place.  The  formation  of  large  drops  is  also 
explained,  for  the  vapour  tension  at  the  surface  of  a  small  drop  will  be 
greater  than  that  at  the  surface  of  a  larger  drop,  and  hence  evapora- 
tion will  take  place  from  the  small  drops,  and  condensation  on  the 
large  ones. 

223.  Sublimation. — Hitherto  we  have  exclusively  considered  the 
passage  of  a  solid  to  the  liquid  state,  and  that  of  a  liquid  to  the  gaseous 
state.  Under  certain  conditions  it  is  possible,  however,  for  a  solid  to 
pass  directly  into  the  gaseous  state  without  passing  through  an  inter- 
mediate liquid  condition.  This  change  from  solid  to  vapour  is  called 
sttblifnation,  and  is  very  clearly  marked  in  the  case  of  camphor  and 
iodine.  These  bodies,  when  gently  heated,  readily  pass  into  vapour, 
although  the  temperature  has  not  been  sufficiently  high  to  melt  them. 
Although  to  a  much  less  marked  degree,  ice  exhibits  the  same  phenomena. 
Thus  at  a  temperature  of  - 1°  C.  the  vapour  tension  of  ice  amounts  to 
0.42  cm.  of  mercury,  and  a  piece  of  ice  kept  at  this  temperature  will 
sublime  till  the  pressure  of  the  vapour  in  the  surrounding  space  is 
0.42  cm.  of  mercury,  when  equilibrium  will  be  set  up. 

224.  The  Triple  Point— In  Fig.  174  we  have  given  the  curve  of 
maximum  vapour  pressure  for  a  liquid  (water),  or,  in  other  words,  the 
boiling-point  for  different  pressures.  This  curve  gives  the  pressure  cor- 
responding to  any  temperature  at  which  both  the  liquid  and  the  vapour 
can  exist  in  contact  one  with  the  other  without  their  relative  propor- 
tions altering — i.e.  they  are  in  stable  equilibrium — and  is  called  the 
s/eain  line. 

As  has  been  seen  in  §  210,  the  melting-point  of  a  solid  depends  on 
the  pressure,  so  that  a  similar  curve  to  the  steam  line  can  be  drawn, 
giving  the  melting-point  at  different  pressures.  Such  a  curve  will  indi- 
cate the  pressure  corresponding  to  any  temperature  to  which  a  mixture 
of  ice  and  water  must  be  subjected,  in  order  that  the  two  states  may  be 
in  stable  equilibrium.    This  curve  is  called  the  ice  line.    Finally,  we  may 
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have,  as  has  been  mentioned  in  the  previous  section,  a  solid  in  stable 
equilibrium  with  its  vapour,  and  may  therefore  draw  a  third  curve  show- 
ing the  pressures  at  which,  under  various  temperatures,  a  solid  and  its 
vapour  can  exist  simultaneously.  This  curve  is  called  the  hoar-frost 
line. 

The  general  form  of  these  curves  for  water  is  shown  in  Fig.  178. 
The  three  curves  meet  at  the  point  P,  which  is  called  the  triple  point. 

Since  the  steam  line  gives 
the  conditions  under  which 
the  vapour  and  liquid  may 
exist  simultaneously,  the  ice 
line  those  under  which  the 
liquid  and  solid  may  exist 
simultaneously,  and  the 
hoar-frost  line  those  under 
which  the  vapour  and  solid 
may  exist  simultaneously, 
it  is  obvious  that  at  the 
triple  point  all  three,  solid, 
hquid,  and  vapour,  can  co- 
exist in  stable  equilibrium. 
The  ice  line  in  the  case  of 
water,  which  expands  on 
solidifying,  so  that  increase 
of  pressure  lowers  the  melt- 
ing-point, slopes  downwards 
towards  the  right.  Since, 
however,  the  lowering  per  atmosphere  increase  of  pressure  is  only 
o°oo75,  the  slope  is  too  small  to  be  indicated  on  the  figure.  In  the 
case  of  a  body  like  paraffin,  which  contracts  on  solidifying,  the  ice  line 
would  slope  downwards  and  towards  the  left.  The  triple  point  for  water 
corresponds  to  a  pressure  of  0.46  cm.  of  mercury,  and  a  temperature  a 
very  little  above  0°. 

225.  Freezing-Point  of  Solutions— Cryohydrates.— It  has  long 
been  known  that  the  freezing-point  of  sea  water  is  lower  than  that  of 
pure  water,  and  generally  that  the  presence  of  a  salt  dissolved  in  water 
lowers  the  freezing-point.  Of  late  years,  however,  great  attention  has 
been  directed  towards  the  effect  of  a  dissolved  salt  on  the  freezing-point 
of  the  solvent,  and  the  results  are  of  very  great  interest,  both  from  a 
physical  and  a  chemical  standpoint. 

The  first  to  make  anything  like  a  complete  investigation  of  this 
subject  was  Raoult,  and  he  found  that  the  depressions  produced  by  equi- 
molecular  quantities  of  different  substances  dissolved  in  the  same  solvent 
were  approximately  the  same,  so  long  as  the  solutions  were  not  too 
concentrated.  By  equi-molecular  quantities  is  meant  quantities  of  the 
different  substances  proportional  to  their  molecular  weights,  so  that  the 
solutions  contained  equal  numbers  of  molecules  of  the  dissolved  sub- 
stances in  the  same  volume.  For  fairly  dilute  solutions  the  depression 
IS  proportional  to  the  quantity  of  salt  dissolved.  In  the  following  table, 
the  molecular  depressions  are  given,  i.e.  those  which  would  be  produced 
if  the  molecular  weight  in  grams  of  a  body  was  dissolved  in  100  grams 
of  the  solvent.     These  values  are  calculated,  on  the  supposition  that  the 
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depression  is  proportional  to  the  concentration,  from  experiments  made 
on  much  more  dilute  solutions,  although  with  such  concentrated  solutions 
this  proportionality  no  longer  exists,  and,  even  if  it  did,  it  would  in  many 
cases  be  impossible  to  obtain  such  concentrated  solutions  at  such  low 
temperatures.  It  is,  however,  convenient  to  reduce  all  results  to  some 
standard  number  of  molecules  of  the  dissolved  substance  to  a  given 
volume  of  the  solvent,  and  the  molecular  weight  in  grams  is  in  many 
ways  a  convenient  number.  The  same  kind  of  convention  is  employed 
when  stating  the  density  of  a  vapour,  in  that  the  density  is  given  for  a 
temperature  of  0°  and  a  pressure  of  a  standard  atmosphere  (§  217), 
although  in  most  cases,  under  these  conditions,  the  vapour  would  have 
condensed  to  a  liquid. 


Molecular  Depressions  for  Solutions  in  Acetic  Acid. 


Chloroform  . 

38°.6  C 

Carbon  bisulphide 
Ether    . 
Formic  acid  . 

384 
39.4 
36.5 

Sulphur  dioxide    . 
Glycerine 
Ethyl  alcohol 
Sulphuric  acid 

38.5 
36.2 

36.4 
18.6 

Hydrochloric  acid 
Magnesium  acetate 

17.2 
18.2 

Molecular  Depressions  for  Solutions  in  Benzene. 

Chloroform .     50^.4 

Carbon  bisulphide .     49.7 

Ether 49.7 

Ethyl  alcohol 25.3 

Formic  acid 23.2 

Acetic  acid   .        .         .        .  ,      .        .        .        -25.3 


Molecular  Depressions  for  Solutions  in  Water. 


Ethyl  alcohol 

'f'^ 

Cane  sugar  .         .         .         . 

18.5 

Acetic  acid 

19.0 

Hydrochloric  acid 

39-1 

Sulphuric  acid 

.     3«.2 

Sodium  chloride  ...... 

.    35-1 

Calcium  chloride 

49-9 

It  will  be  seen  from  the  above  numbers  that,  for  any  given  solvent, 
the  values  of  the  molecular  depression  approximate  to  one  of  two  con- 
stant values,  one  of  these  values  being  half  the  other.  If  we  suppose 
that  the  depression  is  proportional  to  the  number  of  dissolved  molecules, 
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and  independent  of  the  nature  of  the  molecules  (Van't  Hoffs  theory), 
the  lower  value  of  the  molecular  depression  may  be  due  to  the  fact  that, 
in  some  cases,  the  n.olecules  have  formed  into  aggregates  of  two  ordinary 
molecules,  so  that  in  the  solution  the  molecular  weight  is  doubled  ;  or 
the  higher  value  may  be  due  to  the  splitting  up  or  dissociation  of  the 
molecules  when  in  solution.  We  shall  refer  to  this  question  later,  when 
we  consider  electrolytic  conduction  (Book  V.  Part  VIII.).  Assuming 
that  the  molecular  depression  is  a  constant,  if  we  know  its  value  for  any 
solvent-  we  can  deduce  the  molecular  weight  of  a  body,  by  JnHyrXinflf 
the  depression  in -the  freezing-point  it  produces  when  dissolved  mihat 

solvent.  ,  .  .        ,     ^       . 

The  most  usual  form  of  apparatus  for  determmmg  the  freezmg-pomt 
is  that  designed  by  Beckmann,  and  shown  in  Fig.  179.  The  solution  to 
be  examined  is  placed  in  a  glass  test-tube  A, 
which  is  surrounded  by  another  tube  B,  with 
an  air  space  between,  the  whole  being  placed 
in  a  glass  beaker  C.  A  freezing  mixture  is 
placed  in  C,  and  the  temperature  of  the 
solution,  as  indicated  by  the  thermometer  T, 
is  watched.  It  is  generally  found  that  the 
solution  can  be  cooled  down  slightly  below 
its  freezing-point  without  ice  forming.  On 
stirring  with  the  platinum  wire  E,  small 
crystals  of  ice  are  formed,  and  the  tempera- 
ture rises  to  a  certain  point,  and  then  becomes 
stationary.  This  temperature  is  the  freezing- 
point  of  the  solution.  The  rise  in  the  tem- 
perature is  brought  about  by  the  latent 
heat  of  fusion  of  the  small  quantity  of  ice 
formed. 

When  a  dilute  solution  in  water  is  frozen, 
at  first  pure  ice  solidifies  out,  and  on  this 
account  the  concentration  of  the  remaining 
solution  increases,  and  the  freezing-point  be- 
comes lower  and  lower.  If  the  process  is 
continued,  a  stage  will  at  length  be  reached 
when  the  remaining  solution  is  saturated  at  the  existing  temperature. 
Any  further  cooling  will  separate  more  ice,  and  hence,  as  the  solution  is 
already  saturated,  some  of  the  salt  must  be  deposited  in  the  solid  state  ; 
and  since  this  deposit  of  the  salt  keeps  the  concentration  of  the  solution 
constant,  the  temperature  will  not  change  till  the  whole  of  the  water  and 
the  dissolved  substance  are  solidified,  one  as  ice,  the  other  as  the  salt.  That 
they  are  deposited  separately,  and  not  in  chemical  combination,  seems 
to  be  indicated  by  the  fact  that  the  ice  may  be  dissolved  out  by  alcohol, 
leaving  a  skeleton  of  solid  salt.  These  combinations  of  the  solvent  and 
dissolved  substance,  both  in  the  solid  state,  have  been  regarded  as 
definite  chemical  compounds,  and  as  such  were  called  cryohydrates. 

In  Fig.  180,  the  ordinatcs  represent  the  percentage  of  common  salt 
(sodium  chloride)  present  in  a  solution  in  water,  and  the  abscissas  repre- 
sent temperatures.  The  curve  AB  shows  the  freezing-point  of  solutions 
of  different  strengths,  that  is,  the  temperature  at  which  solids  begin  to 
separate  from  the  solution.     In  the  portion  bp  of  this  curve,  the  solid 
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which  separates  first  is  pure  ice,  but  at  the  point  P  salt  also  begins  to 
separate  out.  The  curve  CD  represents  the  quantity  of  common  salt 
which  will  form  a  saturated  solution  at  different  temperatures.  This 
solubility  curve  cuts  the  freezing-point  curve  at  the  point  P,  which  corre- 
sponds to  a  temperature  of  -22°  C,  so  that  for  all  the  points  in  the 
curve  AB,  from  B  to  P,  the  solution  is  unsaturated.  At  P,  however,  the 
solution  is  saturated,  and  hence 
at  P  salt  commences  to  separate 
from  the  solution  in  the  solid 
state.  The  strength  of  the  solu- 
tion, when  both  salt  and  ice  are 
separated,  is  23.8  parts  by  weight 
of  salt  to  76.2  parts  of  ice,  and 
this  is  the  so-called  cryohydrate 
of  sodium  chloride.  It  is  in- 
teresting to  note  that  it  is  only 
possible  to  have  liquid  solutions 
of  sodium  chloride  in  states  cor- 
responding to  the  portion  of 
the  diagram  (Fig.  180)  included 
between  the  lines  DP,  PB.  We 
cannot,  of  course,  have  stable 
solutions  corresponding  to  points 
above  the  solubility  curve  CD. 
Supersaturated  solutions  are  un- 
stable, for  this  would  involve  a 
solution  containing  a  larger  amount  of  dissolved  salt  than  a  saturated 
solution.  To  show  that  we  cannot  have  a  solution  in  the  state  repre- 
sented by  a  pomt  to  the  left  of  the  freezing-point  curve  ab,  suppose  that 
we  start  with  a  solution  in  the  state  represented  by  the  point  E,  that  is, 
with  a  5  per  cent,  solution  at  a  temperature  of  0°.  If  this  solution  is 
cooled,  the  change  will  be  shown  by  the  horizontal  line  EG.  When  the 
solution  is  cooled  down  to  a  temperature  of  —3°,  that  is,  when  we  arrive 
at  the  point  F,  where  the  line  EG  cuts  the  freezing-point  curve,  ice  will  be 
separated,  and  hence  the  concentration  of  the  solution  will  increase. 
Further  cooling  will  thus  cause  us  to  traverse  the  curve  FP,  so  that  we 
shall  not  be  able  to  get  the  solution  into  the  condition  corresponding 
to  any  point  to  the  left  of  the  curve  AB.  After  the  point  P  has  been 
reached,  the  ice  and  salt  will  be  deposited  together  in  constant  pro- 
portion, and  the  temperature  will  remain  constant  till  the  whole  has 
solidified.  When  solidification  is  complete,  the  temperature,  if  the  cool- 
ing is  continued,  will  again  fall,  and,  since  the  percentage  of  salt  is  now 
invariable,  we  shall  travel  along  the  horizontal  straight  line  PQ,  but  we  shall 
no  longer  be  dealing  with  a  solution,  but  with  a  mixture  of  ice  and  salt. 

226.  Heat  of  Solution— Freezing  Mixtures.— When  a  body, 
whether  it  is  a  solid,  a  liquid,  or  a  gas,  is  dissolved  in  a  liquid,  both 
being  at  the  same  temperature,  there  is  in  general  a  change  in  tempera- 
ture indicating  either  an  absorption  or  evolution  of  heat.  The  quantity 
of  heat  absorbed  or  liberated  by  the  solution  of  one  gram  of  a  substance, 
in  a  quantity  of  the  solvent  so  large  that  further  dilution  does  not  pro- 
duce any  further  appreciable  thermal  change,  is  called  the  heat  of  solution 
of  the  substance. 


262 


Heat 


226 


In  the  following  table,  the  heats  of  solution  of  some  substances  in 
water  at  a  temperature  of  about  18°  C.  are  given  : — 

Heat  of  Solution. 


Heat  of  Solution 

Substance. 

State. 

in  Calories. 

Chlorine 

Gas 

+  68.9 

Carbon  dioxide      .... 

>5 

+  1340 

Ammonia 

)» 

+495-6 

Hydrochloric  acid 

»> 

+  476.1 

Ethyl  alcohol         .... 

Liquid 

+  55.3 

Acetic  acid 

»> 

+7.02 

Sulphuric  acid       .... 

» 

+  182.5 

Potassium  hydroxide  (KHO) 

Solid 

+  223.3 

Sodium  chloride    .... 

»} 

- 18.22 

Potassium  chloride 

» 

-59.7 

Mercuric  chloride 

» 

-12.2 

Silver  chloride       .... 

» 

-no 

In  the  above  table,  a  plus  sign  indicates  that  solution  is  accompanied 
by  evolution  of  heat.  It  will  be  noticed  that  while  gases  and  liquids 
always  give  an  evolution  of  heat  on  solution,  solids  sometimes  give  an 
evolution  and  sometimes  an  absorption. 

By  using  comparatively  large  quantities  of  solid  substances,  for  which 
the  heat  of  solution  is  negative,  dissolved  in  a  limited  quantity  of  water, 
very  considerable  falls  of  temperature  can  be  produced.  This  is  illus- 
trated in  the  following  table  : — 


Freezing  Mixtures. 


Substance, 

Pans  dis- 
solved in 
100  parts  of 
Water. 

Temperature. 

Before 
Solution. 

After 
Solution. 

.Sodium  nitrate        .... 
Calcium  chloride  (cryst; 
Ammonium  nitrate 

75 
60 

+  13-2 

+  10.8 
+  13.6 

-5-3 
-12.4 
-13.6 

Such  solutions  of  salts  in  water  are  sometimes  used  to  produce  cold, 
and  are  called  freezing  mixtures.  More  efficient  freezing  mixtures  may 
be  employed,  in  which  the  lowering  of  temperature  is  produced  on 
account  of  the  change  of  state  of  one  or  both  of  the  constituents.  The 
thermal  changes  which  go  on  m  many  of  these  mixtures  are,  however, 
very  complicated.  We  may  take,  as  a  somewhat  simple  example,  the  case 
of  a  mixture  of  ice  and  sodium  chloride.  Suppose  that  powdered  ice  and 
common  salt,  both  at  o*  C,  are  mixed.  The  ice  always  has  a  little  water 
attached,  and  this  water  will  dissolve  some  of  the  salt  to  form  a  solution 
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whose  state  must  be  represented  by  a  point  on  the  diagram  (Fig.  180) 
between  the  lines  BP,  PD.  This  salt  solution  will  practically  dissolve 
some  of  the  ice,  and,  owing  to  the  latent  heat  of  ice,  the  temperature  will 
fall.  The  water  formed  by  the  liquefaction  will  dissolve  some  more  salt, 
and  so  on.  In  this  way  the  temperature  will  gradually  fall,  but  the  state 
of  the  liquid  formed  by  the  melting  of  the  ice  and  the  solution  of  the  salt 
must  always  be  represented  by  a  point  included  between  the  lines  BP 
and  PD.  Hence,  as  the  temperature  falls,  it  will  finally  be  restricted  to 
the  single  composition  containing  23.8  per  cent,  of  salt,  and  the  tem- 
perature will  be  -  22°,  that  is,  the  point  P  will  be  reached.  No  lower 
temperature  than  this  can  be  reached,  for  this  would  involve  the  solidi- 
fication of  both  the  water  and  salt,  and  this  operation  would  necessitate 
the  evolution  of  heat.  We  thus  see  how  it  is  that  for  every  freezing 
mixture  there  is  a  minimum  temperature,  below  which  it  is  impossible  to 
go  ;  so  that  with  ice  and  salt,  say,  whether  we  start  with  the  materials 
at  0°  or  at  -20°,  the  lowest  temperature  produced  is  always  —22°.  It  is 
also  evident  that  the  best  results  will  be  obtained  if  we  take  the  salt  and 
ice  in  the  proportion  of  24  parts  of  salt  to  76  parts  of  ice. 

The  following  table  gives  some  of  the  common  freezing  mixtures  : — 


Freezing  Mixtures. 


Substance. 

Parts. 

Substance. 

Parts. 

Temperature. 

At  Start. 

When  all  Snow 
is  Melted. 

Sodium  chloride  . 
Calcium  chloride  (crys.) 
Ammonium  nitrate 
Carbon  dioxide  (solid)  . 

33 
100 
100 

Snow 

5) 

Ether 

ICO 
70 
131 

0° 
0° 
0° 

-22° 

-54-9 
-77 

227.  Boiling-Point  of  Solutions.— We  have  in  §  219  considered 
Dalton's  laws  for  the  vapour  pressure  of  mixtures  of  liquids.  If,  however, 
we  dissolve  a  solid  body  in  a  liquid,  the  vapour  pressure  of  the  solution 
is  less  than  that  of  the  pure  solvent.  Since  a  liquid  boils  when  its  vapour 
pressure  is  equal  to  the  pressure  to  which  it  is  subjected,  it  follows  that 
the  boiling-point  of  such  a  solution  is  raised.  Raoult  has  found  that  for 
dilute  solutions  the  lowering  of  the  vapour  pressure  is  proportional  to  the 
concentration,  and  the  molecular  lowering  {i.e.  the  lowering  produced  by 
I  gram-molecule  of  the  solid  dissolved  in  100  grams  of  the  solvent)  is 
independent  of  the  nature  of  the  dissolved  substance.  As  in  the  case  of 
the  depression  of  the  freezing-point,  the  lowering  in  the  vapour  pressure 
has  been  used  to  determine  the  molecular  weight  of  solids  in  solution. 
In  determining  the  boiling-point  of  a  solution,  the  thermometer  has  to 
be  placed  in  the  boiling  liquid,  since  the  temperature  of  the  vapour 
given  off  is  equal  to  that  over  the  pure  solvent  boiling  under  the  given 
pressure. 

228.  Thermal  Phenomena  accompanying  Chemical  Change.— 
We  have  hitherto  considered  the  thermal  phenomena  which  accompany 
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physical  change,  and  although  the  corresponding  thermal  considerations 
with  reference  to  chemical  change  belong  more  especially  to  the  science 
of  chemistry,  it  will  be  useful  to  refer  to  some  of  them. 

Every  chemical  reaction  is  characterised  by  the  evolution  or  absorp- 
tion of  a  certain  definite  quantity  of  heat,  so  that,  keeping  all  the 
external  conditions  the  same,  if  the  reaction  takes  place  in  the  opposite 
sense,  then  the  thermal  phenomena  simply  change  sign,  the  quantity  of 
heat  involved  being  the  same  as  before.  The  quantity  of  heat  involved 
in  any  given  reaction  depends,  however,  in  a  marked  manner  on  the 
physical  conditions  under  which  the  reaction  takes  place.  Thus  if  2 
grams  of  hydrogen  and  16  grams  of  oxygen,  both  in  the  gaseous  con- 
dition, at  standard  pressure  and  temperature  combine  together  to  form 
water  at  o%  the  heat  evolved  by  the  reaction  is  68834  calories.  If  the 
result  of  the  reaction  is  to  form  steam  at  100°,  the  heat  evolved  is  only 
57386  calories,  the  difference  representing  the  heat  given  out  by  18  grams 
of  steam  at  100°  in  condensing  to  water  at  0°  {i.e.  536  x  18+  100  x  18).  In 
the  same  way,  if  the  result  of  the  reaction  is  to  give  ice  at  0°,  the  heat 
evolved  is  70274  calories  {i.e.  68834  + 80  x  18). 

The  above  is  an  example  of  a  simple  reaction  ;  as  a  more  complicated 
reaction,  we  may  take  the  solution  of  metallic  zinc  in  dilute  sulphuric 
acid.  If  65  grams  of  zinc  are  dissolved  in  dilute  sulphuric  acid  :  (i) 
water  is  decomposed  and  two  grams  of  hydrogen  are  evolved,  this 
reaction  absorbing  68834  calories,  as  in  the  previous  example  ;  (2)  the 
oxygen  combines  with  the  zinc  and  83500  calories  are  evolved;  (3)  the 
oxide  of  zinc  combines  with  the  acid  forming  ZnS04,  and  water  and 
23400  calories  are  evolved.  Hence  the  resultant  thermal  effect  of  the 
whole  reaction  is  that  38066  calories  are  evolved,  since 

38066=  -68834  +  83500+23400. 

If  one  gram  of  diamond  is  converted  into  carbon  monoxide  (CO), 
2 140 calorics  are  evolved;  if  the  CO  is  then  converted  into  carbon  dioxide 
(CO2),  5720  calories  are  evolved.  Hence  7860  calories  have  been  evolved 
in  the  conversion  of  carbon  (in  the  form  of  diamond)  into  carbon  dioxide, 
the  reaction  having  taken  place  in  two  steps.  If  i  gram  of  diamond  is 
directly  converted  into  carbon  dioxide,  the  heat  evolved  is  7860  calories, 
so  that  the  same  amount  of  heat  is  evolved  whether  the  reaction  takes 
place  in  one  or  in  two  steps.  This  is  an  example  of  the  law  that  when  a 
system  of  bodies  passes  from  one  state  to  another,  the  quantity  of  heat 
evolved  is  independent  of  the  intermediate  states  through  which  the 
bodies  pass. 

229.  Curves  Showing  the  Relations  between  the  Temperature, 
Volume,  and  Pressure  of  a  Body.— We  have  seen  in  the  previous 
sections  that  the  volume  of  unit  mass  of  a  substance,  the  pressure  to 
which  it  is  subicctcd,  and  the  temperature  bear  definite  relations  to  one 
another,  and  that  if  we  know  these  three  particulars  we  can  deduce  the 
physical  state  of  the  substance.  The  consideration  of  many  properties 
of  a  substance  are  made  much  clearer  by  drawing  curves  showing  the 
connection  between  these  three  quantities.  Since,  however,  there  are 
three  of  them,  we  cannot  draw  a  single  curve  on  a  plane  surface  to 
represent  the  changes  which  take  place  in  them  all.  A  series  of  curves 
c  r-   ^ "vcr,  be  drawn  showing  the  relation  between  any  two,  the  third 
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being  supposed  to  remain  constant.  There  are  three  possible  kinds 
of  curves,  namely,  (i)  those  showing  the  relation  between  pressure  and 
volume  at  constant  temperature ;  (2)  those  showing  the  relation  between 
pressure  and  temperature,  the  volume  being  constant ;  and  (3)  those 
showing  the  connection  between  temperature  and  volume,  the  pressure 
being  constant.  The  first  of  these,  in  which  the  temperature  is  constant, 
are  called  isothermalsj  the  second,  in  which  the  volume  is  constant, 
isometric  lines  or  isopleres ;  and  the  third,  in  which  the  pressure  is 
constant,  isopiestic  lines  or  isobars. 

230.  Isobars.— As  an  illustration  of  the  use  that  may  be  made  of  the 
isobars,  we  will  examine  the  form  of  these  curves  in  the  case  of  water. 
In  order  to  draw  the  curve  for  a  pressure  of  one  atmosphere,  we  should 
plot  the  volume  of  i  gram  of  water  (in  the  state  of  ice,  water,  or  steam, 
as  the  case  may  be)  as  ordinate  against  the  corresponding  temperature. 
The  following  table  gives  the  volume  of  i  gram  of  water  at  some 
temperatures  : — 

Volume  of  i  Gram  of  Water  at  Atmospheric  Pressure. 


Temperature. 

State. 

Volume. 

-10° 

Ice 

1.0897  c.c. 

0° 

» 

1.0907    „ 

0° 

Water 

I.OOOI      „ 

4° 

>) 

1. 0000    „ 

+  5^1 

jj 

1. 01 20    „ 

100° 

5> 

1. 043 1     » 

100° 

Steam 

1650. 

150° 

tt 

1870. 

To  illustrate  in  a  figure  the  isobar  for  the  range  of  temperature  given 
in  the  table  accurately  to  scale  would  be  impossible,  since  the  change  in 
volume  in  passing  from  water  at  100°  to  steam  at  100°  is  so  enormously 
greater  than  any  of  the  other  changes  in  volume.  In  Fig.  181,  however, 
some  isobars  are  shown  in  a  diagrajnmatic  form,  in  particular,  the  increase 
in  volume  during  the  change  into  steam  has  been  indicated  as  being  very 
much  smaller  than  it  really  is,  and  the  change  in  volume  of  the  solid  and 
liquid  produced  by  pressure  is  much  exaggerated.  The  line  abcdef  s\iO'^s 
the  isobar  for  a  pressure  of  one  atmosphere.  Starting  at  the  lowest  tem- 
perature, at  the  point  a^  as  the  temperature  rises  the  ice  expands.  When 
0°  is  reached  the  ice  begins  to  melt,  and  the  temperature  remains 
constant  till  the  whole  of  the  ice  has'  melted,  the  volume  decreasing 
during  this  time,  so  that  the  part  of  the  curve  be  corresponds  to  the 
mixture  of  ice  and  water.  From  0°  to  100°  the  water  expands,  and  at 
100°  the  water  begins  to  change  into  vapour,  the  temperature  again 
remaining  constant,  while  the  volume  changes.  Hence  de  corresponds 
to  the  coexistence  of  liquid  and  vapour.  When  the  whole  of  the  liquid 
has  vaporised,  the  temperature  rises  above  100°,  and  the  isobar  corre- 
sponds to  a  gas.  Since  the  volume  of  a  perfect  gas  varies  directly  as  the 
absolute  temperature,  the  isobar  for  a  gas  is  a  straight  line  which,  if 
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produced,  would  pass  through  the  point  on  the  diagram  corresponding 
to  the  temperature  -  273°  and  the  volume  equal  to  zero.  At  a  tem- 
perature some  way  above  the  boiling-point,  a  vapour  behaves  as  a  perfect 
gas,  so  that  the  remainder  of  the  isobar  above  this  temperature  will  be 
a  straight  line  passing  through  the  point  /=  -273°  and  v=o. 

If  we  started  with  a  pressure  of  fifteen  atmospheres,  at  any  tempera- 
ture the  volume  of  unit  mass  would  be  less  than  its  volume  under  a 
pressure  of  one  atmosphere,  and  hence  the  isobar  for  fifteen  atmospheres, 
dd'^f\  lies  below  the  isobar  for  one  atmosphere.     Under  the  increased 
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pressure,  the  melting-point  is  lowered  a  little  and  the  boiling-point  is 
raised  to  200",  and  the  two  vertical  parts  of  the  curve,  which  correspond 
to  a  mixture  of  ice  and  water  in  the  one  case,  and  of  water  and  steam  in 
the  other,  arc  farther  to  the  left  and  right  respectively. 

The  isobar  corresponding  to  a  pressure  of  0.5  cm.  of  mercury  is 
peculiar,  and  is  represented  by  the  dotted  lines  mn  and  oP.  Starting 
with  the  solid.  At  this  pressure  the  melting-point  is  slightly  above  o , 
but  at  this  temperature  and  pressure,  as  we  have  seen  {%  224),  we  may 
have  all  three  states,  solid,  liquid,  and  vapour,  existing  simultaneously. 
Hence  the  isobar  beyond  this  point  is  a  vertical  line  oP^  the  part  on 
corresponding  to  a  mixture  of  liquid  and  solid,  and  the  part  nP  to  a 
mixture  of  solid  and  vapour.  For  still  lower  pressures  there  will  be  no 
liquid  phase,  so  that  the  ice  will  sublime,  and  the  vertical  part  of  the 
isobar,  w'/*',  will  correspond  to  a  mixture  of  solid  and  vapour,  the  point 
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where  the  whole  of  the  solid  has  vaporised  being  off  the  top  of  the 
diagram. 

It  is  thus  evident  that  from  a  series  of  isobars  for  a  given  substance 
we  may  draw  much  information  as  to  its  behaviour  under  various  con- 
ditions of  temperature  and  pressure,  and  we  shall  have  occasion  later  on 
(§  232)  to  again  refer  to  this  diagram. 

231.  Isothermals. — When  considering  the  general  form  of  the 
isothermal  curves,  it  will  be  convenient  to  refer  to  the  portion  which 
deals  with  the  passage  from  solid  to  liquid  separately,  since  here  we  have 
to  consider  two  distinct  cases,  namely,  when  the  solid  is  denser  than  the 
liquid,  as  is  the  case  with  paraffin  wax,  and 
when  the  liquid  is  denser  than  the  solid,  as 
is  the  case  with  water.  This  consideration 
does  not  apply  to  the  passage  from  liquid 
to  gas,  since  the  density  of  the  gas  is 
always  less  than  that  of  the  liquid. 

Let  us  first  take  the  case  of  a  body, 
such  as  paraffin  wax,  in  which  there  is  ex- 
pansion when  the  solid  melts.  Here,  as  we 
have  seen  in  §  210,  increase  of  pressure, 
since  it  increases  the  density  of  the  liquid, 
will  raise  the  melting-point,  or,  in  other 
words,  at  a  high  pressure  the  liquid  can 
pass  into  the"  solid  condition  at  a  higher 
temperature  than  it  can  at  a  low  pressure. 
Let  ab  (Fig.  182)  represent  the  change  in 
volume  of  one  gram  of  solid  paraffin  as  the 
pressure  is  lowered,  the  temperature  being 
kept  constant  and  equal  to  ty  At  a  pres- 
sure corresponding  to  the  point  b^  let  the 
temperature  /j  be  the  melting-point,  so  that 
the  wax  will  now  start  melting.  During  the 
time  that  the  solid  is  changing  into  liquid, 
the  pressure  will  remain  constant,  while  the 
volume  increases  (wax  expands  on  melting), 
and  the  portion  be  of  the  isothermal  will  be  parallel  to  the  axis  of 
volumes,  i.e.  horizontal.  When  all  the  solid  has  melted,  then,  if  the 
pressure  is  further  reduced,  the  liquid  will  expand,  and  the  line  cd  will 
represent  the  continuation  of  the  isothermal. 

Suppose  now  that  we  start  at  the  same  pressure  as  before,  but  at  a 
temperature  t^  higher  than  t^  As  the  temperature  is  higher,  the  volume 
is  greater,  the  pressure  being  the  same,  and  the  isothermal  will  start  at 
the  point  d.  As  the  pressure  is  reduced,  the  volume  will  increase,  and 
db'  will  represent  the  portion  of  the  isotheiTnal  corresponding  to  the 
solid  state.  Since  the  temperature  is  now  higher  than  before,  fusion 
will  start  at  a  higher  pressure  than  before,  for  the  higher  the  pressure, 
the  higher  the  temperature  at  which  fusion  takes  place.  Hence  the 
horizontal  portion  b'd  of  the  isothermal,  which  corresponds  to  the  co- 
existence of  the  solid  and  liquid  states,  will  be  at  a  higher  pressure 
than  before.  When  all  the  solid  has  melted,  the  pressure  will  again  fall 
and  the  liquid  expand,  so  that  dd'  will  represent  the  remainder  of  the 
isothermal. 
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Next,  considering  the  case  of  a  substance,  such  as  water,  in  which 
there  is  expansion  on  solidification,  so  that  increase  of  pressure  lowers 
the  melting-point,  and  therefore  ice  can  only  be  melted  by  increasing  the 
pressure,  the  temperature  remaining  constant.  We  have  in  this  case  to 
start  with  the  liquid  at  a  (Fig.  183),  say  at  a  pressure  of  a  thousand 
atmospheres  and  a  temperature  of  -o°.76. 
As  the  pressure  is  reduced  the  water  will 
expand,  till  the  pressure  is  reduced  to  100 
atmospheres,  when  the  water  will  commence 
to  freeze,  and  the  pressure  will  remain  con- 
stant, the  volume  increasing,  till  all  the 
water  is  converted  into  ice.  When  this 
transformation  is  complete,  on  further  re- 
ducing the  pressure  the  ice  will  expand. 
The  isothermal  will  therefore  have  the  form 
abcd> 

Next,  suppose  we    start    at    the  same 

i{)  .^A: \—^c'        pressure  as    before,   namely,    1000    atmos- 

!2  M  h'         ?\    \  pheres,  but  at  a  higher  temperature,  say  o". 

The  pressure  will  now  have  to  be  reduced 
to  one  atmosphere  before  ice  commences  to 
form,  so  that  the  horizontal  portion  of  the 
isothermal  ^V,  which  corresponds  to  the 
coexistence  of  liquid  and  solid,  will  be  at  a 
lower  pressure  than  before,  and  will  cut  the 
isothermal  for  the  lower  temperature  at  some 
point  P.  In  the  first  case  (Fig.  182),  where 
the  body  expands  on  fusion,  the  isothermals 
were  quite  distinct,  and  nowhere  intersected. 
The  intersection  of  the  isothermals  at  P 
means  that  at  the  pressure  OM  there  are  two  temperatures,  /j  and  /g,  at 
which  unit  mass  of  the  substance  has  the  same  volume  ON.  In  one 
case,  that  at  the  temperature  /,,  the  substance  is  wholly  solid,  while  in 
the  other,  t^  the  substance  is  partly  liquid  and  partly  solid. 

The  general  form  of  the  isothermals  for  water  and  steam  are  shown 
diagrammatically  in  Fig.  184.  The  horizontal  portions  ab,  cd,  &c., 
represent  the  passage  of  the  substance  from  the  liquid  to  the  gaseous 
condition,  during  which  these  two  states  coexist.  The  curve  for  the 
vapour  at  some  distance  from  the  point  B  is  a  rectangular  hyperbola, 
of  which  the  axes  of  pressure  and  volume  are  the  asymptotes,  since 
the  vapour  at  pressures  removed  from  its  condensing  point  behaves 
like  a  perfect  gas,  and  for  a  perfect  gas  Boyle's  law  holds,  so  that 
^«*a  constant,  which  is  the  equation  to  such  a  rectangular  hyper- 
bola. 

Suppose  we  start  with  an  isothermal  corresponding  to  a  temperature 
/„  so  that  vaporisation  commences  at  a  pressure  represented  by  the  point 
A  and  ends  at  B.     Next  consider  an  isotliermal  corresponding  to  a  higher 
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1  If  the  pressure  is  sufiRciently  reduced  the  ice  will  sublime,  and  there  will  be  a 
second  horicontal  portion  of  the  isothermal  corresponding  to  the  coexistence  of  the 
solid  and  vapour.  When  the  whole  of  the  ice  has  sublimed,  on  further  reducint^  the 
pressure,  we  should  get  the  isotbennal  corresponding  to  a  vapour. 
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temperature  t^  In  this  case,  since  the  temperature  is  higher  than  before, 
the  vapour  pressure  will  be  greater,  so  that  vaporisation  will  be  able  to 
start  at  a  higher  pressure  than  before.  At  this  higher  temperature  and 
pressure,  vaporisation  will  be  com- 
plete at  a  smaller  volume  than 
before,  so  that  the  change  in 
volume,  represented  by  the  length 
of  the  line  CD,  during  the  passage 
from  liquid  to  gas  will  be  smaller 
than  before.  This  decrease  in  the 
change  in  volume  during  the  change 
in  state  will  continue  as  the  iso- 
thermals correspond  to  higher  and 
higher  temperatures,  till  finally  a 
temperature  t^  will  be  reached,  such 
that  there  is  no  sudden  change  in 
volume,  during  the  passage  at  or 
about  the  point  E,  from  the  liquid 
to  the  gaseous  state.  We  shall  in 
§  232  return  to  this  subject,  when 
considering  the  critical  tempera- 
ture of  a  gas. 

Each  of  tlie  isothermals  shows 
four  points  at  which  a  sudden  change 
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of  direction  takes  place,  one  each  at  the  commencement  and  end  of  the 
two  parts  corresponding  to  the  changes  of  state.  The  broken  line  ABCD 
(Fig,  185)  represents  a  portion  of  an  isothermal  of  a  body  which  expands 
on  fusion,  that  is,  the  density  of  the  liquid  is  less  than  that  of  the  solid, 
the  straight  part  corresponding  to  a  mixture  of  solid  and  liquid.  Pro- 
fessor James  Thomson  has  sug- 
gested that  the  true  form  of  the 
isothermal  curve  during  the 
change  of  state  is  as  shown  by 
the  dotted  line,  in  which  no 
abrupt  changes  in  the  direction 
of  the  curve  take  place,  and 
the  substance  remains  homo- 
geneous throughout.  On  this 
theory,  the  explanation  of  the 
fact  that  the  observed  part  of 
the  isothermal  is  the  straight 
line  BC  is  that  what  we  observe 
must  necessarily  be  the  mean 
condition  of  a  very  large  num- 
ber of  molecules,  and  thus  al- 
though, if  we  were  able  to  follow 
the  change  in  the  volume,  &c., 
of  a  single  molecule  or  small 

group  of  molecules,  they  would  each  be  found  to  follow  the  dotted 
curve,  the  change  from  solid  to  liquid,  or  liquid  to  vapour,  being  con- 
tinuous, yet  in  the  case  of  a  relatively  large  mass  of  liquid  there  are 
a  number  of  such  groups  simultaneously  going  through  such  a  change, 
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and  the  integral  result  is  represented  by  the  straight  line  BC,  the  area 
the  loop  BEF  being  equal  to  that  of  the  loop  fgc. 

The  part  of  the  curve  between  E  and  G  we  cannot  expect  to  be  able 
to  actually  obser\e,  for  it  represents  an  essentially  unstable  condition,  as 
an  increase  of  pressure  is  here  accompanied  by  an  increase  of  volume, 
which  increase  m  volume  itself  causes  a  further  mcrease  of  pressure,  and 
so  on.  The  parts  BE  and  GC  correspond,  however,  to  stable  conditions, 
and  hence  we  may  reasonably  hope  that,  in  special  circumstances,  we 
shall  be  able  to  obtain  a  body  in  the  condition  indicated  by  points  on 
these  portions  of  the  isothermal. 

The  form  of  the  isothermal  for  phosphorus  is  similar  to  that  shown 
in  Fig.  185,  by  the  line  abcd.  If,  however,  we  take  some  phosphorus 
in  the  liquid  condition,  as  indicated  by  the  point  C,  it  is  possible,  if 
suitable  precautions  are  taken,  keeping  the  pressure  the  same,  to  cool 
the  liquid  without  its  solidifying,  so  that  the  new  condition  is  repre- 
sented by  the  point  H.  Now  the  points  C  and  H  appear  to  be  on 
the  same  isothermal,  yet  to  pass  from  c  to  H  we  have  lowered  the 
temperature  of  the  body,  or,  m  other  words,  have  not  passed  along  an 
isothermal. 

We  are  therefore  driven  to  the  conclusion  that  the  points  H  and  c  are 
not  on  the  same  isothermal,  and  that  the  true  form  of  the  isothermal  is 
really  as  shown  by  the  dotted  lines,  so  that  the  point  H  is  on  the  upper 
part  of  the  serpentine  portion  of  an  isothermal  corresponding  to  a  lower 
temperature  than  the  one  passing  through  C. 

The  case  of  a  "  superheated  "  liquid,  in  the  same  way,  realises  the 
portion  BE  of  the  isothermal  corresponding  to  the  passage  from  the 
liquid  into  the  gaseous  condition. 

282,  The  Critical  Point.— In  Fig.  186  are  given  the  isothermals  for 
carbon  dioxide,  as  obtained  by  Andrews.  At  low  temperatures  (13°.! 
and  21  ".5),  the  horizontal  part  of  the  curve,  corresponding  to  the  presence 
of  both  liquid  and  vapour,  is  very  marked.  The  curve  for  a  temperature 
of  3I*.I  has,  however,  quite  a  different  form,  as  there  are  no  longer  sharp 
bends  in  the  curve.  Starting  with  the  gas  at  31°.!,  and  increasing  the 
pressure,  the  volume  diminishes  at  first  slowly,  but  at  a  pressure  of  about 
75  atmospheres  the  volume  diminishes  rapidly,  very  much  as  happens 
during  the  condensation  of  a  vapour,  but  there  is  no  visible  separation  of 
the  carbon  dioxide  into  two  distinct  conditions.  As  the  pressure  is 
further  increased  the  volume  diminishes,  but  only  slowly,  the  rest  of  the 
isothermal  curve  resembling  that  for  the  liquid  ;  and  for  pressures  of  about 
90  atmospheres  the  volume  is  what  we  should  expect  it  to  be  at  this 
temperature,  from  the  known  coefficient  of  cubical  expansion  of  li(juefUd 
carbon  dioxide.  Andrews  found  that  at  temperatures  below  3o'.92  there 
was  a  clearly  marked  passage  from  the  liquid  to  the  gaseous  condition, 
but  that  for  all  higher  temperatures,  starting  with  the  gas,  it  was  possible 
to  compress  it  till  it  possessed  the  density,  &c,  of  the.  liquid,  but  that  no 
abrupt  change  from  one  state  to  the  other  took  place.  This  temperature, 
below  which  the  abrupt  change  from  gas  to  liquid  can  take  place,  is 
called  the  critical  temperature. 

The  isothermals  for  yi",^  and  35*.5  show  that  at  these  temperatures 
there  is  a  pressure  at  which  the  rate  of  change  of  volume  is  excessive, 
but  this  flattening  of  the  curve  is  less  marked  for  the  higher  temperature. 
At  a  temperature  of  48*.  1  this  flattening  has  entirely  vanished,  and  the 
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curve  is  similar  to  that  obtained  in  the  case  of  one  of  the  so-called 
permanent  gases. 

A  similar  series  of  phenomena  are  exhibited  by  other  substances 
which  can  be  obtained  in  both  the  gaseous  and  liquid  condition.  At 
temperatures  below  the  critical  temperature,  if  the  pressure  is  increased 
sufficiently,  there  is  a  sudden  change  from  the  gaseous  to  the  liquid 
condition,  while  for  temperatures  above  the  critical  temperature  there  is 
no  such  abrupt  change,  the  substance  gradually  passing  froni  the  condi- 
tion of  a  gas  into  that  of  a  liquid,  the  two  states  never  coexisting. 

If  on  the  diagram  of  the  isothermals  for  a  substance  we  trace  a  curve 
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through  the  points  at  which  liquefaction  commences  and  ends,  we  obtain 
a  curve  ACEDB,  shown  dotted  in  Fig.  184.  The  isothermal  for  the 
critical  temperature  will  touch  the  vertex  of  this  curve,  because  for  all 
lower  temperatures  we  get  a  distinct  commencement  and  end  of  liquefac- 
tion. For  the  body  in  the  states  represented  by  all  points  included 
within  this  curve,  we  may  have  the  hquid  and  gas  existing  side  by  side. 
The  point  E,  at  which  the  isothermal  for  the  critical  temperature  touches 
this  curve,  corresponds  to  what  is  called  the  critical  point  of  the  sub- 
stance, and  the  pressure  and  volume  which  correspond  to  E  are  called 
the  critical  pressure  and  volume  of  the  substance  respectively.  It  is  well 
to  remember  that  what  we  mean  by  the  critical  volume  is  the  volume  of 
U7iit  mass  of  the  substance  at  the  critical  temperature  and  pressure. 

In  the  isobars  for  water,  shown  in  Fig.  181,  it  will  be  noticed  that  the 
change  in  volume  in  the  passage  from  the  liquid  to  the  gaseous  state 
decreases  as  the  pressure  for  which  the  isobar  is  drawn  increases.  The 
isobar  corresponding  to  the  critical  pressure  is  a  continuous  curve  AEC, 
touching  the  curve  odd'^e^  which  can  be  drawn  enclosing  that  portion 
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of  the  diagram  corresponding  to  the  possible  coexistence  of  the  liquid  and 
gaseous  states,  at  the  point  E.  The  co-ordinates  of  E  are,  of  course,  the 
critical  temperature  and  volume  respectively. 

The  following  table  contains  the  critical  data  for  some  substances  : — 


Critical  Data. 


Temperature 

Pressure  in 

Volume  in  cc 

in  Degrees  C. 

Atmospheres. 

per  Gram. 

Carbon  dioxide 

30.92 

77 

2.2 

Sulphur  dioxide 

156 

78.9 

1.9 

Ether    . 

194.4 

35-61 

3.8 

Water  . 

365 

195 

2.3 

Oxygen 

-118 

50.0 

1.5 

Nitrogen 

-146 

330 

2.7 

Hydrogen 

-234 

20.0 

... 

Ammonia 

130 

115 

... 

Benzene 

288.5 

47.9 

3-3 

Acetic  acid  . 

• 

321.6 

57.1 

2.8 

233.  Density  of  the  Saturated  Vapour  and  of  the  Liquid  up 
to  the  Critical  Point.— At  temperatures  below  the  critical  temperature, 
a  substance  may  exist  either  as  a  liquid  or  as  a  saturated  vapour,  and 
hence  if  we  plot  a  curve  showing  the  connection  between  the  density  of 
a  substance  and  the  temperature,  the  pressure  being  always  such  that  the 
liquid  and  vapour  can  simultaneously  exist,  we  shall  get  a  curve  such  as 
that  given  for  carbon  dioxide  in  Fig.  187.  Thus  at  a  temperature  of  10° 
carbon  dioxide  may  exist  either  as  a  liquid  having  a  density  of  .85,  or  as 
a  saturated  vapour  having  a  density  of  .14.  As  the  temperature  rises  the 
density  of  the  liquid  decreases,  while  that  of  the  saturated  vapour 
increases  ;  and  when  the  critical  temperature  is  reached,  the  densities  of 
the  liquid  and  vapour  are  equal,  so  that  the  cui-ves  showing  the  density  of 
the  liquid  and  of  the  vapour  meet  at  the  point  P  at  the  critical  temperature. 
It  will  be  noticed,  from  the  curve,  how  very  rapidly  the  density  of  the 
liquid  and  of  the  vapour  change  near  the  critical  temperature,  and  it  will 
be  understood  why  the  accurate  determination  of  the  critical  volume  is 
so  difficult 

Cailletet  and  Mathias  have,  however,  shown  that  if  we  take  the  mean 
of  the  densities  of  the  liquid  and  saturated  vapour  at  each  temperature, 
and  plot  these  means  on  the  diagram,  the  points  obtained  will  all  lie  on 
a  straight  line  (qp,  Fig.  187)  which  passes  through  the  critical  point  p. 
Thus  by  drawing  the  density  curve,  and  producing  the  diametral  straight 
line  to  cut  it,  we  obtain  the  density  at  the  critical  point,  from  which,  of 
cour!ic,  the  critical  volume  can  at  once  be  calculated. 

284.  Van  der  Waals*s  Equation  connecting  the  Pressure, 
Volume,  and  Temperature  of  a  Fluid.— When  considering  the 
kinetic  theory  of  gases  in  §  140,  we  showed  that  if  V  is  the  mean 
velocity  of  the  molecules,  p  the  pressure  to  which  the  gas  is  subjected, 
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and  V  the  volume  occupied  by  unit  mass  of  the  gas,  then,  since  the 
density  is  equal  to  1/7/,  we  have 

and  that,  if  Boyle's  law  is  true,  it  follows  that  V  is  constant  at  any  given 
temperature. 

If  r  is  the  absolute  temperature  of  the  gas,  then  by  Charles's  law 
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(§  197)  pv=RT^  where  R  is  a  constant  depending  on  the  nature  of  the 
gas.     Combining  this  result  with  the  one  just  obtained,  we  get 

\V^  =  RT. 

In  other  words,  the  mean  velocity  of  the  molecules  of  a  gas  is  directly 
proportional  to  the  square  root  of  the  absolute  temperature. 

Now,  in  obtaining  the  equation  ^V'^=pv,  we  supposed  that  the 
molecules  exerted  no  attraction  or  repulsion  on  one  another  between 
their  successive  impacts,  and,  further,  we  neglected  the  size  of  the  mole- 
cules. Taking  into  account  the  size  of  the  molecules  and  a  possible 
attraction  which  the  molecules  might  exert  on  one  another,  and  which 
would  be  very  similar  to  that  we  have  assumed  to  exist  in  the  case  of 
liquids  when  dealing  with  capillary  phenomena  (§  1 56},  Van  der  Waals 
calculated  the  value  of  the  mean  velocity  of  the  molecules,  and  hence 
deduced  an  equation  showing  the  relation  between  /,  2/,  and  Z",  which 
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should  correspond  to  the  equation  pv=RT  that  applies  in  the  case  of 
perfect  gases.  His  calculations  showed  that  the  effect  of  the  attractions 
between  the  molecules  was  to  add  a  term  to  /,  and  he  took  it  to  be 
of  the  form  aji^,  where  «  is  a  constant.  The  effect  of  the  finite  size 
of  the  molecules  was  to  virtually  diminish  the  volume,  2/,  in  which  the 
molecules  can  move  by  a  constant  amount  b.  His. modified  equation 
then  took  the  form 


(/+^)(^-^)  =  ^^- 


At  the  absolute  zero,  where  r=  (9,  it  follows  that  v=b,  for  p  and  ^  must 

both  be  positive,  and  hence /+-^  cannot  be  zero.     Thus  b  represents 

the  minimum  volume  a  gas  can  be  made  to  occupy.  If  v  is  very  great, 
i.e.  the  gas  is  far  removed  from  its  condensing  pomt,  the  quantity  ajv'^  is 
excessively  small,  and  hence  we  get  the  relation  that  the  volume  of  a  gas 
diminished  by  the  constant  b  (which,  since  by  hypothesis  v  is  large,  pro- 
duces little  effect)  is  proportional  to  the  absolute  temperature.  This 
agrees  with  the  observed  fact  that  a  gas,  when  far  removed  from  its  con- 
densing point,  behaves  as  a  perfect  gas,  and  obeys  Boyle's  and  Charles's 
laws. 

By  multiplying  through,  by  z/*,  Van  der  Waals's  equation  may  be 
written  in  the  form 

p^-v\pb-\-RT)-\-av-ab  =  o, 

Since  a,  b,  and  R  are  constants,  if  we  take  the  pressure  and  temperature 
as  having  some  definite  values,  we  have  a  cubic  equation  from  which  to 
find  V.  It  is  shown,  in  books  on  the  theory  of  equations,  that  a  cubic 
equation  must  necessarily  have  either  one  or  three  real  roots.  Hence  we 
must  have  either  one  or  three  values  of  v  corresponding  to  given  values 
of/  and  T.  In  an  isothermal  curve  T  is  constant,  so  that  a  line  drawn 
parallel  to  the  axis  of  volumes,  and  therefore  corresponding  to  a  constant 
pressure,  must  cut  the  isothermal  in  either  one  place  or  three  places. 
Thus  the  line  p^p^  (Fig.  188)  cuts  the  isothermal  for  a  temperature  T^  at 
one  place  only,  ^,.  The  line /j/,',  however,  if  we  assume  the  truth  of 
James  Thomson's  hypothesis  (§  231),  cuts  the  isothermal  ac  three  points, 
gft  ^„  and  g^.  As  we  consider  isothermals  nearer  and  nearer  to  the 
critical  point  E,  the  three  possible  values  f^r  the  volume  get  nearer  and 
nearer,  and  at  the  critical  point  E  they  coincide.  For  all  temperatures 
above  the  critical  temperature  there  is  only  one  possible  value  of  the 
volume.  At  the  critical  point  E  the  three  roots  of  the  cubic  equation 
are  all  real  and  are  equal.  From  this  condition  it  can  be  shown, 
if  Pm  v«  and  7*.  arc  the  critical  pressure,  volume,  and  temperature 
respectively,  that 

Hence,  since  the  values  of  the  constants  a  and  b  can  be  obtained  from 
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the  deviations  of  a  gas  from  Boyle's  law,  we  can  calculate  the  critical  con- 
stants of  a  gas  from  the  observations  on  the  deviations  from  this  law. 


VOLUME 

Fig.  188. 


If  the  pressure  (tt),  volume  (^),  and  temperature  {B)  of  a  substance 
are  measured  in  fractions  or  multiples  of  the  critical  pressure,  volume, 
and  temperature,  so  that 


we  get 


V  =  2^(j> ;  T  = 


T-TRb 


d. 


Substituting  these  values  in  Van  der  Waals's  equation,  it  reduces  to 


(-  +  ^2)(<^-i) 


8^ 


an  equation  which  does  not  contain  any  constants,  such  as  a,  b^  and  7?, 
which  depend  on  the  nature  of  the  substance,  and  ought  therefore  to  hold 
good  for  all  substances,  whatever  their  chemical  nature. 

Van  der  Waals's  equation  was  obtained  by  making  certain  assumptions 
which  are  probably  only  approximately  true,  and  hence  his  equation, 
although  of  great  interest,  and  undoubtedly  representing  with  a  certain 
amount  of  accuracy  the  true  relations,  must  only  be  regarded  as  an 
approximation,  so  that  the  fact  that  the  values  deduced  from  it  do  not 
exactly  agree  with  experiment  is  not  surprising. 
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286.  Liquefaction  of  Gases.— In  order  to  liquefy  a  gas,  it  is 
accessary  to  cool  it  below  its  critical  temperature,  and  the  chief  differ- 
ences between  the  methods  employed  for  liquefying  those  gases  with 
low  critical  temperatures  (the  so-called  permanent  gases)  lies  in  the 
diflferent  methods  used  to  obtain  a  low  temperature. 

One  method  of  obtaining  a  low  enough  temperature  to  liquefy  oxygen 
and  nitrogen  is  that  employed  by  Wroblewski.  Starting  with  carbon 
dioxide  gas,  which  can  be  liquefied  by  pressure  alone  at  ordinary  tempera- 
tures, since  the  critical  temperature  is  31',  this  is  allowed  to  evaporate 

quickly  by  reducing  the  pres- 
sure, and  the  latent  heat  ab- 
sorbed by  a  portion  of  the 
liquid  evaporating  reduces 
the  temperature  of  the  re- 
mainder to  such  an  extent 
that  it  solidifies.  On  mixing 
the  solid  carbon  dioxide  with 
ether,  a  temperature  of  -  TJ*" 
C.  is  obtained.  This  tem- 
perature is  below  the  critical 
temperature  ofethylene(  1 3°), 
so  that  on  pumping  ethylene 
gas  into  a  receiver,  im- 
mersed in  the  solid  carbon 
dioxide  and  ether,  liquid 
ethylene  is  produced,  and 
can  be  stored  as  a  liquid,  if 
the  receiver  is  kept  packed 
in  ice.  The  liquid  ethylene 
is  passed  from  the  receiver 
A  (Fig.  189),  through  a  fine 
spiral  copper  tube  B,  which 
is  immersed  in  a  bath  of 
solid  carbon  dioxide  and 
ether.  The  liquid,  cooled 
down  to  about  -70°,  then 
passes  into  the  thin  glass 
test-tube  c,  which  is  sur- 
rounded by  another  glass 
vessel  D,  the  two  com- 
municating through  a  side- 
hole  E.  The  tube  F  is  connected  to  an  exhaust-pump,  which  draws 
off  the  gaseous  ethylene  as  it  is  produced.  The  liouid  ethylene,  vapor- 
ising rapidly,  produces  a  temperature  of  about  -  1 50  C.  The  gas  to  be 
condensed  is  contained  in  a  steel  bottle  o,  compressed  to  a  pressure  of 
about  200  atmospheres,  and  is  conducted  by  means  of  a  tube  G  to  the 
strong  glass  test-tube  H,  which  is  surrounded  by  the  boiling  ethylene. 
Under  the  influence  of  the  low  temperature  and  the  high  pressure  the  gas 
condenses,  and  collects  as  a  liquid  in  the  bottom  of  the  tube  H.  The 
temperature  at  which  condensation  takes  place  is  obtained  by  means  of 
a  hydrogen  thermometer,  a  thermo-electric  junction,  or  platinum  thermo- 
meter T.     By  allowing  the  liquid  oxygen  which  forms  in  H  to  evaporate 
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rapidly,  by  releasing  the  pressure,  or  even  connecting  G  with  an  exhaust- 
pump,  a  yet  lower  temperature  can  be  obtained. 

As  an  example  of  another  class  of  apparatus  for  the  liquefaction  of 

gases,  we  may  take  that  used  by  Dewar,  as  shown  in  Fig.  190.     This 

form    of   apparatus    is    practically  only   a 

modification  of  an  experiment  described  in 

§  254,  and  depends,  for  the  production  of 

a  low  temperature,  on  the  fact  that  when  a 

gas  expands  against  pressure  it  does  work, 

and  hence  becomes  cooled  (§  252),  while  a 

further  cooling  is   produced,  if  the   initial 

temperature   is   low  enough,  owing  to  the 

work  which  is  done  when  the  molecules  of 

a  gas  are  separated  (§  254). 

The  inside  of  the  apparatus  is  first  about 

half  filled  with  liquid  carbon  dioxide  through 

the  inlet  on  the  left,  the  supply  being  regu- 
lated by  the  valve  w,  which  is  worked  by  the 

head  B.     This  liquid  can  evaporate  freely, 

and  in  doing  so  becomes  so  much  cooled 

that  the  remainder  solidifies.     The  oxygen, 

which  is  stored  under  pressure  in  a  steel 

cylinder,  enters  the  apparatus  by  the  right- 
hand  inlet,  and  passes  up  through  the  tube 

O.  It  then  passes  round  the  spiral  S,  which 
is  immersed  in  the  solid  carbon  dioxide, 
and  thus  becomes  cooled  to  about  —70°. 
Next  the  oxygen  passes  down  the  spiral 
tube  D  to  the  tube  U,  in  the  side  of  which 
there  is  a  very  small  jet,  which  can  be  closed 
by  the  rod  v  and  screw  a.  The  compressed 
gas  escaping  by  this  jet  and  expanding  be- 
comes cooled,  and  this  cooled  gas  passes  up, 
as  shown  by  the  arrows,  between  the  spirals 
of  the  tube  D,  through  which  the  oxygen  is  descending,  and  then  escapes 
into  the  air.  In  its  passage  up  between  the  spirals,  the  cooled  oxygen 
cools  the  spirals  and  the  contained  oxygen,  so  that  the  oxygen  escaping 
at  the  jet  becomes  colder  and  colder.  Each  portion  of  oxygen  as  it 
travels  down  the  spiral  is  cooled  down  by  the  escaping  gas  to  the  tem- 
perature this  has  acquired  by  its  expansion  at  the  jet,  and  this  oxygen, 
when  it  in  turn  reaches  the  jet  and  expands,  becomes  yet  further  cooled. 
This  regenerative  process  goes  on  till  the  escaping  gas  at  the  jet  is 
cooled  down  to  its  liquefying  point,  when  liquid  oxygen  collects  in  the 
vessel  G.  This  vessel  is  of  particular  construction,  so  as  to  reduce  the 
conduction  of  heat  from  surrounding  objects  to  the  liquefied  gas  to  a 
minimum.  It  consists  of  a  double-walled  glass  test-tube,  the  space 
between  the  walls  being  exhausted  to  the  highest  attainable  vacuum. 
In  such  a  "vacuum  vessel,"  particularly  if  the  outside  is  silvered,  so  as 
to  be  a  very  bad  absorber  of  radiant  heat  (§  246),  it  is  possible  to  preserve 
liquid  air  for  many  hours. 

If  oxygen  is  caused  to  evaporate  rapidly,  by  connecting  a  closed 
vessel  containing  the  liquid  to  an  exhaust-pump,  such  a  low  temperature 


Fig.  190. 

(From  Newth's  "  Chemistry") 
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is  obtained  that  the  air  in  contact  with  the  vessel  containing  the  boiling 
hquid  oxygen  is  liquefied  at  the  ordinary  pressure,  and  may  be  collected 
in  a  vessel  placed  to  catch  it  as  it  drips  down. 

By  allowing  hydrogen  under  a  pressure   of   180  atmospheres  and 
cooled  to  -  205'  C.,  by  passing  first  through  a  coil  in  a  vessel  B  (Fig. 

191)  containing  solid  car- 
bon dioxide,  then  through 
a  coil  in  a  vessel  c  con- 
taining liquid  air,  which 
was  caused  to  boil  rapidly 
by  reducing  the  pressure, 
to  escape  through  the 
nozzle  G  of  an  appa- 
ratus somewhat  similar 
to  that  shown  in  Fig.  190, 
the  vessel  D  being  itself 
placed  in  a  space  kept  be- 
low ~  200°,  liquid  hydro- 
gen has  been  found  by 
Dewar  to  collect.  The 
liquid  hydrogen  was  thus 
collected  in  the  form  of 
a  liquid  even  at  atmos- 
pheric pressures.  By  in- 
troducing a  glass  tube 
filled  with  helium  into 
the  rapidly  evaporating 
liquid  hydrogen,  a  dis- 
tinct drop  of  liquid,  presumably  helium,  formed  in  the  tube.  Thus 
all  the  known  gases  have  been  condensed  into  liquids,  and  the  term 
"  permanent  gas  "  has  no  meaning. 

A  description  of  Linde's  apparatus  for  the  liquefaction  of  gases  will 
be  found  in  §  254. 


Fig.  191. 


CHAPTER    IV 

CONDUCTION   OF  HEAT 

236.  Transference  of  Heat. — When  defining  the  higher  of  two 
temperatures,  we  said  that  if,  when  two  bodies  are  brought  near  each 
other,  heat  passes  from  the  one  to  the  other,  the  one  from  which  the  heat 
passes  is  said  to  have  the  higher  temperature.  We  have  now  to  consider 
the  laws  that  govern  the  passage  of  heat  from  one  body  to  another. 
Heat  may  "be  propagated  in  three  ways.  In  the  first  place,  heat  may 
travel  from  one  portion  of  matter  to  another  by  what  is  called  radiation^ 
and  in  this  process  the  transference  can  take  place  without  the  interven- 
tion of  matter.^  It  is  by  radiation  that  heat  (and  light)  reach  us  from  the 
sun.  In  the  second  place,  heat  may  be  propagated  by  the  actual  visible 
transference  of  matter,  as  in  the  case  when  a  building  is  heated  by  the 
flow  of  hot  water  through  pipes.  This  method  of  propagation  is  called 
convection.  Thirdly,  heat  may  be  propagated  by  conduction.  In  this 
case  the  heat  is  conveyed  by  matter,  but  no  visible  motion  of  the  matter 
itself  takes  place ;  the  heat  is  usually  considered  as  propagated  by  the 
warmer  molecules  heating  the  neighbouring  colder  molecules,  and  so  on. 
Thus,  when  one  end  of  a  metal  rod  is  placed  in  a  flame  and  the  other  is 
placed  in  melting  ice,  it  is  found  that  heat  is  conducted  along  the  rod, 
causing  the  ice  to  be  melted. 

237.  Conduction.— In  order  to  define  the  conductivity  for  heat  of  a 
body,  let  us  suppose  we  have  a  slab  of  the  material  of  thickness  d,  with 
parallel  faces  each  of  area  A^  and  that  the  opposite  faces  are  kept  at  the 
temperatures  t^  and  t^  respectively.  Then  heat  will  be  conducted  by  the 
material  of  the  slab  from  one  face  to  the  other.  Let  Q,  units  of  heat  pass 
from  one  face  to  the  other  through  the  slab  in  a  time  r.  Then  it  is 
found  that 

where  ir  is  a  constant  for  any  one  substance,  independent  of  the  thick- 
ness, area  of  the  faces,  and  the  difference  of  temperature  (so  long  as  this 
is  not  too  great),  but  varies  from  one  substance  to  another.  If  we  make 
each  of  the  quantities  A.^  d,  r,  and  the  difference  of  temperature  {t^-t^ 
unity,  we  have  that  k  is  equal  to  the  quantity  of  heat  which  would  pass 
between  the  opposite  faces  of  a  slab  of  the  material  of  unit  area  and  of 
unit  thickness  in  unit  time,  when  the  temperatures  of  the  faces  differ  by 

1  When  considering  the  subject  of  light,  we  shall  show  that  the  energy,  in  the  case 
of  radiant  heat,  is  propagated  by  a  wave  motion  in  the  ether. 
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unity.  The  quantity  k  is  called  the  thermal  conductivity  of  the 
substance.  The  difference  of  temperature  between  the  faces,  (/2-^i,X 
divided  by  the  thickness,  gives  the  change  of  temperature  per  unit 
length  in  the  direction  in  which  the  heat  is  flowing,  and  is  called  the 
temperature  gradient. 

The  rate  at  which  the  temperature  of  a  body,  say  a  metal  rod,  rises 
when  it  is  heated  at  one  end,  depends  not  only  on  the  conductivity  of 
the  material,  but  also  on  the  specific  heat.  Let  c  be  the  specific  heat 
of  the  material  and  p  its  density,  then  the  heat  required  to  raise  the  tem- 
perature of  unit  volume  through  one  degree  is  cp.  Now  the  thermal 
conductivity  k  is  the  quantity  of  heat  which  would  pass  through  a  slab  of 
the  material  of  unit  thickness  and  unit  cross  section,  in  unit  time,  when 
the  temperatures  of  the  two  faces  differ  by  one  degree.  This  quantity  of 
heat  would  raise  the  temperature  of  unit  volume  of  the  material  through 
/'  where  /  is  given  by  the  equation 


Hence 


k^cpJ. 

t=k/cp. 


The  quotient  k/cpy  or  the  coefficient  of  conductivity  divided  by  the  heat 
required  to  raise  the  temperature  of  unit  volume  through  one  degree,  is 
called  the  diffusivity  or  coefficient  of  thermometric  conductivity  of  the 
material. 

238.  The  Measurement  of  the  Conductivity  of  Solids.— If  one 
end  of  a  long  bar  is  heated,  and  a  series  of  thermometers  are  placed  in 
small  holes  drilled  in  the  bar,  the  readings  of  the  thermometers  will 
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increase.  The  thermometer  nearest  the  heated  end  will  rise  first,  the 
others  following  in  succession.  After  a  time  the  temperature  of  all  parts 
of  the  bar  will  become  constant,  but  diminishing  gradually  from  the 
heated  end  to  the  other  end.  When  this  occurs,  the  heat  supplied  to  the 
bar  at  the  hot  end  during  each  second  is  exactly  equal  to  that  lost  by 
radiation  and  conduction  from  the  sides  and  the  cold  end.  Let  a  curve 
AB  (Fig.  192)  be  drawn  such  tliat  the  abscissae  represent  distances  along 
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the  bar,  measured  from  the  heated  end,  and  the  ordinates  represent  the 
corresponding  temperatures.  If  we  consider  two  cross  sections  of  the 
bar  at  M  and  n,  the  temperatures  at  these  points  being  represented  by 
MR  and  NS^^  thedifference  in  temperature  between  these  two  sections  is 
equal  to  mr-ns  or  to  RP.  Of  the  heat  which  crosses  the  section  of  the 
bar  at  M,  part  is  conducted  on  and  crosses  the  section  at  N,  while  the 
rest  is  radiated  from  the  outside  surface  of  the  bar  between  the  two 
sections.  By  taking  the  distance  MN  between  the  two  sections  sufficiently 
small,  the  quantity  of  heat  lost  by  radiation  from  the  edges  of  this  small 
section  of  the  bar  bears  so  small  a  proportion  to  the  heat  conducted 
through  the  section,  that  we  may  neglect  it.  Also,  since  the  points  R 
and  S  are  so  near  together,  we  may  take  the  temperature  curve  between 
these  points  as  being  a  straight  line  tangential  to  the  curve.  Hence  if 
A  is  the  area  of  cross  section  of  the  bar,  and  k  the  conductivity  of  the 
material  of  which  the  bar  is  composed,  we  have  that  the  quantity  of  heat 
Q  which  passes  through  the  section  mn  in  unit  time  is  given  by 

PR 

^  MN 

I  f  the  tangent  to  the  temperature  curve  at  R  or  S  makes  an  angle  a  with 
the  axis  of  Xy  then,  since  mn  — PS,  we  have 

=tan  a. 

MN 

Hence  Q=kA  tan  a. 

If  the  bar  is  sufficiently  long,  there  will  be  some  point  L  which  is  at 
the  same  temperature  as  the  surrounding  air,  then  all  the  heat  which 
passes  through  the  section  MN  must  be  lost  by  radiation  from  the  surface 
of  the  bar  between  N  andj^  Hence  if  we  can  measure  the  heat  lost  by 
radiation  by  the  portion  NL  of  the  bar,  we  shall  know  Q ;  and  then  from 
the  cross  section.  A,  of  the  bar  and  the  angle,  a,  made  by  the  tangent  to 
the  temperature  curve  at  N,  with  the  axis,  we  can  calculate  the  con- 
ductivity k. 

In  order  to  determine  the  heat  lost  by  radiation,  a  separate  experi- 
ment is  made,  in  which  a  short  bar  of  the  same  material,  and  having  its 
surface  in  the  same  condition  as  that  of  the  long  bar,  is  heated  uniformly 
to  a  temperature  slightly  higher  than  that  at  the  point  N,  and  is  then 
allowed  to  cool  by  radiation,  the  temperature  being  read  at  short  inter- 
vals by  means  of  a  thermometer  placed  in  a  small  recess  in  the  bar. 
Knowing  the  specific  heat  of  the  material  and  the  mass  of  this  short  bar, 
the  quantity  of  heat  lost  in  one  second  by  unit  length  of  the  bar  at  dif- 
ferent temperatures  can  be  obtained  in  the  same  way  as  was  done  in  the 
case  of  the  calorimeter  in  §  201.  Hence  the  quantity  of  heat  lost  by  each 
unit  of  length  of  the  first  bar  between  N  and  L  per  unit  time  at  its  tem- 
perature, as  given  by  the  temperature  curve,  can  be  obtained,  and  the  sum 
of  these  quantities  of  heat  gives  Q. 
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Experimenting  by  this  method,  Forbes  obtained  0.207  for  the  con- 
ductivity of  wrought  iron  at  o*,  and  0.157  at  100°. 

Another  method  of  measuring  the  conductivity  of  fairly  good  conduc- 
tors of  heat,  such  as  metals  which  can  be  obtained  in  large  pieces,  is 
illustrated  diagrammatically  in  Fig.  193.  The  material  to  be  tested  is  in 
the  form  of  a  thick  block  a.  One  face  of  this  block  closes  the  circular 
end  of  a  cylindrical  steam  chamber  C.  This  chamber  is  surrounded  by 
a  larger  chamber  B,  and  they  are  both  supplied  with  drain  tubes,  by 
means  of  which  the  condensed  steam  may  be  drawn  off.  The  opposite 
face  of  A  closes  two  exactly  similar  cylindrical  boxes,  which  are  filled 
with  pounded  ice.    Two  fine  holes  are  bored  into  A  in  planes  parallel  to 


Fig.  193. 


the  faces  to  which  the  cylinders  are  attached,  and  into  these  are  inserted 
two  delicate  thermometers,  or  thermoelements  (§  501),  which  serve  to 
measure  the  difference  in  temperature  between  two  planes  in  the  material 
at  a  distance  d  apart  The  outside  cylinder  b  preserves  the  inside 
cylinder  from  loss  of  heat  by  radiation  and  conduction,  except  on  the  face 
in  contact  with  A.  Hence,  if  «/  is  the  weight  of  water  collected  at  G  in  a 
second,  this  means  that  wL  thermal  units  have  been  conducted  into  a, 
through  an  area  //,  where  L  is  the  latent  heat  of  steam,  and  A  is  the  area 
enclosed  by  C  In  the  same  way,  if  w,  is  the  weight  of  water  collected 
at  F  per  second,  and  /.j  is  the  latent  heat  of  ice,  w^L^  units  of  heat  have 
been  given  up  by  an  area  A  of  the  surface  of  the  substance  a.  Now 
if  the  outside  cylinders  B  and  D  are  sufficiently  large,  so  as  to  include  a 
wide  annulus  of  the  surface  of  a,  the  flow  of  heat  within  the  block  will, 
as  indicated  by  the  dotted  lines,  be  quite  uniform  between  the  portions 
of  the  opposite  sur&ces  enclosed  by  C  and  E.    Thus  all  the  heat  that 
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enters  from  c  and  leaves  to  E  will  travel  across  an  area  A  in  the  planes 
containing  the  thermometers  T-^  and  T^.     Thus 

a 


so  that  k  can  be  calculated. 

In  the  case  of  bad  conductors  of  heat  a  somewhat  similar  method  is 
employed,  only,  since  these  have  to  be  taken  in  thin  slabs,  it  is  possible 
so  to  arrange  matters  that  the  loss  of  heat  by  the  edge  is  very  small 
compared  to  the  quantity  of  heat  which  passes  through,  for  in  a  thin  disc 
the  area  of  the  cylindrical  surface  bears  only  a  small  ratio  to  the  area  of 
the  faces. 

A  diagrammatical  section  of  an  arrangement  used  by  Lees  is  shown  in 
Fig.  194.  Two  thin  discs  A,  a'  of  the  material  are  each  placed  between 
two  copper  discs  B,  b'  and  C,  c',  while  the 
discs  B,  b'  ai:e  fixed  to  the  opposite  sides  of 
a  flat  coil  D  of  insulated  platinoid  wire.  An  "^n 
electric  current  is  passed  through  this  coil,  "T|  dk" 
through  the  wires  E,  e',  and  the  amount  of  x6"ir>\5 
heat  liberated  per  second  is  calculated  from*"  J^ 

the  value  of  the  current  and  the  resistance 
of  the  coil  (§  496).  A  very  little  glycerine 
is  placed  between  the  discs  A,  a'  and  the 
copper  discs  so  as  to  insure  good  thermal 
contact.  The  copper  discs  are  such  good 
conductors  that  the  temperatures  as  given 
by  the  thermo-elements  7\,  7*2,  Z'g,  T"^,  which 
fit  into  fine  holes  drilled  in  these  discs,  may 
be  taken  as  being  the  temperatures  of  the 
surfaces  of  the  discs  A,  a'.  Thus,  knowing 
the  quantity  of  heat  supplied  to  D,  the  tem- 
peratures of  the  faces  of  the  discs  A,  a'  and 
their  thicknesses  and  areas,  we  can  calculate 
the  thermal  conductivity  as  before.  A  cor- 
rection can,  if  necessary,  be  applied  for  the 
loss  of  heat  by  the  edges  of  the  discs,  and 
conduction  along  the  wires  E,  e'  and  the 
thermo-element  wires. 

The    conductivity  of  two   metals    in    the 
form  of  rods  having  the  same  cross  section 

can  be  compared  by  heating  one  end  of  each  rod  to  the  same 
temperature,  and  noting  the  distance  from  the  heated  end  at  which 
the  temperature  of  the  two  rods  has  some  definite  value,  which  must  of 
course  be  greater  than  the  temperature  of  surrounding  bodies.  In  order 
to  make  the  rate  of  loss  of  heat  from  the  surfaces  of  the  two  rods  the 
same  they  must  be  similarly  coated,  as,  for  instance,  silvered  or  blacked. 
A  rough  way  of  determining  the  positions  of  the  points  of  equal  tem- 
perature is  to  coat  both  rods  with  paraffin  wax,  and  note  the  distance 
along  each  rod  the  paraffin  is  melted  when  the  steady  state  is 
reached. 
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If  /j  and  /j  are  the  lengths  of  the  rods  between  the  heated  end  and 
the  points  where  the  temperature  is  /,  and  we  suppose  each  of  these 
lengths  divided  into  n  equal  parts,  the  lengths  of  the  segments  o,n  the 
two  rods  will  be  as  /,  :  l^  Hence  as  the  cross  section  of  the  rods  is  the 
same,  the  surface  exposed  to  the  air  of  each  section  on  the  two  rods  will 
be  as  /i  is  to  l^.  Further,  as  there  are  the  same  number  of  segments,  and 
the  temperatures  at  the  ends  are  the  same,  the  mean  temperature  of  the 
first  segment  on  one  rod  is  the  same  as  that  of  the  first  segment  on  the 
other.  Similarly  the  mean  temperature  of  the  second  segment  on  one 
rod  is  the  same  as  that  of  the  second  segment  on  the  other  rod,  and  so 
on.  Hence  as  the  heat  lost  to  the  surrounding  air  by  any  segment 
depends  simply  on  the  surface  exposed  and  the  mean  temperature,  we 
see  that  the  heat  lost  by  any  segment  of  one  rod  is  to  the  heat  lost  by 
the  corresponding  segment  of  the  other  as  /j  is  to  /g,  for  the  mean  tem- 
peratures are  the  same.  Therefore  as  there  are  the  same  number  of 
segments  the  total  heat  lost  from  the  surface  of  a  length  /j  of  the  first 
rod  is  to  the  total  heat  lost  from  a  length  /,  of  the  second  rod  as  /^ 
is  to  /j. 

Next  consider  the  first  segment  in  each  rod,  the  quantity  of  heat 
transmitted  through  the  segment  by  conduction  has  to  supply  the  loss 
to  the  air  from  the  remainder  of  the  rod,  and  we  have  just  seen  that  the 
quantities  lost  to  the  air  are  as  l^ :  /j.  Hence  if  Qi  and  Q2  are  the  quan- 
tities transmitted,  we  have 

a  /,  •  •  •  <'^- 

But  neglecting  the  loss  from  the  surface  of  the  first  segment,  which,  if 
n  is  very  large  so  that  the  segment  is  very  small,  will  be  quite  negligible, 
we  have,  if  i,  and  k^  are  the  conductivities  of  the  materials  of  which  the 
rods  are  composed, 

where  A  is  the  cross  section  of  either  rod,  S/  is  the  difference  of  tem- 
perature between  the  ends  of  the  first  segment  in  either  rod,  and  8/1 
and  a/j  are  the  lengths  of  the  two  segments.  Since  there  are  an  equal 
number  of  segments  in  the  two  rods  we  have 


or  from  (i)  above 


*f  Qt  ^1  Qt  /; 


Thu«»  the  conductivity  of  the  rods  is  directly  as  the  square  of  the  distances 
of  points  of  equal  temperature  from  the  heated  ends. 
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The  following  table  gives  the  thermal  conductivity  of  some  solids  at 
ordinary  temperatures  : — 


Thermal  Conductivity  in  Calories/Cm.Sec. 


Silver  ....  1.096 
Copper  .  .  .  .1.041 
Aluminium  .  .  .  0.344 
Iron  ....  0.167 
Zinc  ....  0.303 
Granite  ....    0.005 


Marble 
Glass  . 
Cork  . 
Sulphur 
Paraffin 
Horn  . 


0.005 

0.0025 

0.0007 

0.00067 

0.0002 

0.00009 


239.  Temperature  of  the  jEarth's  Crust.— An  interesting  problem 
in  connection  with  the  conduction  of  heat  in  solids  is  furnished  by  the 
crust  of  the  earth.  The  surface  of  the  earth  is  alternately  heated  and 
cooled,  and  thus  we  have  a  series  of  waves  of  heat  due  to  the  heating 
during  the  day  and  to  the  cooling  during  the  night,  as  well  as  a  series 
due  to  the  heating  during  the  summer  being  above  the  average,  and 
that  in  the  winter  below  the  average,  which  start  at  the  surface  and 
travel  towards  the  centre  of  the  earth.  The  diurnal  wave  is  only  sensible 
at  depths  of  2  or  3  feet,  while  the  annual  wave  can  be  traced  to  a  depth 
of  about  50  feet. 

The  kind  of  change  obtained  at  moderate  depths  by  Callendar  is 
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shown  in  Fig.  195.  The  three  curves  show  the  temperature  recorded  by 
thermometers  placed  at  depths  of  4  inches,  10  inches,  and  20  inches 
respectively,  below  the  surface  of  the  ground  at  Montreal,  Canada.  The 
ground  consisted  of  a  light  brown  sandy  soil  with  turf  on  the  surface. 
It  will  be  noticed  that  at  20  inches  below  the  surface  the  diurnal  change 
can  hardly  be  detected. 


286 


Heat 


[§239 


In  Fig.   196  the  mean  temperature  of  the  air  and  of  the  earth  at 
depths  of  4  mches,  20  inches,  and  9  feet,  are  given  for  a  whole  year. 

1896  1897 

MAY     JUNt   JULY       AUG     SOT      OCT      NOV       DEC      JAN      FEB    MARCH  APRIL     MAY 
"i      V%      «y>      «*f       254»4»4>»»      Zi  t       g|        a»      tit       U  i      tt 


Fio.  196. 

While  the  maximum  air  temperature  occurs  in  August,  at  a  depth  of 
9  feet  the  maximum  does  not  occur  till  early  in  October. 

The  mean  temperature  of  the  earth's  crust  is,  however,  found  to 
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increase  steadily  as  we  descend.  The  rate  of  increase  with  depth  varies 
very  much  with  the  geological  conditions,  but  amounts  on  the  average 
to  about  1°  C.  for  a  depth  of  28  metres  or  30  yards.  Since  heat  always 
flows  from  places  of  high  to  places  of  low  temperature,  this  increase  of 
temperature  with  the  depth  shows  that  there  must  be  a  continuous  flow 
of  heat  from  the  interior  of  the  earth  to  the  surface,  and  from  the  con- 
ductivity of  the  crust  and  the  temperature  gradient  the  loss  of  heat  in  a 
year  can  be  calculated.  If  then  we  assume  that  there  are  no  chemical 
changes  going  on  within  the  earth  by  means  of  which  heat  is  liberated, 
we  can  calculate  from  the  present  rate  of  loss  what  the  temperature  of 
the  earth  must  have  been  in  times  past,  and  in  this  way  Lord  Kelvin 
has  shown  that  it  cannot  be  more  than  200,000,000  years  since  the 
earth  was  a  molten  mass  on  the  outside  of  which  a  solid  crust  was 
just  forming. 

240.  The  Measurement  of  the  Conductivity  of  Liquids.— When 
measuring  the  conductivity  of  solids,  we  are  not  troubled  with  convection  ; 
in  the  case  of  fluids,  however,  it  is  extremely  difficult  to  arrange  for  con- 
duction to  take  place  unaccompanied  by  convection.  When  the  lower 
strata  of  a  flui^  are  heated,  the  fluid  expands  and  becomes  less  dense, 
and  hence  the  heated  portions  stream  up  through  the  colder,  which  sink 
to  the  bottom.  These  convection  currents  tend  to  equalise  the  tempera- 
ture throughout  the  fluid  mass.  When  a  liquid  is  heated  at  the  top,  con- 
vection currents  are  to  a  great  extent  eliminated,  and  the  passage  of  heat 
to  the  lower  strata  is  excessively  slow,  except  in  the  case  of  mercury  and 
molten  metals. 

The  conductivity  of  water  has  been  measured  by  Bottomley,  using  a 
modification  of  the  form  of  the  experiment  originally  due  to  Despretz. 
The  water  is  contained  in  a  cylindrical  vessel  A 
(Fig.  197),  and  the  heat  is  supplied  by  gently 
pouring  a  stratum  of  hot  water  on  a  wooden 
float  placed  on  the  surface  of  the  water.  Four 
thermometers,  Tj,  Tg,  T3,  T4,  are  placed  with  their 
bulbs  in  the  positions  shown.  The  two  ther- 
mometers Ti  and  T2  give  the  difference  of  tem- 
perature of  the  faces  of  a  horizontal  stratum  of 
the  liquid  of  known  thickness.  The  quantity  of 
heat  which  flows  through  this  stratum  per  second 
is  obtained  by  observing  the  change  of  tempera- 
ture of  the  mass  of  the  liquid  below  the  stratum, 
the  thermometer  T3,  the  bulb  of  which  extends 
from  the  stratum  to  nearly  the  bottom  of  the 
vessel,  giving  the  mean  temperature.  As  soon 
as  the  wave  of  heat  reaches  the  bottom  of  this 
thermometer,  as  indicated  by  the  thermometer 
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T4,  the  experiment  is    stopped.       In    this   way   Bottomley  found   the 
number  0.002  for  the  conductivity  of  water. 

Lees  has  employed  the  disc  method  described  in  the  preceding 
section  to  measure  the  conductivity  of  liquids.  The  liquid  is  enclosed 
by  an  ebonite  ring  fixed  between  the  discs  A  and  C  (Fig.  194).  A  correc- 
tion is  applied  for  the  conductivity  of  the  ring,  and  the  discs  are  placed 
horizontal,  with  the  hot  side  of  the  liquid  film  uppermost,  to  reduce  the 
effects  of  convection  currents. 
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The  followintr  table  eives  the  thermal  conductivities  of  some  liquids  : — 

Thermal  Conductivity  of  Liquids  in  Calories/Cm.Sec. 


Water  . 
Glycerine 
Ethyl  alcohol 


0.0014 
0.0007 
0.0004 


Ether    . 
Mercury 


0.0003 
0.0152 


241.  The  Measurement  of  the   Conductivity  of  Gases.— The 

determination  of  the  conductivity  of  a  gas  is  a  problem  of  even  more 
difficulty  than  the  measurement  of  the  corresponding  quantity  in  the 
case  of  a  liquid,  for  convection  currents  play  even  a  more  prominent  part 
than  before,  and  it  is  difficult  to  separate  the  effect  due  to  conduction 
and  radiation. 

It  follows  from  the  kinetic  theory  of  gases,  and  has  been  found  by 
experiment,  that  the  conductivity  of  a  gas  is  independent  of  the  pressure 
so  long  that  this  is  not  reduced  so  much  as  to  make  the  mean  free  path 
(jj  140)  of  the  molecules  of  appreciable  magnitude  with  reference  to  the 
dimensions  of  the  vessel  enclosing  the  gas. 

In  the  experiments  made  by  Miiller,  using  a  method  previously  em- 
ployed by  Kundt  and  Warburg,  a  small  spherical  glass  globe  A  (Fig.  198), 
containing  mercury,  is  used  as  the  hot  body. 
This  globe  forms  the  bulb  of  a  mercurial 
thermometer,  on  the  stem  of  which  there 
is  an  enlargement  B  that  acts  as  a  stopper 
to  the  spherical  glass  vessel  C.  The  air 
from  between  A  and  C  can  be  exhausted 
through  a  side-tube  D.  The  whole  ap- 
paratus having  been  heated  to  a  known 
temperature,  say  100°,  and  the  air  exhausted 
to  the  required  amount,  the  globe  C  is 
plunged  into  a  vessel  containing  water 
which  is  kept  at  a  known  constant  tempera- 
ture, or  into  a  mixture  of  ice  and  water. 
The  times  taken  for  the  thermometer  to 
fall  through  a  given  interval,  say  10',  are 
then  noted.  Knowing  the  "water  equi- 
valent" (§  201)  of  the  thermometer  bulb  A, 
the  quantity  of  heat  which  must  be  lost  for 
the  temperature  to  fall  10°  can  be  calcu- 
lated, and  hence  the  quantity  of  heat  which 
passes  from  a  to  C,  through  the  air  which 
is  enclosed  between  them,  is  known.  This  loss  of  heat  may  be  due 
to  three  causes — (i)  conduction,  (2)  radiation,  and  (3)  convection. 

Of  these  the  third,  namely,  that  due  to  convection,  varies  with  the 
pressure.  Now  it  is  found  experimentally  that,  in  the  case  of  air,  the 
rate  of  loss  of  heat  by  A,  at  any  given  temperature,  decreases  as  the 
pressure  is  decreased  till  a  pressure  of  about  15  cm.  of  mercury  is 
reached,  and  then  remains  constant  down  to  a  pressure  of  about  o.i  cm. 
Hence  for  pressures  between  15  cm.  and  0.1  cm.  the  loss  of  heat  due  to 


Fio.  198. 
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convection  currents  is  inappreciable,  and  therefore  the  observed  rate  of 
loss  is  due  to  conduction  and  radiation  only.  In  order  to  separate  the 
effect  of  these  two  causes,  two  methods  have  been  employed.  In  one  of 
these  the  globe  is  exhausted  to  the  best  vacuum  obtainable,  particular 
attention  being  paid  to  the  removal  of  the  last  traces  of  mercury  vapour 
from  the  globe.  The  rate  of  loss  of  heat  is  then  measured,  and  since 
there  is  now  practically  no  gas  present,  the  loss  is  taken  to  represent  the 
loss  due  to  radiation  only.  Deducting  this  loss  from  that  obtained  when 
the  pressure  was  about  2  cm.,  the  loss  due  to  conduction  alone  is 
obtamed.  As  an  example,  the  times  taken  to  cool  from  59°. 88  to  58°.88 
at  different  pressures  were  as  follows  : — 

Pressure   .        .        .        •     i«5  cm.     i.o  cm.     0.5  cm.     0.0  cm. 
Time  to  cool  1°.        .        .     3.6  sec.     3.7  sec.     3.6  sec.     8.0  sec. 

Thus  at  pressures  of  1.5,  i.o,  and  0.5  cm.  the  rate  of  cooling  was  constant, 
while  at  the  best  attainable  vacuum  it  was  only  about  half  as  much. 

Another  method  of  allowing  for  the  radiation  is  to  repeat  the  observa- 
tions with  an  outside  vessel,  such  as  E,  of  a  different  size  to  the  first. 
Since  the  thickness  of  air  between  the  hot  body  and  the  walls  of  the 
vessel  is  different  in  the  two  cases,  the  loss  of  heat  by  conduction  will 
be  different.  The  loss  of  heat  by  radiation  will,  however,  at  any  given 
temperature,  be  the  same  as  before.  Hence,  by  making  experiments  with 
outer  vessels  of  two  sizes,  the  loss  of  heat  by  radiation  can  be  allowed  for 

The  conductivity  of  air  obtained  by  Miiller  was  0.000056  ^^  ones 

cm. sec. 
Kundt  and  Warburg  found  the  conductivity  of  hydrogen  to  be  7.1  times 
that  of  air,  and  that  of  carbon  dioxide  0.59  times.  Combining  these 
results  with  the  value  for  air  given  above,  we  have  : — 

CONDUCIIVITY  OF   HeAT   IN   GASES. 

Hydrogen 0.00040  calories/cm. sec. 

Air 0.000056  „ 

Carbon  dioxide     ....     0.000033  „ 

242.  The  Spheroidal  State.  —  If  a  metal  plate  is  heated  to  a 
temperature  very  considerably  above  100°  C,  and  a  few  drops  of  water 
are  thrown  on  it,  these  do  not  immediately  boil  away,  as  occurs  when 
the  temperature  of  the  plate  is  only  a  few  degrees  above  100°.  The 
general  appearance  of  the  drops  of  water  resembles  that  of  mercury  on 
a  glass  dish,  for  if  the  drops  are  small  they  are  almost  spherical,^  while 
as  the  quantity  of  water  is  increased  they  become  more  and  more 
flattened.  That  evaporation  is  going  on  all  the  time  is  shown  by 
the  gradual  diminution  in  the  size  of  the  drops.  The  liquid  in  this 
experiment  is  said  to  be  in  the  spheroidal  state,  and  the  slow  evapora- 
tion is  due  to  the  fact  that  it  is  not  in  contact  with  the  hot  metal,  but  is 
separated  from  it  by  a  thin  layer  of  vapour,  which  is  being  continually 

'  The  spherical  shape  is  due  to  the  action  of  surface  tension  (§  156). 

T 


290  Heat  [§  242 

renewed  by  evaporation  from  the  lower  surface  of  the  drop.  The 
vapour  being,  like  all  gases,  a  very  bad  conductor  of  heat,  the  water 
only  slowly  acquires  heat  from  the  metal,  while  the  heat  lost,  owing  to 
the  evaporation  which  is  taking  place  at  the  under  side,  due  to  the  latent 
heat  of  vaporisation,  is  sufficient  to  keep  the  temperature  of  the  drop 
below  the  boiling-point. 

If  the  drop  is  placed  on  a  flat  and  level  metal  plate,  it  is  possible  to 
see  between  the  drop  and  the  surface  of  the  plate,  thus  showing  that 
there  is  no  true  contact  between  the  liquid  and  metal.  The  phenomenon 
is  also  exhibited  by  other  liquids,  the  only  condition  being  that  the  metal 
plate  must  have  a  temperature  considerably  higher  than  the  ordinary 
boiling-point  of  the  liquid. 


CHAPTER   V 

RADIANT    HEAT 

243.  Prevost's  Theory  of  Exchanges.— As  we  have  seen  in  the 
last  section  but  one,  when  a  hot  body  is  suspended  in  a  gas,  cooling 
takes  place  due  to  two  distinct  causes.  In  the  first  place  there  is  loss 
of  heat  due  to  convection  currents  set  up  in  the  gas^  and  to  conduction 
through  the  gas,  both  of  which  depend  on  the  presence  of  matter,  while 
in  the  second  place  heat  is  radiated  in  all  directions,  independently  of  the 
presence  or  absence  of  matter.  Hence  the  rate  of  cooling  depends  on  two 
distinct  terms,  one  due  to  convection  and  conduction,  and  the  other  to 
radiation.  In  the  case  of  convection,  the  heat  energy  is  conveyed  by  the 
circulation  of  comparatively  large  groups  of  molecules  at  the  higher  tem- 
perature, all  moving  together,  while  in  conduction  the  energy  is  handed 
on  from  molecule  to  molecule,  owing  to  their  impacts.  In  radiation 
the  energy  is  conveyed  by  waves  set  up  in  the  luminiferous  ether  by 
the  vibrations  of  the  heated  molecules,  or  rather  atoms  within  the 
molecules.  While  in  the  case  of  convection  and  conduction  the  medium 
through  which  the  heat  is  propagated  becomes  heated,  this  is  not 
necessarily  the  case  with  radiation.  Thus  the  radiant  heat  which 
reaches  the  earth  from  the  sun  does  not  heat  the  intervening  inter- 
planetary space.  If  the  body  is  suspended  in  a  vacuum,  then  we  have 
only  to  deal  with  radiation.  Suppose,  therefore,  that  we  have  a  vessel 
which  is  free  from  air,  and  the  walls  of  which  are  kept  at  a  constant 
temperature  by  the  vessel  being  immersed  in  a  water  bath,  and  that  we 
introduce  into  this  vessel  a  body  at  a  higher  temperature  than  the  walls 
of  the  vessel.  Under  these  conditions  the  hot  body  will  lose  heat  by 
radiation,  and  this  passage  of  heat  from  the  hot  body  to  the  walls  will 
continue  till  its  temperature  becomes  the  same  as  that  of  the  walls. 
Again,  if  a  body  at  a  lower  temperature  be  introduced,  heat  will  be 
radiated  by  the  walls  to  the  body,  and  its  temperature  will  rise  till 
equality  of  temperature  is  reached.  If,  now,  the  body  is  removed  from 
the  enclosure  and  placed  in  an  enclosure  at  a  lower  temperature,  its 
temperature  will  immediately  begin  to  fall,  and  it  will  commence  to  lose 
heat  by  radiation.  Since,  therefore,  there  can  be  no  property  in  the  walls 
of  the  new  enclosure  which  would  enable  them,  when  there  is  no  material 
connection  between  them  and  the  body,  to  cause  the  body  to  start 
radiating,  we  conclude  that  the  body  is*  radiating  all  the  time,  but  that 
when  its  temperature  remains  constant  it  is  gaining  just  as  much  energy, 
due  to  the  radiation  from  the  walls  of  the  enclosure,  as  it  is  itself 
radiating.  Arguing  in  this  way,  Prevost  propounded  what  is  known  as 
Prevost's  theory  of  exchanges.  According  to  this  theory,  all  bodies  are 
always  radiating  heat,  and  the  reason  the  temperature  of  the  body  in  the 
abovfe  examples  becomes  stationary  is  that,  when  the  temperatures  of  the 

891 
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body  and  of  the  enclosure  are  equal,  the  amount  of  heat  radiated  by 
the  body  is  just  equal  to  the  amount  it  receives,  due  to  the  radiation  of 
the  walls  of  the  enclosure. 

244.  Instruments  for  Measuring"  Radiant  Heat— When  radiant 
heat  of  any  wave-length  (§  268)  is  absorbed  by  a  body,  the  energy  of  the 
radiation  is  converted  into  heat,  and  the  temperature  of  the  body  rises. 
Hence  since,  as  we  shall  see,  we  can  deduce,  from  the  rise  in  temperature 
of  the  body,  the  energy  which  must  have  been  converted  into  heat  to 
produce  this  rise  in  temperature,  if  it  were  possible  to  prepare  a  body 
which  was  a  perfect  absorber  of  radiation  of  all  wave-lengths,  the 
measurement  of  its  rise  in  temperature  would  give  the  energy  of  the 
incident  radiation.  Such  a  perfect  absorber  of  radiation  would  appear 
quite  black,  since  it  would  reflect  no  light  to  our  eyes,  and  it  is  by  such 
reflected  light  that  we  see  all  bodies  which  are  not  self-luminous. 
Although  no  such  perfectly  black  body  is  known,  yet  a  surface  coated 
with  lamp-black  or  platinum-black  absorbs  such  a  large  proportion  of  the 
incident  radiation  of  all  wave-lengths  as  to  sufficiently  nearly  fulfil  the 
conditions  for  practical  purposes.  The  various  instruments  which  have 
been  devised  for  measuring  radiation  differ  from  one  another  in  the  way 
in  which  the  rise  in  temperature  of  the  blackened  body,  on  which  the 
radiation  falls,  is  measured. 

The  oldest  arrangement  is  the  thermopile,  which  consists  of  a  number 
of  bars,  alternately  of  antimony  and  bismuth,  soldered  together  in  series. 
The  bars  are  so  arranged  that  the  alternate  junctions  between  the  two 
metals  are  near  together,  as  shown  diagrammatically  in  Fig.  199,  some 
insulating  material,  such  as  mica,  separating  the  adjacent   bars.     The 

junctions  of  the  bars  are  coated  with  lamp- 
black, so  that  when  radiation  is  allowed  to 
fall  on  the  end  of  the  thermopile  it  is  ab- 
sorbed, and  thus  the  temperature  of  the 

junctions  is  raised.     Now  when  the  alter- 

Pjq  nate  junctions  of  such  an  arrangement  of 

^'  metals  are  heated,  and  the  ends  of  the  series 

are  connected  to  a  galvanometer  G,  an  electric  current  is  produced,  which 
causes  the  galvanometer  to  be  deflected.  The  magnitude  of  the  current, 
and  therefore  also  of  the  galvanometer  deflected,  depends  on  the 
amount  by  which  the  temperature  of  the  face  of  the  thermopile  on  which 
the  radiation  falls  exceeds  that  of  the  other  face.  Hence  the  galvanometer 
deflection  is  a  measure  of  the  rise  of  temperature  of  the  face,  and  also 
of  the  energy  of  the  incident  radiation.  As  the  mass  of  metal  in  an 
ordinary  thermopile  is  very  considerable,  the  rise  in  temperature  produced 
by  the  conversion  of  a  small  quantity  of  radiation  into  heat  is  very  small, 
and  so  the  arrangement  is  not  very  sensitive,  and  is  unsuited  for 
measuring  small  quantities  of  radiation.  A  modified  form  of  thermopile, 
in  which  the  thermopile  and  galvanometer  are  combined  in  a  single 
instrument,  has  l>cen  designed  by  Boys,  and  is  called  a  radio-micrometer. 
The  thermopile  proper  consists  of  two  excessively  small  bars  of  antimony 
and  bismuth,  which  arc  soldered  to  the  edge  of  a  plate  of  blackened 
copper  about  2  mm.  square,  which  receives  the  radiation.  The  other 
ends  of  the  antimony  and  bismuth  bars  are  soldered  to  a  light  copper 
loop,  which  is  suspended  by  a  very  fine  quartz  fibre  between  the  poles  of 
a  powerfal  magnet    When  the  copper  plate  is  heated  by  the  radiation,  a 
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thermo-electric  current  of  electricity  is  set  up  in  the  copper  circuit,  which 
therefore  tends  to  turn  and  set  itself  at  right  angles  to  the  lines  of  force 
of  the  magnet  (§  513).  Thus  from  the  deflection  of  the  circuit,  as 
shown  by  a  beam  of  light  reflected  from  an  attached  mirror,  the  rise  in 
temperature  of  the  copper,  and  hence  the  amount  of  the  incident  radiation, 
can  be  determined. 

An  instrument  in  which  the  rise  in  temperature  of  a  blackened  metal 
strip  is  measured  in  another  way  is  the  bolometer  invented  by  Langley. 
The  thin  strip  of  blackened  metal  forms  one  of  the  arms  of  a  Wheat- 
stone's  bridge  (§  491),  and  when  the  temperature  rises  the  resistance  of 
this  strip  increases,  so  that  if  before  the  rise  in  temperature  the  galva- 
nometer was  undeflected,  this  increase  of  resistance  of  one  arm  will  upset 
the  balance  of  the  bridge,  and  the  galvanometer  will  be  deflected.  The 
intensity  of  the  radiation  which  falls  on  the  strip  will  then  be  pro- 
portional to  the  galvanometer  deflection,  at  any  rate  if  the  deflection  is 
not  very  great. 

245*.  Equality  of  the  Emissive  and  Absorptive  Powers  of  a 
Body. — By  the  absorbing  power  of  a  body  is  meant  the  fraction  of  the 
incident  radiation  which  a  body  is  able  to  absorb.  It  has  been  found 
by  experiment,  and  we  shall  deal  with  this  subject  later  (§  246),  that  a 
surface  coated  with  lamp-black  is  capable  of  absorbing  practically  all  the 
heat  energy  which  falls  on  it,  and  hence  its  absorptive  power  is  unity.^ 
A  body  of  which  the  absorptive  power  is  unity  is  often  called  a  ''^perfectly 
black^^  body.  The  incident  energy  which  is  not  absorbed  by  a  body 
is,  if  we  confine  our  attention  to  opaque  bodies,  reflected.  Thus  if  a 
quantity  E  of  radiant  heat  energy  is  incident  on  a  surface  of  which  the 
absorptive  power  is  a^  the  quantity  of  energy  absorbed  is  aE^  and  the 
quantity  reflected  is  e\\  -a). 

By  the  emissive  power  of  a  body  is  meant  the  ratio  of  the  quantity  of 
heat  energy  emitted  by  one  square  centimetre  of  its  surface,  under  given 
conditions,  to  the  quantity  emitted  under  the  same  conditions  by  one 
square  centimetre  of  a  body  of  which  the  absorptive  power  is  unity 
(practically,  lamp-black  is  taken  as  the  standard). 

Suppose  that  we  have  a  body  A,  of  which  the  absorptive  power  is 
unity,  so  that  its  emissive  power  is  also  unity,  enclosed  in  an  enclosure, 
and  that  the  absorptive  power  of  the  walls  of  this  enclosure  is  a^  the 
emissive  power  being  e,  and  the  area  of  its  surface  ^^  Let  the  tem- 
perature become  the  same  throughout,  so  that,  according  to  Prevost's 
theory,  the  quantity  of  heat  radiated  by  the  body  A  is  equal  to  the  heat 
received  from  the  enclosure.  Let  A  lose  E  units  of  heat  by  radiation 
per  second.  Then  the  walls  of  the  enclosure  will  absorb  Ea  units,  and 
reflect  E{i-a)  units  per  second.  This  heat  reflected  from  the  enclosure 
will  be  completely  absorbed  by  the  body  A^  since  its  absorptive  power  is 
unity.  Hence  in  unit  time  the  body  A  will  lose  a  quantity  of  heat 
E  —  E{i—a)  or  Ea;  and  since  its  temperature  remains  constant,  this 
means  that  the  enclosure  must  radiate  Ea  units  which  are  absorbed  by 
A.  Now  since  the  area  of  the  enclosure  is  6",  the  radiation  per  square 
centimetre  is  EajS.  If,  however,  the  enclosure  had  been  perfectly  black, 
it  would  have  absorbed  E  and  radiated  E.     Hence  the  heat  emitted  per 

1  Since  a  body  cannot  absorb  more  heat  than  is  incident  on  it,  no  body  can  possess 
an  absorptive  power  greater  than  unity. 


294  ^^^^  B  ^^^ 

square  centimetre  would  have 

the  ratio  of  the  actual  emissic 

perfectly  black  surface.    Thus 


square  centimetre  would  have  been  E\S.     Now  the  emissive  power  e  is 
the  ratio  of  the  actual  emission  to  the  emission  of  a  similarly  situaied 


.  ^ 


/f" 


In  other  words,  the  emissive  power  is  equal  to  the  absorptive  power. 
Although  we  have  proved  this  relation  as  a  deduction  from  Provost's 
theory  of  exchanges,  we  shall  in  the  following  section  describe  the 
methods  by  which  it  can  be  proved  experimentally. 

246*.  Measurement  of  the  Coefficients  of  Absorption  and 
Emission.— In  the  preceding  section  we  have  considered  how  the  co- 
efficients of  absorption  and  emission  of  radiant  heat  are  defined,  and  we 
now  proceed  to  consider  how  these  quantities  are  measured  experiment- 
ally. Since  the  character  of  the  radiation  emitted  by  a  body  is  often 
quite  different  from  the  character  of  the  radiation  absorbed — thus  lamp- 
black absorbs  light  but  only  emits  invisible  heat  rays,  at  any  rate  at 
ordinary  temperatures,  some  method  of  measuring  the  intensity  of  the 
radiation  has  to  be  adopted  which  takes  account  of  the  radiation  whatever 
the  wave-length.  The  only  way  of  doing  this  is  to  measure  the  radiation 
by  the  rise  in  temperature  it  will  produce  in  a  body  which  absorbs  all 
kinds  of  radiation  equally  well,  so  that  we  in  this  way  measure  the  total 
energy  corresponding  to  the  radiation  of  all  wave-lengths.  Of  course  it 
would  be  better  to  employ  a  body  which  would  absorb  the  whole  of  the 
radiation,  but  no  such  body  exists.  Lamp-black,  although  it  does  not 
absorb  quite  the  whole  of  the  incident  radiation,  yet  possesses  the  pro- 
perty of  absorbing  very  nearly,  if  not  quite,  the  same  proportion  of  the 
mcident  radiation  whatever  the  wave-length,  and  so  this  substance  is 
taken  as  a  standard. 

In  a  series  of  experiments  on  the  absorbing  power  of  opaque  bodies, 
Provostaye  and  Desains  used  a  thermometer  bulb,  which  was  coated  in 
turn  with  the  various  substances,  to  measure  the  radiation  absorbed. 
The  incident  radiation  was  concentrated  on  the  thermometer  bulb  by 
means  of  a  lens  fixed  in  the  side  of  the  closed  box  in  which  the  thermo- 
meter bulb  was  fixed.  If  Q  is  the  quantity  of  radiation  (measured  in 
ergs)  which  falls  on  the  thermometer  bulb  in  unit  time,  and  //  is  the 
absorption  coefficient  for  the  whole  bulb  when  coated  with  a  given 
substance,  the  heat  absorbed  in  unit  time  is  QA.  The  thermometer  will 
rise  in  temperature  till  the  heat  lost  by  radiation  is  exactly  equal  to  the 
heat  absorbed,  and  after  this  the  temperature,  /,  will  remain  constant. 
If  w  is  the  water  value  of  the  thermometer  bulb  and  its  contents,  and 
y  the  fall  of  temperature  in  one  second,  or  the  velocity  of  cooling,  as 
it  is  called,  at  a  temperature  /,  the  heat  lost  by  the  bulb  in  unit  time 
is  wv.     Hence 

QA  =  wv. 

Next,  if  the  bulb  is  coated  with  lamp-black,  the  intensity  of  the  in- 
cident radiation  being  the  same  as  before,  and  if  it  comes  to  a  stationary 
temperature  t^  the  velocity  of  cooling  being  now  i/,  we  have,  as  before— 

Hence  4-!l. 

Ax    v, 
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Now  the  values  of  the  quantities  v  and  v-^  can  be  measured  by  noting 
the  time  taken  by  the  thermometer  to  cool  through  a  given  temperature 
interval  at  the  temperatures  /  and  t^  respectively,  and  so  the  absorbing 
power  of  the  medium,  compared  to  that  of  lamp-black  taken  as  unity, 
can  be  calculated. 

In  the  experiments  two  sources  of  radiation  were  used,  namely,  the 
sun  and  an  Argand  burner,  and  the  results  obtained  are  shown  in  the 
following  table,  the  absorption  of  lamp-black  being  taken  as  unity  : — 


Coefficients  of  Absorption. 


Sun. 

Argand  Burner. 

Lamp-black 

1. 00 

1. 00 

Platinum-black    . 

1. 00 

I.OO 

White-lead  . 

0.09 

0.21 

Cinnabar 

... 

0.28 

Silver  in  powder  . 

... 

0.21 

Gold  in  leaf . 

0.13 

0.04 

Silver  in  leaf 

0.07 

... 

In  order  to  measure  the  emissive  power  of  various  substances,  the 
faces  of  a  hollow  metal  cube  are  coated  with  the  different  substances,  one 
face  being  coated  with  lamp-black,  and  the  amount  of  radiation  emitted, 
when  the  cube  is  filled  with  water  at  100°  C,  is  measured  by  means  of 
a  thermopile  placed  at  a  constant  distance  from  the  cube.  In  performing 
the  experiment,  great  care  has  to  be  taken  to  screen  the  thermopile 
from  all  radiation  except  that  coming  from  the  face  of  the  cube  which 
is  being  measured.  It  has  been  shown  that  many  measurements  made 
were  completely  vitiated  by  the  fact  that  the  screens,  used  to  confine  the 
beam  of  incident  radiation,  reflected  part  of  the  radiation  they  received 
back  to  the  radiating  surface  where  reflection  again  took  place,  and  so 
some  of  this  doubly  reflected  heat  was  thrown  on  to  the  thermopile. 
This  error  was  particularly  marked  when  dealing  with  the  emission  of 
polished  metallic  surfaces  where  the  emission  is  small  and  the  reflected 
power  is  considerable. 

In  the  following  table  is  given  the  value  of  the  emissive  power  of 
some  bodies  in  terms  of  that  of  lamp-black  taken  as  unity  : — 


Coefficients  of  Emission  at  100°  C. 


Lamp-black    . 

.       I.OO 

Gold-leaf 

.    0.04 

Frosted  silver 

.     0.05 

Burnished  platinum 

.       O.IO 

Burnished  silver     . 

.     0.02 

Copper-leaf     . 

.     0.05 

In  order  to  prove  directly,  by  experiment,  that  the  coefficients  of 
absorption  and  emission  for  any  given  substance  are  equal,  the  apparatus 
shown  in  Fig.  200  has  been  devised  by  Ritchie.  The  two  hollow  metal 
drums  B  and  c  are  filled  with  air,  and  are  connected  by  a  glass  tube  which 
is  partly  filled  with  some  liquid,  such  as  sulphuric  acid.     The  drum  A  is 
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also  hollow,  and  can  be  filled  with  hot  water.  The  faces  of  B  and  A, 
turned  towards  the  right,  are  coated  with  lamp-black,  and  the  faces  of  A 
and  C,  turned  towards  the  left,  are  coated  with  silver-foil.  The  position 
of  the  liquid  column  having  been  noted  when 
the  whole  instrument  is  at  the  same  tempera- 
ture, hot  water  is  placed  in  a,  and  it  is  found 
that  the  liquid  column  does  not  move,  show- 
ing that  the  drums  B  and  C  are  receiving  the 
same  amount  of  heat  from  A.  Now  the 
drum  B  receives  the  heat  emitted  by  a  silver 
surface,  the  heat  being  absorbed  by  lamp- 
black, while  the  heat  received  by  c  is  emitted 
by  a  lamp-black  surface  and  absorbed  by  a 
silver  surface.  The  heat  received  being  the 
same,  it  shows  that  although  the  quantity  of 
heat  emitted  by  the  silver  surface  is  small, 
yet  the  lamp-black  absorbing  all  this  heat, 
the  result  is  the  same  as  when  the  large 
amount  of  heat  radiated  by  the  lamp-black 
surface  falls  on  the  silver  surface,  for  in  this 
case  only  a  small  proportion  of  the  incident 
heat  is  absorbed. 

247*.     The    Relation    between    the 
Amount  of  the  Radiation  and  the  Tem- 
perature of  the  Body.  — In    order  to  de- 
termine the  connection  between  the  amount 
strcm>..„io! ,  ■  t-ixj^x.,:-)         of  the  radiation  and  the  temperature  of  a 
body,  Dulong  and  Petit  used  as  radiating 
body  the  spherical  bulb  of  a  large  thermometer.    The  bulb  was  heated 
to  about  300°,  and  then  introduced  into  a  hollow  copper  sphere,  which 
was  kept  at  a  constant  temperature,  and  the  sphere  was  exliausted.     The 
temperature  of  the  bulb  was  indicated  by  the  position  of  the  mercury 
thread  in  the  stem  of  the  thermometer,  which  projected  from  the  copper 
vessel,  and  was  read  at  equal  short  intervals  of  time. 

The  fall  of  temperature  v  in  one  second  they  called  the  velocity  of 
cooling,  so  that  if  W  is  the  water  value  of  the  thermometer  bulb,  the 
loss  of  heat  in  unit  time,  Q,^  is  given  by  ^=  Wv.  As  a  result  of  their 
experiments,  Dulong  and  Petit  came  to  the  conclusion  that  if  /  is  the 
temperature  of  the  radiating  body,  and  f  that  of  the  chamber,  then 

where  k  and  a  arc  constants  depending  on  the  nature  and  area  of  the 
surface  of  the  radiating  body.  Dulong  and  Petit's  law,  which  is  quite 
empirical,  has,  however,  been  found  only  to  hold  over  a  small  range,  and 
Stefan,  from  an  examination  of  their  results,  has  been  led  to  the  conclu- 
sion that  the  total  radiation  emitted  by  a  body  is  proportional  to  the 
fourth  power  of  the  absolute  temperature.  Thus  if  r,  is  the  absolute 
temperature  of  the  body,  the  total  radiation  will  be  represented  by  « //, 
where  a  is  a  constant  depending  on  the  extent  and  nature  of  the  surface 
of  the  body.  In  the  same  way  the  heat  radiated  by  the  walls,  if  they  are 
at  an  absolute  temperature  T^  will  be  proportional  to  7/.     The  quantity 
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of  this  radiation  absorbed  by  the  body  will  be  aT^,  since  the  emissive 
power  and  absorbing  power  of  a  body  are  the  same.  Hence  the  total 
loss  of  heat,  Q,  by  the  body  in  unit  time  is 

If  ^  is  the  area  of  the  radiating  surface  of  the  body,  then  a^Sc,  where  c 
is  a  constant  depending  on  the  nature  of  the  surface  only.     Hence 

If  the  temperature  of  the  enclosure  is  the  absolute  zero,  and  that  of  the 
body  iVso  that  T=o  and  7i=i,  and  the  surface  of  the  body  is  unity, 
we  get  ^  =  ^,  or  the  quantity  c  represents  the  heat  radiated  per  second 
from  a  square  centimetre  of  the  surface  of  the  body,  when  the  tempera- 
ture of  the  body  is  1°  on  the  absolute  scale,  and  the  enclosure  is  at  the 
absolute  zero. 

If  the  difference  between  the  temperature  of  the  body  and  the 
enclosure  is  ^,  we  have 

and  if  Q  is  small,  so  that  we  may  neglect  terms  in  &^  and  higher  powers, 
then 

Hence  for  small  changes  in  the  difference  of  temperature  Q  between  the 
body  and  the  enclosure  Q  is  proportional  to  Q. 

In  the  case  of  a  body  surrounded  by  a  gas,  as  we  have  already  pointed 
out,  the  cooling  is  partly  due  to  convection  currents  and  conduction.  In 
such  a  case  Newton  supposed  that  the  rate  of  cooHng,  i.e.  the  quantity  of 
heat  lost  by  the  body  in  unit  time,  was  proportional  to  the  difference  in 
temperature  between  the  body  and  the  surrounding  medium.  This  law, 
which  is  known  as  Newton's  law  of  cooling,  only  holds  good  for  small 
excesses  of  temperature.  For  such  excesses,  however,  as  ordinarily  occur 
in  calorimetry  Newton's  law  is  sufficiently  accurate. 

248*.  Measupement  of  Speeifle  Heat  by  the  Method  of  Cooling". 
— The  quantity  of  heat  Q}^  lost  by  a  body  during  the  time  /,  when  its 
temperature  is  ^,  depends  on  the  time,  the  area  »S'  of  the  cooling  surface, 
its  nature,  and  some  function  /(^)  of  the  temperature  of  the  body  and  that 
of  the  surroundings.     Hence  we  may  write 

Q^^kStABX 

where  ^  is  a  constant  depending  on  the  nature  of  the  surface. 

If  in  a  time  /  the  temperature  falls  by  an  amount  S^,  the  quantity  of 
heat  lost  must  be  MsW^  where  M  is  the  mass  of  the  body  and  s  is  its 
specific  heat.     Hence 

MsM.=Q^=kStf{Q). 

If  now  the  experiment  be  repeated,  using  the  same  radiating  surface 
and  starting  at  the  same  temperature  ^,  the  temperature  of  the  surround- 
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ings  being  also  kept  the  same,  and  the  time  /*  be  noted  in  which  a  second 
bcKiy  of  mass  M^  and  specific  heat  s^  cools  through  6^,  we  shall  have 

and  therefore  ^/I'/l' 

Hence,  if  we  know  J/,  Af^^  /,  and  /\  we  can  obtain  the  ratio  of  the  specific 
heats  of  the  bodies. 

In  an  actual  experiment  the  bodies  to  be  experimented  on  are  con- 
tained in  a  calorimeter,  the  outer  surface  of  which  is  coated  with  lamp- 
black. This  calorimeter  is  su-pended  inside  a  vessel  with  double  walls, 
the  space  between  the  walls  being  filled  with  water  so  as  to  keep  the 
temperature  of  the  enclosure  constant.  Of  course,  due  allowance  must 
be  made  for  the  water  value  of  the  calorimeter,  thermometer,  and  stirrer. 
This  method  of  measuring  specific  heats  is  found  only  to  work  satisfac- 
torily in  the  case  of  liquids,  since  it  is  only  with  these  that  the  contents 
of  the  calorimeter  can  be  kept  at  a  uniform  temperature  throughout 
during  the  cooling,  this  condition  being  obtained  by  continuous  stirring. 

The  further  consideration  of  radiant  heat  will  be  deferred  till  the 
chapters  dealing  with  the  emission,  absorption,  &c.,  of  light,  since  there 
is  no  sharp  physical  line  of  demarcation  between  what  we  recognise  by 
one  set  of  senses  as  radiant  heat,  and  what  we  recognise  by  our  sense  of 
sight  as  light. 


CHAPTER   VI 
THE  MECHANICAL   THEORY  OF  HEAT 

249.  Theories  as  to  the  Nature  of  Heat.— Up  to  the  end  of  the 

eighteenth  century  there  existed  two  rival  theories  as  to  the  nature  of 
heat.  According  to  one  of  these  theories,  known  as  the  caloric  theory, 
heat  was  supposed  to  be  a  subtle,  elastic,  imponderable  fluid  called 
caloric,  which  permeated  all  kinds  of  matter  existing  in  the  interstices 
between  the  molecules.  According  to  the  other  theory,  which  was  only 
held  by  very  few,  heat  was  supposed  to  be  due  to  the  rapid  motion  of 
the  molecules  of  matter. 

It  was  well  known  that  heat  could  be  produced  by  friction  or  per- 
cussion, and  the  supporters  of  the  caloric  theory  explained  these  facts  by 
supposing  that  in  the  case  of  percussion  the  caloric  was  squeezed  out  of 
the  body,  and  hence  flowed  into  a  neighbouring  body  such  as  a  ther- 
mometer, and,  in  the  case  of  friction,  that  during  the  friction  some  of  the 
body  was  rubbed  off,  and  that  the  capacity  of  matter  for  caloric  was  less 
in  the  form  of  a  powder  than  in  the  form  of  a  solid  block.  That  this 
explanation  of  the  production  of  heat  by  friction  was  untenable  was  first 
shown  by  Count  Rumford  in  1798. 

Being  struck  by  the  large  amount  of  heat  developed  when  cannon 
were  being  bored  at  the  arsenal  at  Munich,  Rumford  performed  an 
experiment  in  which  a  blunt  steel  borer  was  rotated  while  kept  pressed 
against  the  bottom  of  a  hole  in  a  large  mass  of  gun-metal.  The  borer 
was  rotated  nearly  a  thousand  times,  and  the  heat  developed  was  suffi- 
cient to  raise  the  temperature  of  the  whole  block,  which  weighed  113  lbs., 
about  70°  F.,  while  the  amount  of  metal  rubbed  off  from  the  bottom  of 
the  hole  was  only  837  grains  (53.8  grams).  Rumford,  in  the  account  of 
his  experiments,  draws  attention  to  the  fact  that  the  supply  of  heat 
obtained  in  this  way  from  a  given  lump  of  metal  seems  quite  inexhaustible, 
and  hence  cannot  be  a  material  substance,  but  must  be  "  motion." 

The  supporters  of  the  caloric  theory  for  some  time  maintained  that 
the  source  of  heat  was  the  abraded  metal,  although  this  explanation  was 
completely  refuted  by  an  experiment  performed  by  Davy.  He  rubbed 
together  two  blocks  of  ice  at  a  temperature  below  0°  C,  and  found  that 
heat  was  developed  and  the  ice  melted.  Since  it  was  allowed  by  the 
calorists  that  water  contained  more  caloric  than  ice,  if  we  can  produce 
water  by  the  friction  of  ice,  the  heat  developed  must  be  due  to  some 
other  cause  than  the  extrusion  of  caloric. 

^ye  have  seen,  when  dealing  with  radiant  heat,  that  a  hot  body  is 
continually  radiating  heat  into  surrounding  space  ;  and  when  we  come  to 
the  consideration  of  the  subject  of  light,  we  shall  see  that  there  is  con- 
clusive evidence  that  radiant  heat,  after  it  leaves  the  hot  body,  exists  as  a 
wave-motion  in  some  medium  surrounding  the  body.  Now,  in  order  to 
set  up  waves  in  a  medium,  we  must  have  a  body  which  is  itself  in  motion 

299 


300 


Heat  [§  250 


in  the  medium.  Thus,  since  a  hot  body  can  set  up  such  waves,  we  infer 
that  it  must  be  in  a  state  of  motion.  Also,  since  the  highest-power 
microscope  is  quite  unable  to  detect  any  motion  in  a  hot  body,  we  mfer 
that  this  motion  must  be  a  motion  of  the  molecules  as  a  whole,  or  of  the 
parts  of  a  molecule,  or  both  combined. 

We  are  hence  reduced  to  the  theory  that  heat  is  a  "mode  of  motion." 
280.  Dynamical  Equivalent  of  Heat— First  Law  of  Thermo- 
DynamiCS. — In  Rumford's  experiments,  the  heat  produced  in  the  cannon 
was  iodirectly  due  to  the  work  done  by  the  horse  which  turned  the  boring 
tool,  and  it  is  obviously  of  interest  to  see  what  connection  there  is 
between  the  work  done  by  the  horse  and  the  amount  of  heat  produced. 
Wc  shall  see  in  later  sections,  that  whenever  mechanical  work  is  con- 
verted into  heat,  or  mechanical  work  performed  at  the  expense  of  heat, 
there  exists  a  constant  relation  between  the  work  done  and  the  heat 
produced  or  lost.  The  quantity  of  work  which  must  be  done  in  order 
that,  when  all  the  work  is  converted  into  heat,  the  unit  quantity  of  heat 
energy  may  be  produced  is  called  the  mechanical  or  dynamical  equivalent 
of  heat.  If/  is  the  value  of  the  mechanical  equivalent,  then  the  relation 
between  the  work  W^  converted  into  heat  and  the  quantity  of  heat  // 
produced  is  given  by  the  equation 

This  equation,  which  we  shall  justify  subsequently,  expresses  symboli- 
cally what  is  knoun  as  the  first  Law  of  thermo-dynamics,  which  may  be 
stated  as  follows  :—  Whenever  mechanical  energy  is  converted  into  heat^ 
or  heat  into  mechanical  energy^  the  ratio  of  the  mechanical  energy  to  the 
heat  is  constant. 

251.  The  Determination  of  the  Mechanical  Equivalent  of 
Heat. — The  first  to  experimentally  show  that  the  first  law  of  thermo- 
dynamics is  true,  and  determine  the  value  of  the  mechanical  equivalent 
of  heat,  was  joule,  who  between  1843  and  1878  carried  on  a  classic  series 
of  experiments  on  this  subject,  in  which  fie  showed  that  the  value  for 
the  mechanical  equivalent  was  always  the  same,  although  the  methods 
employed  for  converting  the  mechanical  energy  into  heat  differed  greatly. 

One  of  the  first  methods  employed  by  Joule  consisted  in  measuring 
the  heat  developed  when  a  known  amount  of  work  was  done  in  stirring 
water.  The  apparatus  used  consisted  of  a  copper  vessel  B  (Fig.  201), 
inside  which  a  brass  paddle-wheel  worked.  A  set  of  partitions  was  fixed 
within  the  vessel,  so  that  the  vanes  of  the  paddle  could  just  pass,  the 
object  of  these  partitions  being  to  prevent  the  water  as  a  whole  assuming 
a  motion  of  rotation.  The  paddle  was  rotated  by  means  of  two  weights 
Band  r,  which  were  attached  to  strings  wound  round  the  axle  A  of  the 
paddle,  which  was  so  arranged  that  the  weights  could  be  wound  up 
without  turning  the  paddle.  The  rise  in  temperature  of  the  calorimeter 
and  its  contents  caused  by  allowing  the  weights  to  fall  twenty  times  was 
obtained,  and  knowing  the  water  value  of  the  calorimeter  and  contents, 
ibe  number  of  heat  units  produced  could  be  calculatedv  The  work  done 
is  the  product  of  the  sum  of  the  weights  of  E  and  F  into  the  total  height 
through  which  they  fiilL  Corrections  have,  however,  to  be  applied  for 
the  fact  that  when  the  weights  reach  the  floor  they  are  moving  with  a 
finite  velocity  t/,  and  that  their  kinetic  energy  is  destroyed  by  the  impact. 
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The  height  through  which  a  body,  falHng  freely,  would  acquire  a  velocity 
V  has  therefore  to  be  deducted  from  the  actual  fall.  Another  correction 
has  to  be  applied,  to  allow  for  the  effect  of  the  elasticity  of  the  strings  on 
which  the  weights  are  hung,  for  this  causes  the  paddle  to  rotate  a  little 
after  the  weights  have  reached  the  ground.  The  weights  themselves 
have  in  addition  to  be  reduced  by  the  weight,  which,  when  the  two  strings 
are  detached  from  the  axle  A  and  joined  together,  added  to  E  or  F,  will 
just  cause  the  weights  to  move  uniformly.  This  weight  represents  the 
allowance  to  be  made  on  account  of  the  friction  of  the  pulleys  D  and  c 
and  the  rigidity  of  the  string.  Lastly,  a  correction  was  made  for  the  fact 
that  some  of  the  mechanical  energy  was  spent  in  the  production  of 
sound,  and  the  magnitude  of  this  correction  was  roughly  obtained  by 


Fig.  201. 

[From  Ganofs  "  Physics.'^ 

noting  the  work  which  had  to  be  done  to  make  the  string  of  a  violoncello 
produce  a  sound  that  could  be  heard  at  the  same  distance  as  was  that 
produced  by  the  instrument  during  the  fall  of  the  weights. 

In  addition  J  Joule  made  a  series  of  experiments  in  which  the  water 
was  replaced  by  mercury,  and  also  one  using  the  friction  of  one  iron  ring 
against  another,  both  being  immersed  in  mercury. 

The  numbers  obtained  for  the  value  of  the  mechanical  equivalent 
were  practically  the  same  in  all  cases.  Joule  expressed  his  results  in 
terms  of  the  mercury-in-glass  thermometer,  but  they  have  been  reduced 
to  the  air  thermometer  by  Rowland,  and  give  the  value  of  the  energy 
which  must  be  converted  into  heat  to  raise  the  temperature  of  one  gram 
of  water  from  I4°.5  to  15°.5  as 

4.182  X  10'  ergs. 

Rowland  has  made  some  very  careful  measurements  of  the  mechanical 
equivalent  of  heat  by  the  method  of  stirring  water,  and  employing  a 
method  of  measuring  the  mechanical  work,  which  was  also  used  by 
Joule  in  his  later  experiments,  and  since  this  method  has  considerable 
advantages  over  that  described  above,  it  is  worth  while  describing  it. 
A  diagrammatic  plan  of  the  arrangement  is  shown  in  Fig.  202.  The 
calorimeter,  like  Joule's  original  one,  had  a  paddle-wheel  BB,  and  there 
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fixed  vanes  CC  to  prevent  the  water  being  set  in  rotation.  The 
paddle-wheel  was  driven  by  means  of  a  pulley  A  and  a  belt  EF,  but  the 
calorimeter,  instead  of  being  fixed,  was  suspended  by  means  of  a  fine 

wire,  so  that  it  was 
free  to  rotate  about  a 
vertical  axis  coincid- 
ing with  that  about 
which  the  paddle- 
wheel  turned. 

Owing  to  the 
viscosity  of  the 
water,  the  calori- 
meter tends  to  rotate 
in  the  same  direction 
as  the  paddle,  and 
to  prevent  this,  two 
strings,  DP,  dV,  were 
attached  to  the  cir- 
cumference of  a  disc 
which  was  itself 
fixed  to  the  calori- 
FiG.  509,  meter,     and     these 

strings  were  pulled 
with  a  force  p  just  suflScient  to  keep  the  calorimeter  from  rotating  when 
the  paddle  was  turning  at  a  uniform  speed.  If  the  radius  of  the  disc  is 
R^  the  couple  due  to  the  two  parallel  forces  p  acting  along  DP  and  d'p*  is 

%Rp. 

Now  as  action  and  reaction  are  equal  and  opposite,  and  as  the  couple 
acting  on  the  calorimeter  due  to  the  rotation  of  the  paddle  is  iRp^  this 
also  must  be  the  couple  which  resists  the  motion  of  the  paddle.  The 
heal  generated  in  the  calorimeter  is  therefore  that  produced  by  the 
paddle  working  against  a  resisting  couple  2Rp. 

Now,  the  work  done  against  this  resisting  couple  during  one  complete 
rotation  of  the  paddle  is  2ir  .  2Rp.  For  the  tummg  moment  of  a  couple 
?  '  p  it  the  same  as  that  of  a  force  zl\p  at  the  end  of  a  lever  of  unit 
1'  lij^'th.  Suppose  now  we  had  a  cylinder  of  which  the  radius  was  unity, 
and  on  this  cylinder  wound  a  string,  the  end  of  the  string  being  pulled 
with  a  force  ^Rp.  During  one  whole  turn  of  the  cylinder  a  length  of 
rope  irx  i  would  be  wound  up,  and  the  point  of  application  of  the  force 
^Rp  would  be  ntoved  through  the  same  distance,  so  that  the  work  done 
would  be  2W.2R6.  But  the  rope  produces  a  turning  moment  of  2l\p  on 
tbeqrlinder,  so  that  the  work  done  when  overcoming  this  turning  moment 
for  one  whole  turn  is  ixRp. 

If  the  paddle  makes  n  revolutions,  the  work  H^done  during  this  time  is 

W^^THRp. 

If  the  water  value  of  the  catorimeter  and  its  contents  is  C,  and  the  rise 
in  temperature  during  n  revolutions,  corrected  for  radiation  in  the  manner 
described  in  %  201,  ts  /,  then 

-^     a 
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The  tension  of  the  strings  DP  and  d'p'  was  supplied  by  passing  these 
strings  over  pulleys,  and  attaching  weights.  If  the  sjim  of  the  two 
weights  is  w^  the  tension  in  each  string  is  wgli^  and  this  is  equal  to  p. 
The  number  of  turns  was  determined  by  means  of  a  counter  attached  to 
the  spindle  which  carried  the  paddle-wheel. 

Rowland  obtained,  as  a  result  of  his  experiments,  the  value  4. 1899  x  10^ 
ergs  for  the  value  of/,  in  terms  of  the  calorie  at  15°.  By  measuring  the 
heat  generated  by  an  electric  current  in  a  platinum  wire,  and  a  know- 
ledge of  the  electrical  energy  spent,  Griffiths  has  obtained  the  value 
4. 1940  X  10^  ergs  in  terms  of  the  calorie  at  15°  (see  §  497). 

A  change  in  the  unit  of  mass  alters  not  only  the  unit  of  heat,  but 
also,  and  in  the  same  proportion,  the  unit  of  work,  for  we  measure  the 
heat  in  terms  of  the  amount  required  to  raise  the  temperature  of  unit 
mass  of  a  standard  substance  through  a  given  range,  and  the  unit  of 
energy  is  that  possessed  by  unit  mass  when  moving  with  a  velocity  of  V2  * 
times  the  unit  velocity.  Hence  a  change  in  the  unit  of  mass  does  not 
affect  the  value  of  the  mechanical  equivalent. 

A  change  in  the  unit  of  length,  since  it  affects  the  unit  of  energy  but 
not  the  thermal  unit,  will  affect  the  value  of  the  mechanical  equivalent,  as 
will  also  obviously  a  change  in  the  temperature  scale. 

A  change  in  the  unit  of  force,  i.e.  changing  from  the  absolute  system 
to  the  gravitational  system,  will  change  the  value  of  the  mechanical 
equivalent. 

In  the  following  table,  the  value  of  the  mean  of  the  numbers  obtained 
by  Joule,  Rowland,  and  Griffiths  is  expressed  in  various  units  : — 
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Unit 
of  Tem- 
perature. 

Temperature 

at  which  the 

Thermal  Unit 

is  defined. 

Unit 

of 

Time. 

Unit 
of 

Mass. 

Unit 

of 

Length. 

Unit  of  Force. 

J. 

I°C. 

15°  c. 

sec. 

gram 

cm. 

Dyne 
Weight  of  a  gram 

4- 

) 

189X  10^ 

I°C. 

15°  c. 

sec. 

gram 

cm.  < 

at  lat.  of  Green- 

42690 

\ 

wich. 

i°F. 

59°  F. 

sec. 

pound 

foot 

( 

Poundal 
Weight    of    a 

) 

2504.7 

1°  F. 

59°  F. 

sec. 

pound 

foot  < 
foot  1 

pound  at  lat. 

of  Greenwich 

Weight    of    a 

I 
1 

( 

778.1 

i°C. 

15°  c. 

sec. 

pound 

pound  at  lat. 

1400.6 

of  Greenwich 

\ 

For  many  purposes  we  shall  find  it  convenient  to  measure  quantities 
of  heat  not  in  calories,  but  in  ergs,  the  relation  between  the  two  being 
W  (ergs)  =JxH  (calories). 


1  Since  kinetic  energy =|/»z;2,  if  m  =  x,  we  have,  when  v=  x/a,  the  kinetic  energy  is 
unity. 
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262.  Work  done  by  a  Gas  durtngr  Expansion  at  Constant  Pres- 
sure.—Suppose  we  have  m  grams  of  a  gas  enclosed  within  a  cylinder, 
having  a  cross  section   A,  by  means  of  an  air-tight,  weightless,  and 
frictioDlesft  piston  B  (Fig.  203),  and  that  the  pressure  acting   on  the 
upper  side   is  /   dynes   per  square   centimetre. 
when  the  temperature  on  the  absolute  scale  of 
the  gas  is  T,  let  the  piston  be  at  B.    Next,  let  the 
gas  be  heated  at   constant   pressure  to  a  tem- 
perature r,,  the  piston  being  driven  back  to  B'. 
The  total  force  acting  upon  the  upper  side  of  the 
piston    is  pA^  and  the  piston  has   been  driven 
►Aj    oack  against  this  force  for  a  distance  be'  by  the 
expanding  gas.     Hence  the  work  done  by  the  gas 
in  expanding  against  the  external  pressure  p  is 
pA  X  bb'.     If  the  distance  between  the  piston  and 
the  bottom  of  the  cylinder  at  the  temperatures 
Fig.  303.  Ty^  and    7*,  is  /i,  and  h^  respectively,  then   the 

original  volume  of  the  gas  is  h^A^  and  the  final 
volume  is  h^A.  Hence  the  increase  in  volume  is  A{h^  —  h^^  or  A  .  bb'. 
Calling  this  mcreasc  of  volume  i/,  the  external  work  done  by  the  expand- 
ing gas  b  pz/;  that  is,  is  equal  to  the  product  of  the  pressure  into  the 
incTiou  in  volume. 

258.  Calculation  of  the  Value  of  the  Mechanical  Equivalent 
from  the  Difference  between  the  Specific  Heats  of  a  Gas.— Using 
the  notation  of  the  last  section,  the  quantity  of  heat  which  has  to  be 
supplied  to  the  gas  to  raise  its  temperature  from  7\  to  T^  at  constant 
prestore  is  m(7^-T^Cp^  where  Cp  is  the  specific  heat  at  constant 
pressure.  If,  now,  the  gas  is  heated  through  the  same  range,  but  is  not 
allowed  to  expand,  the  piston  being  fixed  in  the  position  B,  the  heat 
which  has  to  oe  supplied  is  ^(r,-  T^Cv,  C,  being  the  specific  heat  at 
constant  volume. 

The  molecules  of  the  gas  have  been  heated  through  the  same  range 
of  temperature  in  the  two  cases,  but  in  the  first  case  an  amount  of  external 
work  "i/p  has  been  performed,  while  in  the  second  case  no  external  work 
has  been  done.  If  the  molecules  of  the  gas  exert  an  attraction  one  on 
another^  some  work  will  have  been  done  in  the  first  case  in  separating 
them,  smce,  as  the  gas  has  expanded,  the  mean  distance  between  the 
molecules  has  increauMd.  As  we  are  unacquainted  with  the  law  govern- 
ing the  attraction  between  the  molecules,  we  cannot  calculate  this  work 
dooe  against  molecular  attraction,  but  we  may  for  the  present  indicate 
it  bv  the  symbol  /(t/,  T)^  this  being  chosen  to  remind  one  that  it  is 
probnbly  dependent  on  the  increase  of  volume  and  the  temperature. 

We  have,  therefore,  that  in  the  case  of  the  expansion  at  constant 
pressure,  in  addition  to  the  heat  spent  in  warming  the  molecules,  an 
amount  of  external  work  pt/  is  done  against  the  external  pressure,  and 
an  arooont  of  internal  work  /(t/,/ )  is  done  against  the  attraction  of  the 
molecoles.  In  the  case  of  heating  the  gas  at  constant  volume,  no  external 
work  is  done,  and  also,  since  the  mean  distance  between  the  molecules 
remains  unchanged,  no  internal  work  is  done,  so  that  the  heat  employed 
«(  7|-  /|)C»  it  used  exclusively  in  raising  the  temperature  of  the  molecules. 
It  fnllows  from  the  aboire  that 

/«Kr,-  r,)c>-«(7',-  T^c^i^'i/p^A'i/,  r), 
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where  /  is  the  vahie  of  the  mechanical  equivalent.  In  the  case  of  a 
perfect  gas,  where  the  molecules  exert  no  attraction  on  one  another 
7(2/,  7)  is  zero.  Also,  from  Charles's  law,  if  v  is  the  original  volume  of 
the  gas,  we  have 

or,  if  p  is  the  density  of  the  gas  at  the  temperature  T^  and  under  a 
pressure  /,  v=—^  and  ^^/v-  *  7- ^ 

p  ^  — ^\^2~  '  V, 

Hence,  for  a  perfect  gas. 

Although  air  is  not  a  perfect  gas,  yet  Joule  has  shown  that  the  term 
J{T/f  T)  is  very  small,  hence,  neglecting  it,  we  can  from  the  known  values 
of  Q,  Cv,  /),  m,  and  T^,  calculate  /. 

For  air,  the  value  of  6>  is  0.238,  while  the  ratio  C>/G,=  i.4i,  hence 
Ct,=o.i69.  At  a  pressure  of  76  cm.  of  mercury,  i.e.  1013300  dynes  per 
square  centimetre,  and  at  a  temperature  of  0°  {i.e.  7^  =  273°)  the  density 
of  air  is  0.001293.     Hence 

T_         P  _  101330Q 

{Cp-  Cv)p  'A     .069  X  .001293  X  273 

=  4.16  X  10'. 

This  method  of  calculating  the  mechanical  equivalent  was  first  used 
by  Mayer,  who  assumed,  as  we  have  done,  that  no  heat  is  employed  in 
doing  internal  work  in  the  case  of  air,  although  at  that  time  no  direct 
experiments  had  been  made  to  test  this  point.  This  question  was  first 
investigated  experimentally  by  Joule,  by  means  of  the  experiments 
described  in  the  following  section. 

264.  Internal  Work  done  when  a  Gas  Expands.— If  the  mole- 
cules of  a  gas  exert  an  attraction  one  on  another,  then,  when  the  gas 
expands,  work  must  be  done  in  increasing  the  mean  distance  between 
them.  Hence  if  a  gas  is  allowed  to  expand  in  such  a  way  that  it  does 
no  external  work  and  its  temperature  falls,  this  will  show  that  internal 
work  has  been  done  which  has  necessitated  the  consumption  of  a  certain 
quantity  of  heat,  so  that  the  loss  of  this  heat  has  lowered  the  temperature 
of  the  gas.  On  the  other  hand,  if  no  such  alteration  of  temperature 
takes  place  we  may  infer  that  there  is  no  internal  work  done  on  expan- 
sion, and  hence  that  the  molecules  do  not  exert  any  appreciable  force 
on  each  other. 

In  order  to  allow  a  gas  to  expand  without  doing  external  work,  Joule 
allowed  the  gas  to  expand  from  a  vessel.  A,  in  which  it  was  compressed 
to  about  22  atmospheres,  into  another,  B,  which  was  exhausted.  The 
receivers  were  both  immersed  in  the  same  water  bath,  which  was  kept 
well  stirred,  and  of  which  the  temperature  was  indicated  by  a  very 
sensitive  thermometer.     The  vessel  A  became  cooled,  since  the  gas  when 
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rushine  out  acquired  kinetic  energy  ;  this  kinetic  energy  was,  however, 
entirely  destroyed  in  B,  and  hence  on  this  account  just  as  much  heat  was 
liberated  in  B  as  was  absorbed  in  A,  and  the  temperature  of  the  water 
bath  which  contained  both  vessels  would  not  alter.  At  the  end  of  the 
experiment  the  volume  of  the  gas  is  twice  as  great  as  at  the  commence- 
ment, but  no  external  work  has  been  done  agamst  the  atmospheric 
pressure,  since  this  pressure  has  not  been  dnven  back.  If,  then,  any 
change  in  temperature  takes  place,  it  must  be  due  to  internal  work  done 
in  separating  the  molecules  of  the  gas.  Joule  could  detect  no  such 
change  in  temperature,  and  he  concluded  that  no  internal  work  was 
done.  It  must  be  remarked,  however,  that  since  the  mass  of  the  water 
and  of  the  containing  vessels  was  very  great  compared  with  that  of  the 
gas,  with  this  form  of  apparatus  he  would  hardly  have  been  able  to 
detect  a  change  of  2°  C.  in  the  temperature  of  the  gas. 

Another  series  of  experiments,  by  a  method  which  was  capable  of 
indicating  small  changes  of  temperature,  was  therefore  conducted  by 
Joule  in  conjunction  with  Lord  Kelvin. 

The  principle  on  which  this  method  depends  may  be  explained  as 

follows : —  c  \^    J.      A 

Let  the  original  pressure  and  volume  of  unit  mass  of  a  gas  be  ^  and 

7/,  and  the  final  pressure  and  volume/  and  %/.     Further,  let  the  passage 

of  the   gas   from 
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one  state  to  the 
other  be  made  by 
means  of  the  ar- 
rangement  shown 


in  Fig.  204,  in 
which  A  and  B  are 
two    pistons    con- 

nected    by   a    rod 

which  passes   air- 
t  tight     through     a 

Fig.  204.  partition    separat- 

ing the  spaces  C 
and  D,  and  which  move  without  friction  in  two  cylinders,  the  cross 
sections  s  and  /  of  these  cylinders  being  in  the  ratio  oft/  to  if.  If  the 
spaces  C  and  D  between  the  two  pistons  are  vacuous,  the  work  done  by 
the  gas  on  A  while  it  moves  through  unit  distance  to  the  right  is  ps^ 
while  the  work  done  by  B  in  pushing  the  gas  forward  is//.  Hence  the 
difference  between  these  two  quantities  of  work  is  ps—p's\  or,  since 
s\s'-=v\i/,  this  difference  is  proportional  to  pv-p'i/.  Now  if  Boyle's 
law  holds  for  the  gas  pv^p'i/^  hence  on  the  whole  no  work  is  done 
on  or  by  the  double  piston.  Next  let  the  space  c  be  filled  with  gas  at 
the  pressure  p^  and  the  space  D  with  gas  at  the  pressure  p\  and  let  these 
two  spaces  be  connected  by  a  tube,  E,  in  which  is  a  diaphragm,  F,  pierced 
with  a  very  small  hole.  The  gas  will  gradually  pass  through  this  hole, 
and,  as  is  evident,  if  the  double  piston  is  moved  so  as  to  keep  the  pressure 
in  C  constant  and  equal  to  /,  the  pressure  in  D  will  also  be  constant  and 
equal  to  p' .  When  each  piston  has  passed  through  unit  distance,  a 
certain  mass  of  the  gas  will  have  passed  from  c  to  D,  its  pressure 
changing  in  the  process  from  p  to  p'.  The  gas  escaping  into  D  has 
done  no  work  in  forcing  the  piston  B  back,  since  the  pressure  of  the  gas 
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acting  on  A  will,  as  we  have  seen,  exactly  do  the  requisite  work.  This 
energy  is  of  course  supplied  by  the  pump  used  to  keep  the  pressure  to 
the  left  of  A  constant,  which  process  might  be  performed  by  a  second 
piston,  G,  working  in  the  cylinder  and  driven  forward  by  hand.  Hence 
we  have  allowed  the  gas  to  expand  without  doing  external  work,  and 
any  change  of  temperature  it  experiences  must  be  due  to  the  performance 
of  internal  work. 

The  same  process  would  go  on  if  the  pistons  were  not  present,  for 
throughout  the  change  we  have  supposed  the  pressure  on  the  two  sides 
of  each  piston  to  remain  the  same,  so  that  if  gas  is  allowed  to  escape 
through  a  fine  opening,  any  change  in  temperature  produced  will  be  due 
to  internal  action  between  the  molecules.  The  temperature  must  not  be 
taken  immediately  at  the  opening,  for  there  the  gas,  as  it  rushes  out, 
possesses  considerable  kinetic  energy,  and  it  is  only  after  this  kinetic 
energy  has  been  lost  by  the  friction  of  the  gas  against  itself  and  against 
the  walls,  &c.,  and  the  heat  energy  originally  used  up  in  setting  the  gas 
in  motion  is  returned  to  the  gas  in  the  form  of  heat,  that  no  external 
work  has  been  done  on  the  expanding  gas. 

In  their  experiments,  Joule  and  Kelvin  allowed  a  steady  stream  of 
gas  to  pass  through  a  long  copper  spiral  immersed  in  a  water  bath  kept 
at  a  uniform  temperature.  The  gas  then  escaped  through  a  porous  plug 
made  of  cotton-wool,  which  acted  the  part  of  the  fine  hole  F,  and  also 
prevented  the  gas  from  leaving  with  any  appreciable  kinetic  energy, 
since  the  gas  rapidly  loses  its  velocity  as  it  passes  through  the  interstices 
of  the  wool.  The  temperature  of  the  gas  before  and  after  its  passage 
through  the  plug  was  indicated  by  two  delicate  thermometers. 

In  the  following  table  are  given  some  of  the  results  obtained  for  a 
difference  in  pressure  between  the  two  sides  of  the  plug  of  one  atmos- 
phere : — 


Temperature  before 

passing  through 

the  Plug. 

Alteration  in 
Temperature. 

Deg.  C. 

Deg.  C. 

Carbon  dioxide   . 

12.8 

-  1.207 

» 

19. 1 

-1. 144 

" 

91.5 

-0.69 

Nitrogen     . 

7.2 

-0.305 

5) 

91.7 

-0.187 

Oxygen 

8.7 

-0.317 

» 

93-0 

-0.165 

Hydrogen  . 

6.8 

+  0.089 

» 

90.2 

+  0.046 

Air      .         . 

17.1 

-0.255 

>) 

91.6 

—  0.203 

It  will  be  observed  that,  except  in  the  case  of  hydrogen,^  there  is  a 
cooling,  indicating  that  work  has  to  be  done  in  separating  the  molecules. 

1  Recent  experiments  have  shown  that  at  very  low  temperatures  there  is  a  cooling 
in  the  case  of  hydrogen  also. 
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The  heating  obtained  in  the  case  of  hydrogen  may  be  due  to  the  mole- 
cules at  ordinary  temperatures  repelling  one  another,  so  that  these  inter- 
molecular  forces  do  work  when  the  gas  expands.  It  must  be  remarked 
however,  that  we  have  supposed  that  the  gas  obeys  Boyle  s  law,  so  that 
zJV=M  and  thus  the  work  done  by  the  piston  A  is  equal  to  the  work 
done  on  the  piston  B.  If,  however,  Boyle's  law  is  not  exactly  true,  then, 
if  as  is  the  case  for  comparatively  low  pressures  (see  Fig.  \oo)  pi/  is 
greater  than  M  the  work  done  by  A  is  less  than  the  work  done  by  B,  so 
that  the  balance  has  to  be  supplied  by  the  gas  itself,  and  this  will  corre- 
spond to  a  cooling  independent  of  any  cooling  produced  by  molecular 
attractions.     If,  however,  p'l/  is  less  than  pv,  as  is  the  case  with  hydrogen, 

^  then  the   work   done  by  A   is 

greater  than  the  work  done  by 
the  gas  on  B,  and  hence  the 
surplus  energy  appears  as  heat 
in  the  gas.  Thus  the  heating 
effect  observed  by  Joule  and 
Kelvin  in  the  case  of  hydrogen 
may  be  due  to  the  fact  that 
the  liberation  of  heat  owing  to 
the  departure  of  this  gas  from 
Boyle's  law  is  greater  than  the 
heat  absorbed  owing  to  mole- 
cular attraction. 

The  amount  of  the  cooling  is 
proportional  to  the  difference  in 
pressure  on  the  two  sides  of  the 
plug  and  to  the  inverse  square 
of  the  absolute  temperature. 
Although  in  Joule  and  Kelvin's 
experiment  the  cooling  obtained 
was  so  very  small,  yet  by  in- 
creasing the  pressure  difference 
and  reducing  the  temperature, 
Linde  has  actually  been  able 
to  liquefy  air  by  a  machine  in 
which  this  cooling  due  to  the 
intermolecular  forces  is  used. 

A  powerful  pump  A  (Fig.  205) 
draws  air  out  of  the  tube  F  and 
pumps  it  at  a  pressure  of  about  fifty  atmospheres  into  the  tube  B,  from  which 
it  escapes  back  into  F  through  a  fine  jet  c.  The  heat  developed  by  the 
compression  in  the  pump  is  removed  by  surrounding  part  of  the  tube  B 
by  a  jacket  of  cold  water  G.  The  air  becomes  cooled  in  its  passage 
through  the  jet,  which  together  with  the  vessel  H  acts  the  part  of  the 
porous  plug  in  Joule  and  Thomson's  experiment,  and  as  it  passes  up 
through  E  it  cools  the  descending  air  in  the  tube  B,  which  becomes  yet 
colder  when  passing  through  the  jet  C.  The  gas  is  pumped  round  and 
round  in  this  way,  its  temperature  as  it  passes  down  the  tube  B  being 
always  reduced  to  that  of  the  previous  portion  when  cooled  by  ex- 
pansion and  so  on,  till  finally  the  critical  temperature  is  passed  and  the 
gas  condenses. 
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255.  Relation  between  Internal  and  External  Work  during 
Change  of  State.— When  a  body  changes  its  state,  and  in  doing  so 
changes  its  volume,  the  latent  heat  involved  is  partly  used  in  doing 
internal  work  and  partly  in  doing  external  work.  Thus  in  the  case  of  the 
fusion  of  ice,  when  i  gram  of  ice  at  0°  is  converted  into  water  at  0°  under 
atmospheric  pressure,  a  contraction  of  .0907  c.c.  takes  place,  and  hence 
work  is  done  on  the  body  by  the  atmospheric  pressure,  and  the  heat 
equivalent  of  this  work  helps  the  change  of  state.     The  heat  equivalent, 

//■,  of  this  work  done  by  the  atmospheric  pressure  is  — -^  =-y,  where  p 

is  the  atmospheric  pressure,  and  1/  the  change  in  volume  of  unit  mass  in 
changing  to  water. 

Hence  ^^ loi 3300 x. 0907 ^^^^  calories. 

4.189X  10^ 

Thus  the  heat  required  to  perform  the  internal  work  necessary  to  con- 
vert I  gram  of  ice  into  water  is  Z,  +  .0022  calories,  where  L  is  the  latent 
heat. 

In  the  case  of  steam,  the  change  of  volume  of  i  gram  of  water  at  100° 
to  steam  at  100°,  under  a  pressure  of  i  atmosphere,  is  1649  c.c.  Hence  the 
external  work  which  has  to  be  done  by  the  steam  is  1013300X  1649  ergs, 

and  the  thermal  equivalent  of  this  is ^4 7     =  39-9  calories.    Thus 

^  4.189x10^        ^^^ 

the  heat  spent  in  internal  work  is  536.2  —  39.9=496.3  calories. 

256*.  Speeifle  Heat  of  a  Saturated  Vapour.— Suppose  that  we  draw 
the  isothermals  for  two  temperatures  7"i  and  7\  (Fig.  206),  including  the 
portion  corresponding  to  the  passage  from  liquid  to  vapour,  then  along 
the  horizontal  parts  AB  and  CD  the  substance  exists  as  a  mixture  of  liquid 
and  vapour.  Along  those  parts  of  the  isothermals  to  the  right  of  A  and  C 
respectively  the  substance  exists  as  an  unsaturated  vapour.  At  the 
points  A  and  c,  however,  the  substance  exists  entirely  as  a  saturated 
vapour.  If  we  draw  a  curve  lACH  through  the  points  where  the  hori- 
zontal portions  of  the  isothermals  for  the  different  temperatures  end,  then 
this  curve  corresponds  to  the  whole  of  the  substance  being  in  the  state 
of  a  saturated  vapour. 

Starting  with  unit  mass  of  saturated  vapour  at  a  temperature  T^j,  the 
condition  being  represented  by  the  point  A  in  the  curve,  let  us  heat  this 
vapour  to  a  temperature  1\.  If  we  heat  the  vapour  at  constant  pressure 
the  result  will  be  that  we  shall  arrive  at  E,  and  the  vapour  will  no  longer 
be  saturated.  If,  on  the  other  hand,  we  heat  the  vapour  at  constant 
volume  we  shall  arrive  at  F,  the  vapour  again  becoming  unsaturated. 
Next  let  us  suppose  that  we  compress  the  gas  adiabatically  ^  till  its 
temperature  rises  to  T^  and  that  the  adiabatic  through  A  is  HAG,  so 
that  the  portion  AG  lies  to  the  left  of  the  saturation  curve  ACH.  Then 
when  the  point  G  is  reached  the  temperature  will  be  T^g,  but  some  of  the 
vapour  will  have  condensed  to  a  liquid,  and  to  render  the  whole  vaporous, 
that  is,  to  pass  from  G  to  a,  we  should  have  to  supply  heat.  Now  if  we 
are  dealing  with  unit  mass  of  the  substance,  and  if  the  difference  of 
temperature  T^-  1\  is  unity,  the  quantity  of  heat  which  has  to  be  supplied 

we  pass  from  G  to  c  is  the  quantity  of  heat  which  has  to  be  supplied  to 

I  See  §259.. 
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unit  mass  of  the  saturated  vapour  to  raise  its  temperature  i  ,  the  pressure 

and  volume  being  so  adjusted  that  the  vapour  just  remams  saturated 
throughout,  and  may  be  called  the  specific  heat  of  the  saturated  vapour. 
If,  however,  the  adiabatic  through  A  is  h'ag',  that  is,  it  slopes  more 
steeply  than  the  saturation  curve  ACH,  when  the  adiabatic  change  is 
complete  so  that  the  temperature  is  T^,  the  condition  of  the  substance 
will  be  represented  by  the  point  g',  and  the  vapour  will  be  unsaturated. 
To  render  the  vapour  saturated  we  shall  have  to  go  along  the  line  G  C, 
and  to  do  this  heat  will  have  to  be  abstracted  from  the  vapour.  Thus  in 
this  case  to  raise  the  temperature  i°  and  go  from  A  to  C,  keeping  the 
vapour  saturated,  we  have  to  abstract  heat,  and  hence  the  specific  heat 

^^  \inally  if  the  adiabatic  through  A  passes  through  C  we  shall  neither 
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have  to  supply  or  abstract  heat  during  the  passage  from  A  to  C,  and  so 
the  specific  heat  is  zero. 

Now  if  the  working  substance,  one  gram  of  saturated  vapour,  is 
carried  from  A  to  C  along  the  saturation  curve  AC,  an  amount  of  work 
must  be  done  by  external  agency  on  the  vapour  represented  by  the 
area  acmn,^  and  this  work  will  appear  as  heat  in  the  vapour.  If  the 
heat  corresponding  to  this  work  is  less  than  the  heat  required  to  heat 
one  gram  of  the  saturated  vapour  through  one  degree  the  specific  heat  of 
the  saturated  vapour  will  be  positive,  the  case  corresponding  to  the 
adiabatic  hag.  If  the  heat  corresponding  to  the  work  done  is  just 
sufficient  to  raise  the  temperature  of  the  vapour  one  degree,  no  external 
supply  of  heat  will  be  required  and  the  specific  heat  will  be  zero. 
Finally  if  the  heat  corresponding  to  the  work  is  greater  than  the  heat 
required  to  heat  the  vapour  through  one  degree,  heat  will  have  to  be 
abstracted  if  the  vapour  is  to  remain  saturated,  and  hence  the  specific 
heat  is  negative. 

It  will  be  obvious  from  what  has  been  said  above  that  if  we  compress 
adiabatically  a  saturated  vapour,  then  it  will  be  partly  condensed,  or  at 

1  See  §  261. 
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any  rate  become  supersaturated,  if  the  specific  heat  is  positive.  If,  on 
the  other  hand,  we  expand  adiabatically  a  saturated  vapour,  then  partial 
condensation  will  take  place  if  the  specific  heat  is  negative.  Thus  if  the 
saturated  vapour  of  benzene  is  rapidly  compressed  some  liquid  is  pro- 
duced. On  the  other  hand,  when  saturated  steam  is  expanded  conden- 
sation takes  place.  Thus  saturated  benzene  vapour  has  a  positive  and 
saturated  steam  a  negative  specific  heat. 

257*.  Theoretical  Value  of  the  Difference  of  the  Specific  Heats 
of  a  Gas.— It  has  been  shown  in  §  197  that  \i p  and  v  are  the  pressure 
and  volume  of  a  mass,  m^  of  a  perfect  gas  at  a  temperature  7;  measured 
from  absolute  zero,  and  jzJ^,  Vo  are  the  pressure  and  volume  at  0°  C.  or  273° 
on  the  absolute  scale,  we  have 

PvJ-^T. 

^       273 

Now  if  p  is  the  density  of  the  gas  at  a  pressure  po  and  at  a  temperature 

of  0°  C,  we  have  m  =  Vop,  while  po  is  equal  to  one  standard  atmosphere, 

or,  in  c.g.s.  units,  1013260  dynes  per  square  centimetre.     Substituting 

these  values, 

1013260    m^ 
pv= — ~ •  —T. 

^  273         p 

Or,  if  we  deal  only  with  unit  mass  of  the  gas,  so  that  m  is  unity  and  v  is 
the  volume  of  unit  mass, 

3711:6 .  y. 

P 

Now  as  long  as  we  are  dealing  with  any  given  gas,  p,  the  density  under 
standard  conditions,  is  a  constant,  so  that  we  may  write  this  equation — 

pv=RT, 

where  ^  is  a  constant  for  any  one  gas,  and  is  equal  to  371 1.6//).^ 
We  have  seen,  in  §  253,  that 

where  Q  and  Cv  are  the  specific  heats  of  a  gas  at  constant  pressure  and 
volume  respectively,  measured  in  thermal  units  (calories  per  gram),  while 
p  is  the  density  of  the  gas  at  a  pressure  oi  p  dynes  per  square  centimetre 
and  a  temperature  Z'l  on  the  absolute  scale. 

1  If  in  place  of  taking  m  as  unity,  i.e.  considering  unit  mass  of  each  gas,  we  take 
a  mass  of  each  gas  proportional  to  its  molecular  weight,  the  quotient  mjp  will  be  a 
constant,  since  the  density  of  a  gas  is  proportional  to  its  molecular  weight.  The 
most  convenient  mass  to  take  is  the  gram-molecule,  i.e.  a  mass  of  the  gas  containing 
as  many  grams  as  there  are  units  in  the  molecular  weight.  In  such  a  case  the  value 
of  mjp  for  hydrogen  is  2/. 0000896  or  22320.     Hence  we  have 

1013260  _ 

pv=  — X  223207^, 

273  ^        • 

or  /z/=8.28sxio7Z, 

where  it  must  be  carefully  noted  that  v  is  the  volume  of  a  gram-molecule  of  the  gas 
under  the  given  conditions.  In  this  case  we  get  the  equation  pv=RT,  such  that  R 
is  a  constant  for  all  gases  and  has  the  value  8.285x10'  and  is  sometimes  called  the 
absolute  gas  constant. 
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Hence  if  we  take  the  gas  under  standard  conditions,  so  that  p  is  equal 
to  1013260  dynes  per  square  centimetre,  and  1\  is  273°,  we  have 


/(O-a) 


1013260 
273/) 
=  37ii.6/p. 


Thus/|o(C>-  Cr)  is  a  constant  for  all  perfect  gases. 

Now 

/?= 37 1 1.6//). 

Hence  J{Cp-Cv)=R. 

If  the   specific  heats   are  not  measured   in   thermal   units,  but  in 
mechanical  units,  namely  ergs,  then 

C'p-Cv=R. 

Thus  the  constant  R,  which  appears  in  the  equation 

pv=RTf 

is  numerically  equal  to  the  difference  in  the  specific  heats.  It  must  be 
remembered  that  the  expression 

J{Cp-Cv)=Plp7\ 

was  only  obtained  on  the  supposition  that  there  is  no  force  exerted 
between  the  molecules  of  the  gas,  that  is,  that/(z//)  is  zero.  Hence 
the  relation 

Cp-Cv=R, 

can  only  be  exact  for  a  perfect  gas.  The  following  table  gives  the  value 
of  R  and  of  Cp-C'v  for  some  gases,  and  shows  to  what  extent  agree- 
ment can  be  expected  in  the  case  of  an  actual  gas. 


R. 

O-cv        1 

Hydrogen         .... 

Air 

Nitrogen  ..... 
Carbon  dioxide 

41.3    XIO« 
2.88  X  iqS 
2.97  X  10^ 
1.94  XIO« 

41.4   X  10*^ 

2.87  X  io« 
2.96  X  lO** 

1.88  xio» 

It  will  be  noticed  that  there  is  a  marked  difference  in  the  case  of 
carbon  dioxide,  a  gas  for  which  the  deviations  from  Boyle's  and  Charles's 
laws  is  considerable.  Also  the  difference  in  the  case  of  hydrogen  is  in 
the  opposite  sense  to  that  in  the  case  of  the  other  gase?,  a  result  which 
also  agrees  with  the  anomalous  behaviour  of  this  gas  as  regards  Boyle's 
and  Charles's  laws. 

258*.  Changes  in  the  Kinetic  Energy  of  the  Molecules  of  a 
Gas  when  Heated. — We  have  seen,  in  §  141,  that  if  ^  is  the  pressure 
to  which  a  gas  is  subjected,  />  its  density  at  this  pressure  and  at  a  tern- 


§258]  Kinetic  Energy  of  Molecules  of  a  Gas  313 

perature  7",,  then  the  mean  square  of  the  velocity  of  translation  of  its 
molecules  at  this  temperature  is  given  by 

If  V  is  the  volume  occupied  by  i  gram  of  the  gas  at  a  pressure  p  and  a 
temperature  '/j,  we  have  v=\\p.     Hence  ' 

Now  if  all  the  molecules  (total  mass  i  gram)  were  moving  with  the 
velocity  F,  the  total  kinetic  energy  K^  due  to  the  motion  of  translation, 
would  be  given  by  _ 

K=\V\ 

Thus  pv=lK. 

Now  suppose  that,  keeping  the  pressure  constant,  the  temperature  is 
raised  1°,  the  volume  changing  to  z/+^^,  then 

p{v^v^)  =  \K\ 

where  K"^  is  the  total  kinetic  energy  of  translation  at  the  tempera- 
ture 7'i+i. 

Thus  we  have 

pv^  =  \{K^-K). 

But  pv^  is  the  external  work  done  by  the  gas  during  the  expansion. 
Therefore  :  the  external  work  done  by  a  gas  during  expansion  is  equal  to 
two-thirds  of  the  increase  in  the  kinetic  energy  due  to  the  motions  of 
translation  of  the  particles. 

If  a  gas  is  heated  from  a  temperature  Tj  to  a  temperature  T^  at 
constant  volume^  and  p-^  and  p<i  are  the  original  and  final  pressures,  we 
have,  since  the  density  of  the  gas  is  the  same  at  both  temperatures,  and 

But  by  Charles's  law  A/A=^i/^2* 

Hence  T^IT^^V^IV^ 

where  m  is  the  mass  of  a  molecule.  Thus  the  mean  kinetic  energy  of 
translation  of  the  molecules  of  a  gas  is  proportional  to  the  temperature 
measured  from  the  absolute  zero. 

Thus  when  the  gas  is  heated  at  constant  volume  to  T-\- 1,  the  increase 
in  the  mean  velocity  of  the  molecules  will  be  the  same  as  it  was  when 
the  gas  was  heated  at  constant  pressure,  the  rise  in  temperature  being  the 
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same.  The  increase  in  kinetic  energy  of  translation  will  therefore  be  the 
same  as  before. 

Now  when  a  gas  is  heated  at  constant  pressure,  omitting  the  attrac- 
tions which  the  molecules  exert  one  on  another,  which  Joule  and  Kelvin's 
experiments  (§  254)  have  shown  to  be  very  small,  the  energy  supplied 
may  be  used  in  three  ways — (i)  It  is  employed  in  doing  external  work 
against  the  external  pressure  during  the  expansion  ;  (2)  it  is  employed  in 
increasing  the  kinetic  energy  of  translation  of  the  molecules  ;  (3)  it  is 
employed  in  increasing  the  kinetic  energy  due  to  the  rotation  of  the 
molecules  as  a  whole,  or  to  vibrations  within  the  molecules  themselves. 

Let  us  first  suppose  that  we  have  a  gas  in  which  all  the  energy  is 
used  up  in  the  first  two  of  these  ways. 

Then 

C^  _  External  work  4-  Increment  of  K 
Cv~  Increment  of  K  * 

or,  since  we  have  shown  that  the  external  work  is  equal  to  two-thirds  the 
increment  of  the  translational  kinetic  energy  A!', 

=1=1.6. 

Thus,  for  a  gas  in  which  none  of  the  energy  is  expended  in  setting  up 
molecular  rotation  or  molecular  vibrations,  the  ratio  of  the  specific  heats 
ought  to  be  1.667. 

Now,  if  the  molecule  of  a  gas  consisted  of  a  hard  spherical  atom,  we 
should  expect  that  there  would  be  no  molecular  rotation  or  vibration  set 
up  by  collisions.  If,  however,  the  molecule  consists  of  one  or  more 
atoms,  which  are  connected  together  in  some  way,  we  should  expect  that 
the  collisions  would  set  up  vibrations  of  these  atoms  within  the  molecule. 
Hence  when  a  gas,  as  is  the  case  for  mercury  vapour,  gives  a  value  for 
the  ratio  of  the  specific  heats  of  1.667  or  thereabouts,  we  conclude  that 
the  molecule  of  such  a  gas  consists  of  a  single  atom. 

In  a  gas  in  which  some  of  the  energy  is  employed  in  increasing  the 
molecular  rotations  and  vibrations,  the  external  work  is  less  than  two- 
thirds  of  the  increase  of  kinetic  energy  (due  to  translation,  vibration,  and 
rotation). 

Thus  the  fraction 


External  work  ■\- Increase  in  kinetic  enen 


^ 


Increase  in  kinetic  energy 

is  less  than  1.667. 

If,  then,  the  value  obtained  for  the  ratio  of  the  specific  heats  is  less 
than  1.667,  we  may  conclude  that  the  molecule  is  capable  of  rotation 
and  vibration,  and  is  therefore  complex,  and  the  lower  the  value  of  this 
ratio,  the  greater  the  complexity. 

In  the  following  table  the  values  of  the  ratio  of  the  specific  heats  for 
some  gases  and  vapours  are  given,  and  it  will  be  noticed  that  the  cases 
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where  the  ratio  is  small  are  just  those  in  which,  from  chemical  considera- 
tions, we  should  expect  a  complex  molecule. 


Ratio  of  the  Specific  Heats. 


Chemical 

Ratio  of  the 

Formula. 

Specific  Heats. 

Mercury        .... 

Hg 

1.666 

Argon   . 

* 

Ar 

1.63 

Carbon  monoxide 

CO 

1.403 

Hydrochloric  acid 

. 

HCl 

1.398 

Air 

1 

mixture  of 
O2   and   Ng 

1       1405 

Oxygen 

. 

O2 

I.41 

Hydrogen 

H2 

I.41 

Nitrogen 

N2 

I.41 

Chlorine 

CI2 

1-336 

Carbon  dioxide     . 

CO2 

I.311 

Water  . 

H2O 

1-33 

Chloroform    . 

CHCI3 

I. II 

Alcohol 

CgHfiO 

1-13 

Ether    . 

C4H10O 

1.03 

In  the  case  of  ether,  if  ^  is  the  external  work  done  during  an  increase 
of  temperature  of  one  degree,  when  the  pressure  is  kept  constant,  and  k 
is  the  increase  in  the  total  kinetic  energy,  we  have 


E^k 


Therefore 


=  1.03. 
£■=.03  k. 


so  that  in  this  case  the  external  work  is  only  three  hundredths  of  the 
energy  used  up  in  increasing  the  molecular  motions. 

We  may,  if  we  like,  go  a  step  further,  and  see  what  proportion  the 
increase  in  kinetic  energy,  due  to  the  motion  of  translation  {kt\  bears  to 
the  increase  in  the  kinetic  energy  of  vibration  and  rotation  (y&»).     For 

E-\-kt-\-kv 

kf\-kv 

Now  we  have  already  shown  that 

E=lkt 


1.03. 


Hence 
or, 


kf\-k% 


=  103, 


kt=.o/[7  ki 


so  that  the  energy  used  in  increasing  the  motion  of  translation  is  4.7  per 
cent,  of  the  energy  used  in  increasing  the  motions  of  vibration  and 
rotation. 
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259.  Adiabatie  Curves.— We  have  in  §  231  considered  the  curves 
which  show  the  relation  between  the  pressure  and  volume  of  a  substance 
when  the  temperature  is  kept  constant  (isothermal s),  and  we  have  now 
to  consider  another  set  of  curves  which  show  the  relation  between  the 
pressure  and  volume  of  a  substance  when  these  quantities  change,  but 
no  heat  is  allowed  to  enter  or  leave  the  substance.  These  curves  are 
called  adiabatics. 

It  follows  from  what  has  been  said  in  §  252  that  when  a  body 
expands  and  does  external  work,  then,  if  no  heat  is  supplied  to  the 
body,  its  temperature  must  fall,  while  if  under  the  same  conditions  the 
body  is  compressed,  the  temperature  will  rise.  If  AB  (Fig.  207)  represents 
a  portion  of  the  isothermal  through  a  point  P,  then  if,  starting  with  the 
substance  in  the  conditions  indicated  by  P,  we  compress  the  substance 
adiabatically,  we  do  work  on  it,  and  therefore  its  temperature  will  rise, 
and  for  a  given  pressure  the  volume  will  be  greater  than  it  would  be  if 
we  had  kept  the  temperature  constant,  i.e,  travelled  along  the  isothermal 
PA.  Hence  the  adiabatie  CD  through  P  is  more  steep  than  the  isother- 
mal through  the  same  point. 
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The  equation  to  an  adiabatie  in  the  case  of  a  gas  may  be  found 
in  the  following  way.  Let  AB  (Fig.  208)  be  a  very  small  portion  of  an 
adiabatie,  and  draw  AC,  BC  parallel  to  the  axes  respectively.  Calling 
AC  S/,  and  CB  St/,  let  us  suppose  that  instead  of  passing  from  the  state  A 
to  the  state  B  along  the  curve,  we  go  along  the  path  AC,  CB.  Then  the 
heat  which  has  to  be  communicated  to  the  body  to  pass  from  a  to  c  is 
equal  to  the  product  of  the  mass  of  the  body  (which  we  may  take  for 
simplicity  as  unity)  into  the  specific  heat  at  constant  volume  (Q  and 


into  the  change  in  temperature,  64  say.  In  the  same  way  the  heat' com- 
municated to  the  body  as  it  passes  from  c  to  B  is  C,  S/p,  where  htp  is  the 
change  in  temperature  which  takes  place  as  the  body  passes  from  c  to  B. 
Thus  the  total  quantity  of  heat  supplied  as  the  body  passes  from  A  to  B 
along  the  path  acb  is 

C,  84+C,  8/^ 

and  if  we  make  the  step  sufficiently  small,  so  that  ^  and  Sz/  are  very 
small,  this  will  also  be  the  quantity  of  heat  supplied  as  the  body  passes 
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from  A  to  B  along  the  adiabatic.     But  since  it  is  an  adiabatic,  this  heat 
must  be  zero.     Hence 

CS4+Q8//=o    .    .     .     (i) 

Now  in  a  gas  pv  =  RT}     Hence,  if  when  v  is  constant  we  change/  to 
P  +  ^p,  and  as  a  result  /'changes  to  7'+S4,  we  have 

or  o/y=  ^  ^   ^  -T  \ 

but  T^pvjR. 

Hence  S4=-7f. 

K 


In  the  same  way  it  can  be  shown  that 
Hence  (i)  becomes 


^^  ^^ 

where  -^  is  the  ratio  of  the  specific  heats. 

Thus  k —  —  —^t 

V         p' 

or  adding  unity  to  both  sides, 


V  p 


1  Those  readers  familiar  with  the  infinitesimal  calculus  will  find  the  following 
proof  much  shorter. 

From  the  equation  T=pvlR  we  have,  taking  partial  differentials, 

'BT\  _v  /dT\  _l 

ip  Jv  const.  ~R^^y6v  jP  const.     .^• 

Hence  substituting  in  equation  (i) 


JP^  'R^  C/— o, 

or  since  CplCv^k 

jPv__hp 
V         p  ' 
Integrating  both  sides 

k  log  v=  -  log  p  +  constani . 

or  log  (/z/'^)= constant. 

Therefore  /v* = con  stant. 
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But  if  S-z/  is  small  compared  with  v,  we  have  by  the  binomial  theorem 

and  similarly  (  I +^)     =1-^. 
Hencefrom(2)  V^"^^J"V"7/    ' 

o^  \     V     )  ~p^hp' 

But  v+hv  and  /  +  S^  are  the  values  of  v  and  p  at  the  point  B,  so  that 
calling  these  2/  and  p\  and  remembering  that  v  and  /  are  the  values 
at  A,  both  points  being  on  the  adiabatic,  we  have 

v^'p" 
or  p'i/^=pv*. 

Since  for  any  two  points  A  and  B  on  the  adiabatic  the  above  relation 
holds,  it  follows  that  we  have  for  all  points  on  the  adiabatic 

pv*=2i  constant. 

260*.  Direct  Detepmination  of  the  Ratio  of  tlie  Specific  Heats 

for  a  Gas.— The  most  direct  way  of  measuring  the  ratio  of  the  specific 
heat  at  constant  pressure  to  that  at  constant 
volume  is  the  one  employed  by  Clement  and 
Desormes. 

The  gas  to  be  experimented  on  is  contained 
in  a  large  gas  balloon  A  (Fig.  209),  which  has  a 
wide  mouth  that  can  be  closed  by  a  plate  of 
ground  glass  B.  A  manometer  C  serves  to 
measure  the  pressure  of  the  gas.  The  opening 
B  being  closed,  a  little  of  the  gas  is  pumped  in, 
so  as  to  make  the  pressure  p^  a  little  greater 
than  the  atmospheric  pressure.  After  the  heat- 
FiG   200.  ^^^  caused  by  the  compression  has  been  dissi- 

pated by  conduction,  &c.,  the  plate  is  removed 
just  long  enough  to  allow  the  pressure  inside  to  fall  to  the  atmospheric 
pressure  po,  by  some  of  the  gas  escaping.  The  gas  inside  the  globe 
expands,  and  the  expansion  is  so  rapid  that  no  appreciable  quantity  of 
heat  has  time  to  pass  from  the  walls  to  the  gas,  so  that  the  expansion 
is  adiabatic,  and  the  temperature  of  the  air  is  lowered.  After  the  closing 
of  the  opening,  however,  the  air  becomes  gradually  heated  to  its  old 
temperature  by  heat  derived  from  the  walls  of  the  vessel,  and  hence  the 
pressure ^2  "ses  above  the  atmospheric  pressure.  If  t/j  is  the  volume  of 
unit  mass  of  the  gas  when  compressed  under  the  pressure  p^  and  v,  is 
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Hence 


the  volume  of  unit  mass  after  expansion,  we  have  during  the  adiabatic 
expansion  that 

Also,  since  the  first  temperature  of  the  gas,  when  the  pressure  and  volume 
were  p^v^,  and  the  last  temperature,  when  the  pressure  and  volume  are 
^2^2>  ^re  the  same,  we  have  Boyle's  law — 

o  ,     .      .  "  '^2/1* 

Substitutmg  we  get 

P.-\PJ' 

or,  taking  logarithms  of  both  sides, 

^^log^ozi2SL^i 
log  A -log  A' 

Hence,  from  the  observed  pressures,  A»  A»  and/g?  the  value  of  >^  can  be 
calculated. 

The  results  obtained  by  this  method  are  not  very  trustworthy,  since 
it  is  difficult  to  secure  perfectly  adiabatic  expansion,  that  is,  without 
appreciable  passage  of  heat  from  the  walls  to  the  gas  during  the  time  it 
is  expanding,  and  at  the  same  time  prevent  the  outflow  of  the  gas  being 
oscillatory,  so  that  the  pressure  is  alternately  less  and  greater  than  p^ 
and  only  becomes  steady  after  a  few  oscillations. 

Another  method  of  determining  the  value  of  k  will  be  described  when 
we  are  considering  the  velocity  of  sound  in  gases  (§  287). 

261.  Watt's  Indicator  Diagram.— In  §  252  we  have  seen  that, 
when  a  gas  expands  at  constant  pressure  against  a  pressure  p^  the 
external  work  done  is  equal  to  p-i/^ 
where  1/  is  the  change  in  volume. 
Suppose  we  start  with  a  given  quantity 
of  a  gas  having  a  volume  v^  under  a 
pressure  /i,  as  indicated  by  the  point 
A  (Fig.  210)  on  the  diagram  of  pressures 
and  volumes,  then  if  the  gas  expands 
at  constant  pressure  to  the  volume  v^t 
as  indicated  by  the  point  B,  the  change 
that  takes  place  is  represented  by  the 
horizontal  line  AB.  The  external  work 
done  is  p^v,^^  —  z/j),  and  since  pi  is  re- 
presented by  the  line  Av^  or  B'Z/2,  we 
see  tha.t  pi{v2  — Vj)  is  numerically  equal 
to  the  area  of  the  rectangular  figure 
ABz/gT/i.  Hence  the  external  work  done  by  the  gas  is  represented  by  the 
area  of  this  figure.  If  now  the  pressure  is  decreased  to  P2,  the  volume 
being  kept  constant  (of  course,  the  temperature  will  have  to  be  lowered), 
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the  change  is  indicated  by  the  line  BC,  and  since  the  volume  does  not 
change,  no  external  work  is  done.  Next,  keeping  the  pressure  constant, 
let  the  gas  be  cooled  till  its  volume  is  again  t/j,  the  change  being  repre- 
sented by  the  line  CD.  During  this  process  work  must  be  done  on  the 
gas,  and  the  amount  of  this  work  is  represented  by  the  area  of  the  rec- 
tangle T^cvc^y  Finally,  keeping  the  volume  constant,  heat  the  gas  till 
the  pressure  rises  to^j,  the  line  DA  representing  the  new  change,  which 
is  unaccompanied  by  any  external  work.  The  gas  is  now  in  exactly  the 
same  state  as  it  was  at  the  start,  and  we  have  taken  it  through  what  is 
called  a  cycle  of  operations.  During  this  cycle  the  gas  has  performed  an 
amount  of  external  work  represented  by  the  figure  ABz/j^i,  and  had  an 
amount  of  work  represented  by  TiQ,v^t\  done  on  it.  Hence  the  total 
amount  of  external  work  done  by  the  gas  during  the  cycle  is  represented 
by  the  rectangle  ABCD  enclosed  by  the  path  which  indicates  the  different 
conditions  to  which  the  gas  has  been  subjected  during  the  cycle. 

If  the  cycle  had  been  traversed  in  the  opposite  sense,  namely,  ADCBA, 
it  can  easily  be  shown  that  on  the  whole  an  amount  of  work  represented 
Jjy  the  rectangle  abcd  would  have  been  done  on  the  gas.  Hence,  if  such 
^  a   cycle   is   traversed   in    the    clockwise 

direction  work  is  done  by  the  gas,  and  if 
in  the  anticlockwise  direction  work  is 
done  on  the  gas.  In  the  above  example 
we  have  supposed  that  tiie  pressure  and 
volume  changed  one  at  a  time.  If,  now, 
we  suppose  them  to  change  simultane- 
ously, and  the  gas  to  change  from  the 
conditions  indicated  by  the  point  A  (Fig. 
211)  to  those  indicated  by  the  point  B 
along  the  curve  ab,  we  may  suppose  that 
the  curve  is  replaced  by  a  stepped  curve 
such  as  that  shown,  along  which  the 
pressure  and  volume  only  change  one  at 
a  time.  When  the  gas  is  going  from  A  to 
C,  the  volume  being  constant,  no  work  is 
done.  When  the  part  CD  is  being  traversed,  the  work  done  is  represented 
by  the  rectangle  cdm^m,  and  so  on.  Now  if  we  imagine  the  number  of 
steps  taken  as  infinitely  increased,  the  stepped  curve  will  nowhere  appre- 
ciably differ  from  the  curve  AB,^  and  the  work  done  will  be  represented 
by  the  area  abnm  included  between  the  curve,  the  axis  of  volumes,  and 
the  two  ordinates  drawn  through  the  extreme  points  A  and  B.  Hence  it 
follows  that  in  the  case  of  a  closed  cycle,  the  work  done  by  the  body,  if 
the  path  is  traversed  in  the  clockwise  direction,  or  the  work  done  on 
the  body,  if  the  path  is  traversed  in  the  anticlockwise  direction,  is 
equal  to  the  area  enclosed  by  the  path  which  represents  the  cycle  of 
operations. 

262*.  Carnot's  Cycle.— A  particular  cycle,  which  is  found  to  be  of 
great  use  in  the  theory  of  heat,  is  one  due  to  Carnot.  We  will  suppose 
that  the  substance  which  we  are  about  to  cause  to  go  through  a  Carnot's 
cycle  (the  working  substance,  as  it  is   called)   is  contained  within  a 

1  The  reasoning  is  the  same  as  that  adopted  in  §  34. 
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cylinder  w  (Fig.  212),  the  walls  and  piston  of  which  are  perfect  non- 
conductors for  heat,  and  that  the  bottom  of  the  cylinder  is  made  of  a 
perfect  conductor  of  heat.  Further,  we  will  suppose  that  we  have  three 
stands,  one,  x,  fitted  with  a  perfect  non-conducting  top,  and  of  the  others 
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one,  Y,  kept  at  a  constant  temperature  T^,  and  the  other,  Z,  at  a  constant 
temperature  Tg,  these  being  each  fitted  with  a  perfectly-conducting  top. 

First  place  the  cylinder  on  the  stand  Z,  so  that  the  working  substance 
comes  to  a  temperature  Tj,  the  pressure  and  volume  being  as  indicated 
by  the  point  D  (Fig.  213).  Now  place  the  cylinder  on  the  non-conducting 
stand  X,  and  increase  the  pressure,  and  so  decrease  the  volume.  The 
change  must  be  adia- 
batic,  since  the  non-con- 
ducting stand  prevents 
the  escape  of  the  heat 
due  to  the  compression. 
The  compression  must  be 
stopped  when  the  tem- 
perature has  risen  to 
Tj.  The  curve  DA,  which 
gives  the  relation  between 
the  pressure  and  volume 
during  this  operation,  is 
anadiabatic(§259).  Next 
place  the  cylinder  on  the 
stand  Y,  and  expand  the 
substance  by  allowing 
the  piston  to  rise  till  the 
volume  and  pressure  are  indicated  by  the  point  B.  During  this  operation 
heat  will  flow  into  the  working  substance  through  the  conducting  bottom 
of  the  cylinder,  so  that  the  temperature  will  be  constant  throughout  the 
process,  and  hence  the  curve  AB  will  be  a  portion  of  the  isothermal  for  the 
temperature  Ti.  Next  remove  the  cylinder  from  Y,  and  place  it  on  the  non- 
conducting stand  X,  and  continue  allowing  the  substance  to  expand  till 
the  temperature  falls  to  Tg.  This  portion  of  the  cycle,  since  the  escape 
of  supply  of  heat  to  the  working  substance  is  prevented  by  the  non- 
conducting stand,  is  adiabatic.  Next  place  the  cylinder  on  z,  and  force 
the  piston  down  till  the  pressure  and  volume  become  the  same  as  at  the 
start.  During  this  part  of  the  operation  heat  is  given  out  by  the  working 
substance  to  the  stand,  and  CD  is  a  portion  of  the  isothermal  for  Tg.     The 
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cycle  is  now  complete,  the  working  substance  being  in  exactly  the  same 
condition  as  at  the  start.  During  the  cycle  an  amount  of  work  repre- 
sented by  the  area  abcd  has  been  performed,  also  during  the  portion  of 
the  cycle  represented  by  AB  heat  has  been  supplied  to  the  working  sub- 
stance at  a  temperature  Tj,  and  during  the  portion  CD  heat  has  been 
given  out  by  the  working  substance  at  the  temperature  T^  If  //i  is  the 
quantity  of  heat  taken  in  at  the  temperature  7\,  and  H^  the  quantity  of 
heat  given  out  at  the  temperature  T.^^  then  from  the  first  law  of  therrno- 
dynamics  it  follows,  since  the  Jnitial  and  final  states  of  the  working 
substance  are  the  same,  that  the  work  W  done  during  the  cycle  must  be 
equivalent  to  the  heat  which  has  been  used,  so  that 

Now  the  maximum  quantity  of  work  which  can  be  obtained  from  H^ 
units  of  heat  \sJH^.  The  ratio  of  the  actual  amount  of  work  done  in  any 
cycle  to  the  maximum  amount  of  work  that  could  be  done,  suppose  all  the 
heat  supplied  had  been  converted  into  mechanical  energy,  is  called  the 
efficiency  of  the  cycle.     Hence  the  efficiency  («)  is  given  by 

The  peculiarity  of  Carnot's  cycle  is  that  the  cycle  may  be  traversed  in 
the  reverse  direction,  a  quantity  of  heat  H^  being  taken  in  by  the  working 
substance  at  a  temperature  7*2,  and  a  quantity  of  heat  //j  given  out  at  a 
temperature  T^,  while  a  quantity  of  work,  represented  by  the  area  ABCD, 
has  to  be  done  on  the  working  substance  during  the  cycle.  For  this 
reason  Carnot's  cycle  is  called  a  reversible  cycle. 

Carnot  also  showed  that  by  adopting  a  reversible  cycle  the  efficiency 
obtained  was  the  greatest  possible.  For  if  not,  suppose  we  had  two 
engines  working  between  the  same  temperatures  Tj  and  T^  one,  A^ 
working  in  a  reversible  cycle,  and  the  other,  B^  having  a  greater  efficiency 
than  A^  and  that  B  works  direct,  taking  in  heat  from  a  body  at  a  tem- 
perature 7*1,  and  giving  out  heat  to  a  cold  body  at  a  temperature  T^  and 
that  the  mechanical  work  it  does  is  employed  in  working  the  reversible 
engine  A  backwards,  so  that  it  takes  in  heat  at  a  temperature  T^i  and 
gives  it  out  at  a  temperature  T-^.  Let  the  quantity  of  heat  taken  in  by  -ff 
at  the  higher  temperature  be  H\^  and  that  given  out  //'j,  while  the  heat 
taken  in  by  A  at  the  lower  temperature  be  H^^  and  that  given  out  at  the 
higher  temperature  be  H^.  Then  H\- H\  is  the  heat  converted  into 
work  by  B^  and  H^  —  H^  is  the  work  converted  into  heat  by  A.  Now,  if  all 
the  work  done  by  i?  is  used  in  working^,  it  follows  that  H\  -  H'^  =  Hi  —  H^ 

The  efficiency  of  A  is  ^^~^^  and  that  of  B  is  ^'^Zf^\  hence  by 

ZJ   _    TJT  TJI    rjf 

supposition  — Lrr — ^  is  less  than  — ^, — ^.      Therefore   since  H-.  -  H^ 

is  equal  to  H\-H\,  it  follows  that  H^  must  be  greater  than  H\,  so 
that  H2,  must  also  be  greater  than  H'^.  In  other  words,  the  heat  H^ 
taken  from  the  cold  body  by  A  is  greater  than  the  heat  H\  supplied  to 
it  by  Bj  while  the  heat  H^  supplied  to  the  hot  body  by  A  is  greater 
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than  the  heat  H\  taken  from  it  by  B.  Thus  as  the  combination  con- 
tinues to  work  the  cold  body  will  be  gradually  robbed  of  all  its  heat, 
while  the  heat  of  the  hot  body  will  increase,  and  this  without  the  expen- 
diture of  any  external  energy,  which  is  entirely  contrary  to  experience ; 
for,  unless  there  is  an  expenditure  of  external  energy,  experience  shows 
that  heat  always  flows  from  the  body  at  the  higher  temperature  to  that 
at  the  lower.  Hence  we  are  led  to  the  conclusion  that  an  engine  working 
in  a  Carnot's  reversible  cycle  is  the  most  efficient  that  it  is  possible  to 
have  working  between  the  two  given  temperatures. 

It  also  follows  that  since  a  substance  when  it  goes  through  a  Carnot's 
reversible  cycle,  taking  in  a  quantity  of  heat  //^  at  a  temperature  7\,  and 
giving  out  heat  at  a  temperature  T'g,  converts  the  maximum  fraction  of 
the  heat  received  into  work,  that  all  working  substances  when  used  in  a 
Carnot's  reversible  cycle  must  have  the  same  efficiency.  That  is,  that 
the  fraction  (work  done  during  cycle) -r//i  must  be  a  constant,  so  that  so 
long  as  //i,  the  quantity  of  heat  taken  in,  remains  the  same,  the  quantity 
of  work,  Wy  done  during  the  cycle  must  remain  the  same,  and  depends 
only  on  the  temperatures  7\  and  Z'g- 

At  first  sight  the  reason  for  this  may  not  appear  quite  clear.  What 
we  show  is  that  for  an  engine  working  in  a  reversible  cycle  the  efficiency 
is  the  highest  possible  whatever  the  working  substance,  for  we  have 
made  no  assumptions  as  to  the  nature  of  the  working  substance.  Now 
if  the  efficiencies  of  a  number  of  reversible  engines  with  different  working 
substances  are  all  the  maximum,  they  must  all  be  equal. 

The  above  result  may  not  appear  to  agree  with  common  sense,  for  if 
the  working  substance  in  an  engine  is  ether,  say,  we  might  at  first  sight 
hope  to  obtain  a  higher  efficiency  than  with  water.  For  the  vapour 
pressure  of  ether  at  any  temperature  being  higher  than  that  of  water  at 
the  same  temperature,  the  pressure  in  a  boiler  filled  with  ether  would  be 
greater  than  in  a  boiler  filled  with  water  at  the  same  temperature.  Thus 
the  vapour  supplied  to  the  ether  engine  will  be  at  a  higher  pressure  than 
that  supplied  to  the  water  engine,  and  so  we  might  expect  that  we 
should  get  more  work  by  allowing  the  ether  vapour  to  force  back  a 
piston  than  in  the  case  of  the  steam.  It  must,  however,  be  remembered 
that  at  the  back  of  the  piston  we  have  acting  the  pressure  of  the  exhaust 
steam  or  vapour,  and  that  the  condenser  for  the  two  engines  must  be  sup- 
posed to  be  at  the  same  temperature,  or  they  would  not  be  working  through 
the  same  range.  Now  the  vapour  pressure  of  the  ether  at  the  temperature 
of  the  condenser  will  be  greater  than  that  of  the  water,  and  so  not  only 
the  forward  pressure  in  the  ether  engine  but  also  the  back  pressure  is 
greater  than  in  the  water  engine,  and  so  no  advantage  is  gained.  In 
addition,  during  the  expansion  of  the  vapour,  which  must  of  necessity 
take  place  in  the  cylinder,  the  vapour  must  give  up  heat ;  this  heat  being 
the  equivalent  of  the  work  done.  Now  water  vapour  is  able  to  give  up 
more  heat  for  a  given  fall  of  temperature,  and  the  latent  heat  of  steam  is 
greater  than  that  of  ether,  so  that  on  both  these  accounts  more  heat  is 
available  for  conversion  into  mechanical  energy  in  the  case  of  water  than 
in  the  case  of  ether. 

A  Carnot's  cycle  being  a  thermal  process  which  is  independent 
of  the  nature  of  the  substance  in  which  the  thermal  changes  take  place, 
it  at  once  becomes  of  interest  to  see  whether  we  cannot  utilise  this  fact 
in  order  to  define  a  scale  of  temperature  independent  of  all  properties  of 
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any  particular  kind  of  matter.  The  scales  which  we  have  used  heretofore 
all  depend  on  the  change  of  some  one  physical  property  of  some  special 
kind  of  matter,  thus  on  the  increase  in  volume  of  mercury  or  hydrogen, 
the  increase  in  resistance  of  a  platinum  wire,  the  thermo-electromotive 
force  of  a  junction  of  two  given  metals,  &c.  A  scale  of  temperature 
depending  on  Carnot's  cycle  and  independent  of  the  properties  of  any 
particular  kind  of  matter  has,  however,  been  devised  by  Lord  Kelvin, 
and  to  this  scale  only  can  the  title  "absolute"  be  given  with  justice. 

If,  as  before,  we  imagine  a  Camot's  cycle  in  which  a  quantity  of  heat 
//i  is  drawn  from  a  source  at  a  temperature  7\,  and  an  amount  of  work 
W'\s  performed,  H^  units  of  heat  being  given  out  to  the  refrigerator  at 
the  temperature  7*2,  we  may  according  to  the  first  law  measure  H^  and 
i^i  in  terms  of  ergs,  in  which  case  H^- H^=  IV.  If  now,  keeping  H^ 
and  Tj  constant,  we  adjust  the  temperature  7\  so  that  the  work  done 
during  the  cycle  is  unity,  then  the  two  temperatures  T^  and  7',  will  be 
such  that  if  a  Camot's  engine  working  between  these  temperatures  takes 
H^  ergs  of  heat  from  the  source  it  will  perform  one  erg  of  work.  Next 
suppose  that  another  cycle  is  taken,  in  which  the  lower  temperature  T",  is 
so  adjusted  that  when  H^  ergs  of  heat  are  drawn  from  the  source  at  a 
temperature  T*!,  the  work  done  in  the  cycle  is  two  ergs.  Then,  according 
to  Lord  Kelvin,  the  difference  of  temperature  between  7',  and  T^  is  to  be 
called  twice  the  difference  of  temperature  between  J",  and  T^.  Pro- 
ceeding in  this  way,  we  could  define  a  series  of  equal  temperature 
intervals,  and  thus  form  a  thermometric  scale.  It  will,  however,  be 
convenient  not  to  call  the  interval  7\—  T'j,  or  T^—  T^  as  above  defined, 
one  degree,  since  the  scale  thus  constructed  would  not  resemble  the 
scale  ordinarily  employed.  We  will  therefore  suppose  that  7^,  is  taken 
as  the  temperature  of  boiling  water,  and  we  will  postulate  that  when  //j 
units  of  heat  are  taken,  by  an  engine  working  in  a  simple  reversible 
cycle,  from  a  source  at  the  temperature  of  boiling  water,  and  the  re- 
frigerator is  at  the  temperature  of  melting  ice,  a  hundred  times  the  work 
will  be  done  that  would  be  done  supposing  the  temperature  of  the 
refrigerator  were  one  degree,  on  this  new  absolute  scale,  below  the 
temperature  of  boiling  water,  and  so  on. 

Let  the  lines  TqTo  and  TioTjo  (Fig.  214)  be  the  isothermals  for  the 
temperatures  of  melting  ice  and  boiling  water  respectively,  and  let  AB 
be  an  adiabatic  cutting  these  isothermals  at  E  and  G.  Suppose  that  if  we 
go  along  the  isothermal  T^o  from  E  to  F  an  amount  of  heat  T/jo  (measured 
in  ergs)  has  to  be  supplied  to  the  working  substance  to  keep  its  tempera- 
ture constant,  and  that  through  F  we  draw  a  second  adiabatic  CD  cutting 
the  isothermal  Tq  at  H.  Then,  if  a  simple  reversible  engine  performs  the 
cycle  EFHG,  it  will  take  in  T/jo  units  of  heat  at  a  temperature  7\q  and 
give  out  //q  units  of  heat  at  a  temperature  Tq,  while  the  work  Jf'io  done 
during  the  cycle  will  be  represented  by  the  area  of  the  figure  EFHG, 
Now  draw  nine  isothermals  between  Tq  and  Tjo,  so  spaced  that  the  area 
intercepted  between  any  adjacent  two  and  the  two  adiabatics  is  one- 
tenth  of  the  area  EFHG.  Thus  the  area  shown  shaded  is  to  be  one-tenth 
of  EFHG.  Then  the  temperatures  corresponding  to  these  isothermals, 
if  we  call  the  temperature  of  melting  ice  273"  and  that  of  boiling  water 
373°,  are  283°,  293°,  303°,  313°,  323°,  333°,  343°,  353",  363"  on  Lord  Kelvin's 
absolute  scale. 

By  the  doctrine  of  the  conservation  of  energy,  the  maximum  amount 
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of  work  we  can  possibly  get  from  a  quantity  of  heat  H-^  is  JH-^,  if  the 
quantity  H^  is  expressed  in  calories,  or  simply  //j,  if  this  quantity  is 
expressed  in  ergs.  Keeping  the  temperature  7\  of  the  source  constant, 
the  amount  of  work  W 
obtained  during  a  cycle  T. 
will  increase  as  the  tem- 
perature of  the  refrige- 
rator is  lowered,  until 
the  temperature  of  the 
refrigerator  becomes  such 
that  no  heat  is  given  to  it 
during  the  compression 
portion  of  the  cycle,  the 
whole  of  the  heat  taken 
in  being  converted  into 
work,  so  that  H^  =  Wj  or 
the  efficiency  of  the  cycle 
becomes  unity.  We  can- 
not imagine  a  refrigerator 
at  a  lower  temperature 
than  this,  and  hence  may 
take  it  as  the  zero  on  this 
new  absolute  scale.  It  is 
found  that  the  zero  thus 
defined  coincides  with  the 
absolute  zero  as  given  by 
a  perfect  gas,  and  that 
the  new  absolute  scale 
agrees    very    nearly  with 
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So  that  the  use 
of  a  perfect  gas 


that  of  a  gas  thermometer  containing  a  perfect  gas. 
of  the  thermometric  scale  derived  from  the  expansion 
is  justified. 

If,  in  Fig.  214,  any  other  adiabatic  KL  is  drawn,  then  this,  together 
with  either  of  the  others,  will  cut  off  equal  areas  between  consecutive 
isothermals.  Thus  the  area  intercepted  by  any  two  adiabatics  and  any 
two  isothermals  T^  and  7*2,  say,  will  be  proportional  to  the  difference  of 
temperature  7^  —  T^  for  each  degree  of  this  difference  will  correspond  to  an 
equal  small  area  k,  such  as  the  one  shown  shaded.     Thus  we  shall  have 

where  >^  is  a  constant  depending  on  the  two  adiabatics  taken.     Since 
W=  H^  -  H^  this  gives 

Now  if  we  make  7*2  the  absolute  zero,  there  will  be  7\,  small  areas  each 
equal  to  k  included  in  the  cycle,  and  H^  will  be  zero,  so  that  in  this  case 

Now  the  efficiency  of  a  reversible  cycle  is  given  by 

Hi-  //« 


326  Heat  U  ^^3 

Hence,  substituting  for  H^- H^  and  //j, 


or  since  W^Hy 


^     ^^-^3,     .     .     .     (2). 


These  results  will  be  found  useful  when  we  are  considering  some  actual 
cases  of  reversible  cycles. 

The  above  equation  may  be  written 

so  that  Hi     T^  /,t 

irrTi  '  '  '  ^^'' 

or  the  ratio  of  the  heat  taken  from  the  source  by  a  reversible  engine  to 
the  heat  given  up  to  the  refrigerator  is  the  same  as  the  ratio  of  the  tempera- 
ture, on  the  absolute  scale,  of  the  source  to  that  of  the  refrigerator. 

263*.  The  Second  Law  of  Thepmo-Dynamics.— When  considering 
the  efficiency  of  a  simple  reversible  engine,  we  said  that  the  transfer  of  the 
heat  of  the  condenser  to  the  source  was  contrary  to  experience.  The 
denial  of  the  possibility  of  any  such  action  forms  what  is  called  the 
second  law  of  thermo-dynamics,^  and  has  been  put  into  a  concioe  form  by 
Clausius,  who  expresses  it  as  follows  :  //  is  impossible  for  a  self-acting 
machine,  tinaided  by  any  external  agency^  to  convey  heat  from  one  body  to 
another  at  a  higher  temperature. 

Lord  Kelvin  has  enunciated  the  second  law  in  a  slightly  different 
form,  namely  :  //  is  impossible,  by  means  of  inanimate  material  agency^ 
to  derive  mechanical  effect  from  any  portion  of  matter  by  cooling  it  below 
the  temperature  of  the  coldest  of  surrounding  bodies. 

It  must  be  carefully  borne  in  mind  that  these  laws  refer  only  to  the 
work  performed  during  a  cycle  of  operations,  in  which  the  initial  and  final 
states  of  the  working  substance  are  exactly  the  same.  Thus  when  a  gas 
is  allowed  to  expand  against  external  pressure,  it  does  work  and  becomes 
cooled,  so  that  in  this  way  it  may  do  work  although  in  the  operation  it 
becomes  cooled  below  the  temperature  of  surrounding  objects.  The 
final  state  of  the  gas  is  not,  however,  the  same  as  the  initial  state,  and  if 
we  attempt  to  bring  the  gas  back  into  the  initial  state  we  shall  find  that 
the  law  holds. 

We  may  also  put  the  law  in  slightly  different  words,  viz.  that  heat  of 
itself  never  passes  from  one  body  to  another  at  a  higher  temperature  ; 
and  if  by  any  means  we  cause  heat  to  be  transferred  from  a  body  to 
another  at  a  higher  temperature,  we  must  in  the  process  supply  the 
system  with  energy  from  some  outside  source.  Thus,  when  a  reversible 
engine  is  worked  backwards,  heat  is  taken  from  the  refrigerator  and  sup- 
plied to  the  source.  During  this  operation,  however,  external  energy  has 
to  be  supplied  to  the  engine,  so  that  it  is  not  working  "by  itself." 

.  1  The  deductions  made  in  the  last  section  are  also  generally  referred  to  as  forming 
part  of  the  second  law. 
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264*.  Calculation  of  the  Latent  Heat  of  Vapopisation  and  of 
the  Effect  of  an  Increase  of  Pressure  on  the  Meltingr-Point  of 
lee. — We  may  employ  the  expression  found  in  the  last  section  to  calculate 
the  latent  heat  of  vaporisation  of  a  liquid.  Suppose  that  we  take  a  gram- 
molecule  of  the  liqjdd  at  the  temperature  of  the  boiling-point,  the 
conditions  being  represented  by 
the  point  A  (Fig.  215),  and  vaporise 
the  liquid,  the  pressure  being  kept 
constant,  so  that  the  condition  of  the 
working  substance  when  vaporisa- 
tion is  complete  is  represented  by  the 
point  B.  If  L  is  the  latent  heat  of  a 
gram-molecule  of  the  liquid  the  heat 
supplied,  as  we  go  from  A  to  B,  will  be 
L.  Next  allow  the  vapour  to  expand 
adiabatically  till  the  pressure  has 
fallen  a  small  amount  8/*,  the  tem- 
perature being  7"— 87,  so  that  the 
point  C  is  reached.  Then  compress 
the  vapour  isothermally  till  it  is  all 
liquefied  at  D,and  complete  the  cycle 
by  compressing  the  liquid  adiabatically  till  the  original  temperature  is 
reached. 

During  the  cycle  the  work,  JF,  done  is  represented  by  the  area  of  the 
figure  ABCD.  Now,  if  ZP  is  very  small  the  area  of  this  figure  is  very 
nearly  equal  to  8P.MN.  Now  MN  represents  the  difference  between  the 
volume  of  the  liquid  (v  say)  and  that  of  the  vapour  V.  Hence  the  work 
done  during  the  cycle  is  equal  to  8P  ( V-  v). 

Now  by  the  equation  (2),  given  in  §  262, 
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Fig.  215. 


W_hT 
JL~  T 


or 


JL      ~  T' 


But  since  in  general  V  is  very  much  larger  than  v^  we  may,  without  pro- 
ducing much  error,  neglect  z/,  so  that  we  obtain 


Z  = 


PTSP 
/8T' 


But  we  have  seen  (§  257)  that  when  Fis  the  volume  of  a  gram-molecule 
of  a  gas, 

PV=RT=S.2Ssxio^T. 


Hence 


^_8.285xio^x7^x8P 
/xPx8T 
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We  may  employ  this  equation  to  calculate  the  latent  heat  of  evaporation 
of  water  at  100°.     We  have  the  following  data  :— 


760      mm.  of  mercury. 
00.1=76273   „  „ 

Hence  ^=760;  5/'= 2.73  ;  7^=373  and  Sr=. I. 


Vapour  pressure  at  100 


Thus 


.8.285  X  10^  X  373^^  X  2.73 
4.189 X  10' X 760 X.I   * 
:9884. 
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This  is  the  latent  heat  for  one  gram-molecule,  that  is  18  grams.     The 

latent  heat  for  one  gram  is  therefore  549  calories/gram,  a  number  which 

is  in  fair  agreement  with  the  observed  value. 

The  second  law  of  thermo-dynamics  will  also  allow  us  to  calculate 

the  effect  of  pressure  on  the  melting-point  of  ice. 

Suppose  we  have  a  gram  of  water  at  0°  C.  and  at  a  pressure 
of  one  atmosphere,  the  conditions  being 
represented  by  the  point  A,  Fig.  216. 
Now  allow  the  water  to  freeze.  During  this 
process  the  temperature  and  pressure  will 
remain  constant,  so  that  the  horizontal  line 
AB  will  represent  the  change,  which  is  an 
isothermal  one.  During  this  change  80 
calories  of  heat,  or,  if  we  use  mechanical 
units,  80  x/  ergs  will  be  given  out,  and  an 
amount  of  work  pi/^  where  1/  is  the  change 
of  volume,  will  be  done.     One  atmosphere 

being  1013300  dynes  per  square  centimetre,  and  2/  being  in  the  case 

before  us  0.0907,  the  work  done  is 

loi  3300  X  0.0907  ergs. 

Now,  without  allowing  heat  to  enter  or  leave  the  ice,  reduce  the 
pressure  to  zero.  Since  the  change  in  volume  of  ice  (or  water)  with  a 
difference  of  one  atmosphere  is  quite  inappreciable,  the  line  BC  showing 
this  change  is  vertical,  and  no  work  is  done,  supposing  that  during  the 
change  the  ice  does  not  melt,  that  is,  if  the  melting-point  of  ice  does  not 
vary  with  the  pressure.  Next,  supply  heat  to  the  ice  so  that  it  melts, 
and  we  now  pass  along  CD.  During  this  process  heat  is  absorbed,  but 
since  the  pressure  is  zero,  although  the  volume  decreases,  no  external 
work  is  done  on  the  working  substance.  Finally,  raise  the  pressure  to 
one  atmosphere  along  the  adiabatic  DA.  We  have  now  gone  through  a 
reversible  cycle  of  operations  in  which  an  amount  of  work  represented  by 
the  area  ABCD  has  been  done.  On  the  supposition,  however,  that  the 
melting-point  of  ice  is  the  same  at  a  pressure  of  one  atmosphere  as  in  a 
vacuum,  the  temperature  at  which  the  heat  was  taken  in  is  the  same  as 
that  at  which  the  heat  was  given  out  to  the  refrigerator.  This  is,  how- 
ever, contrary  to  the  second  law  of  thermo-dynamics,  and  hence  we  con- 
clude that  our  supposition  that  the  melting-point  of  ice  is  unaltered 
by  change  of  pressure  must  be  wrong.  Since  external  work  is  done 
during  the  cycle,  the  temperature  when  the  heat  was  being  taken  in  by 
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the  working  substance,  that  is,  while  the  ice  was  melting  at  the  low 
pressure  along  CD,  must  have  been  higher  than  the  temperature  when 
the  heat  was  being  given  out,  that  is,  when  the  water  was  freezing  at  the 
higher  pressure.  In  short,  decreasing  the  pressure  has  raised  the 
melting-point. 

We  may  proceed  to  calculate  what  would  be  the  lowering  of  the 
melting-point  produced  by  an  increase  of  one  atmosphere.  Let  /  be  the 
difference  in  the  temperature  of  melting  ice  produced  by  a  change  in 
pressure  of  one  atmosphere.  The  temperature  of  the  refrigerator  is  0°  C, 
or  273°  on  the  absolute  scale,  and  that  of  the  source  273  +  /.  The  heat 
absorbed  is  80  calories  or  3.352  x  10®  ergs,  and  the  work  done  is 
0.0907/  ergs,  where  p  is  one  atmosphere  expressed  in  dynes  per  square 
centimetre.     Now  (§  262) 

Therefore  _2:29?7^_  =_^. 

3.352x108    273  +  / 

Now  t  is  very  small  compared  to  273,  so  that  we  shall  not  produce 
any  appreciable  error  in  omitting  the  term  /  in  the  denominator  of  the 
light-hand  member.    Thus 

0.0907  X  273  x/  =  3.352  X  lo^/ 
^=1.25  X  lo^/. 

\{p  is  one  atmosphere,  or  1013300  dynes  per  square  centimetre, 

^_  1013300 
1.35  X  lO^ 
=o°.oo75. 

This  number  agrees  with  the  results  of  experiment. 

265*.  Irreversible  Cycles.— The  cycles  which  we  have  up  to  now 
considered  have  all  been  reversible,  that  is,  if  they  are  worked  backwards, 
so  that  all  the  various  operations  are  performed  in  the  reverse  order  and 
sense,  the  physical  and  mechanical  changes  are  also  reversed.  There 
are,  however,  many  cycles  of  operations  in  which,  for  various  reasons, 
the  operations  cannot  be  reversed,  or,  if  they  are,  the  mechanical  changes 
are  not  reversed.  Thus  if  during  any  cycle  any  of  the  energy  is  em- 
ployed in  producing  motion  against  friction,  such  a  cycle  cannot  be 
reversible,  for,  as  we  have  seen  in  §  loi,  although  we  reverse  the  direc- 
tion of  motion,  the  conversion  of  mechanical  energy  into  heat  due  to 
friction  always  takes  place.  Thus,  when  working  direct,  the  engine 
working  in  such  a  cycle  may  do  a  certain  quantity  of  mechanical  work 
owing  to  the  expenditure  of  a  certain  quantity  of  heat-energy ;  yet  if  we 
reverse  the  engine  and  do  work  on  it  to  the  same  extent  as  it  did  before, 
since  some  of  this  energy  is  employed  in  doing  work  against  friction,  we 
shall  not  completely  reverse  the  thermal  processes.  Again,  if  during  any 
part  of  a  cycle  there  is  conduction  of  heat  from  one  part  of  the  engine  to 
any  other,  since  heat  only  flows  by  conduction  from  bodies  at  higher 
temperatures  to  those  at  lower,  on  reversing  the  engine  the  heat  that 
passed  by  conduction  from  a  higher  to  a  lower  temperature  is  not  made 
to  pass  in  the  reverse  direction.     It  was  to  avoid  the  conduction  of  heat 
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that,  in  describing  Carnot's  reversible  cycle,  we  had  to  suppose  that  the 
walls  of  the  cylinder  were  composed  of  a  perfect  non-conductor  of  heat. 
Also  during  a  reversible  process,  when  there  is  passage  of  heat  from  one 
body  to  another,  as,  for  instance,  in  the  Camot  cycle  during  the  iso- 
thermal expansion,  when  the  working  substance  is  taking  heat  from  the 
source,  it  is  necessary  to  suppose  that  the  transference  takes  place  so 
slowly  that  the  temperature  of  the  working  substance  never  differs  by 
more' than  an  infinitesimal  amount  from  that  of  the  source.  If  this  were 
not  so,  when  we  reversed  the  cycle,  in  order  to  reverse  the  conditions 
exactly,  we  should  still  require  to  have  the  temperature  of  the  working 
substance  higher  than  that  of  the  source  by  the  same  amount  as  before, 
and  yet  have  heat  flowing  from  the  source  to  the  working  substance,  i^. 
from  a  cold  to  a  hot  body. 

266*.  Entropy. — In  many  problems,  especially  in  dealing  with  the 
thermo-dynamics  of  the  steam  engine,  the  quantities  of  heat  given  out  and 
absorbed  by  the  working  substance  during  various  operations  have  to  be 
studied  in  detail,  particularly  in  reference  to  the  work  done  by  or  on  the 
working  substance.  Now  we  have  seen  that  although  the  total  quantity 
of  work  which  corresponds  to  a  given  quantity  of  heat  is  independent  of 
the  temperature  of  the  body  which  contains  the  heat  (first  law  of  thermo- 
dynamics), yet  when  we  have  to  consider  the  actual  conversion  of  this 
heat  into  mechanical  work  the  temperature  of  the  body  which  contains 
the  heat  has  to  be  taken  into  account  (second  law  of  thermo-dynamics). 
Now  in  the  Camot  cycle  we  have  shown  (§  262)  that  if  //j  is  the  heat 
given  to  the  working  substance  at  the  temperature  7i,  and  //j  is  the  heat 
given  out  by  the  working  substance  at  a  temperature  T'j,  where  H-^  and 
//g  are  measured  in  dynamical  units,  and  7\  and  1\  are  measured  in  the 
absolute  thermo-dynamic  scale,  then 

^-^^=0    ...     (I) 

Now  if  in  place  of  the  Camot  cycle,  in  which  all  the  changes  are 
either  isothemial  or  adiabatic,  we  have  any  other  cycle,  such  as  is  repre- 
sented by  the  closed  curve  in  Fig. 
217,  we  may,  if  we  please,  split  up 
this  cycle  into  a  very  large  number  of 
Carnot  cycles,  EFHG,  by  means  of  iso- 
thermals,  such  as  T^  and  T^  and  adia- 
batics,  such  as  AB  and  CD,  and  the  sum 
of  all  these  cycles  will  be  the  same  as  the 
original  cycle,  for  each  of  the  adiabatic 
portions  of  these  small  cycles  will  be 
traversed  one  way  when  it  belongs  to 
one  elementary  cycle  and  in  the  op- 
posite direction  when  it  forms  part  of 
the  adjacent  elementary  cycle,  while  by 
taking  the  adiabatics  close  enough  to- 
gether we  may  make  the  error  pro- 
duced by  taking  the  portion  EF  and  HG  of  the  cycle  as  being  formed 
by  the  isothermals  7\  and  T.^  instead  of  by  the  portion  of  the  curve 
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included  between  AB  and  CD  as  small  as  we  please,  as  has  already  been 
shown  for  a  similar  case  in  §  34, 

Now   for  each  of  the   elementary  cycles   into  which   the   cycle  of 
operation  has  been  split  up  the  relation 

must  hold.  Now  in  this  expression  H^  is  the  heat  given  to  the  working 
substance  at  a  temperature  T^j,  and  H^  is  the  heat  given  up  by  the 
working  substance  at  a  temperature  7\.  If  we  please,  however,  we  may 
say  that  -7/2  is  the  heat  given  to  the  working  substance  at  a  temperature 
7 2.  In  this  case  we  may  put  in  words  the  fact  represented  by  equation 
(i)  as  follows  : — In  a  Carnot  cycle  the  sum  of  the  quotients  of  the  heat 
given  to  the  working  substance  by  the  temperature  at  which  the  trans- 
ference of  heat  takes  place  is  equal  to  zero.  But  we  have  seen  that  any 
reversible  cycle  can  be  represented  as  the  sum  of  a  number  of  Carnot 
cycles,  so  that  we  may  say  that  in  any  reversible  cycle  the  sum  of  the 
quotients  of  all  the  quantities  of  heat  given  to  the  working  substance 
divided  in  each  case  by  the  temperature  at  which  the  transference  takes 
place  is  zero,  or,  using  the  symbol  2  for  "  the  sum  of," 


Suppose  that  the  conditions  of  the  working  substance  are  represented 
by  the  point  A,  Fig.  218,  and  that  after 
a  certain  transformation  the  conditions 
are  represented  by  the  point  C.  Now, 
from  what  has  been  said  in  previous 
sections,  it  is  obvious  that  the  quantity 
of  heat  which  has  been  supplied  to  (or 
abstracted  from)  the  working  substance, 
as  is  passed  from  the  condition  A  to  that 
of  B,  depends  not  only  on  the  co-ordinates 
of  A  and  B,  i.e.  the  values  of  the  pres- 
sure, volume,  and  temperature  at  the 
points  A  and  B,  but  also  on  the  path  along 
which  the  transformation  took  place. 
Thus  the  quantity  of  heat  which  would 
have  to  be  supplied  to  pass  along  the 
path  ABC  would  be  different  from  the 
quantity  which  would  have  to  be  supplied  to  pass  along  ADC.     Since, 

however,  if  we  take  abcda  as  a  closed  cycle,  we  have  that  2-:=,=  o,  it 

follows  that  the  value  of  2—  for  one  portion  ABC  of  the  cycle  is  exactly 
equal  and  opposite  to  its  value  for  the  portion  CDA.     In  other  words, 

TT  IT 

the  value  of  l-j,  for  the  path  ABC  is  the  same  as  the  value  of  2-    for  the 
path  ADC.     Thus  although  the  total  quantity  of  heat  (2//)  which  has  to 


0       VOLUME 


Fig.  218. 


332  Heat  [§  266 

be  supplied  to  pass  from  A  to  c  varies  with  the  path,  the  quantity  2-=, 

does  not  depend  on  the  path,  and  only  depends  on  the  initial  and  final 
conditions  of  the  working  substance.  If  the  point  A  corresponds  to  a 
state  of  the  working  substance,  which  we  take  as  a  standard,  0°  C,  and  a 
pressure  of  76  cm.  of  mercury,  say,  in  the  case  of  a  gaseous  working 
substance,  then  however  we  change  from  the  state  A  to  the  state  C,  the 

zs 

value  of  the  sum  2-=.  during  the  process  will  be  the  same.     Hence  we 

TT 

may  consider  the  quantity  2— as  an  attribute  of  the  working  substance 

considered  when  it  is  in  the  state  represented  by  the  point  B,  just  as  we 
look  upon  the  energy  of  a  body  when  under  any  given  conditions  as 
being  an  attribute  of  the  body,  and  just  as  the  quantity  of  energy  is  quite 
independent  of  the  manner  in  which  the  energy  was  acquired,  so  the 

IT 

value  of  2^  is  quite  independent  of  the  manner  in  which  the  body  has 

passed  from  the  standard  state  to  the  state  indicated  by  the  point  B. 
Hence  a  name  has  been  given  to  this  quantity,  and  the  value  of  the 

sum  2™  obtained  as  the  body  passes  from  some  standard  state  A,  which 

is  taken  as  the  zero,  to  the  state  B  is  called  the  entropy  of  the  body  in 
the  state  B. 

Thus  if  we  supply  a  body  with  a  (quantity  of  heat  H^  the  temperature 
of  the  body  being  l\  we  are  said  to  mcrease  the  entropy  of  the  body  by 
an  amount  H\T.  If  a  body  undergoes  an  adiabatic  change,  since  no 
heat  is  supplied  to  or  abstracted  from  the  body  throughout  the  change, 
the  quotient  HIT  is  zero  throughout,  so  that  no  change  in  the  entropy 
of  the  body  takes  place.  For  this  reason  the  adiabatic  curves  are  some- 
times called  the  isentropic  curves  for  a  substance.     During  an  isothermal 

change,  since  T  is  constant,  the 
change  in  entropy  of  the  working 
substance  is  numerically  equal  to  the 
quantity  of  heat  given  to  the  working 
substance  divided  by  the  tempera- 
ture. 

If  we  take  the  temperature  of 
entropy  as  co-ordinates  and  draw  a 
curve  showing  the  connection  be- 
tween these  two  quantities  for  a  given 
working  substance,  then  from  the  dia- 
gram thus  obtained  we  can  deduce 
the  quantity  of  heat  supplied  to  the 
substance.  Thus  in  Fig.  219  let 
the  curve  ab  represent  the  change. 
Then  we  may  suppose  this  curve  re- 
placed by  a  stepped  curve  ACDEF,  &c.,  in  which  the  vertical  parts  of  the 
stepped  curves  are  isentropics,  for  along  them  the  entropy  is  constant 
and  the  horizontal  portions  are  isothermals.  Now  the  change  in  entropy 
of  the  working  substance  between^C  and  D  is  represented  by  ATM^^  and 
hence  if  T^  is  the  temperature  MC\  and  Hy^  is  the  heat  supplied  along 
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the  path  CD,  we  have,  since  the  change  in  entropy  is  equal  to  the  quotient 
of  the  heat  supplied  by  the  temperature, 

change  of  entropy  =  MM-^  =  H^T-^, 
or  H^=T^xMMy, 

But  Ti  X  J/J/i  is  the  area  of  the  rectangle  CM  MyD.  Hence  the  heat 
supplied  while  the  working  substance  undergoes  the  change  CD  is  repre- 
sented by  the  area  of  the  figure  CM  M-^E.  Hence,  as  there  is  no  heat 
supplied  along  the  vertical  portions  of  the  stepped  path,  since  they  are 
isentropics  or  adiabatics,  we  can  show  by  taking  a  sufficiently  large 
number  of  steps  that  the  heat  supplied  to  the  working  substance,  as 
it  passes  from  A  to  B  along  the  curve,  is  represented  by  the  areas  in- 
cluded between  this  curve,  the  ordinates  through  A  and  B,  and  the  axis 
of  entropy. 

In  the  above  discussion  we  have  supposed  that  all  the  processes  are 
reversible,  that  is,  that  no  irreversible  processes,  such  as  conduction, 
convection,  &c.,  take  place.  In  practice,  however,  we  are  unable  to 
secure  the  absence  of  irreversible  effects,  and  owing  to  conduction, 
radiation,  and  convection  the  temperatures  of  the  various  parts  of  a 
system  tend  to  become  equalised.     Now,  if  a  body  at  a  temperature  7\ 

loses  a  quantity  of  heat  8//1,  its  entropy  is  reduced  by  an  amount  —-}• 

^  1 
If  this  heat  is  communicated  to  a  neighbouring  body  at  a  lower  tem- 
perature 7^2  by  conduction,  &c.,  the  entropy  of  this  body  is  increased 

^// 
by  an  amount  -=^'     But  7\  is  greater  than   T'g,  or  conduction  would 
-'2 

not  take  place  ;  hence  -^  is  less  than  -^,  or,  in  other  words,  the  in- 

crease  m  the  entropy  of  the  colder  body  is  greater  than  the  loss  of  the 
entropy  of  the  hotter,  so  that  the  entropy  of  the  system  which  comprises 
the  two  bodies  has  increased.  The  effect  of  conduction,  convection,  and 
radiation  is  thus  to  equalise  the  temperature  of  the  different  portions  of 
the  universe,  and  at  the  same  time  to  increase  its  entropy. 

267.  Dimensions  of  Thermal  Quantities.— We  have  used  two 
distinct  units  of  quantity  of  heat.  One  of  these,  the  calorie,  depends  on 
the  thermal  capacity  of  water,  and  on  the  scale  of  temperature  adopted, 
as  well  as  on  the  unit  of  mass.  The  other,  the  erg.  simply  depends  on 
the  fundamental  units  of  mass,  length,  and  time,  and  has  the  dimensions 
{ML}T-'^\  If  Q  represents  a  certain  quantity  of  heat  measured  in 
calories,  and  H  the  same  quantity  measured  in  ergs,  then  by  the  first 
law  of  thermo-dynamics  we  have 

where  J  is  the  mechanical  equivalent. 

Therefore  \H\  =  [MD  T-^  =  [  /g]. 

Now  in  §  251  we  have  seen  that  the  ^-alue  of/  depends  on  the 
scale  of  temperature  adopted,  since  the  value  of  Q  depends  on  this  scale. 
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Hence  the  dimensions  of/  depend  on  the  temperature  scale.  We  do 
not,  however,  know  the  dimensions  of  temperature,  as  measured  on  the 
ordinary  gas-thermometer  scale,  in  terms  of  the  fundamental  units  of 
length,  mass,  and  time,  and  so  we  are  reduced  to  using  a  symbol  \iS\ 
for  the  unknown  dimensions  of  temperature.  Since  the  thermal  unit 
depends  on  the  mass  of  water  taken,  as  well  as  on  the  unit  of  tem- 
perature, we  have 

Hence  .     \J\--\<Qr^ML^T-^ 

The  symbol  6  here  plays  the  part  of  a  fourth  fundamental  unit,  and 
Professor  Riicker  has  proposed  to  call  it  a  secondary  futuiamental  unit. 
There  is  no  doubt  that  it  is  only  the  limit  of  our  knowledge  as  to  the 
nature  of  temperature  which  prevents  our  expressing  [6^]  in  terms  of 
[Z],  \M\  and  [7^.  For  instance,  we  have  in  §  258  supposed  that  in 
the  case  of  a  gas  the  temperature  is  proportional  to  the  mean  kinetic 
energy  of  translation  of  the  molecules.  Hence  we  might  measure 
temperatures  by  the  mean  kinetic  energy  of  a  molecule  of  a  gas  when  at 
that  temperature,  and  we  shall  on  this  scale  have 

As  yet,  such  a  method  of  measuring  temperature  is  not  warranted  by 
our  knowledge  of  the  molecular  conditions  of  gases,  to  say  nothing  of 
liquids  and  solids.  It  is,  therefore,  better  to  retain,  when  dealing  with 
dimensional  formulae  involving  temperature,  the  symbol  [^J  for  the 
dimension  of  the  unit  of  temperature. 

Since  specific  heat  is  the  quantity  of  heat  required  to  raise  unit  mass 
through  a  temperature  of  one  degree, 

a=yMsB\ 

or  W«[J/^]#[J/^=i. 

So  that  specific  heat  has  no  dimension,  and  is  therefore  a  mere  number. 
This  IS  at  once  evident,  if  we  remember  that  specific  heat  may  also  be 
defined  as  the  ratio  of  the  heat  required  to  raise  a  given  mass  of  the 
substance  through  a  given  range  of  temperature,  to  the  heat  required  to 
raise  an  equal  mass  of  water  through  the  same  range. 

Latent  heat  being  the  quantity  of  heat  required  to  convert  unit  mass 
of  the  substance  from  one  state  to  another, 

[^]  =  [2]|[^  =  [^]. 
Since  the  coefficients  of  expansion  are 
Increase  of  length  {or  volume) 


Original  length  {or  volume)   '  Increase  in  Temperatur^ 
we  have  W=[Z.]/[i:^=[^^] 
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The  quantity  of  heat,  Q,  which  passes  in  a  time,  /,  through  a  slab  of 
area  A^  thickness  d  and  conductivity  /',  when  the  difference  of  tem- 
perature between  the  opposite  faces  is  ^,  is  given  by 

Q=mA\d. 

Therefore  M  =  [2^]/[^^^^] 


BOOK   III 

WAVE-MOTION    AND    SOUND 

PART    I— WAVE-MOTION 


CHAPTER  I 
WAVE-MOTION  AND  WATER  WAVES 

268.  Wave-Motion.— We  have  in  Book  I.  chap.  vii.  considered  the 
periodic  motion  of  a  single  particle  or  rigid  body  ;  we  have  now  to  con- 
sider in  some  detail  the  resultant  motion  when  the  various  particles  of  a 
medium  are  executing  periodic  motions,  but  the  phases  (§  50)  of  the 
motions  of  the  various  particles  are  not  the  same  for  all,  but  are  related 
to  one  another  in  certam  definite  ways. 

Suppose  we  have  a  number  of  particles  arranged,  when  at  rest,  at 
equal  distances  along  a  line  ab  (Fig.  220),  and  that  these  particles  all 
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Fig.  220. 


execute  S.H.M.'s  (§  50)  of  equal  amplitude  and  period  along  lines  at 
right  angles  to  AB,  but  in  such  a  way  that  the  phase  of  each  successive 
particle,  counting  from  A,  differs  from  that  of  the  preceding  particle  by  a 
constant  amount. 

Thus  if  the  constant  difference  in  phase  is  30°,  when  the  particle  i  is 
at  its  median  position,  the  position  of  the  others  will  be  as  shown  by  the 
dots  in  the  figure.  The  displacement  of  particle  2  at  any  moment  is 
equal  to  the  displacement  of  particle  i  at  1/12  of  the  periodic  time  (7^ 
"later,  since  30*  is  1/12  of  360°.  Similarly,  particle  3  is  displaced  to  the 
amount  that  particle  i  will  be  at  2/712  from  the  start,  and  so  on.    Hence 
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the  curve  drawn  through  the  positions  of  the  particles  at  any  instant  will 
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Fig.  221. 

be  a  harmonic  curve  (§  52).      Particle  13  will  at  every  moment  be  in 

Y 
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exactly  the  same  state  as  particle  i,  particle  14  as  particle  2,  and  so  on  ; 
for,  as  their  phases  differ  by  a  whole  period,  they  will  be  equally  displaced 
and  moving  in  the  same  direction. 

In  Fig.  221  the  positions  of  the  particles  are  shown  at  successive 

T 

intervals  of  —  up  to  half  a  complete  vibration  from  the  positions  depicted 

in  the  first  line,  the  direction  of  motion  at  the  given  instant  being  indi- 
cated by  an  arrow-head.  It  will  be  seen  that  the  curve  drawn  through 
the  particles  can  in  each  case  be  obtained  by  displacing  the  curve  for 
the  preceding  configuration  to  the  right,  and  hence,  as  the  motion  goes 
on,  the  curve  connecting  the  particles  appears  to  move  steadily  to  the 
right.  The  distance  through  which  it  moves  during  one  complete  period 
of  one  of  the  moving  particles  is  equal  to  the  distance  between  two 
particles  which  are  moving  at  every  instant  in  the  same  direction  and 
are  equally  displaced  on  the  same  side  of  their  mean  positions.  This 
distance  through  which  the  curve,  called  in  this  case  a  wave,  moves 
during  a  complete  period  of  one  of  the  moving  particles  is  called  the 
wave-length  of  the  motion.  The  wave-length  may  also  be  defined  as  the 
distance  between  one  particle  and  the  next  one  that  is  displaced  from  its 
mean  position  to  the  same  extent  and  is  moving  in  the  same  direction, 
that  is,  between  two  consecutive  particles  which  are  in  the  same  phase. 
Thus  in  Fig.  220  the  wave-length  is  equal  to  AC  or  DE. 

Although  the  form  of  the  wave  is  similar  to  the  harmonic  curve,  jt 
must  be  remembered  that  the  harmonic  curve  represents  the  successive 
displacements  of  a  single  particle,  the  abscissae  representing  time,  while 
the  wave-form  curve  represents  the  simultaneous  positions  of  a  number 
of  particles,  the  abscissae  being  the  distance  of  the  mean  positions  of  the 
particles  measured  from  some  fixed  point.  However,  as  all  the  particles 
move  in  exactly  the  same  way,  and  in  one  whole  wave-length  we  shall 
have  an  example  of  a  particle  in  every  phase  of  this  motion,  we  may  look 
upon  the  wave-curve  as  also  showing  us  what  the  displacement  of  each 
particle  will  be  at  different  times. 

A  point  on  the  wave  such  as  F  (Fig.  220),  at  which  the  particle 
is  at  its  maximum  positive  displacement,  is  called  a  crest^  while  a  point 
such  as  D  or  E,  where  the  displacement  has  its  maximum  negative  value, 
is  called  a  trough.  The  positions  of  the  crests  and  troughs  appear  to 
travel  towards  the  right  as  the  motion  of  the  particles  continues. 

This  translatory  motion  of  the  wave  is  not  accompanied  by  the  trans- 
lation of  the  particles  themselves,  that  is,  although  each  particle  moves 
to  and  fro  along  its  own  little  path,  yet  its  mean  position  during  a 
complete  oscillation  remains  unaltered.  We  may,  therefore,  define  a 
wave  as  a  form  of  disturbance  which  travels  through  a  medium,  and  is 
due  to  the  parts  of  the  medium  performing  in  succession  certain  periodic 
motions  about  their  mean  positions. 

In  the  case  of  wave-motion  considered  above,  the  particles  all  vibrate 
at  right  angles  to  the  direction  in  which  the  wave  moves,  and  this  form 
of  wave-motion  is  said  to  be  due  to  transverse  vibrations.  If  the  motion 
of  each  particle  takes  place  in  the  direction  in  which  the  wave  moves, 
then  the  vibration  is  said  to  be  longitudinal. 

At  AB  (Fig.  222)  the  undisplaced  positions  of  the  particles  are  shown. 
If  each  particle  now  executes  a  S.H.M.  in  the  direction  ab,  the  p>eriod 
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and  amplitude  being  the  same  for  all,  but  the  phase  of  each  particle 
being  30°  behind  that  of  the  preceding  particle,  then  when  particle  i  is 
passing  through  its  mean  position  and  moving  towards  the  right,  CD  will 
represent  the  positions  of  the  other  particles.  The  positions  of  the 
particles  are  also  shown  at  successive  intervals  of  1/12  of  the  period  of 
the  S.H.M.  of  each  particle  for  half  a  complete  period. 

In  this  form  of  wave-motion  the  distances  between  adjacent  particles 
alter,  so  that  the  particles  are  alternately  crowded  together  and  spread 
out.  A  point  where  at  any  instant  the  crowding  together  is  a  maximum 
is  called  a  condensation,  while  a  point  where  the  distance  between 
adjacent  particles  is  a  maximum  is  called  a  rarefaction.  These  play  the 
same  parts  in  longitudinal  wave-motion  as  do  the  crests  and  troughs  in 
transverse  wave-motion. 

The  definition  of  wave-length,  given  with  reference  to  transverse 
vibrations,  applies  also  to  longitudinal  vibrations.     The  most  convenient 
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manner  of  studying  longitudinal  vibrations  is  to  employ  a  curve  of  which 
the  ordinates  indicate  the  displacements  from  their  mean  positions  of  the 
different  particles  at  any  time.  Such  a  curve  is  obtained  if,  at  the  mean 
or  undisturbed  position  of  each  particle,  we  erect  a  perpendicular  in  the 
positive  or  negative  direction  according  as  the  displacement  of  the 
particle  is  in  the  positive  or  negative  direction,  and  having  a  height  equal 
to  the  displacement  of  the  particle  from  its  mean  position.  The  curve 
obtained  by  joining  the  extremities  of  these  ordinates  is  shown  at  EFG 
(Fig.  222),  the  corresponding  positions  of  the  disturbed  and  undisturbed 
particles  being  shown  at  HK  and  AB.  This  curve  is  a  harmonic  curve, 
and  the  points  where  the  curve  cuts  the  axis  correspond  to  the  places 
where  the  particles  are  most  crowded  together,  or  most  spread  out. 
For  at  F  the  particle  7  is  at  its  mean  position,  while  the  particle  6,  since 
the  corresponding  ordinate  ab  of  the  curve  is  positive,  is  displaced  to 
the  right  by  an  amount  equal  to  this  ordinate,  and  the  particle  8  is  to  the 
left  of  its  median  position  by  an  amount  equal  to  the  ordinate  cd  of  the 
curve ;  so  that  the  particles  are  here  crowded  together.     In  the  same 
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way  the  particles  at  E  and  G  are  separated  to  a  maximum  extent.  Hence 
F  corresponds  to  a  condensation,  while  E  and  G  correspond  to  rarefac- 
tions. The  distance  between  two  adjacent  rarefactions,  such  as  E  and  G, 
or  between  two  condensations,  is  equal  to  the  wave-length  of  the  wave- 
motion,  while  the  distance  between  a  rarefaction  and  the  adjacent  con- 
densation is  equal  to  half  a  wave-length. 

269.  Velocity  of  Propagation  of  a  Wave— Frequency.— The 
speed  at  which  the  crest  or  trough  in  the  case  of  a  transverse  wave,  or 
the  condensation  or  rarefaction  in  a  longitudinal  wave,  moves  through 
the  medium  is  called  the  velocity  of  propagation  of  the  wave-motion. 

While  particle  4  in  Figs.  220  and  221  is  making  a  complete  oscillation, 
the  trough  of  the  wave  will  travel  to  the  right  to  particle  16,  that  is, 
through  a  distance  equal  to  the  wave-length,  X.  In  the  same  way,  while 
particle  i  (Fig.  222)  is  making  a  complete  oscillation,  the  condensation 
will  travel  from  C  to  D,  that  is,  through  a  distance  equal  to  the  wave- 
length. 

Hence  if  2"  is  the  time  each  particle  takes  to  complete  one  oscillation, 
in  this  time  the  wave  will  move  through  a  distance  equal  to  the  wave- 
length.    Thus  if  V  is  the  velocity  of  propagation  of  the  wave,  we  have — 

v=X/7: 

Each  time  that  particle  10  (Fig.  220)  reaches  its  maximum  positive 
elongation,  a  crest  will  be  passing  at  F,  so  that  the  interval  between  the 
passage  of  two  successive  crests  is  71  Thus  if  «  is  the  number  of  crests 
which  pass  F  in  a  second,  we  have  n=i{T,  The  same  remark  applies 
to  any  other  particle,  whether  the  motion  is  transverse  or  longitudmal, 
and  the  quantity  n  is  called  the  frequency  of  the  waves.    Thus 

The  velocity  with  which  a  group  of  waves  moves  into  an  undisturbed 
portion  of  the  medium  is  not  necessarily  equal  to  the  velocity  of  the 
mdividual  waves.  Thus  in  the  case  of  gravitational  waves  on  a  liquid, 
the  individual  waves  travel  twice  as  fast  as  does  the  front  of  the  dis- 
turbance. Thus  if  we  watch  a  short  train  of  waves  moving  into  still 
water,  the  waves  will  appear  to  move  through  the  group,  dying  out  in 
front,  and  fresh  waves  appearing  in  the  rear  of  the  group.  It  can  be 
shown  that  whenever  the  velocity  of  the  waves  varies  with  the  wave- 
length, the  group  velocity  is  different  from  the  wave  velocity. 

The  study  of  waves  being  of  very  great  importance  in  physics — for, 
as  we  shall  see,  sound,  light,  radiant  heat,  and  many  electro-magnetic 
phenomena  are  propagated  by  wave-motions — it  will  be  advisable  to 
spend  some  time  considering  this  form  of  motion.  It  will  add  to  the 
interest,  and  also  to  the  clearness,  of  the  study  of  a  wave-motion  if  we 
illustrate  the  various  points  by  reference  to  some  particular  form  of 
wave-motion.  Now  the  waves  which  constitute  sound,  lij^-^ht,  and  heat 
are  invisible,  and  so  for  the  purposes  of  illustration  it  will  be  better  to 
consider  the  waves  which  may  be  produced  at  the  surface  of  a  liquid,  for 
such  waves  may,  with  suitable  arrangements,  be  seen  by  the  eye. 

270.  Waves  on  the  Surface  of  a  Liquid.— In  order  that  a  wave 
may  be  formed,  it  is  necessary  that  the  successive  particles  which  con- 
stitute the  medium  in  which  the  wave  is  propagated  should  each  in 
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succession  go  through  a  periodic  motion.  Now  when  considering  the 
motion  of  a  pendulum  (§  112),  we  showed  that  the  reason  it  executes  its 
periodic  motion  is  that,  when  the  bob  is  displaced,  a  force  acts  on  the 
bob  tending  to  bring  it  back  to  its  position  of  rest.  Hence  when  dealing 
with  the  production  of  a  wave-motion  in  a  medium,  we  must  consider 
how  the  force  of  restitution  on  the  particles  of  the  medium,  which  is 
necessary  for  the  production  of  the  periodic  motion  of  these  particles, 
is  brought  about.  Let  AB  (Fig.  223)  represent  the  plane  surface  of  a 
liquid  at  rest.  Now  suppose  by  some  means  we  cause  the  liquid  to  be 
heaped  up  in  the  form  DEF,  or  scooped  out  into  a  hollow  FGH,  so  that  the 
liquid  particles  are  displaced  from  their  positions  of  rest.  Then,  owing  to 
the  action  of  gravity, 

the    particles    in    the  E. 

portion    DEF    of    the  p^^X  ^^"^F 


liquid  will  move  back 
towards  the  level  sur- 
face AB,  while  the  par- 
ticles which  have  been 
forced  down  owing  to 

the  production  of  the  hollow  FGH  will  move  up.  Thus  when  the 
particles  of  a  liquid  are  moved,  so  that  a  portion  of  the  surface  is 
displaced  either  above  or  below  the  level  of  the  general  surface,  owing 
to  gravity  a  force  will  act  tending  to  bring  the  surface  back  to  its 
undisturbed  position.  We  have  therefore  the  conditions  suitable  for 
the  production  of  waves  on  the  surface  of  the  liquid,  and  the  existence 
of  these  waves  being  due  to  the  action  of  gravity,  they  are  called 
gravitational  waves.  The  large  waves  seen  on  the  surface  of  the 
sea  are  well-known  examples  of  gravitational  waves.  Gravity,  as  was, 
however,  first  pointed  out  by  Lord  Kelvin,  is  not  the  only  cause  tending 
to  bring  the  surface  of  the  liquid  back  to  its  undisturbed  position.  There 
is  a  second  cause  acting,  namely,  the  surface  tension  (§  156)  of  the 
surface  film  of  the  liquid.  This  surface  tension  acts  as  if  there  were  a 
thin  elastic  membrane  stretched  over  the  surface,  and  it  is  evident  that 
the  effect  of  such  a  stretched  membrane  will  be  to  tend  to  flatten  down 
the  portion  DEF  of  the  disturbed  surface  of  the  liquid,  and  to  level  up  the 
portion  FGH,  so  that  in  the  surface  tension  we  have  also  a  force  of  resti- 
tution acting  on  the  displaced  liquid  particles.  We  have  seen  in  §  157 
that  the  pressure  due  to  the  surface  tension  increases  with  increase  of  the 
curvature  of  the  surface,  so  that,  since  the  magnitude  of  the  surface 
tension  is  small,  it  is  only  when  we  are  dealing  with  waves  in  which  the 
curvature  is  very  great  that  we  need  take  account  of  the  surface  tension. 
It  can  be  shown,^  although  to  do  so  would  lead  us  beyond  the  scope 
of  this  book,  that  if  v  is  the  velocity  of  a  wave  along  the  surface  of  a 
liquid  of  which  the  depth  is  not  less  than  the  wave-length  X,  and  />  and  T 
are  the  density  and  surface  tension  of  the  liquid,  then 

27r    *  Xp 

From  this  expression  it  follows  at  once  that  if  the  wave-length  X  is 
great,  the  fraction  27rT/\p  is  small  compared  to  g^J'ZTr,  and  hence  may 

1  The  case  where  gravity  alone  is  supposed  to  act  is  considered  in  §  279. 
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be  neglected.  The  fact  that  X  is  great  shows  that  the  curvature  of  the 
surface  must  be  small,  so  that  this  result  is  what  we  siiould  expect.  On 
the  other  hand,  if  X  is  small,  then  2ir7'l\p  is  great  compared  to  ^X/27r,  so 
that  in  this  case  surface  tension  plays  the  important  part  in  the  propa- 
gation of  the  waves.  Such  waves,  in  which  the  greater  part  of  the  force  of 
restitution  is  due  to  surface  tension,  are  called  capillary  waves  or  ripples. 

For  waves  of  wave-length  greater  than  about  4  inches  or  10  cm.  the 
term  2ir7yxp  may  be  neglected,  while  for  waves  of  wave-len^'th  less 
than  o.  I  inch  or  3  mm.  the  term  ^X/27r  may  be  neglected.  For  waves 
having  wave-lengths  between  these  two  limits,  we  have  to  take  into 
account  both  the  effect  of  gravity  and  of  surface  tension. 

Since  the  velocity  due  to  gravity  alone  increases  as  X  increases,  and 
that  due  to  surface  tension  alone  increases  as  X  decreases^  it  follows  that 
there  must  be  a  certain  wave-length  for  which  the  velocity  is  a  minimum. 
For  wave-lengths  less  than  this  critical  value  the  surface  tension  has  the 
predominating  influence,  and  therefore  the  velocity  increases  as  X  de- 
creases, as  shown  by  the  left-hand  branch  of  the  curve  (Fig.  224),^  which 
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Fig.  224. 

gives  the  velocity  of  wraves  of  different  wave-lengths  in  water.      For 
wave-lengths  greater  than  the  critical  value,  gravUy  plays  the  important 

Eart,  and  the  velocity  increases  as  X  increases,  as  shown  by  the  right- 
and  branch  of  the  curve.     F9f  water  the  minimum  velocity  is  23  cm. 
per  second,  or  9  inches  per  second. 

271.  Gravitational  Waves. — In  the  case  of  waves  for  which  the 
wave-length  X  is  so  great  that  we  may  neglect  the-  effect  of  surface 
tension,  we  have 

27r 

It  will  be  observed  that  the  density  of  the  liquid  is  not  involved  in 
the  expression  for  the  velocity.  The  reason  for  this  is  the  same  as  that 
which  explains  why  it  is  that  the  period  of  a  pendulum  is  independent  of 

1  In  order  to  show  a  considerable  range,  instead  of  taking  equal  lengths  along  the 
axes  to  correspond  to  equal  increments  in  the  wave-length  and  the  velocity  respec- 
tively, in  the  figure  equal  lengths  along  the  axes  correspond  to  equal  increments  in  the 
logarithms  of  these  quantities.  The  scales  have,  however,  been  numbered  so  that 
we  read  of  the  wave-length  and  velocity  direct.  For  an  account  of  this  method 
of  plotting  curves,  a  paper  by  Prof.  C.  V.  Boys,  in  Nature  for  July  i8,  1895,  may  be 
consulted. 
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the  mass  of  the  bob,  namely,  that  although  the  mass  of  the  liquid  to  be 
moved  is  proportional  to  the  density,  yet,  since  the  force  of  restitution  is 
also  proportional  to  the  density,  for  it  is  the  weight  of  the  raised  portion 
of  the  liquid,  the  ratio  of  the  force  of  restitution  to  the  mass  to  be  moved 
is  the  same  for  all  liquids,  and  therefore  the  velocity  of  the  waves  is  the 
same. 

If  the  depth  of  the  liquid  is  considerably  less  than  the  wave-length, 
the  velocity  is  less  than  that  given  above,  and  is  given  by 

where  d  is  the  depth  of  the  liquid.  One  effect  of  this  decreased  velocity 
in  shallow  water  is  to  make  the  waves  in  the  neighbourhood  of  a  shelving 
beach  always  move  in  a  direction  perpendicular  to  the  shore,  although 
at  some  distance  out  to  sea  they  may  be  moving  in  quite  a  different 
direction.  The  reason  is  that  when  a  wave  which  is  moving  in  a 
direction  incHned  to  the  shore-line  reaches  shallow  water,  the  end  of  the 
wave  which  first  reaches  the  shallow  moves  more  slowly  than  the  parts 
which  are  still  moving  in  deep  water.  Thus  the  wave  gradually  wheels 
round  till  it  becomes  nearly  parallel  to  the  shore. 

In  the  case  of  a  wave  in  deep  water,  the  individual  particles  of  the 
water  describe  circles  in  vertical   planes  as    illustrated  in   Fig.   225, 


Fig.  225. 

where  the  form  of  the  wave  is  shown  at  two  instants  correspondmg  to 
an  interval  of  one-twelfth  of  the  periodic  time.  Thus  when  a  particle  is 
on  the  crest.  A,  of  the  wave,  it  is  moving  in  the  direction  in  which  the 
wave  is  moving,  while  when  it  is  in  the  trough,  B,  it  is  moving  in  the 
opposite  direction  to  that  in  which  the  wave  is  moving.  As  we  go  down 
from  the  surface  the  particles  still  move  in  circles,  but  the  radii  grow 
smaller  and  smaller,  till  at  a  depth  equal  to  the  wave-length  the  radius 
of  the  circles  is  only  about  i /500th  of  what  it  is  at  the  surface.  In 
shallow  water  the  paths  of  the  individual  particles  are  ellipses  with  their 
major  axes  horizontal.  In  this  case  the  horizontal  axes  of  the  ellipses 
are  approximately  the  same  for  particles  at  all  depths.  The  vertical 
axes,  however,  decrease  with  the  depth,  till  at  the  bottom  they  vanish, 
and  the  particles  move  backwards  and  forwards  along  straight  lines. 

When  the  height  of  the  crest  of  a  wave  above  the  undisturbed  level 
of  the  water  is  equal  to  the  depth  of  the  undisturbed  water  at  the  point, 
the  particles  at  the  crest  will  be  moving  forward  with  the  same  velocity 
as  the  wave,  and  the  wave  will  be  unstable  and  "break."  As  a  wave 
comes  into  shallow  water  the  wave-length   decreases,  for  the  velocity 
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decreases  as  the  depth  of  water  decreases,  and  the  frequency  («)  must 
remain  the  same,  that  is,  the  number  of  waves  which  pass  a  given  point 
in  one  second,  and  v  —  nK  The  effect  of  this  shortening  of  the  wave- 
length is  to  make  the  amplitude  of  the  waves  greater.  This  goes  on, 
till  finally  the  unstable  condition  is  reached,  and  the  wave  breaks. 

272.  Capillary  Waves.— In  the  case  of  waves  of  which  the  wave- 
length is  less  than  4  mm.,  we  have 

.    2irT 

\p 

Here  both  7' and  p  depend  on  the  nature  of  the  liquid,  so  that  the 
velocity  of  capillary  waves  is  different  in  different  liquids.  If  n  is  the 
frequency  of  the  waves, 

and  /i*X*  =  27r  T/\pf 

or  7'=«^V/2»r. 

Thus  if  the  frequency  «  is  known,  and  we  measure  the  wave-length, 
we  can  calculate  the  surface  tension  7\  Lord  Rayleigh  has  used  this 
method  for  measuring  the  surface  tension.  The  waves  were  produced 
by  a  fine  style  attached  to  the  prong  of  a  tuning-fork  which  dipped  into 
the  liquid.  Thus  the  frequency  of  the  waves  was  equal  to  the  frequency 
of  the  fork,  and  was  therefore  known. 

273.  Interference  of  Waves.— If  we  have  two  systems  of  waves 
passing  over  the  same  surface  of  water,  each  will  produce  the  same 
effect  as  if  it  were  alone  present,  so  that  the  actual  displacement  of  any 
surface  particle  of  the  water  at  a  given  instant  is  the  algebraical  sum  of 
the  displacements  it  would  have,  at  that  instant,  due  to  each  set  of  waves 
separately.  The  resultant  motion  is  thus  obtained  by  compounding  the 
two  separate  wave-motions,  just  as  in  §  54  we  obtained  the  resultant 
motion  of  a  point  when  moving  with  two  simple  harmonic  motions. 

This  separate  existence  of  two  sets  of  waves  is  one  of  everyday 
observation,  when  two  stones  are  thrown  into  still  water.  Each  stone 
will  produce  a  set  of  waves  which  travel  out  in  ever-widening  circles,  and 
the  circular  waves  due  to  one  stone  will  pass  unchanged  through  the 
waves  due  to  the  other. 

Suppose  we  have  a  style  attached  to  one  of  the  prongs  of  a  tuning- 
fork  dipping  into  a  vessel  containing  a  liquid,  say  mercury.  When  the 
fork  is  in  motion  the  style  will  produce  a  system  of  waves  which  will 
move  out  in  circles  from  the  point  where  the  style  enters  the  mercury. 
The  radius  of  each  of  the  circular  waves  will  increase  at  the  rate  given  by 

where  n  is  the  frequency  of  the  fork,  and  X  the  wave-length  as  given  by 
the  equation 

x3=27rr/«v. 

Let  the  position  of  the  waves  at  a  given  instant  be  as  represented  by 
the  circles,  with  A  as  centre,  in  Fig.  226,  where  the  heavy  full  lines 
represent  the  crests,  and  the  heavy  dotted  lines  the  hollows.  The  waves 
in  only  half  the  circumference  are  drawn,  in  order  to  save  space.  Now, 
suppose  there  is  a  second  style  attached  to  the  same  prong  touching  the 
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mercury  surface  at  B,  so  that  whenever  a  crest  starts  from  A  an  equal 
crest  will  start  from  B,  and  so  on.  The  position  of  the  waves  due  to  B 
alone  are  shown  in  the  figure  by  the  light  lines.     The  wave-length  and 


Fig.  226. 

velocity  of  the  waves  starting  from  B  will  be  the  same  as  those  starting 
from  A.  In  order  to  obtain  the  actual  condition  of  the  surface  due  to  the 
combined  action  of  the  two  sets  of  waves,  we  have  at  every  point  to  add 
together  the  displacements  due  to  each  set.    Thus  at  the  point  c  we  have 


Fig.  227. 


a  crest  of  each  set  of  waves,  so  that  the  upward  displacement  here  is 
twice  the  maximum  displacement  due  to  either  set  separately.  At  D,  in 
the  same  way,  we  have  a  trough  due  to  each  set,  and  the  downward 
displacement  is  double  that  due  to  either  set  of  waves  alone.  At  E, 
however,  we  have  a  crest  due  to  the  waves  starting  from  A,  and  a  trough 
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Fig.  238. 


due  to  the  waves  starting  from  B.  The  result  is  that  the  particle  at  E  is 
undisplaced,  for  the  upward  displacement  due  to  one  set  of  waves  is  just 
neutralised  by  the  downward  displacement  due  to  the  other.     In  Fig.  227 

lines  are  drawn  through  the 
pointswhichare  undisturbed, 
while  a  +  sign  marks  the 
points  where  there  is  maxi- 
mum upward  displacement, 
and  a  -  sign  the  points  where 
there  is  a  maximum  down- 
ward displacement. 

Next,  suppose  we  again 
draw  the  figure  for  a  time 
equal  to  half  a  period  later. 
Each  of  the  waves  will  have 
travelled  out  through  a  dis- 
tance equal  to  half  a  wave- 
length, and  so  a  crest  will 
now  occupy  the  position  pre- 
viously occupied  by  a  trough, 
and  vice  versa.  Thus  the 
conditions  are  still  repre- 
sented by  Fig.  226,  where, 
however,  the  dotted  lines  now  represent  the  crests  and  the  full  lines  the 
troughs.  The  point  c  is  now  at  a  trough,  and  the  point  D  at  the  crest 
of  the  disturbance  due  to  both  sets  of  waves.  The  point  E  is,  how- 
ever, still  at  rest,  for  now  it 
is  at  the  trough  of  a  wave 
from  A,  and  at  a  crest  of  a 
wave  from  B.  It  will  also 
be  found  that  all  parts  of 
the  liquid  surface  along  the 
lines  drawn  in  Fig.  227  are 
still  at  rest.  In  this  way  it 
can  be  shown  that,  owing  to 
the  joint  action  of  the  two 
sets  of  waves,  we  have  cer- 
tain portions  of  the  mercury 
surface  which  are  perma- 
nently at  rest,  although,  if 
either  set  of  waves  acted 
alone,  these  parts  would  be 
disturbed  by  the  passage  of 
waves.  This  phenomenon, 
of  a  state  of  rest  being  pro- 
duced by  the  combined  ac- 
tion of  two  sets  of  waves,  is  called  interference^  and  we  shall  find  that  it 
plays  a  very  prominent  part  in  many  natural  phenomena. 

That  we  actually  do  get  these  lines  of  no  disturbance  in  the  case  of 
capillary  waves  can  be  seen  by  eye,  for,  although  the  individual  waves 
cannot  be  distinguished  on  account  of  their  rapid  motion,  yet  the  un- 
disturbed portions  of  the  surface  appear  brighter  than  the  rest,  and  we 
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see  a  pattern  similar  to  Fig.  228.  If,  instead  of  looking  at  the  surface, 
we  take  an  instantaneous  photograph,  then,  as  shown  in  Fig.  229,  we  see 
not  only  the  lines  of  no  disturbance  but  also  the  waves  between  these 
lines,  which  are  due  to  the  combination  of  the  two  sets  of  waves. 

274.  Wave-FPOnt— Ray. — Suppose  a  medium  is  disturbed  by  the 
passage  of  a  system  of  waves  and  we  draw  a  curve,  if  the  waves  extend 
only  in  two  dimensions  as  is  the  case  with  water  waves,  or  a  surface,  if 
the  waves  extend  in  three  dimensions  as  is  the  case  with  sound  waves  in 
free  air,  such  that  it  everywhere  passes  through  portions  of  the  medium 
which  are  in  the  same  phase  (§  50)  of  their  vibratory  motion,  then  such  a 
line  or  surface  is  called  a  wave-front.  If  in  the  case  of  water  of  uniform 
depth  a  disturbance  is  produced  at  a  point  a,  then  the  waves  will  travel 
out  in  circles  from  a  as  centre,  and  all  the  water  particles  on  the  cir- 
cumference of  a  circle  described  with  a  as  centre  will  be  in  the  same 
phase,  that  is,  they  will  be  at  equal  distances  from,  and  on  the  same 
side  of,  their  undisturbed  positions.  Thus  any  such  circle  will  be  a 
wave-front. 

A  wave  in  which  the  wave-front  is  either  a  straight  line  or  a  plane  is 
called  a  plane  wave,  while  one  in  which  the  wave-front  is  a  sphere  is 
called  a  spherical  wave. 

In  the  case  of  a  disturbance  produced  at  a  point,  it  is  evident  that 
at  any  point  of  one  of  the  circular  wave-fronts,  the  wave  is  moving  along 
a  radius  of  the  circle,  that  is,  at  right  angles  to  the  tangent  to  the  wave- 
front  at  the  point  considered.  This  result  is  quite  general,  so  long  as 
the  medium  in  which  the  wave  is  propagated  is  isotropic,  the  direction  of 
motion  of  the  wave  being  always  at  right  angles  to  the  wave-front. 

In  many  problems  we  have  only  to  do  with  the  direction  of  motion 
of  the  waves  which  are  being  considered,  and  a  line  drawn,  so  as  every- 
where to  indicate  the  direction  of  motion  of  the  waves,  is  called  a  ray. 
Thus  the  rays  are  everywhere  at  right  angles  to  the  wave-fronts.  Since 
the  waves  must  start  from  the  centre  of  disturbance — and  if  this  is  a 
point,  the  wave-fronts  are  circles  with  this  point  as  centre — the  rays  must 
all  pass  through  the  centre  of  disturbance.  If  the  medium  is  isotropic, 
the  rays  will  be  straight  lines  ;  if,  however,  the  medium  is  not  isotropic, 
then  the  rays  may  be  curved. 

If  from  every  point  of  a  small  portion  of  the  wave-front  we  draw  a 
ray,  the  resultant  system  of  lines  is  called  2^  pencil  of  rays. 

275.  Huyghens's  Construction. — In  the  place  of  two  centres  of 
disturbance,  such  as  those  considered  in  §  274,  suppose  we  have  a 
number  placed  in  a  line  AB  (Fig.  230),  where,  for  simplicity,  the  position 
of  the  crests  only  are  shown  for  three  waves  due  to  each  centre.  It  will 
be  observed  that  along  the  lines  which  touch  the  circular  waves  due  to 
all  the  centres  of  disturbance,  the  waves  all  work  together  to  form  a 
crest,  while  at  other  places  we  have  a  crest  due  to  one  set  coinciding  with 
a  trough  due  to  others.  The  result  is  that,  except  along  the  tangents, 
there  will  be  very  little  disturbance.  Of  course  half-way  between  the 
crests  we  should,  if  we  drew  the  circles  to  represent  the  positions  of  the 
troughs,  have  a  resultant  trough  which  would  also  be  a  straight  line 
parallel  to  ab.  It  will  be  understood  how,  if  the  number  of  centres  of 
disturbance  between  A  and  B  was  made  very  great,  the  resultant  effect 
would  be  a  series  of  waves  which  would  form  straight  lines  parallel  to 
AB,  and  would  move  out  over  the  surface  of  the  liquid  in  a  direction  at 
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right  angles  to  AB.  We  have  thus  arrived  at  an  explanation  of  the 
formation  of  a  plane  wave,  that  is,  one  in  which  the  crests  and  troughs 
are  straight  Hnes,  and  may  look  upon  it  as  produced  by  the  action  of  an 
infinite  number  of  disturbing  centres  placed  along  the  straight  line  AB. 
Such  a  plane  wave  is  obtained  in  practice  if,  in  place  of  a  style,  we  attach 
a  flat  glass  plate  to  the  prong  of  a  tuning-fork,  so  that  the  edge  dips  into 


Fig.  333. 

the  mercury.  The  construction  for  finding  the  position  of  one  of  the 
crests,  that  is,  of  the  wave-front,  at  a  time  /  by  means  of  the  tangent  to  a 
series  of  circles,  the  radius  of  each  of  which  is  equal  to  the  space  passed 
over  by  the  wave  in  a  time  /,  is  due  to  Huyghens,  and  is  known  as 
Huyghens's  construction  for  the  wave-front.  The  centres  of  disturbance 
need  not  he  on  a  straight  line.  Thus  suppose  they  lie  on  a  circle  abc 
(Fig.  231),  of  which  the  centre  is  D  and  radius  R,  U  now  from  all  points 
along  the  circumference  of  this  circle  we  describe  circles  of  radius  r, 
p  wherer  is  the  dis- 

tance the  wave  will 
travel  through  in 
a  time  /,  we  shall 
get  the  wave-front 
at  a  time  /  by 
drawing  a  line 
touching  all  these 
circles.  This  tan- 
gent is  evidently 
a  circle  of  radius 
R  +  r,  having  its 
centre  at  D.  Now 
if  a  disturbance 
were  produced  at 

D,  we  know  that  in  a  time  RjVy  where  v  is  the  wave  velocity,  the 
wave-front  would  be  the  circle  ABC,  while  at  a  time  /  later  it  would 
be  the  circle  EFG,  so  that  if  we  like  we  may  look  on  each  point 
on  the  wave-front  ABC  as  being  a  centre  of  disturbance,  and  consider 
that  it  is  due  to  the  combined  action  of  these  secondary  centres 
of  disturbance  that  the  wave-front  EFG  is  produced,  and  not  directly 
by  the  disturbance  at  D.  We  shall  find  Huyghens's  construction 
of  considerable  use  in  future  for  finding  the  position  of  the  wave-front  at 
any  time  subsequent  to  that  at  which  the  wave-front  has  some  given 
position. 

276.  Reflection  of  Waves.— When  a  wave  meets  an  obstacle  it  is 


Fig.  231. 
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not  in  general  annihilated,  but  its  direction  of  propagation,  and  therefore 
also  its  wave-front,  becomes  altered.     This  phenomenon  is  called  reflec- 
tion.    Thus  suppose  AB  (Fig.  232)  represents  a  wall  limiting  a  stretch  of 
water,  and  CED  repre- 
sents a  wave  moving  C 
in  the  direction  of  the 
arrow.     As  this  wave 
moves    forward,    first 
the  end  C  and   then 
each   part  in   succes- 
sion will  meet  the  wall 
and  will  be  reflected, 
so    that,  in    addition 
to  the  portion  e'd'  of 
the  wave  moving   in 
the  original  direction, 
there  will    be    a    re- 
flected portion   c'e'  moving   in 

while,  finally,  when  the  whole  of  the  wave  has  been  reflected  we  shall 
have  a  wave  c"e"d",  which  will  move  off  in  the  direction  indicated  by  the 
arrow.  In  order  to  find  the  connection  between  the  inclination  of  the 
incident  wave-front  to  the  reflecting  surface  and  that  of  the  reflected 
wave-front,  consider  the  incident  wave  CL  (Fig.  233),  of  which  the  end  c 
has  just  reached  the  reflecting  surface  AB.  If  there  had  been  no  reflect- 
ing surface,  then,  when  the  other  end  of  the  wave  L  reached  G,  the  wave 


Fig.  232. 
the   direction   shown   by  the   arrow 


would  have  occupied  the  position  HG.  Let  us  start  reckoning  time  from 
the  instant  when  the  wave  reaches  C,  that  is,  from  the  instant  when  the 
wave  is  in  the  position  CL,  and  suppose  that  the  time  taken  by  the  point 
L  on  the  wave  to  reach  G  is  /,  so  that  if  v  is  the  velocity  with  which  the 

wave  moves,  

LG 
V  ' 


t= 


Now  each  of  the  lines  CH,  DD'",  EE'",  ff"',  are  equal  to  lg,  and  represent 
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the  distance  moved  through  by  the  wave  in  the  time  /.  When  the  end  C 
of  the  wave  reaches  the  reflecting  wall,  we  may  consider  that  C  becomes 
a  centre  of  disturbance,  so  that  in  a  time  /  the  wave  produced  by  this 
centre  will  form  a  circle  of  which  the  radius  r  is  given  by  r=vt,  tliat  is, 
r=LG  =  CH.  Hence,  if  a  circle  is  described  with  c  as  centre  and  radius 
CH,  it  will  represent  the  position  of  the  reflected  wave  from  the  point  C 
at  the  time  /.  Next,  consider  some  other  point  D  on  the  wave.  It  will 
have  to  move  over  the  distance  dd'  before  it  meets  the  reflector,  and 
when  it  does  so,  we  may  regard  it  as  becoming  a  centre  of  disturbance. 
Since,  if  it  were  not  for  the  reflection,  in  the  time  /,  the  point  D  on  the 
wave  would  travel  to  D'",  it  is  clear  that  in  the  time  /  the  wave  will 
travel  up  to  d',  i.e.  through  the  distance  dp, and  then  have  time  to  travel 
through  a  further  distance  equal  _to^  d'd'".  Therefore,  if  a  circle  is 
described  round  d'  as  centre,  with  d'd'"  as  radius,  this  circle  will  repre- 
sent the  position,  at  the  time  /,  of  the  reflected  disturbance  produced  by 
the  point  D  on  the  wave. 

Proceeding  in  this  way,  we  can  show  that  the  reflected  waves  formed 
by  each  point  of  the  incident  wave  meeting  the  reflecting  surface  touch 
a  straight  line  MG,  for  all  the  centres  of  the  circular  waves  lie  on  the 
straight  line  AB,  and  the  circles  which  show  the  position  of  the  reflected 
waves  at  the  time  /  all  touch  the  straight  line  HO.  Hence  by  Huyghens's 
principle  the  line  MG  represents  the  position  of  the  reflected  wave-front 
at  the  time  /  after  the  instant  when  it  occupied  the  position  CL. 

The  two  triangles  CLG,  GCM  are  equal,  for  LG  =  CM,  and  CG  is  common, 
and  the  angles  CLG,  GMC  are  each  right  angles.  Hence  the  angle  LCG, 
made  by  the  incident  wave-front  with  the  reflecting  surface  AB,  is  equal 
to  the  angle  mgc,  made  by  the  reflected  wave-front  with  the  reflecting 
surface. 

The  line  LG  shows  the  direction  in  which  the  incident  wave  moves, 
and  is  the  incident  ray,  while  the  line  GL'  shows  the  direction  in  which 
the  reflected  wave  moves,  and  is  the  reflected  ray,  for  these  lines  are 
perpendicular  to  their  respective  wave-fronts.  Since  the  wave-fronts 
make  equal  angles  with  AB,  these  perpendiculars  must  also  make  equal 
angles  with  AB,  so  that  the  angle  LGC  is  equal  to  the  angle  l'gb.  Hence, 
if  GN  is  the  normal  to  AB  at  G,  that  is,  a  line  drawn  through  G  perpen- 
dicular to  the  reflecting  surface,  the  angle  LGN  must  be  equal  to  the 
angle  l'gn.  Now  the  angle  LGN,  between  the  direction  of  motion  of  the 
incident  wave  and  the  normal,  is  called  the  angle  of  incidence,  while  the 
angle  l'gn,  between  the  direction  of  motion  of  the  reflected  wave  and  the 
normal,  is  called  the  angle  of  reflection.  Hence  we  see  that  when  a 
wave  is  reflected,  the  angle  of  incidence  is  equal  to  the  angle  of  reflec- 
tion. 

277.  Stationary  Waves. — In  the  last  section  we  considered  the 
reflection  of  a  single  wave,  so  that  at  no  time  did  the  incident  and 
reflected  waves  affect  the  same  particles  simultaneously.  If,  however, 
we  are  dealing  not  with  a  single  wave  but  with  a  train  of  waves,  then  a 
given  point  in  the  liquid  may  be  affiected  by  one  of  the  incident  waves, 
and  at  the  same  time  by  one  of  the  preceding  waves  which  is  returning 
after  reflection.  The  result  of  this  simultaneous  action  of  two  sets  of 
waves,  the  incident  and  the  reflected,  is  that  interference  may  take  place. 
We  shall  only  consider  the  simplest  case,  namely,  that  when  the  direc- 
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tion  of  the  incident  waves,  and  therefore  also  that  of  the  reflected  waves, 
is  at  right  angles  to  the  reflecting  surface. 

Let  AB  (Fig.  234)  represent  a  vertical  section  of  the  reflecting  surface, 
and  let  the  waved  line  CD  represent  a  section  through  the  incident  waves. 
Each  of  these  waves,  as  it  reaches  the  obstacle,  will  be  reflected,  so  that 
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we  shall  have  a  train  of  reflected  waves  travelling  away  from  ab,  which 
for  clearness  are  shown  separate  at  EF. 

Since  it  is  evident  that  when  a  crest  of  the  incident  waves  reaches  the 
obstacle  a  crest  will  be  produced  on  the  reflected  wave,  and  as  at  the 
instant  for  which  the  figure  is  drawn  a  crest  on  the  incident  wave  is  at  c, 
we  must  have  a  crest  on  the  reflected  wave  at  E.    Owing  to  the  combined 
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action  of  the  incident  and  reflected  waves,  the  form  taken  by  the 
water  surface  is  shown  at  GH,  in  which  the  displacement  at  any  point 
is  the  sum  of  the  displacements  due  to  the  two  systems  of  waves 
separately. 

If  r  is  the  period  of  the  waves,  then  in  a  time  r/4  the  incident  waves 
will  have  moved  through  a  distance  equal  to  a  quarter  of  the  wave- 
length, X,  to  the  left,  for  the  wave  travels  over  a  space  equal  to  the  wave- 
length during  the  period  ;  also  the  reflected  waves  will  have  travelled 
through  a  distance  X/4  to  the  right,  as  shown  at  c!t>'  and  eV.  Under 
the  combined  action  of  the  two  sets  of  waves  the  whole  surface  will  be 
momentarily  in  its  position  of  rest,  as  shown  at  g'h',  for  it  will  be  noticed 
that  the  displacement  due  to  the  reflected  waves  is  just  sufficient  to 
neutralise  the  displacement  due  to  the  incident  waves.  Similarly  the 
actual  state  of  the  water-surface,  at  times  t/2  and  3r/4,  is  shown  at  G"\i" 
and  G"'H'^  If  these  curves  are  examined,  it  will  be  seen  that  there  are 
certain  points,  N„  Nj,  N3,  &c.,  on  the  surface  of  the  liquid  which  remain 
permanently  at  rest,  owing  to  the  interference  between  the  incident  and 
reflected  waves.  These  points  are  called  nod^s.  Half-way  between  each 
node  the  water  surface  swings  up  and  down  to  a  maximum  extent,  and 
these  points  are  called  loops  or  antinodes.  The  portions  of  the  surface 
between  the  nodes  and  loops  move  up  and  down,  the  amplitude  of  the 
movement  gradually  decreasing  from  the  loop  to  the  node.  Thus  at  one 
instant  we  have  a  series  of  alternate  crests  and  troughs  at^the  loops, 
tTJelTlLhe  sudace  flattens  out,  and  immediately  after  a  series  oTlToufhs 
and  crests  appear  at  the  loops,  and  so  on  ;  and  the  character  of  the 
disturbance  is  quite  diflferent  from  ordinary  waves,  for  there  is  no  pro- 
gressive movement  of  the  crests  and  troughs.  These  waves  which 
retain  their  position  unaltered  are  called  stationary  waves,  and,  as  we 
shall  find  later,  they  play  an  important  part  in  many  phenomena  which 
involve  wave-motion. 

It  is  immediately  evident,  from  Fig.  234,  that  the  distance  between 
consecutive  nodes  is  equal  to  half  the  wave-length.  Hence  if  we  measure 
the  distance  between  the  nodes,  and  know  the  frequency  of  the  waves,  we 
can  calculate  the  velocity  with  which  they  travel. 

The  nodes  are  points  at  which  the  disturbance  due  to  the  reflected 
waves  is  always  equal  and  opposite  to  that  due  to  the  incident  waves. 
The  loops,  on  the  other  hand,  are  points  where  the  disturbance  due  to 
the  reflected  is  equal  to,  and  in  the  same  direction  as,  that  due  to  the 
direct  waves.  A  consideration  of  Fig.  234  will  show  that  the  portions 
of  the  medium  on  opposite  sides  of  a  node  are  always  moving  in 
opposite  directions,  or  are  displaced  on  opposite  sides  of  their  positions 
of  rest. 

278*.  Velocity  of  Propagation  of  a  Transverse  Wave  along 
a  Stretched  Stnng. — If  a  string  is  stretched  and  then  a  hump  is 
produced,  say  by  striking  the  string  a  sharp  blow  in  a  direction  at  right 
angles  to  its  length,  this  hump  will  travel  along  the  string  to  the  far  end, 
where  it  will  be  reflected  and  will  then  travel  back.  This  hump  is  a 
transverse  wave,  for  each  of  the  particles  composing  the  string  moves 
forwards  and  backwards  along  a  line  at  right  angles  to  the  string, 
and  the  velocity  with  which  it  travels  depends  on  the  tension  T 
with  which  the  string  is  stretched,  and  on  the  mass  7n  of  unit  length  of 
the  string. 
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Suppose  ABCDE  (Fig.  235)  to  represent  the  string  along  which  the 
transverse  wave  BCD  is  travelling  from  left  to  right  with  a  velocity  v. 
If  now  the  string  were  made  to  move  from  right  to  left,  that  is,  in  the 
opposite  direction  to  that  in  which  the  wave  is  moving,  with  a  velocity  z/, 
the  wave  would  remain  in  one  position,^  for  it  is  moving  along  the  cord 
with  a  velocity  v^  and  the  cord  is  itself  moving  with  a  velocity  -  v. 

It  is  an  experimental  result  that  the  speed  with  which  the  wave  moves 
along  the  cord  does  not  depend  on  the  shape  of  the  hump.    Let  us  there- 


fore assume  that,  at  any  rate,  the  portion  near  the  crest  forms  an  arc  of 
a  circle,  of  which  F  is  the  centre.  Consider  a  small  portion  BCD  of  the 
cord  at  the  crest  of  length  hs.  The  mass  of  this  portion  of  the  cord  is 
mhs,  and  since  it  is  moving  in  a  circle  with  a  speed  7/,  it  will  exert  a 
centrifugal  force  equal  to 

m.Ss  .v^ 
R 

(§  42),  where  R  is  the  radius  of  the  circle  BCD.  This  force  will  act  verti- 
cally upwards  along  the  radius  FC,  and  therefore,  since  this  element  of  the 
cord  remains  in  equilibrium,  that  is,  does  not  move  away  upwards  under 
this  force,  it  must  be  acted  upon  by  an  equal  and  opposite  force.  Now, 
the  only  force  which  acts  upon  the  element  of  the  cord  is  the  tension  of 
the  cord  acting  at  its  two  ends  B  and  D,  which  tension  acts  in  the  direc- 
tion of  the  cord  at  B  and  D,  that  is,  along  the  tangent  to  the  circle  at 
these  points.  Consider  the  tension  acting  at  B  ;  it  consists  of  a  force  7' 
acting  in  the  direction  of  the  tangent  BG.     We  may  resolve  this  force 

into  a  vertical  component,  BH,  and  a  horizontal  component,  HG  (§  67). 
If  6  is  the  angle  between  the  radius  FB  and  the  radius  FC,  since  BH  is 
parallel  to  FC  and  the  tangent  bg  is  at  right  angles  to  BF,  the  angle  BGH 

is  equal  to  6.   Hence  BH,  the  vertical  component  of  the  tension,  is  Tsm  6. 

1  We  are  here  supposing  that  the  form  of  the  wave  remains  unaltered,  and  that  it 
moves  with  a  constant  velocity.  A  wave  which  fulfils  these  conditions  is  said  to  be  a 
wave  of  permanent  type.  The  investigations  in  this  and  the  following  three  sections 
only  apply  to  waves  of  permanent  type, 

Z 
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In  the  same  way  the  vertical  component  of  the  tension  at  D  is  also  7' sin  6^, 
so  that  the  total  vertical  component  of  the  tensions  acting  on  the  small 
element  BCD  of  the  cord  is 

2  7"  sin  Q. 

Now,  B  being  the  circular  measure  of  the  angle  bfc,  the  length  of  the 
arc  EC  is  RQ  (§  14).  Also,  as  by  supposition  the  length  of  the  arc  BC  is 
very  small,  so  that  the  angle  B  is  also  very  small,  the  sine  of  the  angle  B 
is  equal  to  B  (§  14).     Hence  the  vertical  component  of  the  tension  is 

^    .   &         T.hs 
iT stn—^  or  — 77—. 

Equating  this  vertical  component  to  the  centrifugal  force  acting  on  the 
element  of  the  string,  we  get 


m  .8s  .v' 
R 


T.Bs 
R    ' 


or 


or 


t/2  =  . 


""^s/i^ 


that  is,  the  velocity  of  the  wave  is  equal  to  the  square  root  of  the  tension 
of  the  string,  expressed,  of  course,  in  absolute  force  units  (^  61),  divided 
by  the  mass  of  unit  length. 

279*.  The  Velocity  of  Gravitational  Waves  in  Deep  Water.— 
In  deep  water  the  paths  of  the  individual  particles  of  the  water  during 
the  passage  of  a  wave  are  circles,  as  shown  in  Fig.  225,  so  that  at  the 
crest  B  of  a  wave  ABCDE  (Fig.  236)  which  is  moving  from  left  to  right, 

the  water  particles  are  also 
moving  to  the  right,  while  at 
the  trough  D  they  are  moving 
to  the  left  with  the  same  velo- 


city.    Let  the  velocity  of  the 
wave  be  z/,  and  suppose,  as  in 
P  -J  the  last  section,  that  we  bring 

*  ^  the  wave  to  rest  by  imparting 

Fig.  236.  ^  velocity  —  7/  to  the  water, 

that  is,  in  the  direction  from  right  to  left.  Let  a  be  the  radius  of  the 
circle  in  which  a  surface  particle  moves,  then  the  speed  of  the  particle 
due  to  its  motion  in  this  circle  is  27r«/r,  where  r  is  the  period  of  the  wave. 
Thus  when  the  wave  is  brought  to  rest  by  imparting  a  velocity  -v 
to  the  water,  we  have,  if  we  call  the  velocity  from  left  to  right  positive, 
that  the  velocity  of  a  particle  at  B  is  ^-ajr-v,  and  that  of  a  particle  at 
D  is  -27ra/T  —  v.  Suppose  we  consider  a  small  volume  element  of  the 
fluid  which,  for  simplicity,  we  may  take  as  of  unit  mass.  The  kinetic 
energy  of  this  element  when  it  is  at  D  is 

^(27r«/r  +  7/)2, 

while  when  it  reaches  B  its  kinetic  energy  is 

K27r«/r  -  v\^. 


§28o] 


Gravitational   Waves 


355 


Thus  the  kinetic  energy  lost  between  D  and  B  is 

T 

Now  between  the  points  D  and  B  the  element  has  been  raised  through 
a  height  FB  or  2a,  and  has  therefore  gained  potential  energy  of  amount 
2^^.^  Since  the  gain  of  potential  energy  must  be  equal  to  the  loss  of 
kmetic  energy,  we  have 

ATvav 


or 


'27r' 


Now  if  X  is  the  wave-length,  this  is  the  distance  passed  through  by 
the  wave  in  the  time  r,  so  that 


v  =  \JT  or  T-- 
Hence,  substituting  this  value  for  r, 


X/v. 


v^= 


or 


280*.  The  Velocity  of  Gravitational  Waves  in  Shallow  Water. 

— Let  ABDE  (Fig.  237)  represent  a  section  of  a  wave  in  shallow  water, 
GH  being  the  bottom  of  the 
water,  and  AE  the  undis- 
turbed surface.  Let  the 
velocity  of  the  wave  be  -z/, 
and,  as  before,  suppose  the 
wave  brought  to  rest  by 
giving  the  water  a  velocity 
-  V.  Let  d  be  the  depth  ML 
of  the  water,  and  a  be  the 
height  of  the  crest  above 
the  general  level  or  the 
depth  of  the  trough  below 
this   level.      Then   DK  =  d-a  and   Bl.  =  d  +  a. 

Now,  in  the  case  of  waves  in  shallow  water,  the  horizontal  component 
of  the  motion  of  all  the  water  particles  in  the  same  vertical  line  is  the 
same.  Let  the  velocity  with  which  the  particles  along  the  line  BL  would 
be  moving  forward,  if  the  water  were  at  rest,  be  «,  and  that  with  which 
the  particles  along  the  line  DK  would  be  moving  back,  be  —  u. 

When  the  water  is  moving  as  a  whole  with  a  velocity  —v,  the 
actual  velocity  of  the  water  particles  at  bl  is  u  —  v,  while  that  of  the 

1  Tlie  surface  of  the  liquid  must  all  be  at  the  same  pressure,  so  that  no  work  is 
done  against  hydrostatic  pressiure  while  the  volume  element  passes  from  D  to  B. 
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particles  at  DK  is  -u- v.  Hence,  if  we  consider  a  slice  of  the  wave 
of  unit  breadth  perpendicular  to  the  paper,  the  volume  of  water  which 
passes  through  bl  in  a  second  is 

Also  the  quantity  of  water  which  passes  through  DK  in  a  second  is 

-{u-\-v){d-a). 

Now  as  the  wave  remains  in  a  fixed  position,  so  that  B  is  always  a  crest 
and  D  a  trough,  the  volume  of  water  between  BL  and  DK  must  remain 
constant.  Hence  just  as  much  water  must  enter  through  DK  in  each 
second  as  leaves  through  BL.     Thus — 

(«-z/X^+a)=  -{u-\-v){d-a\ 
or  va^ud    .     .    .    (i). 

Next,  if  we  consider  the  motion  of  a  small  element  of  volume  which 
moves  from  D  to  B,  we  shall  have,  as  in  the  last  section,  by  equating  the 
decrease  in  kinetic  energy  to  the  increase  in  potential  energy, 

2uv=2ga    .     .     .     (2). 
From  (i)  and  (2)— 

d  ga 


or 


'=  ^dg. 


Since  the  pressure  at  the  surfece  of  the  liquid  is  everywhere  the  same, 
the  pressure  at  D  and  B  is  the  same,  and  so  no  work  is  done  against 
an  opposing  hydrostatic  pressure  as  the  element  of  volume  of  the  fluid 
moves  along  the  surface  from  D  to  B.  If,  however,  we  considered  an 
element  of  volume  which  moves  from  K  to  L  along  the  bottom,  no  work 
will  be  done  against  gravity,  for  the  element  will  be  at  the  same  height 
at  L  and  K.  The  hydrostatic  pressure  at  L,  due  to  the  head  d+a,  is 
greater  than  that  at  K,  due  to  the  head  d-a,  and  so  work  will  have  been 
done  in  moving  the  element  against  this  opposing  hydrostatic  pressure, 
and  this  work  will  be  the  equivalent  of  the  decrease  in  kinetic  energy. 
In  the  case  of  a  particle  between  the  surface  and  the  bottom,  work  will  be 
done  against  both  gravity  and  hydrostatic  pressure. 

The  velocity  of  the  wave  being  equal  to  the  square  root  of  the  product 
of  the  depth  into  the  acceleration  of  gravity,  and  the  velocity  acquired  by 
a  body  falling  freely  through  a  height  dj^  being  ,Jgd^  it  follows  that  the 
wave  moves  with  the  velocity  a  body  would  acquire  in  falling  through  a 
height  equal  to  half  the  depth  of  the  water. 

281.  Velocity  of  a  Wave  of  Comppession  op  Dilatation  in  an 
Elastic  Fluid. — We  have  next  to  consider  the  velocity  with  which  a 
longitudinal  wave  (§  268)  moves.  In  such  a  wave  the  particles  of  the 
medium  execute  harmonic  motions  along  straight  lines  which  are  parallel 
to  the  direction  in  which  the  wave  is  moving.  By  the  forward  motion  of 
the  particles  the  medium  in  front  will  be  compressed,  as  shown  in  Fig. 
222,  so  that  owing  to  the  elasticity  of  the  medium  the  pressure  will  be 
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increased,  while  by  the  backward  motion  the  medium  in  front  will  be 
rarefied,  and  the  pressure  reduced. 

Suppose  that  the  medium  is  contained  in  a  tube  of  which  the  cross 
section  is  unity,  and  that  the  velocity  with  which  the  wave  moves  is  v^ 
and  that  by  imparting  a  velocity  -z/  to  the  medium,  we  bring  all  the 
waves  to  rest.  Consider  two  imaginary  partitions,  A  and  B  (Fig.  238), 
placed  across  the  tube  ;  then,  since  the  waves  are,  by  the  motion  of  the 
medium,  rendered  fixed  in  position,  the  phase  of  the  wave  at  each  of  these 
partitions  is  always  the  same,  and  they  always  include  the  same  number 
of  waves  between  them.     Thus  we  may  .  _ 

suppose,  if  we  like,  that  A  is  a  crest  or  Mo 

point  where  the  compression  is  a  maxi- 
mum, and  B  a  trough  or  point  where 
the  rarefaction  is  a  maximum,  and  that 


-ir 


there  is  a  half  wave  between,  so  that  A/^  ^2^ 

we  should  be  dealing  with  a  similar  case  y\g.  238. 

to  that  shown  for  water  waves  in  Fig. 

237.  This  being  so,  the  pressure,  and  therefore  also  the  volume  of  unit 
mass  of  the  medium,  and  the  velocity  with  which  the  particles  of  the 
medium  are  moving,  due  to  their  to-and-fro  motion,  remain  constant 
both  at  A  and  at  B.  Let/i,  v^^  u^  and  p^  v^,  u^  be  the  pressure,  volume 
of  unit  mass,  and  the  velocity  of  the  particles  (supposing  the  medium 
were  at  rest)  at  A  and  B  respectively. 

Now  since  the  space  intercepted  between  A  and  B  always  contains 
the  same  number  of  waves,  and  the  density  of  the  medium  at  each 
point  is  constant,  the  mass  of  the  medium  intercepted  between  A  and  B 
is  always  the  same.  Hence  the  quantity,  Q^  of  the  medium  which, 
owing  to  the  motion  supposed  to  be  imparted  to  the  medium  and  to  the 
vibration  of  the  particles,  enters  through  B  in  a  given  time  must  be  equal 
to  that  which  leaves  through  A. 

Now  the  velocity  of  the  particles  at  A  with  reference  to  A  is  Wj  -  v,  so 
that  the  volume  of  the  medium  which  passes  through  a  in  unit  time  is 
{u^-v),  for  the  cross  section  of  the  tube  is  unity.  Since  the  volume  of 
unit  mass  of  the  medium  at  A  is  ^1,  the  mass  of  the  medium  which 
crosses  A  in  unit  time  is 

Q  =  {u,-v)lv,     .     .      .     (I). 

In  the  same  way  the  mass  of  the  medium  which  enters  through  B  in  unit 
time  is 

Q  =  (u2-v)/v^    .     .     .     (2). 

Now  the  momentum  lost  through  A  due  to  this  passage  of  the  medium 
in  unit  time  is  the  product  of  the  mass  lost  by  the  velocity,  or 

and  that  gained  through  B  is 

Thus  the  g^am  of  momentum  within  the  space  included  between  A  and  B, 
owing  to  the  passage  of  the  medium,  is 
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or,  substituting  for  u^  and  u^  the  values  given  by  (i)  and  (2),  the  gain  is 

Q^v,-v,).    .     .     .     (3). 

Now  the  momentum  contained  between  A  and  B  must  remain  constant 
throughout,  for  the  state  of  the  medium  remains  the  same  throughout. 
There  must,  therefore,  be  some  cause  which  produces  a  loss  of  momentum 
exactly  equal  to  the  gain  we  have  found  above  to  be  produced  by  the 
passage  of  the  medium.  This  cause  is  the  external  forces,  namely,  the 
pressures  at  the  two  planes,  which  act  on  the  medium  contained  between 
A  and  B.  Now  the  pressure  acting  forwards  on  the  medium  contained 
within  A  and  B,  that  is,  the  pressure  at  B,  is/2»  while  the  pressure  acting 
backwards  on  the  plane  A  is  p^.  Hence  the  loss  of  momentum  during 
unit  time  by  the  portion  of  the  medium  included  between  a  and  B,  due 
to  the  external  forces,  is  equal  to  the  difference  of  the  pressures,*  that  is, 

Pi-Pv 

\i  pi'is  greater  than  p^^  there  will  be  a  loss  of  momentum  owing  to  the 
effect  of  the  pressures,  for  the  resultant  force  opposes  the  motion  of  the 
medium.  But/^  being  greater  than  p^  z/j  must  be  less  than  v^  for  at 
the  greater  pressure  the  volume  of  unit  mass  will  be  smaller.  U  v^  is 
less  than  v^  then  QriVi-v-^  is  positive,  so  that  this  quantity  does  really 
represent  a  ^ain  of  momentum,  and  we  see  that  our  signs  are  right. 
Equating  the  gain  and  loss  of  momentum,  we  get 

G=^^^».     .     •     .     (4). 

Now  the  elasticity  of  a  substance  is  the  ratio  of  the  stress  to  the 
strain  it  produces  (§  122).     Hence  if  E  is  the  elasticity  of  the  medium, 

_,     Stress 
E— 


Strain 


Now  we  are  considering  the  change  in  volume  produced  by  a  change 
in  pressure.  Hence  if  /i  and  p^  are  two  pressures,  and  v^  and  v^ 
the  corresponding  volumes,  the  stress  is  p^-p^^  and  the  strain  is 
(v2-Vi)l7\,  for  the  strain  is  the  change  in  volume  per  unit  volume. 
Hence  we  get 

Therefore  from  (4)  Q^^EJv^     .     .     .     (5). 

Now,  in  the  case  of  all  waves  such  as  we  are  considering,  the  changes 
of  pressure  are  very  small  compared  to  the  whole  pressure,  so  that  v^  is 
very  nearly  the  same  as  ^o>  the  volume  of  unit  mass  of  the  medium  when 

1  The  resultant  force  acting  on  a  body  is  measured  by  the  change  in  momentum  it 
produces  in  unit  time  (Newton's  Second  Law,  §  60).  The  force  acting  on  the  plane  B 
is  the  pressure />2  multiplied  by  the  area,  which  is  unity,  while  the  force  acting  in  the 
opposite  direction  on  the  plane  A  is  in  the  same  way  p^. 
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undisturbed  by  the  passage  of  the  wave.  Also,  if  we  consider  a  partition 
across  the  tube  at  the  part  of  a  wave  where  there  is  neither  compression 
nor  rarefaction,  that  is,  half-way  between  a  crest  and  a  trough,  then,  as  is 
at  once  apparent  from  a  consideration  of  the  arrows  in  Fig.  222,  the  par- 
ticles of  the  medium  are  at  rest  as  far  as  their  vibratory  motion  is  con- 
cerned, and  so  the  velocity  of  the  medium  at  such  a  place  is  z/,  the 
velocity  which  has  been  impressed  on  the  whole  medium.     Therefore 

Q  =  vlv^     .     .     .     (6). 

Hence  from  (5)  and  (6)  Q^=  E/vq=v^/vq^, 

or  v^=Evq, 

or  v=  mJEvq. 

Now  Vq  is  the  volume  of  unit  mass  of  the  medium  ;  and  if  p  is  the  density 
of  the  medium,  we  have 

Hence  v=  J  Lfp. 

That  is,  the  velocity  of  waves  of  compression  and  rarefaction  in  a  medium 
is  equal  to  the  square  root  of  the  elasticity  of  the  medium  divided  by 
its  density.  This  is  Newton's  expression  for  the  velocity  of  a  longi- 
tudinal wave  in  a  homogeneous  medium. 

Since  the  expression  for  the  velocity  does  not  involve  the  wave- 
length of  the  wave,  it  follows  that  waves  of  all  wave-lengths  or  fre- 
quencies travel  with  the  same  velocity. 


PART   II— SOUND 

CHAPTER    II 
PRODUCTION  AND   PROPAGATION  OP  SOUND 

282.  Sounding:  Body.— AH  bodies  which  are  the  source  of  that 
particular  disturbance  which,  when  it  strikes  our  ear  and  affects  the 
auditory  nerves,  we  call  sound,  are  in  a  state  of  vibration.  This  can 
be  easily  proved,  for  if  a  sounding  body,  such  as  a  bell,  is  touched,  the 
vibratory  movement  can  be  felt,  and  as  under  the  influence  of  the 
resistance  offered  by  the  finger  the  vibrations  die  out,  the  sound  emitted 
will  also  die  out.  The  vibrations  of  a  stretched  string,  which,  when 
plucked,  gives  out  a  sound,  are  visible  to  the  eye,  and  as  they  decrease 
m  amplitude,  the  intensity  of  the  sound  also  decreases. 

288.  Conveyance  of  Sound  to  the  Ear.— In  prdejL-thaLt._ws„may 
perceive  a  sound  by  our  ears,  it  is  necessary  that  the  sounding  body 
should  be  connected  with  our  ear  by  an  uninterrupted  series  of  portions 
of  elastic  matter.  The  physical  state  of  the  matter,  whether  it  is  gaseous, 
liquid,  or  solid,  is  immaterial. 

In  order  to  show  that  this  is  the  case,  we  may  take  the  well-known 
experiment  of  suspending  a  bell  by  a  thin  string  within  the  receiver  of 
an  air-pump.  As  the  receiver  is  exhausted  the  intensity  of  the  sound 
heard  when  the  bell  is  struck  diminishes,  till  finally,  when  a  fairly  good 
vacuum  is  produced,  no  sound  at  all  can  be  heard.  If  air,  or  even  a  few 
drops  of  a  liquid  which  will  form  a  vapour  in  the  receiver,  is  introduced 
the  sound  is  again  heard,  as  is  also  the  case  if  the  sounding  bell  is 
allowed  to  dip  into  a  vessel  containing  mercury  or  other  liquid  standing 
on  the  plate  of  the  pump,  or  to  touch  a  solid  rod  which  is  connected  to 
the  receiver  or  the  plate.  This  experiment,  therefore,  shows  that  sound 
cannot  be  transmitted  through  a  vacuum,  but  that  it  is  transmitted 
through  gases,  vapours,  liquids,  and  solids. 

The  ease  with  which  sound  travels  through  some  solids,  such  as 
wood,  is  very  clearly  shown  by  holding  one  end  of  a  long  wooden  rod 
against  the  ear,  when  even  a  very  light  scratch  with  a  pin  at  the  far  end 
will  be  heard  with  great  distinctness. 

Since  sound  requires  the  presence  of  matter  for  its  transmission,  we 
are  at  once  led  to  inquire  what  is  the  mechanism  by  which  this  trans- 
ference takes  place.  There  are  two  distinct  methods  by  means  of  which 
we  might  imagine  that  the  sounding  body  affects  the  ear  through  an 
intervening  space  filled,  say,  with  air.  The  sounding  body  might  shoot 
out  particles  of  some  kind,  and  these  particles,  when  they  strike  the  ear, 
might  cause  the  sensation  of  sound  ;  or"  the  sounding  body  may,  on 
account  of  its  vibratory  motion,  set  up  waves  in  the  surrounding  air,  and 
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these  waves,  travelling  through  the  air,  when  they  strike  the  ear  may 
cause  the  sensation  of  sound.  That  the  first  explanation  is  untenable 
is  shown  by  the  experiment  with  the  bell  in  the  air-pump  receiver,  for 
the  fact  that  no  sound  is  heard  when  the  air  is  removed  shows  that  it  is 
the  air  that  conveys  the  sound  ;  hence,  if  anything  is  projected  out  from 
the  sounding  bell,  it  must  be  air  particles.  We  know,  however,  that  glass 
is  impervious  to  air  particles,  and  hence,  since  we  hear  the  bell  through 
the  glass,  the  sound  cannot  be  conveyed  to  our  ear  by  the  projection  of 
air  particles  from  the  sounding  body.  That  the  second  method  of 
transmission  is  the  correct  one  will  be  abundantly  evident  as  we  proceed 
to  describe  the  different  phenomena,  so  that  we  need  not  insist  on  any 
special  experiments  by  which  it  could  be  proved,  but  merely  state  that 
the  sound  is  conveyed  from  the  sounding  body  to  the  ear  by  waves 
which  are  set  up  by  the  sounding  body,  and  which  travel  through  the 
matter  which  connects  the  ear  and  the  sounding  body.  Thus  in  the 
case  of  the  bell  in  the  receiver,  when  the  latter  is  filled  with  air,  the 
vibratory  movements  of  the  bell  set  up  waves  in  the  air,  these  waves 
travel  out  till  they  meet  the  glass  walls  of  the  receiver,  in  which,  by  their 
impact,  they  cause  waves  ;  these  waves  again  travel  through  the  glass, 
and  at  the  outside  cause  waves  in  the  surrounding  air,  and  it  is  these 
latter  which  reach  the  ear. 

As  we  have  seen  in  §  268,  there  are  two  distinct  kinds  of  waves  which 
can  be  set  up  in  a  medium.  The  sound-waves  are  longitudinal  waves  in 
which  the  motion  of  each  particle  of  the  medium  in  which  the  wave  is 
travelling  moves  backwards  and  forwards  along  a  line  in  the  direction  in 
which  the  wave  is  travelling. 

284.  The  Measurement  of  the  Velocity  of  Sound  in  Air.— It  is 
a  matter  of  common  experience  that  sound  takes  an  appreciable  time  to 
travel  from  one  place  to  another.  Thus,  when  we  observe  a  man  break- 
ing stones  at  a  little  distance,  the  sound  of  each  blow  is  heard  a  very 
appreciable  time  after  the  blow  is  seen  to  be  struck.  In  the  same  way, 
the  puff  of  smoke  and  flash  of  a  distant  cannon  is  seen  some  time  before 
the  sound  of  the  report  is  heard. 

Since,  as  we  shall  see  later  on,  the  time  taken  by  light  to  travel  over 
a  distance  of  a  few  miles  is  only  a  very  small  fraction  of  a  second 
(tWottu  second  for  one  mile),  the  most  obvious  way  of  measuring  the 
velocity  of  sound  in  air  is  to  note  the  interval  which  elapses  between 
seeing  the  flash  and  hearing  the  report  of  a  cannon.  Then,  if  the 
distance  of  the  cannon  from  the  observer  is  known,  the  velocity  of  sound 
can  immediately  be  calculated.  The  experiment  is,  however,  not  quite 
as  simple  as  it  would  at  first  sight  appear.  For  the  velocity  of  sound  is 
affected  by  the  wind,  the  temperature  of  the  air,  and  the  quantity  of 
moisture  in  the  air.  In  order  to  reduce  the  influence  of  these  disturbing 
causes  to  a  minimum,  Arag6,  and  a  number  of  French  observers  who 
worked  with  him,  in  1822  chose  two  stations  at  a  distance  of  18612.52 
metres  apart.  At  each  station  a  cannon  was  placed,  and  the  observers 
were  furnished  with  accurate  chronometers.  The  cannon  at  the  two 
stations  were  fired  alternately,  and  the  observers  at  the  other  station 
noted  the  time  which  elapsed  between  the  flash  and  the  report.  In  this 
way  the  effect  of  the  wind  on  the  velocity  of  sound  was  eliminated,  for 
if  the  wind  assisted  the  sound  when  travelling  in  one  direction  it  would 
retard  it  when  travelling  in  the  opposite.     As  a  result,  they  found  that 
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the  sound  took  54.4  seconds  to  travel  in  one  direction  and  54.8  seconds 
in  the  opposite.  Hence  the  mean  velocity  was  340.9  metres  per  second. 
The  temperature  of  the  air  was  observed  at  a  number  of  points  between 
the  two  stations,  the  mean  being  I5°.9  C. 

Experiments  of  this  kind  are,  however,  subject  to  a  systematic  error, 
due  to  the  fact  that  it  takes  an  appreciable  time  for  an  observer  to 
become  aware  of  a  flash  or  a  report,  and  to  perform  some  action,  such  as 
pressing  a  button,  to  mark  the  time.  If  the  same  delay  occurred  in 
recording  the  flash  and  the  report  it  would  be  of  no  consequence,  since 
one  would  compensate  for  the  other.  This,  however,  is  not  the  case,  for 
not  only  does  the  time  necessary  to  record  a  visual  and  an  aural 
impression  difi*er,  but,  what  is  more  important,  while  the  flash  occurs 
unexpectedly,  its  occurrence  acts  as  a  warning  to  prepare  for  the 
report. 

In  order  to  eliminate  this  source  of  error,  Regnault  performed  a  series 
of  experiments,  in  which  the  instant  at  which  the  discharge  of  a  pistol 
took  place  was  recorded  on  a  rotating  drum,  by  causing  the  bullet  to  cut 
a  wire,  and  thus  break  an  electric  current.  The  arrival  of  the  sound- 
wave was  also  automatically  recorded  by  means  of  a  stretched  diaphragm, 
to  the  centre  of  which  was  attached  a  small  metal  disc.  When  the  sound- 
wave struck  this  diaphragm  it  was  forced  back,  and  the  metal  disc 
touched  a  metal  point,  which  had  been  adjusted  so  as  very  nearly  to 
make  contact  with  the  disc.  The  disc  and  point  formed  part  of  a  second 
electric  circuit,  and  thus,  when  they  came  mto  contact,  the  circuit  was 
completed,  and  a  record  was  made  on  the  rotating  drum  as  before.  The 
time  which  had  elapsed  between  the  two  marks  was  determined  by 
means  of  a  series  of  marks  made  by  the  pendulum  of  a  clock  breaking 
another  electric  circuit,  and  by  the  trace  made  by  a  fine  point  attached 
to  the  prong  of  a  tuning-fork.  Regnault  made  observations  of  the 
velocity  of  sound  in  air  by  this  method  in  long  underground  water-mains 
in  Paris,  in  which  no  wind  effects  were  to  be  feared,  and  where  the 
temperature  of  the  air  could  be  more  accurately  determined  than  in 
the  open.  He  found  that  the  velocity  depended  to  a  slight  extent  on 
the  diameter  of  the  pipe,  and  on  the  intensity  of  the  sound.  He  also 
used  the  same  apparatus  for  observations  in  the  open  air,  and,  as  a 
result  of  all  his  experiments,  came  to  the  conclusion  that  the  velocity  of 
a  sound  of  small  intensity  in  dry  air  at  a  temperature  of  0°  C.  was  330.6 
metres  per  second. 

In  order  to  measure  the  velocity  of  sound  in  a  limited  distance, 
Bosscha,  and  after  him  Kcenig,  used  two  small  hammers,  worked  simul- 
taneously by  an  electric  current  which  was  made  by  the  pendulum  of  a 
clock,  say  every  half-second.  If  the  two  instruments  are  at  equal  dis- 
tances from  the  observer,  the  raps  of  the  hammers  will  be  heard  simul- 
taneously. If  now,  while  one  instrument  is  kept  near  the  observer, 
the  other  is  gradually  moved  away,  the  raps  will  no  longer  be  heard 
simultaneously,  for  the  sound  from  the  further  instrument  will  take 
longer  to  reach  the  ear  than  that  from  the  nearer  one.  As  the  distance 
between  the  instruments  is  further  increased,  a  point  will  be  reached 
such  that  the  observer  again  hears  both  raps  simultaneously  :  the 
further  instrument  being  at  such  a  distance  that  the  sound  of  a  rap  from 
the  nearer  instrument  reaches  his  ear  at  the  same  instant  as  the  previous 
rap  from  the  further  one.     Hence  the  sound  has  traversed  the  distance 
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between  the  two  instruments  in  the  interval  that  elapses  between  two 

consecutive  raps.     If  /  is  this  interval  of  time,  and  d  is  the  distance 

.    d 
between  the  instruments,  then  the  velocity  of  sound  is  -. 

The  velocity  of  sounds  of  all  pitches,  that  is,  frequencies,  was  found 
by  Regnault  to  be  the  same,  for  when  a  tune  was  played  at  one  end  of 
the  long  tube  an  observer  at  the  other  end  heard  the  tune  unaffected, 
except,  of  course,  that  the  loudness  was  decreased.  Now  if,  say,  the 
high  notes  had  travelled  faster  than  the  low,  the  interval  of  time  which 
would  elapse  between  the  distant  observer  hearing  a  low  note  followed 
by  a  high  would  be  less  than  the  proper  interval,  and  vice  versa. 
Thus  the  time  of  the  tune,  that  is,  the  intervals  of  time  between  the 
successive  notes,  would  be  wrong  at  a  distance  from  the  place  where 
it  was  played. 

This  experimental  result  agrees  with  the  expression  which  we  obtained 
in  §  281  for  the  velocity  of  a  longitudinal  wave,  for  this  expression  does 
not  involve  the  frequency  of  the  wave,  so  that  the  velocity  is  independent 
of  the  frequency. 

285.  The  Measupement  of  the  Velocity  of  Sound  in  Water.— 
The  velocity  of  sound  in  water  was  determined  directly  by  Colladon 
and  Sturm  in  the  Lake  of  Geneva.  Two  boats  were  moored  at  a  dis- 
tance of  13,487  metres  apart,  and  from  one  boat  was  suspended  in  the 
water  a  large  bell.  The  hammer  of  the  bell  was  worked  by  a  lever, 
which  was  so  arranged  that  at  the  instant  it  touched  the  bell  a  lighted 
match  was  caused  to  set  fire  to  some  gunpowder.  The  observer  in  the 
other  boat  was  provided  with  a  chronometer  and  a  large  horn-shaped 
trumpet,  the  larger  end  of  which  was  closed  by  an  india-rubber  mem- 
brane and  dipped  into  the  water.  He  noted  the  time  which  elapsed  be- 
tween the  flash  of  the  powder  and  the  sound  of  the  bell  which  reached  him 
through  the  water.  In  this  way  they  found  that  the  velocity  of  sound 
in  water  was  1435  metres  per  second  at  a  temperature  of  8°.!  C. 

Threlfall  and  Adair  have  made  an  extensive  series  of  measurements 
in  sea  water,  using  a  method  somewhat  similar  to  that  employed  by 
Regnault.  They  found  that  the  velocity  increased  somewhat  as  the 
violence  of  the  explosion  used  to  produce  the  waves  increased.  Thus 
when  using  9  ounces  of  gun-cotton  the  velocity  at  I7°.8  C.  was  found  to  be 
1732  metres  per  second,  while  using  18  ounces  of  gun-cotton  the  velocity 
at  1 8°. 3  C.  was  1942  metres  per  second. 

286.  The  Measurement  of  the  Velocity  of  Sound  in  Solids.— 
A  direct  determination  of  the  ratio  of  the  velocity  of  sound  in  air  to 
that  in  cast  iron  was  made  by  Biot,  by  measuring  the  interval  between 
the  two  sounds  heard  when  the  end  of  a  long  cast-iron  pipe  was  struck 
by  a  hammer.  One  of  these  sounds,  the  first,  is  that  which  travels 
through  the  iron,  and  the  other  that  which  has  travelled  through  the  air 
in  the  pipe.  In  this  way  he  found  that  the  velocity  in  cast  iron  was 
10.5  times  that  in  air,  but  the  experiments  were  not  of  any  high  degree 
of  accuracy,  since  the  interval  between  the  two  sounds  (2.5  seconds)  was 
very  small,  and  therefore  hard  to  measure  accurately,  and  the  pipe  con- 
sisted of  a  number  of  separate  pieces  joined  together  by  lead,  so  that  it 
was  not  a  continuous  rod  of  iron. 

We  shall  see  in  a  subsequent  section  how  the  velocity  of  sound  in  solids 
can  be  indirectly  determined  with  a  much  higher  degree  of  accuracy. 
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287.  Calculation  of  the  Velocity  of  Sound  in  a  Homogreneous 
Medium. — In  the  case  of  longitudinal  waves,  such  as  occur  in  the  case 
of  sound,  Newton  first  showed,  as  we  have  done  in  §  281,  that  the 
velocity  v  is  given  by  the  equation 


S 


where  E  is  the  elasticity,  and  p  the  density  of  the  medium. 

Further,  we  have  seen  in  §  122  that  the  elasticity  E  is  equal  to  the 

^.     ^  stress 

quotient -- 

strain 

In  the  case  of  a  gas  the  stress  is  the  excess,  or  the  defect,  of  the 
pressure  at  a  given  point  and  at  a  given  time  during  the  passage  of  the 
wave,  over  the  average  pressure  at  that  point,  or,  what  comes  to  the  same 
thing,  over  the  pressure  when  the  wave  is  not  passing. 

If  /Ms  the  undisturbed  pressure,  or  mean  pressure,/  the  increase  of 
pressure,  and  V  and  v  the  original  and  change  in  volume  of  unit  mass 
respectively,  then  the  stress  is  p  and  the  strain  is  vfV^  since  v  is  the 
total  deformation  and  vjV  is  the  deformation  per  unit  volume  (§  129). 
Hence 

v/V      V 

Now  if  the  temperature  of  the  gas  remains  constant  so  that  Boyle's 
law  holds  with  regard  to  the  compressions  and  rarefactions  which  take 
place  when  the  sound-waves  travel  through  a  gas,  we  have 

PV={P+P)iV-v), 
=  PV-Pv+pV-vp. 

Since  in  the  case  of  sound-waves  the  change  in  pressure/,  and  therefore 
also  the  change  in  volume  v,  is  excessively  small,  the  product  pv  will  be 
very  small  indeed.     Hence,  neglecting  this  small  quantity,  we  get 

Pv=pV, 

pv 
pv 

But  £=— . 

Hence  E=P. 

Thus  if  the  changes  of  pressure  and  volume  in  the  gas  obey  Boyle's 
law,  which  of  course  will  only  hold  if  the  temperature  remains  constant 
during  the  compression  and  rarefaction,  the  elasticity  is  numerically 
equal  to  the  pressure.  Substituting  in  Newton's  equation  for  the  velocity, 
this  becomes 

In  the  case  of  air  at  a  pressure  of  one  atmosphere  (1013300  dynes 
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per  square  cm.)  and  at  a  temperature  of  0°  C,  the  density  p  is  0.001293. 
Hence,  substituting  these  values  in  the  equation  for  z/,  we  have 


/loi 


!_33 —  __27QQc  cm.  per  second. 
.001293 

Now  we  have  seen  that  the  velocity  of  sound  in  air,  as  found  by 
experiment  under  the  above  condition  of  pressure  and  temperature,  is 
33060  cm.  per  second.  The  difference  between  the  observed  and  calcu- 
lated values  being  much  greater  than  any  possible  error  of  experiment, 
we  are  led  to  the  conclusion  that  some  of  the  assumptions  made  above 
are  erroneous. 

Now  we  have  seen  in  §  259  that  when  a  gas  is  compressed  its 
temperature  rises,  and  when  it  is  allowed  to  expand  the  temperature 
falls.  In  the  above  reasoning  we  have  supposed  that  the  compressions 
and  rarefactions  that  take  place  when  a  sound-wave  traverses  a  gas  are 
so  slow  that,  by  conduction  from  and  to  the  surrounding  air,  the  tempera- 
ture of  the  compressed  or  rarefied  air  remains  constant.  If,  however, 
the  compressions  and  rarefactions  take  place  with  such  rapidity  that  the 
air  has  not  time  to  lose  heat  when  it  is  warmed  by  compression,  or  to 
gain  heat  from  surrounding  particles  when  it  is  cooled  by  the  expansion 
during  the  passage  of  a  wave,  then  the  compression  and  expansion  will 
be  adiabatic  (§  259). 

Now  in  the  case  of  an  adiabatic  compression  or  expansion  the  volume 
and  pressure  are  connected  by  the  relation 

p  J/* = constant, 

where  k  is  the  ratio  of  the  specific  heat  at  constant  pressure  to  the 
specific  heat  at  constant  volume. 

Hence,  making  the  assumption  that  the  changes  of  pressure  and 
volume  caused  by  a  sound-wave  are  adiabatic,  and  not  isothermal,  as 
we  previously  assumed,  we  have,  using  the  same  notation  as  before. 

Expanding  (F— -z/)*  by  the  binomial  theorem,  and,  since  v  is  small, 
neglecting  all  terms  which  involve  v^  or  higher  powers  of  z/,  we  get 

PV^={P  +p){  V^-k  V^-H) 

=  PV^-k.P  V^'v  ^pV^~k  V^^vp, 

or,  neglecting  the  term  involving  the  product  of  the  small  quantities 
p  and  V, 

kPV^^v=pV\ 

or,  dividing  both  sides  by  F*-^, 

kPv=^pV 

kP^A 

V 

or  since,  ^—  =  E^  we  have  E—kP 

and  hence  the  equation  for  the  velocity  of  sound  becomes 
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In  the  case  of  air  k=  1.4 1,  and  hence  the  calculated  value  of  the  velocity 
is  27995  X  'v^i-41  =33319  cm.  per  second,  which  agrees  fairly  well  vrith 
the  observed  value. 

The  above  is  Laplace's  formula  for  the  velocity  of  sound  in  a  gas, 
and  the  fact  that  the  calculated  value  of  the  velocity  agrees  with  the 
observed  value  is  a  proof  of  the  accuracy  of  the  assumptions  on  which 
it  is  based.  We  shall,  indeed,  see  further  on  that  the  most  accurate 
method  of  determining  the  ratio  of  the  specific  heats  for  a  gas  is  to 
measure  the  velocity  of  sound  in  the  gas,  and  to  calculate  the  value  oi  k 
from  Laplace's  equation  for  the  velocity. 

If  V  is  the  volume  of  unit  mass  of  the  gas  under  the  given  condition, 
we  have  V=  ijp.     Hence  the  equation  may  be  written 

v=  -JkPV. 

Hence,  if  the  temperature  remains  constant,  in  such  a  gas  as  hydrogen 
where  /'F  increases  as  P  increases  (§  129),  we  should  have  an  increase 
of  the  velocity  as  the  pressure  is  increased.  In  air,  on  the  other  hand, 
for  moderate  values  of  /'  an  increase  of  pressure  will  cause  a  decrease 
in  velocity. 

In  the  case  of  liquids,  the  compressibility  is  so  small  that  the  thermal 
changes  which  take  place  on  this  account  have  no  appreciable  effect  on 
the  elasticity,  so  that  in  this  case  Newton's  equation  is  applicable.  For 
water  we  have  at  4°  C.  /»=  i,  and  an  increase  of  pressure  of  one  atmosphere 
causes  unit  volume  to  decrease  by  .000049  units  of  volume.  Hence  in 
the  c.g.s.  system  the  elasticity  is  given  by 

stress  _  76x98 1  X  13.59 
strain  0.000049       * 

and  ^^     /76  x98.x, 3J9 

V       0.000049 

=  143800  cm.  per  second, 

a  result  which  agrees  fairly  well  with  the  observed  value. 

288.  Effect  of  Temperature  on  the  Velocity  of  Sound.— We 

PV 
have  seen  in  §  197  that  in  the  case  of  a  gas  is  a  constant.     Hence 

if  Po  is  the  standard  pressure,  and  Vo  is  the  volume  of  unit  mass  of  a  gas 
at  this  pressure  and  at  a  temperature  of  0°,  we  have 

^^      PoVo. 


I+a/ 

\ivt  is  the  velocity  of  sound  at  a  temperature  /,  we  have 
vt=  s/kPV 

=  -JkPoVoii+at) 
=  «/oV(i+a/V 
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For  if  Vo  is  the  velocity  of  sound  at  0°,  and  under  standard  pressure, 

Now  if  we  expand    Vi+a/  by  the  binomial  theorem,  and,  since  a  is 
small,  neglect  terms  in  a^  and  in  the  higher  powers  of  a,  we  get 

..=.„( .  +f), 

or,  since  a  =  .00366, 

'i't  =  Vo{l  +  .00183/). 

In  the  case  of  air  7/0  =  33060  cm./sec. 
Hence 

7/^= 33060  +  60. 5/  cm./sec. 

Changes  of  pressure  unaccompanied  by  changes  of  temperature,  such 
as  a  change  in  the  barometric  pressure,  will  not  affect  the  velocity  of 
sound  in  a  gas,  for  by  Boyle's  law 

or  -— • 

P      Po 

Hence  the  change  in  pressure  affects  the  elasticity  and  the  density  in 
the  same  ratio,  so  that  the  velocity  of  sound  is  unaffected. 


CHAPTER    III 


PITCH— MUSICAL  SCALE 


289.  Quality  of  Sounds.— Sounds  which  affect  our  ear  are  4ivided 
into  two  classes.  One  of  these  consists  of  short  sounds  which  last  only 
for  a  short  time,  or,  if  they  last  for  any  length  of  time,  are  continually 
changing  their  character,  and  are  called  noises.  The  other  class  con- 
sists of  sounds  the  character  of  which  is  that  the  vibrations  by  which 
they  are  caused  are  periodic ;  these  are  called  musical  notes. 

Musical  notes  differ  from  one  another  in  three  important  particulars  : 
(i)  They  may  be  of  different  intensity  or  loudness.  Thus  when  we  move 
away  from  a  sounding  body  the  intensity  of  the  note  given  by  the  body 
decreases,  but  does  not  otherwise  alter.  (2)  The  pitch  of  two  notes  may 
be  different.  We  shall  see  that  the  pitch  or  highness  of  a  note  dep)ends 
on  the  frequency  of  the  vibrations  of  the  sounding  body.  (3)  The  notes 
given  out  by  two  different  instruments,  such 
as  the  cornet  and  the  piano,  although  they 
may  be  of  the  same  pitch  and  intensity, 
are  clearly  distinguishable  by  the  ear.  This 
.Or  quality    of  a    musical    note    is    called    its 

290.  Pitch  of  a  Note.— That  the  pitch 
of  a  sound  depends  on  the  frequency,  or  the 
number  of  vibrations  per  second  made  by 
the  sounding  body,  can  be  shown  by  the 
instrument  called  a  j^yjpn.  The  usual  form 
of  this  instrument  is  shown  in  Fig.  239.  It 
consists  of  a  circular  disc  bb',  mounted  on  a 
vertical  spindle  D,  so  that  it  turns  freely. 
This  disc  is  pierced  by  a  number  of  holes  at 
equal  distances  apart.  The  disc  is  pivoted 
so  that  it  just  clears  the  upper  surface  aa' 

^^ of  a  small  wind-box,  H,  which  is  connected 

QP  with  a  bellows,  by  means  of  which  a  con- 

Q  tinuous  current  of  air  can  be  forced  into  the 

T  instrument.     The  plate  A  is  pierced  by  the 

'  same  number  of  holes  as  the  movable  disc. 

F'G.  239.  The  holes  in  the  fixed  and  movable  discs  are 

not  drilled  at  right  angles  to  the  surface  of 
the  plates,  but  those  in  A  and  B  are  inclined  in  opposite  directions,  as 
shown  at  a  and  b.  Hence  the  air,  when  forced  out  through  «,  strikes 
against  the  side  of  the  hole  b^  and  causes  the  disc  to  rotate  in  the  direc- 
tion of  the  arrow.  Each  time  the  holes  in  the  upper  disc  come  opposite 
the  holes  in  the  lower  plate,  a  puff  of  air  escapes,  and  the  disc  receives 
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an  impulse.  If  the  disc  is  rotating  sufficiently  rapidly,  these  puft's  will 
produce  a  musical  note,  and  as  the  velocity  of  rotation  of  the  disc, 
and  therefore  also  the  frequency  of  the  puffs,  increases  the  pitch  of  the 
note  rises. 

The  syren  also  permits  of  the  determination  of  the  frequency  of  a 
musical  note,  for  if  there  are  x  holes  in  the  upper  and  lower  plates, 
then,  during  a  complete  revolution  of  the  upper  plate,  a  hole  in  the 
upper  plate  will  coincide  with  a  hole  in  the  lower  plate  x  times.  For 
the  angular  distance  between  two  holes  in  the  lower  plate  is  36o/;i:, 
and  hence,  when  the  upper  plate  has  turned  through  this  angle,  each 
hole  on  the  upper  plate  will  have  just  moved  on  one,  and  will  coincide 
with  the  next  hole  in  the  lower  plate.  The  number  of  coincidences 
during  one  turn,  or  360°,  is  therefore 

36o°-r36o/;ror;r. 

If  the  movable  plate  makes  n  revolutions  per  second,  the  number  of 
puffs  per  second,  or  the  frequency  of  the  sound,  will  be  nx. 

In  performing  the  experiment  the  pressure  of  the  wind  is  increased, 
thus  causing  the  movable  plate  to  rotate  faster  and  faster,  till  the  pitch 
of  the  note  emitted  is  the  same  as  that  of  the  note  whose  frequency 
has  to  be  measured.  The  wind  pressure  is  then  kept  constant,  and 
the  number  of  revolutions  made  by  the  movable  plate  in  a  given  time 
is  obtained  by  means  of  the  toothed  wheels  R  and  s,  which  can  be 
put  into  gear  with  the  endless  screw,  V,  attached  to  the  spindle  by 
pressing  on  the  knob  E,  at  the  commencement  of  the  interval,  and  put 
out  of  gear  at  the  end  of  the  interval  by  pressing  on  the  knob  F.  The 
wheel  R  moves  on  one  tooth  for  each  revolution  of  the  disc,  and  has 
100  teeth.  The  wheel  S  is  moved  on  one  tooth  every  time  R  completes 
a  revolution.  Hence  the  number  of  turns  and  hundreds  of  turns  can  be 
read  off  on  two  dials  by  means  of  pointers  attached  to  R  and  S. 

In  performing  such  an  experiment,  there  is  considerable  difficulty  in 
keeping  the  speed  of  rotation  constant,  and  such  that  the  note  given  by 
the  syren  is  in  unison  with  the  note  whose  frequency  is  being  measured. 
For  this  reason,  the  more  modem  forms  of  syren  are  driven  by  a  small 
electric  motor,  and  not  by  the  pressure  of  the  escaping  air  in  the  inclined 
holes.  The  speed  of  the  motor  is  kept  constant  by  means  of  an  electric 
regulator. 

Other  methods  of  measuring  the  pitch  of  the  musical  note  given  out 
by  a  sounding  body  will  be  considered  in  subsequent  sections. 

291.  The  Musical  Scale.— We  have  in  the  previous  section  referred 
to  a  note  as  being  higher  or  lower  than  another,  and  this  statement 
has  probably  conveyed  the  required  impression  to  all  readers.  We 
have  now  to  consider  the  physical  connection  between  sounds  of  various 
pitch  in  their  relation  to  the  pleasing,  or  otherwise,  effect  they  produce 
on  our  ear. 

It  is  found  that,  whether  we  are  dealing  with  the  consecutive  sounding 
of  two  notes  (melody),  or  with  the  simultaneous  sounding  of  two  notes 
(harrnony),  the  ear  only  takes  cognisance,  as  forming  pleasing  com- 
binations, of  notes  in  which  the  ratio  of  the  frequencies  is  expressible 
by  two  integers  which  are  neither  of  them  very  large.  Hence,  in  con- 
sidering the  relations  between  the  pitches  of  musical  notes,  we  have  to 
deal  with  the  ratio  of  their  frequencies,  and  not  with  the  difference. 

2  A 
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The  ratio  of  the  frequencies  of  two  notes  is  called  the  interval  between 
the  notes. 

Hence  if  the  frequencies  of  three  notes  are  «„  n^  and  //j,  the  interval 
between  the  first  and  second  is  n^\n.i,  and  the  interval  between  the 
second  and  third  is  n^n^.  The  interval  between  the  first  and  third  is 
;/,/«3,  and  since  ny!in^  =  n^\n^y.n^n^,  we  see  that  the  interval  between 
the  first  and  third  is  obtained  by  muitiplytng  xh^  interval  between  the 
first  and  second  by  that  between  the  second  and  third.  Thus  the  "  sum  " 
of  two  intervals  is  obtained  by  multiplying  the  intervals  together,  for 
we  may  look  upon  the  interval  n^jn^  as  being  made  up  of  the  two 
separate  intervals  «,/w,  and  «^«3,  which  will  take  us  from  the  note  «, 
to  the  note  n^.  In  the  same  way,  since  njn^-^  n^jn^^^u^ln^^  the  differ- 
ence between  the  intervals  n-^ln^  and  njn^  is  obtained  by  dividing  one 
of  these  intervals  by  the  other.  Thus  the  interval  n^jn^  is  greater  than 
the  interval  n^n^  by  the  interval  n^jn^. 

We  have  now  to  consider  the  intervals  between  notes  which  convey 
to  the  ear  certain  well-known  and  distinctive  sensations,  independent 
of  the  absolute  frequency  of  the  two  notes.  In  the  first  place,  it  is 
found  that  all  notes  of  which  the  interval  is  i,  i.e.  all  notes  having  the 
same  frequency,  although  they  may  have  very  different  intensities  and 
timbres,  are  yet  clearly  recognised,  whatever  their  absolute  frequency 
may  be,  as  having  some  quality  in  common,  that  is,  they  all  have  the 
same  pitch. 

Next,  if  the  interval  between  two  notes  is  ^,  that  is,  if  the  frequency 
of  one  note  is  twice  that  of  the  other,  the  two  notes  when  sounded,  either 
consecutively  or  together,  produce  a  not  unpleasing  sensation  on  the  ear, 
that  is,  they  are  said  to  be  in  accord  or  in  consonance.  This  interval  is 
called  an  octave.  In  this  case  again,  as  in  fact  in  all  cases,  the  ear 
recognises  this  relation  between  two  notes  whatever  be  the  absolute 
frequency  of  the  notes.  Thus  two  notes  of  which  the  frequencies  are  256 
and  512  form  an  interval  of  an  octave,  as  also  do  notes  having  the 
frequencies  128  and  256,  370  and  740,  &c. 

Between  a  given  note  and  its  octave  the  ear  recognises  a  definite 
succession  of  notes  of  which  the  frequencies  are  well  defined.  These 
notes  form  what  is  called  the  musical  scale.  Starting  from  a  note  of  any 
frequency.,  we  can  construct  a  scale,  and  the  interval  between  successive 
notes  will  in  all  cases  be  the  same.  Including  the  lowest  note,  which  is 
called  the  tonic,  and  its  octave,  the  scale  consists  of  eight  notes.  The 
notes  of  the  scale  are  generally  indicated  by  the  letters  C,  D,  E,  F,  G, 
A,  B,  c,  or  the  names  do,^  re,  mi,  fa,  so,  la,  si,  doj.  The  interval  between 
the  tonic  and  each  note  in  the  scale,  as  well  as  the  interval  between  each 
two  consecutive  notes,  is  shown  in  the  following  table  : — ,  ^ 

"/     ^'^  :-^      ^h      %      yi     lit 

C  D  E  F  G  A  Br. 

do         re  mi         fa  so  la  si  do^ 

For  the  sake  of  remembering  the  relative  frequency  of  the  notes  of  the 
1  In  France  "  do  "  is  called  "  ut' 
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scale,  the  following  series  of  whole  numbers,  which  are  proportional  to 
the  frequencies,  is  useful  : — 


c 

D 

E 

F 

G 

A 

B 

c 

24 

27 

30 

32 

36 

40 

45 

48 

It  will  be  seen  that,  considering  the  intervals  between  consecutive 
notes  of  the  scale,  there  are  three  separate  and  distinct  intervals,  and 
these  intervals  have  received  special  names.  The  interval  f  or  1.125  is 
called  a  major  tone,  the  interval  ^  or  i.iii  is  called  a  minor  tone,  and 
the  interval  ^f  or  1.067  is  called  a  limma. 

The  difference  between  a  major  tone  and  a  minor  tone  is  |-r  V*  or  fj, 
and  is  called  a  comma;  while  the  difference  between  a  minor  tone  and  a 
limma  is  V^  -^  Jf  or  f |,  and  is  called  a  diesis. 

If  any  two  notes  of  the  scale  are  sounded  together,  the  ear  recognises 
that  the  combinations  are  some  of  them  more  consonant  than  the  others. 
The  most  consonant  interval  is  the  octave  or  \  ;  next  to  this  comes  the 
interval  between  the  tonic  and  the  fifth  note  of  the  scale,  namely  G,  for 
which  the  interval  is  f.  This  interval  is  called  a  Jijth,  since  it  occurs 
between  the  first  and  fifth  notes  of  the  scale.  The  next  most  complete 
consonance  is  between  the  tonic  and  the  fourth  note,  or  F,  for  which  the 
interval  is  %,  and  this  interval  is  called  2i  fourth.  Then  we  have  in 
succession,  as  far  as  consonance  is  concerned,  the  following : — 

Major-sixth  interval,  ^,  between  C  and  A. 
Major-third  „  |,  „  C  „  E. 
Minor-third       „        |,        „         E    „     G. 

In  addition  to  the  interval  between  the  tonic  and  the  fifth  note  above, 
namely  G,  which  is  sometimes  called  the  dominant,  there  are  other 
intervals  between  a  note  and  the  fifth  one  above  it.  These  intervals  do 
not  differ  from  |  by  more  than  |J,  or  a  comma,  except  that  between  B 
and  /  (in  the  octave  above),  which  exceeds  |  by  the  interval  f|,  or  a 
diesis,  and  is  called  a  minor  fifth.  Hence  with  this  exception,  since  the 
interval  of  a  comma  can  barely  be  appreciated  by  the  ear,  all  these 
intervals  are  very  consonant.  In  the  same  way,  with  one  exception,  the 
fourths  are  all  the  same  to  within  a  comma.  The  thirds  and  sixths  are 
either  major,  in  which  the  interval  does  not  differ  by  more  than  a  comma 
from  ^  or  f,  as  the  case  may  be,  or  minor,  in  which  the  interval  is  less 
by  a  diesis  |f . 

In  addition  to  the  notes  given  above,  use  is  made  in  music  of  addi- 
tional notes  which  are  derived  from  the  above  by  either  raising  or 
lowering  the  pitch  of  each  note  by  a  diesis,  i.e.,  |f .  If  the  pitch  is  raised 
by  a  diesis  the  note  is  said  to  be  sharpened.  Thus  if  a  note,  say  G,  of 
which  the  frequency  is  384  is  raised  to  384  x  f|,  or  400,  the  new  note 
is  called  G  sharp,  and  is  indicated  by  the  symbol  G±(.  In  the  same  way 
the  note  having  the  frequency  384  x  f|,  or  368.6,  is  called  G  flat,  and 
is  indicated  by  ^. 

In  order  to  distinguish  the  notes  of  the  scale  in  the  various  octaves, 
it  is  usual  to  use  accented  letters.  The  lowest  octave,  namely,  that  in 
which  the  C  makes  33  vibrations  per  second,  is  indicated  by  the  letters 


H* 
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Cj  to  Bj.  This  octave  is  often  called  the  16-foot  octave,  since  an  open 
organ-pipe  16  feet  long  gives  a  note  included  in  this  octave.  The  next 
higher  octave  is  indicated  by  the  unaccented  capital  letters  C  to  B,  and 
is  called  the  8-foot  octave.  The  next  octave  is  indicated  by  the  unac- 
cented small  letters  c  to  b,  and  is  called  the  4-foot  octave.  The  remain- 
ing octaves  are  indicated  by  the  letters  (f  to  b\  c"  to  b'\  d"  to  b'". 

The  relation  of  the  above  octaves  to  the  ordinary  musical  notation  is 
shown  below : — 


m-,.^>.^'>:^Jl^  i 


c    d    e 


f  g    a     b 


g^  c?  "^ 


7  d   ef  f  g' 


a!  1/ 


We  have  hitherto  said  nothing  as  to  the  absolute  frequency  of  any 
of  the  notes  of  the  scale,  for  the  intervals  between  the  notes  are  quite 
independent  of  the  absolute  frequencies,  and  only  depend  on  the  ratios 
of  these  quantities.  The  standard  pitch  adopted  in  different  countries 
varies  considerably.  Thus  the  French  standard  pitch  is  435  for  the  a', 
the  German  is  400,  and  the  concert -pitch,  as  it  is  called,  is  460. 

For  many  purposes,  particularly  in  physics,  it  is  convenient  to  take 
as  the  standard  426.66  for  a',  since  then  the  frequency  of  d  will  be  256, 
which  number  is  a  power  of  two.  Taking  the  frequency  of  d  as  256,  the 
frequencies  of  the  other  notes  of  the  scale  will  be  as  follows  :— 


d 

d 

d 

/' 

^' 

d 

V 

d' 

256 

288 

320 

341.3 

384 

426.7 

480 

512 

As  it  is  often  convenient  to  be  able  immediately  to  obtain  the  fre- 
quency of  a  note  in  any  octave,  the  following  table  is  given,  in  which  d 
is  taken  as  having  a  frequency  of  264,  this  being  the  standard  adopted 
by  the  Stuttgart  Congress  and  the  Society  of  Arts  : — 


Octave. 

Notes. 

CitoBj. 

CtoB. 

cxob. 

(^  to  v. 

d'  to  b". 

d"\oh"'. 

d"'\oV"'. 

C,  do      .     . 

33 

66 

132 

264 

528 

1056 

2112 

D,  re      .     . 

37.125 

74.25 

148.5 

297 

594 

u88 

2376 

E,  mi      .     . 

41.25 

82.  s 

165 

330 

660 

1320 

2640 

F,fa.     .     . 

44 

88 

176 

352 

704 

1408 

2816 

G, so      .    . 

49.5 

99 

198 

396 

792 

1584 

3168 

A,  la  .     .     . 

55 

no 

220 

440 

880 

1760 

3520 

B,  si  .     .     . 

61.875 

123.75 

247.5 

495 

990 

1980 

3960 

Since  the  interval  between  two  notes  of  which  the  frequencies  are 
m  and  n  is  given  by  the  ratio  w/«,  if  we  take  the  logarithms  of  the 
frequencies,  the  difference  of  the  logarithms  will  be  the  logarithm  of 
the  interval.     For 

log  (mfn)  =  \og  m-\og  n. 

Hence  every  interval  has  the  same  logarithm,  no  matter  what  the  abso- 
lute pitches  of  the  two  notes,  so  that  if  we  require  to  determine  the 
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frequency  of  a  note  which  will  form  a  given  interval  with  a  given  note, 
all  we  have  to  do  is  to  add  the  logarithm  of  the  interval  to  the  logarithm 
of  the  frequency  of  the  given  note,  and  the  sum  will  be  the  logarithm  of 
the  frequency  of  the  required  note.  Thus  from  the  table  below  we  see 
that  the  logarithms  corresponding  to  the  interval  of  a  fifth  is  0.17609.  If 
then  we  wish  to  find  the  frequency  of  a  note  making  a  fifth  with  one  of 
256  vibrations,  we  have,  if  .r  is  the  frequency  required, 


—  =  3. 
256     2' 


Or,  taking  logarithms. 


log  ^=(log  3 -log  2)+log  256 
=  0.17609  +  2.40824 
=  2. 58433  =  log  (384). 

This  example  will  make  the  reason  for  the  rule  clear. 

The  logarithms  of  the  various  intervals  are  given  in  the  following 
table,  as  well  as  the  note  which,  together  with  the  tonic  C,  will  give  the 
interval  : — 


r 
Notes. 

Intervals. 

Logai 

ithm. 

Natural  Scale. 

Eq 

ually  Tempered 

c 

Unison    . 

.     \ 

0.00000 

0.00000 

Comma  . 

•    It 

0.00540 

Ctf 

Semitone  or  diesis  . 

0.01773 

) 

Limma    . 

0.02803 

0.02509 

Dt^ 

Minor  second 

:  ^ 

0.03342 

S 

Minor  tone      . 

0.04576 

0.05017 

D 

Major  second  or  maj( 

Drtone^ 

0.051 15 

DS 

Augmented  second 

•    t% 

0.06888 

1 

0.07526 

Et? 

Minor  third     . 

0.07918 

E, 

Major  third     . 

.     1 

0.09691 

Y\r 

Minor  fourth  . 

.    11 

0.1072 1 

1 

0. 1 0034 

n 

Augmented  third     . 

.  W 

0. 1 1464 

F 

Perfect  fourth 

•     * 

0.12494 

0.12543 

Augmented  fourth  . 

.  h 

0.14267 

Minor  fifth 

'  A 

0.15836 

0.15052 

G 

Perfect  fifth     . 

0.17609 

0.17560 

Aiigmented  fifth 
Minor  sixth     , 

:f 

0.19382 
0.20412 

0.20069 

A 

Major  sixth     . 

•  i 

0.22185 

0.22577 

Ajf 

Augmented  sixth     . 

.  w 

0.23958 

\ 

0.25086 

Bt7 

Minor  seventh 

.  f 

0.25527 

( 

B 

Major  seventh 

•  ¥ 

0.27300 

^ 

Minor  octave  . 

•  If 

0.28330 

1 

0.27595 

n 

c 

Augmented  seventh 
Octave    . 

:T 

0.29073 
0.30103 

1 

0.30103 
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292.  Temperament. — In  music  it  is  often  necessary  to  use  scales 
having  different  tonics.  Suppose  then  we  require  to  form  a  scale  of 
which  the  tonic  has  a  frequency  of  330,  i.e.  corresponds  to  the  ^  of  the 
scale.  We  are  at  once  met  with  the  difficulty  that  the  notes  of  the  old 
scale  do  not  fit  into  the  new  scale.  For  instance,  the  interval  between 
/  and/*  in  the  old  scale  is  f^,  while  the  interval  between  the  tonic  and 
the  next  note  above  ought  to  be  f. 

The  same  difficulty  remains  even  if  we  deal  with  the  more  extended 
scale  in  which  each  note  is  sharpened  and  flattened,  for,  as  is  shown  by 
the  table  of  the  logarithms  of  the  intervals  given  above,  the  sharp  of  one 
'  note  does  not  necessarily  have  the  same  frequency  as  the  flat  of  the  note 
>  above.  We  thus  see  that  the  notes  belonging  to  any  given  key  will  not 
serve  as  consecutive  notes  in  any  other  key.  Of  course  this  would,  in 
the  case  of  an  instrument  such  as  the  piano,  in  which  the  pitch  of  the 
various  notes  is  fixed,  render  it  practically  impossible  to  arrange  for  more 
than  one  key.  Hence,  in  order  to  be  able  to  use  the  same  series  of  notes 
for  music  written  in  different  keys,  the  relative  frequencies  of  the  various 
notes  are  in  practice  so  altered  that  the  notes  belonging  to  the  scale  in 
any  one  key  may  be  used  for  the  scale  in  any  other  key,  without  any  of 
them  differing  from  the  true  scale  by  more  than  do  the  notes  of  the 
original  scale.  This  process  of  adjusting  the  notes  of  the  scale  is  called 
temperament. 

There  are  two  methods  of  temperament  in  common  use.  In  the  one 
the  more  consonant  intervals,  such  as  the  fifth,  are  kept  accurate,  and 
the  errors  due  to  temperament  are  spread  over  the  remaining  intervals  ; 
this  method  is  called  unequal  temperament.  In  the  other  method  the 
interval  of  the  octave  is  kept  correct,  and  the  errors  are  spread  equally 
over  the  remaining  intervals ;  this  is  called  equal  temperament,  and  is 
that  usually  adopted  in  the  piano. 

The  interval  of  a  major  tone  is  equal  to  f  or  1.125  ;  that  of  a  minor 
tone  is  equal  to  -V^  or  i.ii  i  ;  and  that  of  a  limma  is  equal  to  |J  or  1.067. 
Hence  a  major  and  a  minor  tone  are  very  nearly  the  same,  while  each  of 
these  is  very  nearly  equal  to  the  interval  of  two  limmas,  since  two  limmas 
are  equal  to  (^f)*  or  1.138. 

In  order  to  obtain  an  equally  tempered  scale,  the  above  approximate 
relations  are  assumed  to  be  exactly  true,  that  is,  we  take  the  major  tone, 
the  minor  tone,  and  the  two  limmas  as  being  the  same. 

If  the  interval  of  a  tempered  limma  is  called  Xy  then  there  will  be 
twelve  of  these  limmas  in  the  octave,  and  since  an  interval  of  twelve 
limmas  is  equal  to  x^^^  for  the  interval  between  two  notes  is  equal  to  the 
product  of  the  intervals  between  the  intermediate  notes,  while  the  interval 
of  an  octave  is  2,  we  shall  have  in  the  equally  tempered  scale 

r»2=2, 
or  x= 2"  =  1.059. 

In  this  tempered  scale  the  limma  is  1.059  instead  of  being  1.067,  as  it 
is  in  the  true  scale,  while  the  tempered  major  and  minor  tones  are  each 
equal  to  1.122,  instead  of  being  1.125  and  i.iii  respectively. 
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In  the  following  table,  the  relative  frequencies  of  the  notes  on  the 
natural  and  the  equally  tempered  scales  are  shown  : — 

CDEFGA  Bf 

Natural  Scale  .   .    i.ooo    1.125    1.250    1.333    1.500    1.667    1.875    2.000 
Tempered  Scale .    i.ooo    1.122    1.260    1.325    1.498    1.682    1.888    2.000 

On  the  equally  tempered  scale  Cjf  and  Dt?  have  exactly  the  same 
frequency,  and  this  relation  also  holds  with  regard  to  D^  and  E>, 
Fjf  and  Gb,  Q%  and  A!?,  Ajf  and  Bb^,  while  Eg  has  the  same  frequency 
as  F,  and  Ft?  the  same  as  E,  as  is  also  the  case  for  BJJ  and  Cb.  This 
is  at  once  evident,  for  the  interval  from  C  to  D  is  on  the  tempered  scale 
1. 122  or  (1.059)2,  while  the  interval  between  C  and  Cjf  is  1.059,  and  that 
between  Db  and  D  is  also  1.059.  These  relations  are  also  clearly  evident 
from  the  last  column  of  the  table  on  page  373,  where  brackets  show  the 
various  intervals  which  are  taken  as  equal  on  the  equally  tempered 
scale. 

293.  Tones  — Harmonies  — Overtones,— When  a  single  note  is 
sounded  on  many  kinds  of  musical  instruments,  a  practised  ear  can 
detect  that,  in  addition  to  the  note  the  frequency  of  which  corresponds 
to  the  note  sounded,  there  are  present  notes  corresponding  to  other 
frequencies,  though  these  are  very  much  less  intense  than  the  principal 
note.  A  note  which  the  ear  cannot  break  up  in  this  manner  is  called 
a  tone.  Thus  musical  notes  are  in  general  composed  of  tones,  the 
pitch  of  the  note  being  that  corresponding  to  the  lowest  tone  it 
contains. 

\{n  is  the  frequency  of  a  tone,  then  the  tones  of  which  the  frequencies 
are  2«,  3«,  4«,  &c.,  are  called  the  harmonics  of  the  tone  «,  and  this  tone 
is  called  \}s\^  fundamental. 

The  tones  which  go  to  build  up  a  note  are  not  necessarily  the  har- 
monics of  the  lowest  tone,  so,  for  distinction,  they  are  called  the  overtones 
or  tipper partials  of  the  fundamental. 

In  the  case  of  tones  the  vibrations  of  the  sounding  body,  as  well  as 
the  waves  produced  in  the  air,  are  simple  harmonic  vibrations  ;  and  it  is 
from  this  fact,  first  discovered  by  Ohm,  that  the  name  harmonic  vibration 
is  derived. 

294.  The  Major  and  Minor  Chords.— Three  notes  which  when 
sounded  together  form  a  consonant  combination,  are  called  a  chord  or 
triad.  Three  notes,  of  which  the  frequencies  are  as  4:5:6,  constitute 
what  is  called  a  major  chord  or  triad.  Thus  the  notes  C,E,G ;  G,B,^/, 
and  F,A,^  each  form  a  major  chord.  Any  one  of  the  notes  in  a  major 
chord  may  be  replaced  by  its  octave,  or  accompanied  by  its  octave, 
without  destroying  the  characteristic  consonant  character  of  the  com- 
bination. 

If  the  frequencies  of  three  notes  are  as  10  :  12  :  15,  the  consonance  is 
not  quite  so  complete  as  with  the  major  chord,  and  the  combination  is 
called  a  minor  chord.  The  notes  E,G,B  form  a  minor  chord.  As  in 
the  case  of  the  major  chord,  any  note  may  be  replaced  or  accompanied 
by  its  octave. 

The  scale  with  which  we  have  dealt  in  §  291  is  called  the  major 
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scale,  and  the  following  scheme  shows  the  major  and  minor  chords 
which  can  be  formed  with  the  tones  which  constitute  the  scale  : — 

major     major      major 

¥    P^    c     e      g     b     d 

minor     minor 

The  scale  consisting  of  the  following  series  of  notes,  the  intervals  being 
as  indicated,  is  called  the  minor  scale  : — 


The  major  and  minor  chords  which  can  be  formed  with  the  notes  of  the 
minor  scale  are  shown  in  the  following  scheme  : — 

major     major 

Y   l^    c     ^    g    S^    d' 

minor    minor    minor. 


CHAPTER    IV 


REFLECTION,  REFRACTION,  AND  INTERFERENCE 


295.  Reflection  of  Sound.— We  have  a  familiar  case  of  the  reflec- 
tion of  sound  in  the  echo,  which  is  due  to  the  reflection  of  the  sound- 
waves by  some  large  vertical  surface,  such  ■■■■■■  IHlflHHi 
as  a  cliff  or  the  side  of  a  house.  ^^^^^^H  ^^^^^^1 

The   reflection  of  sound   may  also  be  ^^^^^H  ^^^^^H 

shown  by  means  of  what  is  called  a  sensitive  ^^^^^^H  ^^H^^H 

flame,  wfilchconsists  of  a  gas  flame  pro-  ^^^^^^1  ^^H^^H 

duced"  by  k  oin-hole  burner,  in  which  the  ^^^^^^|  ^^B^^H 

pressufe'ot  tne  gas  has  been  increas'ed  till  ^^^^^H  ^^H^^H 

the  flame  is  on  the  pomt  ot  liarmg.    Such  a  ^^^^^H  ^^H^^| 

flame~Torms   a  very   en-w^Mnu^^  Af^mr*»<  of  ^^^^^H  ^^H^^l 

sound-waves,  particularly—those-oi.  a  very  ^^^^^^H  ^^■^^^H 

highJutcH. — ^Fhe  form  of  the  flame  when  ^^^^^H  ^^■^^^H 

unaffected  is  shown  in  B  (Fig.  240),  while,  ^^^^^^H  ^^H^^^^H 

when  a  sound  of  suitable  pitch  is  produced,  ^^^^^H  ^^■^^H 

the  flame  flares  and  shortens  into  the  shape  ^^H^^H  ^H^^H 

shown  at  a.     The  sensitive  flame  is  placed  ^^^^^H  ^^■^^H 

at  A  (Fig.  241),  in  front  of  a  tube  CD,  and  a  ^^^^^H  ^^^^^H 

whistle   6   is  placed  opposite   the  end  of  ^^^^^^|  ^^H^^H 

another  tube  EF,  while  a  screen  is  placed  ^^^^^H  ^^^^^H 

at  GH,  so  as  to  screen  off  the  direct  action  of  ^^^^^^H  ^^^^^^H 

the  whistle  on  the  flame.     The  pressure  of  ^^H^^H  ^^^^^H 

the  gas  is  adjusted  till  the  flame  Just  does  ^^^^^^H  ^H^^^B 

not  flare  when  no  reflector  is  placed  at  i ;  it  ^^^^^H  ^^^^^H 

will  then  be  found  that,  on  placing  a  reflect-  ^^H^^H  ^^^^^^| 

ing  surface  at       in  such  a  way  as  to  be  ^^^^^^H  ^^^^^^1 

equally  inclined  to  the  axes  of  the  two  tubes,  ^^^^^H  ^^^^^H 

the  flame  immediately  begins  to  flare,  and  ^^^^^^1  ^^^^^^H 

continues  to  do  so  as  long  as  the  reflecting  ^^^^^^1  ^^^^^^| 

remains       position.  ^^^^^^H  ^^^^^^b 

The  Hirprtmn  in  whirh  th^  fjound  iprrrvp  ^^^^^^1  ^^H^^H 

proceeds  after  reflection  gnn  hr  nbtaitrpd  in  ^^B^^H  ^^B^^H 

^  776  ;  Rnd,  an  thcic,  it  will  be  found  CTiat  ^^^^^B  ^^^^^H 

the  angle  ofjnridpnre  is-alwTrys  equal  to  ■■■^^M  ■^■^^B 

the  aogTelof-rcflcctien.     This  fact  is  also  Fig.  240. 
proved  by  the  experiment  described  above, 

for  it  is  only  when  the  normal  to  the  reflector  i  bisects  the  angle  between 

the  axes  of  the  tubes  that  the  flame  flares  ;  and  when  the  normal  bisects 
this  angle,  the  angle  of  reflection  is  equal  to  the  angle  of  incidence. 
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Fig.  241. 


Use  is  made  of  the  reflection  of  sound  in  several  well-known  instru- 
ments.    Thus  in  the  ear-trumpet,  the  sound-waves  that  are  caught  by 

the  bell-shaped  mouth  are 
reflected  from  the  sides  of 
the  trumpet,  and  the  cross 
section  of  the  wave-front  is 
decreased  up  to  the  ear- 
end.  Since  the  amplitude 
of  the  sound-waves  in- 
creases as  the  cross  sec- 
tion of  the  air  in  which 
they  take  place  is  de- 
creased, the  amplitude  of 
the  waves  when  they  strike 
the  ear  is  much  greater 
than  if  this  concentration 
did  not  take  place. 

The  sounding  -  board 
placed  over  the  head  of 
the  speaker  in  large  halls 
is  another  application  of  the  reflection  of  sound.  It  consists  of  a  reflect- 
ing surface  placed  so  as  to  reflect  those  sound-waves  that  strike  it  down 
towards  the  audience.  Hence  the  waves,  that  would  otherwise  spread 
up  to  the  roof  and  be  irregularly  reflected  there,  are  directed  downwards, 
and  assist  in  making  the  speaker  audible. 

In  the  case  of  speaking-tubes,  the  sound-waves,  instead  of  spreading 
out  in  spheres,  as  they  would  do  in  the  open  air,  are,  by  reflection  at  the 
sides  of  the  tube,  confined  within  the  tube,  so  that  they  travel  forward 
with  comparatively  small  decrease  in  amplitude,  the  wave-front  remain- 
ing of  the  same  cross  section  throughout.  A  similar  eflfect  is  produced 
when  a  watch  is  held  against  one  end  of  a  long  wooden  rod,  and  the 
ear  is  held  against  the  other  end.  The  ticking  of  the  watch  can  be 
heard  almost  as  clearly  as  if  it  were  held  close  to  the  ear.  The  reason  is 
that  the  sound-waves  in  the  wood,  when  they  reach  the  bounding  surface 
between  wood  and  air,  are  almost  entirely  reflected,  and  thus  the  wave 
proceeds  down  the  rod  without  much  of  the  energy  escaping  into  the 
surrounding  air. 

The  difficulty  of  hearing  sounds  at  a  distance  on  certain  days  is 
supposed  to  be  due  to  the  fact  that  on  such  acoustically  opaque  days 
there  exist  columns  and  layers  of  air  at  different  temperatures,  and  that 
the  sound-waves  get  partly  reflected  at  each  passage  from  air  at  one 
temperature  to  air  at  another.  Such  reflection  must  occur,  for  the  velocity 
with  which  the  sound-waves  travel  will  be  different  if  the  temperature  of 
the  air  is  different,  and  whenever  a  wave  passes  from  one  medium  to 
another,  in  which  it  moves  with  a  diff*erent  velocity,  it  is  partly  reflected 
at  the  boundary  between  the  two  media. 

296.  Refraction  of  Sound.— When  a  sound-wave  passes  from  one 
medium  to  another,  the  direction  in  which  the  sound-wave  is  travelling  is 
in  general  altered,  and  is  said  to  be  refracted.  The  laws  which  govern 
the  refraction  of  sound  are  the  same  as  those  in  the  case  of  light  (see 
§  344)-     I^  ^^^  case  of  sound,  however,  it  is  difficult  to  obtain  quanti- 
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tative  results.  The  fact  that  sound  can  be  refracted  may,  however,  be 
shown  by  having  a  lens-shaped  india-rubber  bag  filled  with  a  gas  other 
than  air.  If  the  lens  is  convex  (§  351)  and  is  filled  with  carbon  dioxide, 
a  gas  in  which  sound  travels  with  a  smaller  velocity  than  in  air,  the 
sound-waves  will  be  brought  to  a  focus,  so  that  by  placing  a  whistle  at 
one  side  and  a  sensitive  flame  at  the  other,  it  will  be  possible  to  arrange 
matters  so  that  the  flame  does  not  flare  when  the  lens  is  not  interposed, 
but  does  when  the  lens  focuses  the  waves  on  the  flame.  If  the  lens  is 
filled  with  hydrogen,  a  gas  in  which  sound  travels  more  rapidly  than  in 
air,  then  the  convex  lens  will  act  as  a  diverging  lens  (§  351),  and  a 
somewhat  similar  experiment  can  be  performed  in  which  the  flame  flares 
without  the  lens,  but,  owing  to  the  spreading  of  the  sound-waves  by  the 
lens,  does  not  do  so  when  the  lens  is  interposed. 

Sound-waves  are  often  refracted  on  account  of  the  motion  of  the 
wind.  Thus  suppose  we  have  a  plane  sound-wave,  in  which  the  wave- 
front  is  a  vertical  plane,  moving  against  the  wind.  Near  the  surface  of 
the  earth  the  velocity  of  the  wind  is  in  general  less  than  at  some  distance 
above  the  surface.  Now  the  sound-wave  will  travel  at  the  same  speed 
through  the  air,  but,  owing  to  the  contrary  motion  of  the  air,  the  distance 
moved  through  by  the  wave-front  relative  to  the  earth  will  be  greater 
near  the  surface  of  the  earth  than  higher  up.  The  wave-front  will 
therefore  become  inclined,  the  top  lagging  behind  the  bottom,  and,  since 
the  motion  of  the  wave  is  at  right  angles  to  the  wave-front,  the  direction 
of  motion  of  the  wave,  instead  of  being  parallel  to  the  surface,  will  be 
inclined  upwards.  Thus  the  sound-waves  may  pass  over  the  head  of  an 
observer  who  is  on  the  windward  side  of  the  place  where  the  sounds 
originate.  When  the  sound  is  travelling  with  the  wind  the  opposite 
effect  is  produced,  the  waves  being  refracted  downwards.  This  effect 
partly  accounts  for  the  greater  distance  sounds  can  be  heard  when  the 
sound  is  moving  with  the  wind,  than  when  the  sound  is  moving  against 
the  wind. 

Another  cause  of  the  refraction  of  sound-waves  is  the  unequal  heating 
of  the  various  strata  of  air.  In  general  during  the  day  the  air  near  the 
ground  is  hottest.  As  sound  travels  quicker  in  hot  than  in  cold  air,  the 
result  is  that  the  waves  get  refracted  upwards. 

297.  Interference  of  Sound- Waves.— The  fact  that  sound-waves 
can  interfere  may  be  easily  shown,  and  the  wave-length  of  the  note  used 
measured  (only  roughly 
it  is  true)  by  means  of  A 

the  instrument  shown  in  ^ 

section  in  Fig.  242.  A  i  ,..._ 
whistle  or  reed  is  sounded  i  \^ 
at    A,   and    the    sound-  j    1^ 

waves  can  reach  the  sen-  [ "~ 

sitive  flame  placed  at  F 

by   the   two   tubes  ABC 

and  ADC.     If  these  two 

paths  are  of  equal  length, 

then     the     waves     that  F  • 

reach  C  after  travelling  Fig.  242. 

by  the  two   tubes  will  be  in   the  same  phase,    and    hence   they  will 
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strengthen  one  another.  One  tube,  d,  can  be  lengthened,  and  hence 
the  path  which  the  sound  has  to  traverse  can  be  made  longer  in  this 
tube  than  the  other.  If  the  tube  is  gradually  pulled  out,  a  position 
such  as  d'  can  be  obtained  for  which  the  waves  that  travel  by  the  two 
paths  are  in  opposite  phase  when  they  reach  C,  and  hence  they  interfere, 
so  that  the  flame  is  unaffected  although  the  whistle  is  sounding  as  strongly 
as  before.  When  this  occurs  the  path  AD'C  traversed  by  one  wave  is 
longer  than  the  path  ABC  traversed  by  the  other  by  half  a  wave-length, 
so  that  when  a  crest  reaches  C  via  B,  the  preceding  trough  which  has 
travelled  via  d'  has  only  just  reached  c,  and  these  two  neutralise  one 
another,  so  that  the  air  at  c  is  undisturbed.  Although,  owing  to  inter- 
ference, no  wave  travels  along  the  tube  c,  yet  the  energy  carried  by  the 
waves  cannot  be  destroyed.  What  happens  is  that  the  energy  travels 
back  along  the  branches  B  and  D  in  the  form  of  a  reverse  wave.  The 
fact  that  there  are  such  reverse  waves  is  often  very  clearly  shown  by  the 
effect  they  have  on  the  reed  at  a  used  to  produce  the  sound. 

If  the  tube  D  is  pulled  further  out,  the  paths  differ  by  more  than  half 
a  wave-length,  and  hence  the  two  sets  of  waves  commence  to  strengthen 
one  another  again,  till  when  the  tube  is  pulled  out  to  d",  and  the  difference 
between  the  paths  amounts  to  a  whole  wave-length,  the  flame  is  almost 
as  strongly  affected  as  it  was  at  first,  when  the  paths  were  of  equal  length. 
The  difference  between  the  lengths  of  the  two  tubes  when  interference 
first  occurs  is  equal  to  half  the  wave-length  of  the  note  used. 

The  interference  of  sound-waves  is  also  very  clearly  shown  in 
fi^/the  case  of  the  waves  produced  in  air 
'  '  by  a  tuning-fork.  As  we  shall  see  later, 
the  extremities  of  the  two  prongs  shown  in 
section  at  A  and  B  (Fig.  243),  vibrate  in 
such  a  way  that  they  move  alternately  away 
from  and  towards  each  other.  As  a  result, 
while  they  produce  a  condensation  in  the  air 
between,  they  produce  a  rarefaction  in  the 
air  towards  E  and  F,  and  vice  versa.  Hence 
each  prong  starts  two  sets  of  waves,  and 
these  waves  are  in  opposite  phase  on  the 
two  sides,  so  that  they  interfere  along  the 
surfaces  man  and  m'bn'.  This  interference 
can  be  very  clearly  distinguished  by  sounding 
a  fork  and  then  turning  it  slowly  when  held 
near  the  ear.  When  the  ear  is  in  either 
the  positions  E,  F,  G,  or  H,  the  fork 
heard  distinctly,  while  when  the  ear 
^  either  of  the  curves  MAN  or  m'bn'  no  sourid 
will  be  heard.  | 

298.  Stationary  Waves  formed  by 
Reflection  in  Free  Air.— When  a  shrill 
whistle  or  a  bird-call  p  (Fig.  244)  is  sounded  in  front  of  a  re- 
flecting surface  ab,  the  sound-waves  which  fall  on  the  surface  are  re- 
flected, and  the  reflected  and  incident  waves  interfere.  Then,  as  in  the 
case  of  the  water-waves  dealt  with  in  §  277,  there  will  be  interference  at 
the  points  n^,  Ng,  N3,  &c.,  when  the  distance  MNj,  MNg,  MN3,  &c.,  are 
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equal  to  X/2,  X,  3\/2,  &c.,  respectively.  If  then  a  sensitive  flame  is  moved 
along  the  normal  PM,  it  will  not  flare  when  it  is  at  either  of  the  nodes 
Nj,  N2,  N3,  &c.  Hence,  since  the 
distance  between  each  of  these  A 
points  is  equal  to  half  the  wave- 
length (X),  by  noting  the  positions 
of  the  flame  when  it  does  not  ^j, 
flare  we  may  determine  the  wave-  M 
length  of  the  note  given  by  the 
whistle,  and  from  the  wave-length, 
knowing  the  velocity  of  sound  in  B 
air,   calculate    the    frec^uency    of  Fig.  244. 

the  note.     As   a  sensitive  flame 

will  detect  the  presence  of  sound-waves  of  frequency  too  great  to  be 
heard  by  the  ear,  this  method  supplies  a  means  by  which  the  frequency 
of  such  inaudible  sounds  may  be  determined. 

299.  DoppleP's  Principle. — Suppose  that  at  a  point  A  there  is  a 
body  which  is  emitting  a  note,  of  which  the  frequency  is  n.  Owing  to  the 
action  of  the  sounding  body  there  will  be  a  succession  of  waves  produced 
in  the  surrounding  air_,  and  the  frequency  of  these  waves  will  also  be  n. 
Hence,  if  an  observer  is  at  a  point  B,  n  waves  will  reach  his  ear  in  each 
second,  and  he  will  hear  a  note  of  pitch  n.  Now  suppose  the  observer 
approaches  the  sounding  body,  then  in  each  second  he  will  now  receive 
more  than  n  waves,  for  in  addition  to  the  n  waves  which  would  reach  hig 
ear,  suppose  he  had  been  stationary,  he  will  have  met  a  certain  number 
of  extra  waves  in  each  second,  for  at  the  end  of  the  second  he  is  nearer 
the  sounding  body  than  he  was  at  the  commencement,  and  his  ear  will 
have  received  the  waves  which,  at  the  commencement  of  the  second, 
occupied  this  space.  The  result  is  that  as  he  now  receives  more  than  n 
waves  per  second,  the  pitch  of  the  note  he  hears  will  be  higher  than  n. 
If,  instead  of  approaching  the  sounding  body,  he  moves  away  from  it, 
then  in  the  same  way  the  pitch  of  the  note  heard  will  appear  lower  than 
n.  If  the  observer  remains  at  rest,  but  the  sounding  body  approaches, 
then  the  effect  will  be  the  same  as  if  the  observer  approached  a  stationary 
sounding  body,  and  the  note  heard  will  be  of  a  higher  pitch  than  that 
produced  by  the  body  ;  while  if  the  sounding  body  is  receding,  the  note 
heard  will  be  lower. 

This  apparent  change  of  pitch,  owing  to  the  relative  motion 
of  the  sounding  body  and  the  observer,  is  called  the  Doppler 
effect,  and  the  explanation  which  we  have  given  is  called  the  Doppler 
principle. 

The  Doppler  effect  can  often  be  observed  in  the  case  of  the  note  given 
by  a  steam-whistle  sounding  on  an  engine  which  is  passing  through  a 
station  at  a  rapid  rate.  The  note  heard  when  the  engine  is  approaching 
the  observer  is  very  markedly  of  a  higher  pitch  than  that  heard  when  the 
engine  has  passed  and  is  travelling  away  from  the  observer. 

The  change  in  pitch  produced  by  the  relative  motion  of  the  observer 
and  sounding  body  can  readily  be  calculated.  Suppose  that  the  sounding 
body  has  a  frequency  of  n  vibrations  per  second,  and  that  the  observer  is 
approaching  it  with  a  velocity  z/,  the  velocity  of  the  sound  being  V.  If 
the  observer  were  at  rest,  he  would  receive  «  waves  per  second.     If  X  is 
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the  wave-length  of  the  sound,  then  in  a  space  v  there  will  be  v/X  waves. 
Hence,  since  the  observer  traverses  a  space  v  in  one  second,  his  ear  will 
pick  up,  owing  to  his  motion  alone,  vfX  waves,  so  that  the  total  number  of 
waves  received  in  a  second  will  be  n  +  v/X.  But  V=n\  (§  269),  so  that 
the  pitch  of  the  note  heard  is  n-k-nv/V^  or  fi{i+v/y).  If  the  observer 
had  been  travelling  away  from  the  sounding  body,  then  in  each  second 
his  ear  would  have  failed  to  pick  up  vj\  waves,  and  the  pitch  of  the  note 
heard  would  be  «(i  -vjV). 

We  may  arrive  at  the  same  result  by  a  rather  different  method  of 


Fig.  245. 


argument,    which    is    instructive    from    its    bearing    on    some     other 
problems. 

Suppose  Oi,  O2,  O3,  &c.  (Fig.  245),  to  be  the  positions  of  the  sounding 
body  at  the  times  o,  /,  2/,  3/,  &c.  Then  if,  as  before,  V  is  the  velocity  of 
sound,  and  we  describe  a  circle  with  Oj  as  centre,  and  radius  4/F,  this 
circle  will  represent  the  wave-surface  at  a  time  4/  for  a  disturbance  which 
was  caused  at  the  time  o^  when  the  sounding  body  was  at  Oj.  In  the 
same  way  if,  with  O2,  O3,  O4  as  centres,  circles  are  described  of  radii 
3/F,  2/F,  and  /F  respectively,  these  will  each  represent  the  positions  of 
the  wave-surfaces  at  the  time  4/,  that  is,  when  the  sounding  body  is  at  O5 
due  to  the  disturbances  produced  when  the  sounding  body  was  at  the 
points  O2,  Oa,  and  O4  respectively.     The  figure  very  clearly  shows  the 
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crowding  together  of  the  waves  on  one  side,  corresponding  to  a  rise  in 
pitch,  and  the  spreading  out  in  the  opposite  direction,  corresponding  to  a 
fall  in  pitch.  The  figure  is  drawn  for  the  case  where  the  velocity  of  the 
sounding  body  is  less  than  that  of  the  sound,  the  corresponding  figure 
for  the  case  where  v  is  greater  than  Fis  shown  in  Fig.  246.  The  funda- 
mental difference  between  the  two  cases  is  that  when  the  velocity  of  the 
sounding  body  is  less  than  that  of  sound,  the  wave-surface  correspond- 
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ing  to  the  disturbance  that  starts  at  any  given  time  lies  entirely  outside 
all  the  wave-surfaces  corresponding  to  disturbances  that  start  at  all 
subsequent  times,  while  in  the  other  case  the  whole  or  part  of  the  wave- 
surface  corresponding  to  subsequent  disturbances  lies  outside.  Thus 
when  the  velocity  of  the  sounding  body  is  greater  than  the  velocity  of 
sound,  a  tangent  can  be  drawn  to  the  wave-surfaces  at  any  given  instant. 
Since  there  are  an  infinite  number  of  wave-surfaces  intermediate  to  those 
shown  in  the  figure,  and  all  these  wave-surfaces  will  have  the  same  tan- 
gents, and  that,  just  as  in  the  case  considered  in  §  275,  these  waves 
will  strengthen  each  other  along  these  tangents  but  will  interfere  at  all 
other  points,  two  plane  waves  inclined  at  a  constant  angle  will  be  pro- 
duced. Since  the  moving  body  will  reach  the  point  O5  at  the  same 
instant  that  the  sound-wave  reaches  the  point  R,  it  follows  that  if  Q  is  the 
angle  made  by  the  wave-front  ROg  with  the  direction  of  motion  of  the 
sounding  body,  then 


sin^=^i^  = 


V 
v' 


Hence  the  greater  the  velocity  v  of  the  sounding  body,  the  smaller  the 
angle  included  between  the  wave-fronts.   If  we  can  measure  this  angle  and 
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know  either  the  velocity  of  the  moving  body  or  that  of  sound,  then  the  velo- 
city of  sound,  or  of  the  moving  body  as  the  case  may  be,  can  be  calculated. 

A  familiar  example  of  this  pheno- 
menon, in  the  case  of  water-waves, 
is  the  bow-wave,  produced  when  a 
boat  moves  through  still  water. 
Since  the  condition  for  the  produc- 
tion of  these  waves  is  that  the 
disturbing  or  sounding  body  must 
move  faster  than  the  waves  them- 
selves travel,  it  follows  that  in  the 
case  of  sound-waves  the  velocity  must 
exceed  about  333  metres  per  second, 
or  1090  feet  per  second.  In  Fig.  247 
the  form  of  the  wave  produced  in  air 
by  a  rifle  bullet  is  shown,  as  obtained  in  the  photographs  taken  by 
Prof.  C.  V.  Boys. 


Fig.  247. 
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CHAPTER  V 

VIBRATIONS  OF  STRINGS,  RODS,  PLATES,  AND 
COLUMNS  OF  GAS 

800.  Vibrations  of  Strings.— For  our  purpose  we  shall  take  a  string 
to  be  a  perfectly  flexible,  uniform  filament  of  matter,  stretching  between 
two  points.  Any  real  string  will,  of  course,  possess  rigidity  ;  since,  how- 
ever, by  taking  a  string  of  which  the  diameter  is  very  small  compared 
with  the  length,  the  effects  of  rigidity  are  very  small,  the  errors  thus 
introduced  will  not  be  great. 

Strings  can  vibrate  in  two  distinct  manners,  according  as  the  vibra- 
tions of  the  particles  which  compose  the  string  are  longitudinal  or 
transverse.  We  shall  at  present  confine  ourselves  to  transverse  vibra- 
tions, postponing  the  consideration  of  longitudinal  vibrations  till  we  are 
dealing  with  the  vibrations  of  rods. 

Transverse  vibrations  may  be  produced  in  strings  by  plucking,  as  in 
the  case  of  a  guitar,  bowing,  as  in  the  violin,  or  striking,  as  in  the  case  of 
the  piano. 

The  instrument  usually  employed  for  the  study  of  the  transverse 
vibrations  of  strings  is  shown  in  Fig.  248,  and  is  called  a  monochord  or 


Fig.  248. 

(From  Ganfft's  "Physics.'^ 


sonometer.  It  consists  of  a  sounding-box,  across  the  top  of  which  a 
string  is  stretched  by  some  weights  P.  In  addition  to  the  fixed  bridges, 
A  and  D,  there  is  a  movable  bridge,  B,  by  means  of  which  the  length  of 
the  portion  of  the  string  which  is  put  in  vibration  can  be  altered. 
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If  a  stretched  string  is  struck  or  otherwise  distorted  and  then  let  go, 
the  velocity  with  which  the  wave  set  up  travels  along  the  string  is  given 
by  the  expression  (§  278) — 

v^jWt    .     .     .     (I), 

in  which  T  is  the  stretching  force  in  dynes  and  m  is  the  mass  of  one 
centimetre  of  the  string  in  grams. 

If  a  wave  travelling  along  a  string  ab  (Fig.  249)  reach  a  point  B, 
where  the  string  is  fixed,  there  will  be  reflection. 

There  is  a  difference  between  the  reflection  in  this  case  and  that 
which  occurs  when  a  water-wave  or  sound-wave  in  air  is  reflected  from  a 
solid  obstacle.  In  the  case  of  the  water-wave,  when  a  crest  reaches  the 
reflector  it  is  reflected  as  a  crest,  while  when  a  trough  reaches  the 

^ obstacle  a  trough  is  reflected.     In  the 

case  of  a  crest  travelling  along  a 
stretched  string  and  reaching  ih& /ixed 
end  of  the  string,  it  is  not  reflected 
as  a  crest  but  as  a  trough.  Thus  if 
A  (Fig.  249)  represents  a  transverse 
wave  travelling  up  to  the  fixed  end 
B  of  the  string,  then  after  reflection 


Fig.  249.  the  form  of  the  wave  is  that  shown 

at  c.  The  easiest  way  of  seeing 
why  this  should  be,  is  to  suppose  that  the  incident  wave  which  moves 
up  to  the  fixed  end  B  of  the  cord  (Fig.  250)  is  not  reflected,  but 
moves  on  past  B  along  an  imaginary  continuation,  BC,  of  the  cord,  and 
that  the  corresponding  reflected  wave  is  supposed  to  move  on  to  the  real 
part,  BA,  of  the  cord  from  the  imaginary  part  CB.  Now  it  is  evident, 
since  the  point  B  on  the  string  is  held  fixed,  that  the  condition  which  the 
reflected  wave  has  to  fulfil  is  that  the  algebraical  sum  of  the  displace- 
ments at  the  point  B  on  the  string  due  to  the  direct  and  reflected  waves 
must  always  be  zero.  At  {a)  (Fig.  250)  the  incident  wave  is  shown  at 
the  instant  when  it  has  just  reached  the  fixed  point  B.  At  {b)  the 
incident  wave,  as  shown  by  the  light  continuous  line,  has  partly  moved 
on  to  the  imaginary  portion  of  the  cord,  while  the  reflected  wave,  as 
shown  by  the  dotted  curve,  has  partly  moved  on  to  the  real  part  of  the 
cord.  Under  the  influence  of  the  direct  and  the  reflected  waves,  the 
cord  takes  the  position  indicated  by  the  thick  line.  The  subsequent 
state  of  affairs  is  shown  at  {c\  {d)^  {e),  &c.,  and  finally  at  (/')  the  incident 
wave  has  passed  wholly  on  to  the  imaginary  part  of  the  cord,  while  the 
reflected  wave  consists  of  a  wave  moving  to  the  right,  but  with  the 
depression  leading,  although  the  incident  wave  had  the  elevation  leading. 
This  change  in  the  condition  of  the  wave  due  to  reflection  is  equivalent 
to  a  loss  or  gain  of  phase  equal  to  half  a  wave-length  at  the  point  of 
reflection,  and  so  this  type  of  reflection  is  often  referred  to  as  reflection 
with  change  of  sign. 

If  in  place  of  a  single  incident  wave  we  have  a  train  of  waves,  then, 
owing  to  interference  between  the  incident  and  reflected  waves,  stationary 
waves  will  be  formed.  The  point  of  reflection  will  in  this  case,  however, 
be  a  node,  and  not  a  loop,  as  was  the  case  with  the  water-waves  considered 
in  §  277.  Fig.  234  will,  however,  apply  if  we  suppose  the  point  Nj  to  be 
the  fixed  end  of  the  string. 
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There  will  be  a  series  of  nodes  at  distances  X/2  from  one  another,  and 
half-way  between  each  node  will  be  a  loop. 

Since  the  nodes  are  points  where  the  string  is  permanently  at  rest,  the 
vibrations  will  not  be  affected  if  we  clamp  the  string  at  any  of  these 
points,  in  which  case  we  should  be  dealing  with  the  vibrations  of  a  string 
held  at  each  end. 


Fig.  250. 


If  the  second  fixed  point  is  placed  at  the  first  node  from  the  fixed  end, 
then  the  string  will  be  vibrating  so  as  to  give  the  lowest  tone  of  which 
it  is  capable,  or,  in  other  words,  will  be  giving  its  fundamental.     If  /  is 

the  length  of  the  string,  we  have  l—JSI^  A^2  =  ~     Now  if  »  is  the  frequency 

of  the  string,  we  have,  from  the  general  equation  connecting  «,  \,  and  v 
(see  §  269) — 

Hence  from  equation  (i)  above 


n\- 


v^ 


or,  substituting  for  X  in  terms  of  /, 


"^l/V: 


(2)- 
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This  expression  may  be  written  in  a  slightly  different  form,  for  if  p  is 
the  density  of  the  material  of  which  the  string  is  composed,  and  r  is  the 
radius  of  the  string,  m'^irr^p.     Hence 


or 


Now  irt^pl  is  the  total  mass  of  the  string,  so  that  if  we  call  this  quantity 
My  the  formula  reduces  to 


I  /z 

2yiM 


(3). 


In  addition  to  the  fundamental  mode  of  vibration  considered  above, 
the  string  can,  as  shown  in  Fig.  251,  vibrate  in  such  a  way  that  there  are 

I,  2,  3,  &c.,  points  which 


are  permanently  at  rest  be- 
tween the  extreme  points. 
The  points  N,,  Nj,  &c., 
which  are  permanently  at 
rest  during  the  vibrations, 
are  nodes,  while  the  points 
marked  L,  at  which  the 
amplitude  of  the  vibrations 
is  a  maximum,  are  loops. 

Since  if  the  string  in  {b) 
(Fig,  251)  were  clamped 
at  N  the  vibrations  would 
be  unaffected,  and  in  these 
circumstances  we  should 
be. dealing  with  two  strings 
each  of  which  had  a  length 
//2,  we  see  that  the  fre- 
quency of  the  tone  produced  under  these  conditions  will  be  obtained  by 
substituting  //2  for  /  in  the  equation  (2),  since  the  tension,  7",  and  the 
mass  per  unit  length,  w,  remain  the  same.  Hence  the  frequency  «'  is 
g^ven  by 


Fig.  251. 


'=W^' 


that  is,  the  frequency  is  double  what  it  was  in  the  case  when  the  string 
was  vibrating  as  a  whole.  In  this  way  it  will  be  seen  that,  if  n  is  the 
frequency  of  the  fundamental  tone  of  a  string,  the  overtones  have  the 
frequencies  2;/,  3«,  4;/,  &c.  The  string  can  give,  therefore,  the  har- 
monics of  the  fundamental  tone. 

We  have  supposed  above  that  the  string  vibrates  in  only  one  of  the 
possible  ways  at  a  time  ;  we  may,  however,  have  a  number  of  them 
coexisting,  so  that  a  note  will  be  produced,  which  is  built  up  of  the  tone 
and  certain  of  the  overtones. 
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Thus,  if  the  string  is  plucked  at  a  quarter  of  its  length  from  either  end 
the  first  overtone  will  be  particularly  noticeable,  and  can  be  rendered 
even  more  evident  if  the  fundamental  note  is  damped  out  by  lightly 
touching  the  string  at  its  middle  point  with  a  feather  or  piece  of  paper, 
when  the  octave  of  the  fundamental,  which  corresponds  to  the  first 
overtone,  will  be  heard  very  clearly. 

301.  Melde's  Experiment.— A  very  convenient  way  of  showing  the 
laws  which  govern  the  vibrations  of  strings  is  that  due  to  Melde.  A 
string  AB  (Fig.  252)  is  fixed  at  one  end  to  the  prong  of  a  large  tuning- 
fork,  while  the  other  end  passes 


over  a  pulley  and  has  a  small 
scale-pan  P  attached,  by  putting 
weights  in  which  the  tension  on 
the  string  can  be  varied  at  will. 
If  the  fork  is  placed  in  the  posi- 
tion shown  in  the  figure,  then 
when  the  prong  B  moves  towards 
A  the  string  will  be  allowed  to 
sag.  As  the  prong  moves  back 
the  string  is  tightened,  being 
horizontal  when  the  prong  is 
furthest  from  A.  When  the  prong 
moves  back  towards  A  the  string 
does    not    again    sag,    but,    owing 


A . 


B, 


^ 


Fig.  252. 
to   its    inertia    and 


the    upward 


motion  it  has  acquired,  it  travels  up  above  the  horizontal  position,  so 
that  it  is  in  its  extreme  upward  position  when  the  prong  has  completed 
one  whole  vibration  since  the  instant  when  the  string  was  at  its  lowest. 
Thus  the  frequency  of  the  string  is  half  that  of  the  fork. 

If  the  fork  is  turned  through  90°,  so  that  the  movement  of  the  prong 
is  at  right  angles  to  the  string,  then  when  the  prong  moves  to  the  right 
the  cord  will  also  move  to  the  right,  when  the  prong  is  passing  through 
its  position  of  rest  the  string  will  also  be  passing  through  its  position  of 
rest,  and  when  the  prong  is  at  its  extreme  left  elongation  so  also  will  be 
the  string.  The  string  therefore  will  in  this  case  vibrate  in  unison  with 
the  fork.  In  order  to  obtain  a  considerable  movement  of  the  string,  it 
is  necessary  that  the  tension  should  be  adjusted  so  that  the  natural 
period  of  the  string  should  agree  with  the  period  of  the  vibrations 
impressed  on  it  by  the  fork. 

If  the  fork  is  in  the  position  shown  in  Fig.  252,  and  has  a  frequency 
N^  then  when  the  tension  T-^^  of  the  string  is  such  that 


lA^. 


i    / 


m 


the  vibrations  set  up  in  the  string  will  be  most  energetic,  the  string 
vibrating  in  its  fundamental  mode.  As  the  tension  is  decreased  the 
amplitude  of  the  vibrations  will  decrease,  but  when  the  tension  reaches 
the  value  T^  given  by  the  equation 

2//2V  ^ 
the  string  will  again  vibrate  strongly,  but  now  with  a  node  in  the  middle. 
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By  further  decreasing  the  tension  3,  4,  5,  &c.,  nodes  can  be  produced, 
but  for  the  vibrations  to  be  energetic  the  tension,  7,  has  in  every  case  to 
be  so  adjusted  that  if  r  is  the  distance  between  consecutive  nodes, 


N  /i 


802.  Transverse  Vibrations  of  Rods.— In  considering  the  vibra- 
tions of  strings,  we  have  neglected  the  rigidity  of  the  string,  and  supposed 
that  the  only  force  tending  to  bring  the  string  back  into  its  position  of 
rest  when  it  is  displaced  is  that  due  to  the  tension.  We  now  pass  on  to 
the  opposite  extreme,  in  which  the  restitution  is  due  solely  to  the  rigidity 
of  the  solid,  namely,  the  case  of  a  rod  clamped  at  one  or  more  points  but 
not  subjected  to  any  tension. 

If  the  rod  is  held  in  a  clamp  at  one  end,  the  fundamental  form  in 
which  it  can  vibrate  is  shown  at  (a),  Fig. 
A  A  A         ^53'  ^'here  there  is  a  single  node,  and  that 

at  the  fixed  end. 

The  manner  in  which  a  rod  clamped 
at  one  end  vibrates,  when  sounding  its  first 
and  second  overtones,  is  shown  at  {b)  and 
{c).  If  the  frequency  of  the  rod  when 
sounding  its  fundamental  is  taken  as  unity, 
then  the  frequencies  of  the  overtones  are 
6.27,  17.55.  34.39,  56.84,  &c.  In  this  case  it 
will  be  observed  that  the  overtones  are  not 
the  harmonics  of  the  fundamental  tone. 

If  the  rod,  when  vibrating  as  in  {b).  Fig. 
253,  instead  of  being  clamped  at  B,  were 
prolonged,  and  were  simply  supported  at  N 
and  B,  we  should  have  the  case  of  a  rod 
free  at  both  ends,  and  vibrating  in  its 
fundamental  form  as  shown  at  {a\  Fig. 
254.  The  mode  of  vibration  for  the  first  overtone  is  shown  at  {b)^  and  is 
such  that  there  are  three  nodes.  The  relative  frequencies  of  the  funda- 
mental and  of  the  overtones  for  a 


N 
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rod  free  at  both  ends  are   i,  2.76, 
5.40,  8.93,  13.35,  &c. 

The  consideration  of  the  con- 
nection between  the  dimensions  of 
a  rod  and  the  frequency  of  its 
fundamental  tone  is  beyond  the 
scope  of  this  work.  It  is,  however, 
interesting  to  note  that,  other  things 
^^^  being  the  same,  the  frequency  varies 

Fig.  254.  inversely  as  the  square  of  the  length, 

and  in  the  case  of  rectangular  rods,  directly  as  the  thickness,  or  as  the 
radius  in  cylindrical  rods. 

303.  Tuning-FoPks.— If  we  consider  the  vibrations  of  a  rod,  free 
at  both  ends,  when  sounding  its  fundamental,  so  that  there  are  two 
nodes  in  the  positions  shown  in  {a),  Fig.  255,  and  suppose  that  the  rod 
is  gradually  bent  at  the  middle,  it  is  then  found  that  the  nodes  come 
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nearer  together  as  the  rod  is  bent,  as  shown  at  {b)y  (r),  and  {d)  in  the 
figure.  When  the  two  limbs  are  parallel  the  arrangement  forms  a 
tuning-fork,  and  the  nodes  practically  coincide.  For  convenience  in 
holding  the  fork  a  stem  is  attached 
at  the  middle  point,  and  since  this 
point  is  a  node,  the  vibrations  are 
not  interfered  with  on  this  account. 

The  above  method  of  consider- 
ing the  tuning-fork,  as  derived  from 
a  straight  rod,  shows  how  it  is  that 
the  prongs  vibrate  in  such  a  way 
that  the  ends  alternately  approach 
and  recede  from  one  another,  for  in 
the  straight  rod,  where  there  is  a 
loop  in  the  middle,  the  ends  move 
up  and  down  together,  and  this  con- 
tinues in  the  bent  rod,  although  the  _ 
central  loop  has  now  vanished.  ^*^'  ^^^ 

The  reason  that  tuning-forks  are  of  such  importance  in  sound  is 
that  the  note  given  by  a  properly  proportioned  fork,  when  set  in  vibration 
by  gentle  bowing,  is  practically  a  simple  tone,  for  the  overtones  are 
comparatively  difficult  to  obtain,  and,  when  present,  die  out  very  much 
more  quickly  than  the  fundamental  tone.  The  absolute  frequency  of 
the  tone  given  by  a  fork  depends  on  the  temperature  of  the  fork, 
owing  to  the  expansion  and  the  change  of  the  elasticity  of  the  metal 
of  which  the  fork  is  composed.  In  the  case  of  a  steel  fork,  the  fre- 
quency decreases  by  about  i  in  8943  for  each  degree  Centigrade  rise 
of  temperature. 

Since  tuning-forks  are  almost  exclusively  used  for  standards  of  pitch, 
it  is  of  importance  to  be  able  to  determine  the  pitch  of  a  fork  with 
accuracy. 

One  method  by  which  the  frequency  of  a  fork  can  be  measured  is 
to  tune  a  string,  which  is  stretched  by  a  known  force,  to  unison  with 
the  fork,  and  to  calculate  the  pitch  of  the  note  given  by  the  string  by 
the  formula  given  in  §  300.  This  method  does  not,  however,  admit  of 
any  great  accuracy.  A  better  method  consists  in  attaching  a  fine 
bristle  to  one  prong  of  the  fork,  and  causing  this  bristle  to  trace  a 
wavy  line  on  a  smoked  drum,  which  is  rotated  at  a  fairly  rapid  rate. 
A  small  electro-magnet  works  another  style,  which  traces  a  second 
line  on  the  drum  alongside  that  due  to  the  fork.  The  current  of  the 
electro- magnet  is  made  at  equal  intervals  by  the  pendulum  of  a  stan- 
dard clock,  so  that  the  line  traced  on  the  drum  is  broken,  and  the 
time  interval  between  these  breaks  is  known.  Hence,  by  counting 
the  number  of  vibrations  of  the  fork  which  occur  between  two  given 
time-marks,  the  frequency  of  the  fork  can  be  obtained.  Another  method 
of  considerable  importance  is  that  known  as  the  stroboscopic  disc 
method.  Two  thin  and  light  pieces  of  card  or  metal  foil  c,  D  (Fig.  256), 
are  attached  to  the  prongs  A,  B  of  the  fork.  Each  of  these  cards  is 
perforated  by  a  slit,  and  these  slits  are  so  placed  that,  when  the  prongs 
of  the  fork  are  at  rest,  the  two  slits  are  opposite  each  other,  so  that 
an  eye  placed  at  E  can  see  through.  When  the  fork  is  sounding,  it 
will  only  be  possible  to  see  through  when  the  prongs  are   passing 
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through  their  position  of  rest,  and  hence  an  object  placed  at  F  will 
be  seen  intermittently,  the  inter\'al  between  two  views  being  equal  to 
the  interval  between  two  consecutive  passages  of  the  prongs  through 
their  positions  of  rest,  that  is,  at  intervals  equal  to  half  the  period 


_^ 


i^ 


£^ 


B 
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Fig.  256. 

of  the  fork.  If  the  object  at  F  is  a  disc  on  the  face  of  which  are 
painted  a  number  of  rings  of  equidistant  dots,  as  shown  in  Fig.  257, 
then,  if  this  disc  is  in  rotation,  and,  during  the  time  which  elapses  be- 
tween two  views  through  the  slits,  a  dot  in  any  one  of  the  jings  has 
just  liad  time  to  take  the  position  occupied  by  the  preceding  dot  when 
the  disc  was  seen  before,  this  ring  of  dots  will  appear  at  rest,  for  the 
eye  cannot  distinguish  between  the  different  dots,  and  whenever  it  sees 
the  disc,  the  dots  on  the  ring  considered  are  as  a  whole  in  the  same 
position.     Let  the  velocity  of  rotation  of  the  disc  be  gradually  increased 

till  the  dots  in  one  of  the  rings,  when 
viewed  through  the  slits,  appear  at 
rest,  and  suppose  that  the  angle 
subtended  by  two  adjacent  dots  of 
this  ring  at  the  centre  of  the  disc  is 
^,  so  that  if  there  are  tn  dots  in  the 
ring,  ^=360/;//,  and  that  the  disc 
makes  n  turns  in  a  second,  so  that 
the  time  taken  to  make  one  turn  is 
i/«.  Then  the  time  taken  to  turn 
through  the  angle  6  is  O/^bon  or 
ijvin.  Hence  the  time  taken  by 
the  fork  to  make  half  a  vibration  is 
i/mn,  or  the  frequency  is  vm/2.* 
The  quantity  n  is  obtained  by  count- 
ing the  number  of  turns  made  in  a 
given  time  by  means  of  an  arrange- 
ment similar  to  that  shown  attached 


Fig.  257. 


to  the  syren  in  Fig.  239,  the  speed  of  rotation  being  kept  constant 
during  this  time  by  observing  that  the  ring  of  dots  appears  at  rest 
throughout. 

304.  Lissajous'  Figures.— Since  the  movement  of  the  prong  of  a 
tuning-fork  is  a  simple  harmonic  motion,  it  is  possible  by  means  of  two 
forks   to  illustrate   the  combination  of  two  simple  harmonic  motions 

1  This  result  may  be  obtained  otherwise,  thus :  Each  time  the  disc  is  seen,  each 
dot  has  moved  on  one.  Now  the  number  of  dots  which  pass  any  given  point  in  a 
second  is  nm.  Hence  the  disc  must  be  seen  nm  times  per  second.  But  it  is  seen 
zN  times  per  second,  where  N  is  the  frequency  of  the  fork.     Therefore  2N=nm. 


§304] 


Lissajous*  Figures 


393 


11 


^ 


Fig.  258. 


treated  of  in  sections  53,  54.  If  a  mirror  M  (Fig.  258)  is  attached  to  the 
prong  of  a  fork  A,  and  a  ray  of  hght  is  reflected  from  the  mirror  and 
received  on  a  screen  S,  then,  when 
the  fork  is  set  in  vibration,  instead 
of  getting  a  spot  of  hght  on  the 
screen,  v^^e  shall  get  a  line,  ovi^ing 
to  the  motion  of  the  mirror  and  to 
the  persistence  of  vision.  The  line 
will  be  parallel  to  the  limb  of  the 
fork,  that  is,  in  the  case  shown  in 
the  figure  it  will  be  vertical.  If 
now  the  fork  is  rotated  round  a 
vertical  axis,  a  wavy  curve  will  be 
produced  on  the  screen,  resembling 
a  sine  curve,  for,  owing  to  the  rota- 
tion alone,  we  should  obtain  a  hori- 
zontal straight  line,  so  that  when 
the  fork  is  moving  we  have  to 
compound  a  steady  horizontal  motion  with  a  S.H.M.  in  a  vertical 
direction. 

Next  let  the  ray  of  light,  after  being  reflected  by  the  mirror  attached 
to  the  fork  A,  be  again  reflected  at  a  mirror  attached  to  a  second  fork  B 
(Fig.  259),  this  fork  being  placed  so  that  the  motion  of  its  prongs  takes 
place  in  a  direction  at  right  angles  to  that  of  the  prongs  of  A.  If  A 
alone  vibrated,  the  line  aa'  would  be  produced  on  a  screen  s  ;  while  if  B 
alone  vibrated,  the  line  bb'  would  be  produced.  When  they  both  vibrate 
together,  the  spot  of 
light  will  trace  out 
a  curve  due  to  the 
combination  of  the 
two  motions.  If  the 
frequencies  of  the 
forks  are  in  the  ratio 
of  2  to  3,  the  curve 
will  be  one  of  those 
shown  in  Fig.  40. 
If  one  fork  is  the 
octave  of  the  other, 
the  curve  obtained 
will  be  one  of  those 
shown  in  Fig.  41. 
Which  of  the  forms  ^^_ 
is  obtained  with  any  ^P 
given  ratio  depends 
on  the  relation  be- 
tween the  phases  of 

the  two  forks.  If  the  frequencies  are  exactly  commensurable,  the  form 
of  the  curve  obtained  will  remain  constant.  If,  however,  the  ratio  of 
the  frequencies  is  not  quite  in  the  ratio  of  two  simple  numbers,  say 
they  are  very  nearly  the  octave,  then,  as  shown  in  §  53,  the  curve  will 
gradually  change,  taking  in  turn  all  the  forms  shown  in  Fig.  41. 

The  passage  of  the  curve  through  the  different  forms  belonging  to 
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any  given  ratio  of  the  frequencies,  when  the  forks  are  not  qu'fp^  nrijustpH 
fo  this  ratio.  Is  a  veryaccurate  metnoQ  01  telling  by  how  much  thn  ratio 
of  the  freqUen(!:ies  diners  from  the  correct  ratio,  or  of  adjusting_tbem  so 
as  to~give  the  luhclL  laliu,  for,  as  was  shown  in  §  53,  ai|  the  forms  will 
be  g^one  th'-^'^gh  Jince  while  one  iork  gains  a  vibration  on  the  other. 
Thus  if  m  and  «  +  6  are  the  frequencies  of  the^two  lorks,  wliere  8  is  a 
small  quantity,  so  that  the  figures  obtained  correspond  to  the  ratio 
m  :  rij  the  whole  series  of  curves  corresponding  to  this  ratio  will  be  gone 
through  in  a  time  /,  such  that  /8  is  equal  to  unity.  Hence  if  we  note  / 
we  can  calculate  8,  and  therefore  deduce  the  true  ratio,  m  :  //  +  8,  of  the 
frequencies  of  the  two  forks. 

"^  The  changes  which  take  place  in  the  form  of  Lissajous'  figures  being 
such  an  accurate  method  of  adjusting  the  frequencies  of  two  forks  to 
certain  fixed  ratios,  it  is  of  much  use  in  ad- 
justing the  pitch  of  forks.  Since,  however, 
ordinary  forks  are  not  fitted  with  a  mirror,  and 
the  addition  of  a  mirror  would  alter  the  pitch, 
the  arrangement  described  above  is  not  appli- 
cable. Hence  the  arrangement  shown  in  Fig. 
260,  and  called  a  vibration  microscope,  is  em- 
ployed. A  large  fork  A,  which  is  the  standard 
with  which  the  others  are  to  be  compared, 
carries  attached  to  one  of  its  prongs  a  small 
lens  B.  This  lens  forms  the  objective  of  a  small 
microscope,  C,  the  tube  and  eye-piece  of  which 
are  supported  on  a  separate  stand.  The  fork 
D,  which  is  being  adjusted,  is  placed  so  that 
its  prongs  vibrate  in  a  direction  at  right  angles 
to  those  of  the  standard  A.  If  now  the  micro- 
scope is  focussed  on  a  small  dot  on  the  top 
Fig.  260.  of  one  of  the  prongs  of  the  fork  D,  and  the 

standard  fork  is  alone  sounding,  the  dot  will 
appear  drawn  out  into  a  line  parallel  to  the  line  F,  owing  to  the  to- 
and-fro  motion  of  the  lens  B.  If,  on  the  other  hand,  the  fork  A  is  at  rest, 
and  the  fork  D  is  sounding,  the  dot  will  appear  as  a  line  parallel  to  the 
line  E.  When  both  forks  are  sounding,  the  pattern  traced  out  by  the  dot 
will  be  the  Lissajous'  figure  appropriate  to  the  relative  frequencies  of  the 
forks.  Since  in  this  method  of  obtaining  Lissajous'  figures  no  addition 
has  to  be  made  to  the  fork  which  is  being  tested,  it  can  be  used  for 
adjusting  any  form  of  fork. 

The  pitch  of  a  tuning-fork  is  adjusted  by  filing  the  prongs.  If  some 
of  the  metal  is  filed  away  near  the  extremity  of  the  prongs,  the  pitch  will 
be  raised,  for  the  mass  of  metal  which  swings  backwards  and  foi  wards 
is  thus  decreased.  If  the  filing  is  performed  near  the  stem  the  pitch  is 
lowered,  for  this  decreases  the  stiffness  of  the  prongs,  and  so  reduces  the 
restoring  force  which  acts  when  the  prongs  are  deflected  from  their 
position  of  rest. 

305.  Transverse  Vibrations  of  Plates.— If  a  square  or  circular 
plate  of  brass  or  glass  is  supported  at  its  centre  in  a  horizontal  plane  by 
being  screwed  to  a  vertical  pillar,  and  the  edge  is  bowed  with  a  rosined 
fiddle-bow,  it  will  give  out  a  note.  The  number  of  notes  which  can  be 
obtained  from  any  one  plate  is,  however,  practically  infinite.     By  strew- 
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ing  sand  on  the  upper  surface  the  character  of  the  vibration  can  be 
studied,   since   the  sand   gathers  along  the   nodal  lines,    i.e.    the  lines 
where  the  plate  remains  permanently  at  rest.      Some  of  the  forms  which 
can  thus  be  obtained  are  shown  in 
Fig.  261,   which   are   selected  from 
some  of  those  published  by  Chladni, 
and  the  figures  obtained  in  this  way 
are  called  Chladni's  figures. 

The  form  shown  at  (a:),  Fig.  261, 
is  obtained  by  damping  the  plate, 
by  touching  it  with  the  finger,, at  the 
middle  of  one  of  the  edges,  and 
bowing  at  one  of  the  corners.  To 
obtain  {b)  the  corner  is  damped  and 

the  plate  bowed  in  the  middle  of  an  edge,  and  so  on,  the  bowing  being 
always  performed  at  the  point  half-way  between  two  nodal  lines,  and  the 
damping  taking  place  at  the  nodal  lines. 

Wheatstone  has  given  an  elementary  explanation  of  the  forms  in 
which  a  square  plate  abcd  (Fig.  262)  can  vibrate.  He  first  considers 
the  plate  as  made  up  of  a  number  of  rods  parallel  to  one  side,  AB. 
These  rods  could  vibrate  so  as  to  all  have  their  nodes  along  the  lines 
NjN'i,  NgN'g.  In  the  same  way  the  plate  may  be  considered  as  made  up 
of  rods  parallel  to  AD,  and  these  rods  would  all  vibrate  with  their  nodes 
along  the  lines  MjM'i,  and  MgM'g.  Now  suppose  the  two  movements  to 
go  on  simultaneously,  so  that  the  actual  motion  of  any  portion  of  the 
plate  is  the  algebraical  sum  of  the  movements  due  to  the  two  sets  of  rods. 
Let  us  first  take  the  case  when  the  cen- 
tral segments  of  the  two  sets  of  rods 
are  in  opposite  phase.  Then,  if  we  in- 
dicate that  any  given  part  of  the  plate 
is  above  the  plane  of  the  plate  by  the  i'i| 
symbol  -f,  and  that  it  is  below  by  — , 
we  have  the  two  separate  motions  in- 
dicated at  {a)  and  {Jb\  Fig.  263.  When 
these  two  are  combined  we  get  the  state 
shown  in  {c\  In  the  rectangles  which 
are  shaded  the  two  displacements  assist 

one  another,  while  in  the  unshaded  por-        H      M'  N'    C 

tions   the   upward  displacement    due  to  '  * 

one  set  of  rods  is  neutralised  by  the 
downward  displacement  due  to  the  other 
set.  Hence  the  minimum  displacement  will  take  place  along  the  two 
diagonals  AC,  BD,  a  result  which  agrees  with  the  form  shown  at  {B) 
in  Fig.  261.  If  the  central  portions  of  the  two  sets  of  rods  are  in  the 
same  phase,  then  when  they  exist  simultaneously  the  figure  shown  at 
(/),  Fig.  263,  will  be  produced.  The  nodal  lines  will  therefore  be  the 
square  EFGH.  This  case  corresponds  to  (/)  in  Fig.  261  ;  and  since  the 
centre  of  the  plate  is  in  vibration,  the  plate  is  not  clamped  at  its  centre, 
but  at  a  point  on  the  nodal  line.  It  will  be  seen  that  the  general  form 
of  the  nodal  lines  obtained  by  experiment  agrees  fairly  well  with  the 
form  obtained  by  Wheatstone's  method.  The  slight  differences  between 
the  calculated  and  observed  forms  is  to  be  expected,  since  we  have 
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assumed  that  the  amplitude  of  the  motion  of  the  central  portion  of  the 
rods  and  of  the  extremities  are  equal.  This,  however,  is  not  true,  the 
amplitude  of  the  ends  being  really  considerably  greater  than  that  of 
the  central  segment.  Hence  some  of  the  parts  which  we  have  taken  as 
being  at  rest,  owing  to  the  displacement  of  the  end  segment  of  one  set 
of  rods  neutralising  the  displacement  of  the  central  segment  of  the  other 
set,  will  not  really  be  completely  at  rest. 

In  the  case  of  a  circular  plate,  the  nodal  lines  are  either  radial  lines, 
or  circles,  or  combinations  of  the  twa     The  radial  nodal  lines  are  ob- 
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tained  by  fixing  the  centre  of  the  circular  plate  and  bowing  the  edge, 
while  two  points  on  the  edge  are  damped.  Since  a  nodal  line  always 
represents  the  line  of  separation  between  two  parts  of  tjie  plate  which 
are  vibrating  in  opposite  phases,  there  must  always  be  an  even  number 
of  radial  nodal  lines.  If  there  were  an  odd  number,  then  at  one  line  at 
least  the  plate  on  both  sides  of  the  line  would  be  vibrating  in  the  same 
phase. 

The  circular  nodal  lines  can  be  obtained  by  resting  the  plate  on  three 
points  on  one  of  the  circles,  and  setting  it  into  vibration  by  drawing  a 
rosined  string  through  a  hole  at  the  centre.  They  may  also  be  obtained 
by  fixing  the  plate  by  its  centre  to  the  end  of  a  rod,  and  making  this  rod 
vibrate  longitudinally  (see  §  307). 

If,  instead  of  using  sand  to  show  the  nodal  lines,  a  light  powder,  such 
as  lycopodium,  is  employed,  it  will  collect,  not  along  the  nodal  lines,  but 
at  the  parts  of  maximum  motion.  This  is  due,  as  was  shown  by  Faraday, 
to  the  formation  of  small  vortices  in  the  air  near  the  plate,  just  above  the 
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ventral  segments  or  loops,  these  vortices  sweeping  the  powder  on  to 
the  loops. 

306.  Bells.— In  the  case  of  bells,  as  in  the  case  of  circular  discs,  there 
must  always  be  an  even  number  of  nodal  meridians,  the  portion  of  the 
bell  on  opposite  sides  of  each  meridian  vibrating  in  opposite  phase.    The 

simplest  form  of  vibration  is  that  in  which  . ^ 

there  are  four  nodal  meridians,  Nj,  Ng,  Ng,  and 

N4  (Fig.  264).     Although  the  nodal  meridians 

are  points   of  no    radial    motion,   they  are 

points  of  maximum  tangential  motion.     The 

reason  is  that  when  the  rim  on  one  side  of 

a  node  is  outside  the  mean  position,  the  rim 

at  the  other  side  is  within  the  mean  position, 

and,  as  is  obvious  from  the  figure,  the  length 

of  rim  intercepted  between  adjacent   nodes 

is  greater  when  this  portion  of  the  rim  is 

outside  the  mean  position  than  when  inside 

the  mean  position.      The  result  is   that,  to 

allow  for  this  change  in  the  length  of  rim 

intercepted  between  adjacent  nodes,  a  motion  of  the  rim  in  its  own  plane 

takes  place  at  the  nodes. 

The  overtones  of  a  bell  are  not  the  harmonics  of  the  fundamental,  as 
is  well  shown  by  the  following  table,  which  gives  the  various  tones  of  a 
peal  of  bells  which  were  examined  by  Lord  Rayleigh  : — 


Fig.  264. 


Bell. 

Nominal 
Pitch.  1 

Actual  Pitch  of  Tones  given  by  BclL 

5 
4 
3 

2 
I 

4 
b 

4 

^-3,^^'-4,  «'  +  6,  «'-3,r#-2. 
«+3,  ^#-4,  ^  +  6,  d"f;+20,  g"%-b, 
«S  +  3,  ^  +  6,  ^'S+4,  ^"  +  6,  «"8. 

^'  +  2,  ^  +  2,  A/'Jf  +  4,  ^"tt  +  3. 

An  examination  of  this  table  will  show  how  markedly  inharmonic  are  the 
various  overtones.  The  very  curious  fact  also  appears  that  in  the  case  of 
all  these  bells,  which  are  by  English  founders,  it  is  the  fifth  of  the  above 
tones  that  fixes  the  nominal  pitch  of  the  bell. 

307.  Longitudinal  Vibration  of  Rods  and  Strings.— In  the  case 
of  a  string  or  rod,  in  addition  to  the  transverse  vibrations  already  con- 
sidered, we  may  have  longitudinal  vibrations,  in  which  the  particles  of 
the  string  move  backwards  and  forwards  parallel  to  the  length  of  the 
string. 


1  No  attention  is  here  paid  to  the  question  as  to  the  octave  of  the  nominal  pitch  of 
the  bells. 

"^  g-Z  means  the  frequency  was  three  vibrations  per  second  less  than^. 
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The  frequency  of  the  longitudinal  vibrations  of  a  string  is  independent 
of  the  tension  with  which  the  string  is  stretched.  For  when  a  particle  of 
the  string  is  displaced  from  its  mean  position,  the  force  with  which  it 
tends  to  return  to  its  undisplaced  position  depends  on  the  stress  caused 
by  the  displacetnent  from  this  position,  and  this  stress  is  by  Hooke's  law 
(§  172)  independent  of  any  previously  existent  stress  which  affects  the 
particle  under  consideration  and  the  other  particles  equally.  Thus  the 
velocity  with  which  a  longitudinal  disturbance  travels  in  a  string  is  in- 
dependent of  the  tension,  and  depends  only  on  the  elasticity  and  density 
of  the  material  of  the  string.  When  the  string  is  giving  its  fundamental, 
there  will  be  a  node  at  each  end  and  a  single  loop  in  between,  so  that 
the  wave-length  will  be  equal  to  twice  the  length  of  the  string.  Hence, 
since  v—n\  where  v  is  the  velocity  of  sound  in  the  material  of  the  string, 
n  is  the  frequency  of  the  note  produced,  and  X  is  the  wave-length,  we  get 
v=inl^  where  /is  the  length  of  the  string. 

In  the  case  of  a  rod  clamped  at  the  middle  and  vibrating  longitudi- 
nally, there  must  be  a  node  at  the  centre  where  the  rod  is  held,  and  the 
ends  of  the  rod  must  always  be  loops.  Hence  when  the  rod  is  sounding 
its  fundamental  there  will  be  a  loop  at  either  end,  and  a  single  node, 
namely  that  at  the  centre.  The  wave-length  of  the  sound  in  the  rod  will 
therefore  be  equal  to  twice  the  length  of  the  rod. 

Since,  as  in  the  case  of  the  longitudinal  vibrations  of  a  string,  z/  =  2«/, 
if  we  measure  the  frequency  n  of  the  note  given  by  a  rod  or  string  of 
length  /  when  vibrating  longitudinally,  we  can  immediately  calculate  the 
velocity  of  sound  In  the  material  of  which  the  rod  or  string  is  composed, 
and  it  is  in  this  way  that  the  values  for  the  velocity  of  sound  in  the  solids 
given  in  the  following  table  have  been  obtained. 


Velocity  of  Sound  in  Solids. 


Aluminium 

Brass 

Steel 

Glass j 

Pine  (along  the  fibre)  .... 


Metres/Sec. 


Feet/Sec 


5104 

16740 

3500 

II 480 

4990 

16360 

5000 

I64IO 

to 

to 

6000 

19690 

3320 

10900 

We  may  also  calculate  the  velocity  of  sound  in  a  string  or  rod,  and 
thus  also  calculate  the  pitch  of  the  note  given  by  such  rod  or  string  when 
vibrating  longitudinally,  for  the  waves  concerned  are  of  the  type  con- 
sidered in  §  281,  and  it  was  there  shown  that  the  velocity  of  such  a  wave 
is  given  by 
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where  E  is  the  elasticity  (Young's  modulus  (§  172)  in  this  case)  and  p  is 
the  density.     Hence,  since 


we  have 


In  the  case  of  brass,  Young's  modulus  has  the  value  i.i  x  lo^^,  and  the 
density  is  8.7.     Hence  the  velocity  of  sound  in  brass  is 


^=  y'^8.y ^''=355600  cm./sec., 


in 


& 


A^ 
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Fig.  265. 


a  number  which  agrees  with  that  obtained  by  experiment. 

In  the  case  of  a  rod  clamped  in  the  middle,  the  first  overtone  is  pro- 
duced by  a  mode  of  vibration  in  which  there  are  three  nodes,  one  of  them 
being,  of  course,  at  the  middle.  The  pitch  of  the  note  given  is  nearly 
three  times  that  of  the  fundamental 
note.  The  next  overtone  contains  five 
nodes,  and  the  pitch  corresponds  to 
nearly  five  times  that  of  the  funda- 
mental, and  so  on.  If  a  rod  is  held 
with  one  end  fixed  and  the  other  end 
free,  there  must  be  a  node  at  the 
fixed  end  and  a  loop  at  the  free  end. 
Hence  the  wave-length  of  the  funda- 
mental, when  such  a  rod  is  vibrating 
longitudinally,  will  be  equal  to  four 
times  the  length  of  the  rod,  a  result 
which  follows  immediately  from  the  case  of  a  rod  clamped  at  the 
middle,  for  this  latter  may  be  regarded  as  made  up  of  two  rods 
clamped  at  one  end.  The  positions  of  the  nodes  for  the  fundamental 
and  the  first  two  overtones  are  shown  in  Fig.  265,  from  which  it  will  be 
immediately  seen  that  the  frequencies  are  as  i  :  3  :  5. 

308.  Torsional  Vibrations.— When  a  rod  is  clamped  at  one  end, 
and  the  side  is  bowed  transversely  with  a  rosined  bow,  a  very  high  note 
can  be  obtained.  The  vibrations  in  this  case  consist  of  an  alternate 
twisting  and  untwisting  of  the  rod,  and  are  called  torsional  vibrations. 
If  the  solid  is  in  the  form  of  a  rect- 
angular bar,  and  one  face  is  held 
horizontal,  by  strewing  sand  on  this 
face  and  bowing  the  edge  of  the  rod 
it  can  be  set  in  torsional  as  well  as 
transverse  vibrations,  and  the  posi- 
tions of  the  nodal  lines  will  be  shown 
by  the  sand. 

The  character  of  the  nodal  lines  thus  obtained  is  shown  in  Fig.  266. 
If  the  vibrations  were  simply  transverse,  the  nodal  lines  would  be  at 
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right  angles  to  the  edge.  Owing,  however,  to  the  production  of  torsional 
vibrations,  in  addition  to  the  transverse  vibrations,  when  the  bar  is  bowed 
at  A  and  damped  at  B  and  b',  the  nodal  lines  are  inclined,  as  shown  in 
the  figure. 

309.  Vibratingr  Columns  of  Gas.— The  column  of  gas,  say  air, 
enclosed  in  a  tube  can  be  caused  to  vibrate  longitudinally  in  a  manner 
strictly  analogous  to  that  of  the  longitudinal  vibrations  of  rods.  Two 
cases  have  to  be  considered,  namely,  that  in  which  the  tube  is  open  at 
both  ends,  and  that  in  which  the  tube  is  closed  at  one  end. 

In  the  case  of  vibrating  columns  of  air,  at  the  nodes,  which  are  points 
where  the  air  particles  are  at  rest,  there  will  be  maximum  change  of 
pressure,  for  the  particles  will  alternately  be  crowded  together  and 
1^.  separated    at     these     points. 

N L     The  loops,  on  the  other  hand, 

will  be  places  of  maximum 
motion,  but  of  minimum 
change  of  density  and  pres- 
sure. 

In  the  case  of  a  closed 
pipe,  there  can  be  no  motion 
of  the  air  particles  which  are 
in  immediate  contact  with 
the  closed  end,  so  that  the 
closed  end  must  always  be 
a  node.  At  the  open  end, 
w  where   the   air  column    com- 

FiG.  267.  municates   with   the   external 

air,  the  changes  of  density  can 
only  be  very  small,  so  that  the  open  end  may  for  the  present,  at  any  rate, 
be  regarded  as  a  loop.  Hence  the  fundamental  is  produced  when  the 
air  column  vibrates,  as  at  (a),  Fig.  267.  The  wave-length  will  be  equal 
to  four  times  the  length  of  the  pipe,  for  it  is  always  equal  to  four  times 
the  distance  between  a  node  and  the  adjacent  loop.  The  first  overtone 
is  produced  when  there  is  one  node  besides  that  at  the  closed  end,  as 
shown  at  {b)y  while  the  second  overtone  is  produced  when  there  are  two  ' 
additional  nodes,  as  at  {c).  The  air  particles  on  the  two  sides  of  a  node 
are  always  moving  in  opposite  directions,  and  when  a  condensation  is 
taking  place  at  one  node,  a  rarefaction  is  taking  place  at  the  adjacent 
nodes.  The  wave-length  at  {b)  is  equal  to  twice  the  distance  between 
consecutive  nodes,  that  is,  is  equal  to  f /,  where  /  is  the  length  of  the 
pipe.  Thus  the  wave-lengths  of  the  fundamental  and  of  the  overtones 
of  a  closed  pipe  are — 

Since  the  velocity  of  sound  in  the  air  is  the  same  in  all  cases,  and  v=«X, 
the  frequencies  of  the  fundamental  and  of  the  overtones  are  inversely 
proportional  to  the  wave-lengths,  so  that,  if  the  frequency  of  the  funda- 
mental is  taken  as  unity,  the  frequencies  of  the  fundamental  and  of 


r 

N 

(a) 
L             N 

L 

1 

^ 

N 

0) 
L       N         L 

N       L 

E 

.           ''              I 

I         ^ 

§309] 


Vibrating  Columns  of  Gas 


401 


-< 

-* 

i 

^ 

L          N 

N         L 

-« ! 

;      ^ 

L       N 

L 

(b) 
N 

L 

N       L 

ZT  i    ^ 

; 

_         I    ^ 

(c) 

Fig.  268. 


Hence  the 


the  overtones  are  i,  3,  5,  7,  &c.     In  this  case,  therefore,  only  the  odd 
harmonics  of  the  fundamental  are  present  in  the  overtones. 

In    the    case    of    a    pipe 
open     at     both     ends,     there    L_  N  L 

must  be  a  loop  at  each  end, 
and  the  fundamental  is  given, 
when  there  is  a  single  node 
produced  at  the  middle,  as  L 
shown  at  {a),  Fig.  268.  In 
this  case  the  wave-length  is 
equal  to  twice  the  length  of 
the  pipe.  The  modes  of  vibra- 
tion corresponding  to  the  first 
two  overtones  are  shown  at  {b) 
and  {c).  It  will  be  seen  that 
the  wave-lengths  of  the  funda- 
mental and  overtones  are  equal 

to  2/,  — ,   — ,   — ,  &c.,  or  in  the  ratio  of  i  :  J  :  ^  :  J  : 

frequencies  are  in  the  ratio  of 

1:2:3:4:     .     .     . 

So  that  in  the  case  of  an  open  pipe  all  the  harmonics  of  the  fundamental 
are  produced  by  the  overtones. 

The  positions  of  the  nodes  and  loops  in  vibrating  columns  of  air  can 
be  investigated  by  means  of  an  arrangement  devised  by  Koenig,  and 
called  a  manometric  capsule  or  manometric  flame. 

A  hole  is  made  in  the  side  of  the  pipe  ab  (Fig.  269),  and  over  this 
hole  is  stretched  a  thin  india-rubber  membrane  c. 
wooden,  capsule  D  covers  the  membrane, 
leaving  a  small  enclosed  space  G.  Ordinary 
coal  gas  is  supplied  through  the  tube  E, 
and  escapes  through  F,  where  it  is  lighted. 
If  the  pressure  within  the  pipe  alters,  the 
membrane  C  will  be  forced  in  and  out, 
causing  the  pressure  in  G  to  vary  also. 
The  results  of  the  variation  of  the  pressure 
of  the  gas  in  G  will  be  to  cause  the  size  of  the 
flame  to  vary,  when  the  pressure  in  G  is  in- 
creased the  size  of  the  flame  increases,  while 
when  the  pressure  in  G  decreases,  so  also  does 
the  size  of  the  flame.  Since  the  variations  in  the 
pressure  inside  the  sounding-pipe  occur  with  great  rapidity,  the  changes 
in  size  of  the  flame  cannot  be  observed  when  the  flame  is  looked  at 
directly,  on  account  of  the  persistence  of  vision,  for  the  images  of  the 
small  and  large  flames  made  on  the  retina  overlap.  In  order  to  overcome 
this  difficulty,  the  flame,  instead  of  being  observed  directly,  is  looked  at 
by  reflection  in  a  mirror,  shown  in  Fig.  270,  which  can  be  rotated  about 
a  vertical  axis,  so  that  the  images  of  the  flame  are  no  longer  superposed. 
If  the  hole  in  the  side  of  the  pipe  coincides  with  a  loop,  then  there  will 
be  no  variations  in  pressure,  and  hence  the  manometric  flame  will  not 

2  C 


I 


402 


Sound 


[§309 


vary  in  size,  and  when  viewed  in  the  rotating  mirror  will  show  as  a  con- 
tinuous band  of  light.  If,  however,  the 
hole  is  at  a  node,  the  flame,  when 
viewed  in  the  rotating  mirror,  will  ap- 
pear broken  up  into  a  serrated  band, 
as  shown  in  Fig.  271. 

We  have  in  the  above  discussion 
supposed  that  a  loop  was  fonned  ex- 
actly at  the  open  end  of  a  pipe. 
This,  however,  is  not  accurate,  for  it 
is  only  at  a  little  distance  beyond  the 
end  of  the  pipe  that  no  changes  in 
density  occur.  If  there  is  a  flange 
at  the  open  end  of  the  pipe,  as  shown 
in  Fig.  272,  the  loop  occurs  at  a  dis- 
tance of  0.82  R  outside  the  end  of  the 
pipe,  where  R  is  the  radius  of  the 
pipe.  If  there  is  no  flange,  the  loop 
IS  at  a  distance  of  0.57  R  from  the 
Fig.  270.  ^^^     Hence  the  distance  between  the 

open  end  of  a  pipe  and  the  nearest  node  is  always  less  than  half  the  dis- 


I'lG.  271. 
{From  CatuTt  "PJtysict.') 


tance  between  any  two  consecutive  nodes,  or  less  than  X/4  where  X  is 
the  wave-length  of  the  note  given  by  the  pipe. 
The  efiect  of  this  correction  for  the  open  end 
is  virtually  to  lengthen  the  pipe,  but  this  will 
not  alter  the  relative  pitches  of  the  overtones.. 
Since,  however,  the  correction  for  an  open  pipe 
will  have  to  be  applied  at  both  ends,  its 
virtual  length  will  be  /+2a,  where  a  is  the 
correction  for  the  end,  and  the  wave-length  of 
the  note  emitted  will  be  2(/+2a),  while  the 
virtual  length  of  a  closed  pipe  of  length  /  will 
be  /-ha,  and  the  wave-length  of  the  note 
emitted  will  be  4(/4-tt).  Hence  the  interval 
between  the  notes  given  by  an  open  and  a  closed 


Fig.  272. 
pipe  of  the  same  length  (/)  will  be 
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and  this  is  less  than  2.  Thus  the  open  pipe,  instead  of  giving  the  octave 
of  the  note  given  by  the  closed  pipe,  as  the  elementary  discussion  pre- 
viously given  would  lead  us  to  expect,  gives  a  note  somewhat  lower  than 
the  octave. 

310.  Organ  Pipes.— The  most  familiar  example  of  the  vibration  of 
columns  of  air  occurs  in  the  case  of  organ-pipes.  An  organ-pipe  consists 
of  two  parts  :  (i)  a  tube  enclosing  a  column  of  air  which  is  set  in  vibra- 
tion, and.  which  governs  the  pitch  of  the  note  emitted  ;  and  (2)  an 
arrangement  for  setting  this  column  of  air  into  vibration  and  maintaining 
the  vibrations  when  started.  There  are  two  distinct  ways  in  which  the 
vibrations  of  the  air  columns  are  started  and  maintained.  In  one  of 
these  air  is  forced  through  the  channel  A,  Fig.  273  {a),  and  the  stream  of 
air  strikes  against  the  bevelled  lip  B  of  the 
pipe.  The  stream  of  air  striking  this  edge  sets 
up  vibrations  in  the  air  contained  within  the 
body  of  the  pipe,  in  the  same  way  that  vibra- 
tions can  be  set  up  in  the  air  contained  in 
the  barrel  of  a  key  by  blowing  across  the 
top. 

In  the  other  method  the  air  is  set  in  vibra- 
tion by  means  of  the  transverse  vibration  of  a 
thin  plate  of  metal,  c,  Fig.  273  {b\  called  a 
reed,  which  is  fixed  at  one  end,  and  nearly 
fills  the  aperture  leading  from  a  box,  D,  to  the 
pipe  E.  If  air  is  forced  into  D  it  will,  in  escap- 
ing, set  the  plate  C  in  vibration,  and  the  reed 
in  its  motion  alternately  closes  and  opens  the 
passage  from  the  box  D.  It  is  the  impulses 
derived  from  this  intermittent  supply  of  air  which 
sets  the  column  of  air  in  the  pipe  into  vibra- 
tion. 

Open  organ-pipes  are  tuned  by  reducing  the 
size  of  the  open  end  by  bending  a  sheet  of  metal 

so  that  it  covers  the  opening  more  or  less.  The  smaller  the  opening, 
the  lower  is  the  note  given.  Closed  pipes  are  tuned  by  forcing  in  more 
or  less  the  plug  which  constitutes  the  closed  end,  and  thus  altering  the 
length  of  the  pipe. 

If  the  pipe  is  not  very  narrow,  the  note  given  when  it  is  blown  gently 
is  very  nearly  a  pure  tone.  If,  however,  the  pipe  is  narrow  or  the  wind 
pressure  is  great,  the  pipe  will  give  a  note  in  which  the  first  overtone  is 
very  marked.  When  very  strongly  blown,  the  first  and  second  overtones 
are  so  strong  as  to  completely  drown  the  fundamental,  which  is  very 
weak. 

The  clarionet  consists  essentially  of  an  open  reed  pipe,  the  length  of 
which  can  be  altered  by  opening  and  shutting  various  valves.  The  note 
given  is  very  rich  in  overtones,  and  it  is  owing  to  the  presence  of  these 
overtones  that  this  instrument  owes  its  characteristic  sound. 

In  the  cornet  and  horn  there  is  no  reed  attached  to  the  instrument, 
but  the  lips  of  the  performer  vibrate  and  perform  the  functions  of  a 
reed.  In  the  cornet,  the  length  of  the  tube  can  be  altered  at  will, 
and  thus  the  different  notes  can  be  obtained.     In  the  horn  and  bugle 
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the  length  of  the  tube  remains  constant,  but  the  performer  alters  the 
manner  in  which  his  lips  vibrate  so  as  to  make  the  pipe  give  its  dif- 
ferent overtones,  so  that  in  these  instruments  all  the  possible  notes 
that  can  be  obtained  are  the  overtones  of  the  fundamental  note  which 
the  pipe  will  give. 


CHAPTER   VI 

SUPPLY  OF  ENERGY   TO   A    SOUNDING  BODY- 
RESONANCE 


311.  Vibrations  Maintained  by  Heat. — In  the  case  of  organ-pipes, 

which  are  the  only  sources  of  sound  which  we  have  considered  which 
are  capable  of  giving  a  maintained  note,  the  energy  necessary  to  main- 
tain the  vibrations,  and  make  up  for  the  energy  which  is  radiated  as 
sound-waves,  is  supplied  by  the  blast  of  air  used  to  make  the  pipe 
"  speak."  We  have  now  to  consider  other  methods  by  which  the  energy 
which  is  communicated  to  the  air  as  sound-waves  by  a  sounding  body 
can  be  supplied.  In  the  case  of  a  tuning-fork,  say,  the  energy  necessary 
to  supply  the  sound-waves  is  derived  from  the  loss  of  energy  of  motion  of 
the  prongs,  so  that  the  sound  gradually  dies  out.  In  some  cases,  how- 
ever, the  necessary  energy  is  supplied  in  the  form  of  heat.  The  most 
familiar  case  of  sound  being  produced  by  heat  is  Trevelyan's  rocker. 
This  instrument  consists  of  a  piece  of  copper  or  iron,  the  cross  section  of 
which  is  shown  at  CD  (Fig.  274),  which  is  heated  and  then  rested  on  a 
block  of  lead,  AB.  In  these  circumstances 
the  rocker  gives  out  a  musical  note.  The 
cause  of  the  vibrations  is  the  expansion  of 
the  lead  owing  to  the  heat  conducted  from 
the  rocker.  Suppose  the  rocker  to  be 
resting  on  the  edge  C  more  heavily  than 
on  D,  the  result  will  be  that  heat  will  flow 
more  rapidly  into  the  lead  at  c  than  at  D. 
This  heat  will  cause  the  lead  to  expand  immediately  under  the  edge  c, 
and  this  expansion  will  tilt  the  rocker  over  on  to  the  other  edge.  The 
conduction  of  heat  will  now  be  greater  at  the  edge  D,  so  that  the  lead 
will  now  expand  under  it  and  cause  the  rocker  to  tilt  back  on  to  the  first 
edge,  when  the  whole  process  will  be  repeated.  Thus  the  rocker  is  set 
in  vibration  and  gives  out  a  note,  the  energy  being  supplied  by  the  heat 
of  the  rocker  ;  in  fact  the  arrangement  forms  a  heat  engine  in  which  the 
rocker  is  the  source  and  the  lead  block  the  sink,  and  some  of  the  heat 
of  the  source  is  converted  into  energy  of  motion,  while  at  the  same  time 
a  portion  of  the  heat  passes  from  a  higher  to  a  lower  temperature,  that 
is,  passes  to  the  sink. 

If  a  jet  of  hydrogen  gas  be  placed  within  a  vertical  tube  open  at  both 
ends,  then  in  general  a  loud  note  will  be  produced,  which  will  continue  as 
long  as  the  gas  jet  remains  alight.  The  same  phenomenon  is  exhibited 
by  burning  jets  of  other  combustible  gases,  but  to  a  less  marked  degree. 
If  the  flame  is  observed  by  means  of  a  rotating  mirror,  similar  to  that 
used  in  connection  with  manometric  flames,  it  will  be  seen  that  the  flame 
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is  in  vibration.  By  using  the  stroboscopic  method  of  observing  the 
flame,  Topler  was  able  to  show  that  in  many  cases  at  one  time  during 
each  vibration  the  flame  retires  inside  the  jet  through  which  the  gas  is 
supplied.  It  is  also  found  that  the  length  of  the  gas  supply-tube  bears  an 
important  part  in  the  phenomenon.  If  the  supply-tube  near  the  jet  is 
lightly  plugged  with  cotton-wool  the  gas  flame,  although  it  appears  just  as 
usual,  is  incapable  of  producing  vibrations,  while  the  notes  which  can  be 
obtained  with  any  given  flame  depend  on  the  length  of  the  supply-tube 
and  on  the  nature  of  the  gas.  These  observations  indicate  that  stationary 
waves  are  set  up  in  the  supply-tube.  The  effect  of  these  vibrations  in 
the  supply-tube  is  that  the  emission  of  the  gas,  instead  of  being  uniform, 
is  intermittent,  so  that  the  size  of  the  flame,  and  hence  also  the  supply  of 
heat  to  the  air  contained  in  the  tube  which  surrounds  the  flame,  is  mter- 
mittent.  Now  when  a  column  of  air  is  in  vibration  and  heat  is  supplied 
to  the  air  at  the  moment  of  greatest  condensation,  this  supply  of  heat  will 
increase  the  force  with  which  the  gas  tends  to  expand,  i.e.  to  regain  its 
normal  condition  of  pressure.  The  effect  of  this  will  be  similar  to  that 
produced  when  a  pendulum  is  struck  a  blow  at  the  end  of  its  swing 
tending  to  drive  it  back  towards  its  position  of  rest,  namely,  it  will  tend 
to  increase  the  amplitude  of  the  vibrations.  If,  on  the  other  hand,  the 
supply  of  heat  takes  place  when  the  air  is  at  its  greatest  rarefaction,  this 
will  tend  to  resist  the  return  of  the  air  to  its  condition  of  rest,  and 
will  therefore  tend  to  check  the  vibrations.  Just  as  in  the  case  of  the 
pendulum,  if  it  is  struck  a  blow  tending  to  check  its  motion  as  it  is 
passing  through  its  position  of  rest,  the  amplitude  will  decrease.  Hence, 
if  the  periodic  increase  in  the  size  of  the  flame  always  occurs  at  the 
instant  when  the  air,  in  that  portion  of  the  tube  near  the  flame,  is,  owing 
to  the  natural  vibrations  of  the  column  of  air  in  the  tube,  at  its  maximum 
condensation,  the  amplitude  of  the  vibrations  will  be  increased  or  at  any 
rate  maintained.  If,  however,  the  increase  in  size  of  the  flame  occurs 
sometimes  at  the  instant  of  maximum  condensation  and  sometimes  at 
that  of  maximum  rarefaction,  that  is,  if  the  natural  periods  of  the  column 
of  gas  in  the  supply-tube  and  of  the  column  of  air  in  the  tube  are  not 
commensurate,  the  heat  will  sometimes  assist  the  vibrations  and  some- 
times oppose.  Hence,  under  these  conditions,  the  vibrations  of  the  air 
in  the  tube  will  not  on  the  whole  be  maintained  by  the  heat,  and  so  will 
die  out.  It  will  thus  be  evident  why  it  is  necessary  that  the  length  of  the 
supply-tube  and  the  position  of  the  flame  should  bear  definite  relations  to 
the  length  of  the  tube  in  order  that  a  sound  may  be  produced.  When  a 
plug  of  cotton-wool  is  placed  in  the  supply-tube  vibrations  can  no  longer 
take  place  in  the  gas  contained  in  the  tube,  and  so  the  variations  in  the 
size  of  the  flame,  which  are  necessary  if  the  vibrations  in  the  air  column 
are  to  be  kept  up,  are  not  produced. 

812*.  The  Energ'y  of  a  Vibpating"  String".— When  a  string  is 
vibrating  transversely,  it  possesses  energy  due  to  its  condition.  When 
it  is  at  its  maximum  elongation  on  either  side  of  its  position  of  rest,  it  is 
momentarily  at  rest,  and  so  its  energy  is  entirely  potential,  that  is,  is 
stored  up  owing  to  the  deformation  of  the  string.  When  the  string  is 
passing  through  its  position  of  rest,  its  energy  is  entirely  kinetic. 

Let  the  mass  of  unit  length  of  the  string  be  ;//,  then  as  the  string 
vibrates  each  unit  of  length  will  vibrate  backwards  and  forwards  in  a 
simple  harmonic  motion.     Let  the  amplitude  of  the  vibrations  executed 
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by  an  element  of  the  string  of  unit  length,  and  therefore  of  mass  w,  be 
«!,  and  let  its  displacement  from  its  position  of  rest  at  a  given  instant 
be  X.  Then,  as  shown  in  §  51,  the  velocity  with  which  the  element  is 
moving  is —  

where  n  is  the  frequency  of  the  vibrations  executed  by  the  string. 
Hence  the  kinetic  energy  of  the  element  is 

iTT^nhnic^  —  x^\ 

Now  the  acceleration  with  which  the  element  is  moving  when  its 
displacement  is  x  is 

hence  the  force  acting  to  produce  this  acceleration  is  equal  to  the  product 
of  the  mass  into  the  acceleration,  or 

df-K^nhnx, 

This  is  the  force  of  restitution  when  the  displacement  is  Jtr,  and  we 
see  that  it  is  proportional  to  the  dis- 
placement X.  Hence  if  we  draw  a 
line,  OP  (Fig.  275)  to  represent  the 
connection  between  the  displacement 
and  the  force  of  restitution,  it  will  be 
a  straight  line  passing  through  the 
origin,  for  when  the  displacement  is 
zero,  so  is  the  force  of  restitution. 

If  NP  represents  the  force  of  resti- 
tution when  the  displacement  is  ;r,  the 
work  which  has  been  done  against  the 
force  of  restitution  to  displace  the 
element  to  x  is  equal  to  the  area  of 
the  triangle  OPN  (§  77).  Hence,  as  the 
potential  energy  when  the  displace- 
ment is  X  is  equal  to  the  work  done  in  displacing  the  element  to  x  from 
its  position  of  rest,  the  potential  energy  is 

^x.'HP, 

But  NP  is  the  force  of  restitution  when  the  displacement  is  jr,  so  that  the 
potential  energy  is 

T.Tz'^n^fnx'^, 

Hence  the  total  energy,  both  potential  and  kinetic,  of  the  element  when 
the  displacement  is  x  is  given  by 

'2Tr^n^m{a^  —  :i^)  +  T.-K^n^m:}^ 

Since  this  expression  for  the  total  energy  does  not  involve  the  displace- 
ment X,  we  see  that  the  total  energy  remains  constant  throughout  the 


DISPLACEMENT 

Fig.  275. 


408  Sound  [§313 

vibration,  as  of  course  it  must,  and  we  simply  have  changes  from  the 
potential  to  the  kinetic  form,  and  vice  versa^  during  the  motion. 

To  find  the  total  energy  of  the  whole  string  we  have  to  add  together 
the  energy  due  to  all  the  elements,  so  that  the  total  energy  is 

227r^«*wa*, 

where  the  amplitude  a  varies  from  element  to  element. 

To  proceed  any  further  we  must  make  some  assumption  as  to  the 
relation  between  the  amplitudes  of  the  different  parts  of  the  string.  If/ 
is  the  length  of  the  string  and  A  is  the  amplitude  at  the  centre,  then,  if 
the  string  is  vibrating  in  its  fundamental  form,  we  may  represent  the 
amplitude  of  a  point  at  a  distance  ^from  one  end  by  the  expression 

a  =  A  sin  -ndlL 

When  d=o  or  ^/=/,  that  is,  at  the  ends,  a  is  zero,  for  sin  o  and  sin  tp  are 
both  zero.  When  d=ll2,  that  is,  at  the  middle  of  the  string,  a  — Ay  for 
sin  7r/2  =  I.  Hence  the  expression  does  give  us  the  correct  values  of  the 
amplitude  at  the  ends  and  the  centre.  Substituting  this  expression  for 
«,  we  get  the  total  energy  equal  to 

'L2Tr^nhnA^  sin  V^//, 
or  2r*n-mA^Z  sin  *-^//. 

Now  the  expression  sin  hrdji  does  not  involve  the  amplitude  with  which 
the  string  is  vibrating,  neither  does  the  expression  itr^n^tn.  Hence  the 
total  energy  of  a  vibrating  string  is  proportional  to  the  square  of  the 
amplitude  A  with  which  the  centre  is  vibrating. 

Now  the  only  scientific  method  of  measuring  the  intensity  of  the 
vibrations  of  a  body  is  to  consider  the  energy  which  the  body  possesses 
on  account  of  these  vibrations.  Hence  we  see  that  the  intensity  of  the 
vibrations  of  a  string  are  proportional  to  the  square  of  the  amplitude  of 
the  vibrations. 

By  a  similar  line  of  argument  it  can  be  shown  that  in  the  case  of  all 
vibrations  the  energy  is  proportional  to  the  square  of  the  amplitude. 
Hence  the  intensity  of  all  vibrations  is  proportional  to  the  square  of  the 
amplitude. 

313.  Decrease  of  the  Amplitude  of  Waves  with  Increase  of 
Distance  from  the  Source. — Suppose  we  have  a  centre  of  disturbance 
A  within  an  isotropic  medium,  so  that  the  wave-fronts  are  spheres  with 
A  as  centre.  Let  A'j  be  the  radius  of  one  of  the  spherical  wave-fronts, 
and  let  the  amplitude  of  the  waves  as  they  cross  the  surface  of  this 
sphere  be  A^.  Similarly  let  A^  be  the  amplitude  of  the  waves  when  they 
reach  a  sphere  of  radius  A'g.  Now  if  we  consider  a  thin  shell  of  radius 
A\  and  thickness  x^  the  energy  due  to  the  waves  contained  in  this  shell 
is  proportional  to  the  volume  of  the  shell  and  to  the  square  of  the  ampli- 
tude.    Thus  the  energy  is  equal  to 

^ttR^x.A^.K, 
where  AT  is  a  constant 
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Now  the  waves  travel  out  carrying  their  energy  with  them,  and  when 
they  reach  the  sphere  of  radius  /v'2  the  energy  contained  in  a  shell  of 
thickness  x  will  be 

Now  the  waves  which  occupy  this  new  shell  are  the  same  that  some  time 
previously  occupied  the  shell  of  radius  A'j,  and  so  the  energy  contained 
within  the  new  shell  must  be  equal  to  that  which  was  contained  within 
the  old.  We  are  here,  of  course,  supposing  that  the  waves  can  travel 
through  the  medium  without  any  of  the  energy  being  dissipated  as  heat, 
&c.,  communicated  to  the  medium.  Hence,  equating  the  energy  con- 
tained within  the  two  shells,  we  get 

or  AJA^^RJR^. 

That  is,  the  amplitude  decreases  as  the  distance  from  the  centre  of 
disturbance.  The  intensity  of  the  wave-motion  being  proportional  to 
the  square  of  the  amplitude,  it  follows  that  the  intensity  decreases  as  the 
square  of  the  distance  from  the  centre  of  disturbance. 

This  result  is,  of  course,  applicable  to  the  case  of  sound-waves,  so  that 
the  intensity  of  a  sound  varies  inversely  as  the  square  of  the  distance 
from  the  sounding  body.  This  only  applies  if  the  sound-waves  are  pro- 
pagated in  free  air,  so  that  the  wave-fronts  are  spheres.  If  the  sound 
is  propagated  along  the  air  contained  within  a  tube,  the  cross  section 
of  the  wave-fronts  at  all  distances  from  the  source  remains  the  same, 
and  hence  the  decrease  in  amplitude  is  only  due  to  heat  produced  by 
friction  of  the  moving  air  against  the  sides  of  the  tube,  and  such  like 
causes. 

314.  Damping". — When  a  vibrating  body  produces  a  sound,  the 
energy  of  the  sound-waves  which  travel  out  from  the  body  is  derived 
from  the  energy  of  vibration  of  the  body  ;  also  a  certain  amount  of  the 
energy  is  converted  into  heat  on  account  of  viscosity  of  the  particles  of 
the  body  and  friction.  This  loss  of  energy  causes  a  gradual  decrease  in 
the  amplitude  of  the  vibrating  body,  unless  energy  is  supplied  to  the 
body  from  some  external  source.  If  the  loss  of  energy  is  rapid,  so  that 
the  amplitude  of  the  vibrations  decreases  rapidly,  the  vibrations  are  said 
to  be  damped.  The  extent  of  the  damping  is  measured  by  the  ratio  of 
the  amplitude  of  one  vibration  to  that  of  the  succeeding  one.  Thus,  if 
A^  and  A^  are  the  ampHtudes  of  successive  vibrations,  the  ratio  AJA^ 
measures  the  damping.  In  general  this  ratio  is  constant,  so  that  the 
difference  between  the  logarithms  of  the  amplitudes  of  successive  vibra- 
tions is  also  constant.     For  if 

yi  1/^2  =  constant, 
log  /4i  — log  ^2  =  log  (constant). 

Thus  the  difference  between  the  logarithms  of  successive  amplitudes 
measures  the  damping  of  the  vibrations,  and  is  called  the  logarithmic 
decrement. 
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315.  Forced  and  Free  Vibrations.— Suppose  we  have  a  pendulum 
of  which  the  period  is  one  second,  and  that  starting  with  the  pendulum 
at  rest  we  act  upon  it  with  a  force  which  has  a  period  of  1.05  seconds. 
Let  us  for  simplicity  suppose  that  what  happens  is  that  the  pendulum  is 
struck  a  number  of  small  blows,  the  period  of  the  blows  being  1.05. 
The  result  of  the  first  blow  is  to  start  the  pendulum  swinging.  At  the 
next  blow  the  pendulum  will  have  made  a  little  more  than  one  complete 
vibration,  but  the  blow  will  act  in  the  direction  in  which  it  is  moving, 
and  so  will  increase  the  amplitude.  At  the  fifth  blow  the  pendulum  will 
have  completed  5^  vibrations,  and  so  will  be  at  its  extreme  position.  At 
the  sixth  blow  the  pendulum  will  be  moving  in  the  opposite  direction  to 
the  force,  and  hence  the  blow  tends  to  check  the  motion.  At  the  tenth 
blow  the  pendulum  will  simply  be  brought  to  rest  again.  With  the 
succeeding  blows  the  whole  operation  will  be  repeated.  Suppose  now 
that  the  period  of  the  blows  is  gradually  reduced.  As  a  result,  the 
number  of  blows  which  are  struck  before  they  begin  to  decrease  the 
amplitude  gets  greater,  and  hence  the  maximum  amplitude  attained 
increases.  When  the  period  of  the  blows  is  one  second,  then  the 
pendulum  vf'xW  ahvays  be  moving  through  its  position  of  rest  in  the 
direction  in  which  the  force  acts  at  the  instant  when  the  blow  is  struck, 
and  so  the  blows  will  always  tend  to  increase  the  amplitude  of  the 
vibrations. 

From  the  above  illustration  it  will  be  evident  why  it  is  that  when  the 
period  of  a  periodic  force  is  the  same  as  the  natural  period  of  the  body 
on  which  it  acts,  then  the  vibrations  set  up  in  this  body  by  the  force  are 
very  much  more  energetic  than  if  the  period  of  the  force  has  any  other 
value. 

In  the  above  discussion  we  have  supposed  that  the  blows  had  no 
effect  on  the  period  of  the  pendulum.  This  is  not,  however,  quite  correct, 
as  unless  the  blows  are  struck  while  the  pendulum  is  passing  through  its 
position  of  rest,  the  period  will  be  affected.  For  suppose  a  blow  is 
struck  the  pendulum  when  it  is  at  its  extreme  elongation  so  as  to  tend 
to  increase  the  elongation,  the  effect  will  be  to  delay  the  return  swing  of 
the  pendulum,  and  thus  increase  its  period. 

From  the  above  discussion,  when  the  force  is  supposed  to  be  inter- 
mittent, it  will  be  clear  how,  when  the  force  is  periodic,  that  is,  alternates 
in  direction  as  well  as  changes  in  magnitude,  a  body  may  be  set  in 
periodic  motion  by  the  force.  There  are  two  cases  to  be  considered. 
In  the  first  place,  if  the  natural  period  in  which  the  body  would  vibrate, 
if  it  were  displaced  and  then  left  to  itself,  is  the  same  as  the  period  of 
the  force,  the  vibrations  set  up  by  the  force  will  be  very  energetic,  and 
the  body  is  said  to  resound  to  the  periodic  force.  In  the  second  place, 
if  the  natural  period  of  the  body  does  not  agree  with  the  period  of  the 
force,  then  the  vibrations  set  up  in  the  body  are  in  general  of  very  small 
amplitude,  and  they  agree  in  period,  not  with  the  natural  period  of  the 
body,  but  with  the  period  of  the  force.  Such  vibrations,  which  do  not 
agree  in  period  with  the  natural  period  of  the  vibrating  body,  but  are 
produced  by  the  action  of  a  periodic  force,  are  called /^rr^^Z  vibrations. 

If  when  a  body  is  executing  forced  vibrations  the  periodic  force  is 
stopped,  then  the  body  will  continue  to  vibrate,  but  the  vibrations  will 
be  of  the  same  period  as  the  natural  period  of  the  body,  and  are  said 
to  be  free. 
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If  the  point  of  support,  A  (Fig.  276),  of  a  pendulum  is  given  a  periodic 
to-and-fro  motion,  we  shall  have  a  case  of  a  periodic  force  being  applied  to 
the  pendulum.  If  the  period  of  the  to-and-fro  motion  is  the  same  as  the 
natural  period  of  the  pendulum, 
this  latter  will  be  set  into  violent 
oscillation.  If,  however,  the  period 
of  the  to-and-fro  motion  is  not  the 
same  as  the  natural  period  of  the 
pendulum,  the  oscillations  pro- 
duced will  be  of  very  much  smaller 
amplitude.  After  a  time  the  pen- 
dulum will  take  up  a  periodic 
motion  of  the  same  frequency  as 
the  to-and-fro  motion,  the  ampli- 
tude remaining  constant."  In  this 
case  the  motion  of  the  pendulum 
is  forced.  If  the  to-and-fro  motion 
from  a'  to  a''  is  slower  than  the 
natural  period  of  the  pendulum, 
the  motion  of  the  pendulum  will 
be  as  shown  at  («),  Fig.  276.  The 
pendulum  behaves  as  if  the  point 
of  support  were  at  the  point  P,  which  is  so  situated  that  a  pendulum  of 
length  PB  would  have  the  same  period  as  the  to-and-fro  motion  of  the  point 
of  support.  If  the  natural  period  of  the  pendulum  is  less  than  that  of  the 
to-and-fro  motion,  the  motion  of  the  pendulum  is  as  shown  at  (<^),  where 
a  pendulum  of  length  PB  would  vibrate  in  the  same  period  as  the  to-and- 
fro  motion  of  the  point  of  support.  If  the  to-and-fro  motion  of  the  point 
of  support  is  stopped,  the  pendulum  will  continue  to  vibrate,  but  now 
with  its  natural  period.  This  example  illustrates  very  clearly  how  a 
body  will  adjust  its  period  to  agree  with  the  period  of  an  impressed 
periodic  force. 

A  case  of  forced  vibrations  occurs  if  two  clocks,  which  are  nearly 
keeping  the  same  time  when  they  are  placed  on  separate  stands,  are 
placed  on  the  same  stand.  The  vibrations  of  the  pendulums  then  cause 
the  stand  to  oscillate  slightly,  so  that  one  pendulum  produces  a  periodic 
force  acting  on  the  other,  and,  as  a  result,  the  clocks,  which  when  at  a 
distance  do  not  keep  together,  when  placed  on  the  same  stand  keep 
exactly  the  same  time.  The  pendulum  of  the  clock  which  loses  exerts  a 
periodic  force,  which  produces  forced  vibrations  in  the  faster  pendulum, 
causing  it  to  vibrate  slower,  while  the  faster  pendulum  in  the  same  way 
causes  the  slower  pendulum  to  vibrate  faster.  Thus  finally  the  two 
pendulums  vibrate  in  periods  which  are  exactly  the  same,  and  the 
vibrations  in  each  case  are  forced,  though  they  differ  in  period  only 
very  slightly  from  the  natural  period.  The  increase  in  the  amplitude 
of  the  vibrations  produced  by  a  periodic  force,  when  its  period  agrees 
with  the  natural  period  of  the  body,  is  also  very  clearly  shown  by  the 
oscillations  of  a  suspension  bridge.  Standing  in  the  centre  of  such  a 
bridge,  it  will  be  found  that  when  the  steps  of  a  horse  have  a  certain 
period  the  bridge  is  set  into  violent  oscillation,  while  for  all  other 
periods,  even  when  the  horse  is  much  heavier,  the  oscillations  are  almost 
imperceptible. 
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If  the  free  vibrations  which  a  body  is  able  to  execute  are  heavily 
clamped,  the  amplitude  of  the  vibrations  produced  by  a  periodic  force 
will  not  increase  in  such  a  marked  manner  when  the  period  of  the  force 
agrees  with  the  natural  period  of  the  body.  The  reason  for  this  is,  that, 
owing  to  the  damping,  the  vibrating  body  loses  during  each  vibration 
nearly  all  the  energy  communicated  to  it  by  the  corresponding  impulse 
of  the  force,  so  that  when  the  force  acts  next  time  the  body  does  not 
possess  any  great  quantity  of  the  energy  communicated  at  the  preceding 
impulse.  Thus  the  energy  supplied  by  the  force  is  not  stored  up  in  the 
vibrating  body  by  the  amplitude  of  the  vibrations  increasing,  but  is 
continually  dissipated.  An  idea  of  the  conditions  can  be  obtained  by 
imagining  two  pendulums,  the  bob  of  one  being  a  ball  of  paper,  and  of 
the  other  a  ball  of  lead.  The  paper  pendulum  is  strongly  damped  on 
account  of  the  friction  of  the  air,  and  if  we  strike  it  periodic  blows  it  will 
vibrate,  the  amplitude  of  the  vibrations  being  very  nearly  the  same  after 
the  first  blow  as  after  a  number  of  blows.  In  the  case  of  the  pendulum 
with  the  heavy  bob  it  is  otherwise,  for  by  suitably  timing  the  blows  the 
amplitude  can  be  gradually  increased  to  a  considerable  amount. 

816.  Resonators. — Resonance,  that  is,  the  production  of  vibrations 
in  a  body  by  the  action  of  a  periodic  force  which  has  the  same  period  as 
the  natural  period  of  the  body,  occurs  frequently  in  sound,  and  plays  an 
important  part  in  music. 

The  periodic  force  is  produced  by  the  vibrations  of  one  body,  and  is 
communicated  to  the  second  body,  which  is  called  the  resonator,  by  the 
sound-waves  set  up  in  the  air,  or  other  medium  (solid  or  fluid)  which 
separates  the  two  bodies.  Thus  suppose  we  have  two  tuning-forks  of 
the  same  pitch,  and  that  one  of  these  is  sounded  when  held  near  the 
other.  The  sound-waves  from  the  sounding  fork  will  strike  the  other 
fork,  and,  since  the  frequency  of  these  waves  is  equal  to  the  frequency  of 
the  fork  by  which  they  are  produced,  by  their  impact  they  will  set  the 
fork  in  vibration.  In  this  case,  since  the  damping  of  the  vibrations  of  a 
tuning-fork  is  very  small,  it  is  necessary  for  resonance  that  the  pitches 
of  the  two  forks  should  be  very  accurately  adjusted  to  equality.  In  fact 
if,  when  the  adjustment  has  been  made  so  that  strong  resonance-  takes 
place,  one  fork  be  warmed,  thus  causing  its  pitch  to  fall  slightly,  the 
resonance  is  almost  completely  destroyed. 

The  chief  function  of  resonators  in  acoustics  is  to  strengthen  the 
amount  of  the  sound,  of  the  particular  pitch  to  which  they  respond,  which 
is  mdiated  through  the  surrounding  air,  that  is,  to  increase  the  amplitude 
of  the  waves  produced  in  the  external  air  by  means  of  which  the  sound 
is  heard.  As  an  example  of  this  action  of  a  resonator,  we  may  take  the 
case  of  the  increase  in  the  loudness  of  the  note  given  by  a  tuning-fork  by 
means  of  a  resonator.  From  the  fact  that  the  prongs  of  a  fork  have  not 
a  very  great  area,  they  are  not  capable  of  setting  any  great  quantity  of 
the  surrounding  air  in  violent  vibration,  for  the  air  on  the  side  towards 
which  the  prong  is  moving  can  slip  round  the  edge  of  the  prong,  and 
thus  partly  fills  up  the  rarefaction  which  is  being  produced  on  the 
other  side  of  the  prong.  In  addition,  the  interference  which  takes 
place  between  the  waves  emitted  from  the  two  prongs  (§  297)  reduces 
the  intensity  of  the  motion  produced  in  the  surrounding  air.  If,  however, 
the  sounding  fork  is  held  near  the  open  end  of  a  closed  pipe,  of  which 
the  natural  period  is  equal  to  that  of  the  fork,  that  is,  its  length  is  equal 
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to  J  of  the  wave-length  of  the  note  given  by  the  fork,  then  this  pipe  will 
be  in  resonance  with  the  fork,  and  the  column  of  air  within  the  pipe  will 
be  set  into  vibration.  Now  if  the  open  end  of  the  pipe  is  not  very  small, 
the  vibrations  of  the  air  inside  will,  at  the  open  end,  set  the  external  air 
into  vibration  much  more  powerfully  than  the  fork  alone  did.  The  result 
is  that  on  bringing  such  a  resonator  near  a  sounding  fork,  the  intensity 
of  the  sound  heard  is  very  much  increased.  The  same  kind  of  effect  can 
be  easily  noticed  in  the  case  of  the  vibrations  of  a  string.  Here,  again, 
the  surface  of  the  vibrating  body  is  small,  so  that  it  is  incapable  of  setting 
any  great  mass  of  air  into  vibration,  and  in  addition  the  waves  produced 
on  the  two  sides  of  the  string  are  in  opposite  phase,  for  when  a  con- 
densation is  being  produced  on  one  side  of  the  string  a  rarefaction  is 
being  produced  on  the  other  side,  and  these  two  sets  of  waves  interfere. 
By  holding  a  pipe  near,  of  which  the  natural  period  agrees  with  that  of 
the  string,  or,  what  is  better,  connecting  one  end  of  the  string  to  the  walls 
of  the  pipe,  so  that  the  vibrations  of  the  string  are  communicated  to  the 
walls,  and  by  them  to  the  air  contained  within  the  pipe,  the  column 
of  air  is  set  into  vibration,  and  communicates  its  vibrations  to  the 
external  air  much  more  powerfully  than  the  string  alone  is  capable 
of  doing. 

The  above  examples  of  the  strengthening  of  the  sound  produced  by 
a  vibrating  body,  which  are  cases  of  true  resonance,  must  not  be  con- 
founded with  others  where  the  vibrating  body  is  able  to  set  up  forced 
vibrations  in  a  body,  and  the  increase  in  the  loudness  is  due  to  these 
forced  vibrations.  Thus  when  the  stem  of  a  vibrating  tuning-fork  is 
pressed  against  the  wooden  top  of  a  table,  the  loudness  of  the  sound 
produced  is  greatly  increased.  In  this  case  the  fork  sets  the  table  into 
forced  vibrations  which  have  the  same  frequency  as  the  fork,  and  the 
table,  on  account  of  its  large  surface,  is  able  to  produce  violent  sound- 
waves in  the  air.  That  this  is  not  a  case  of  resonance  is  shown  by 
the  fact  that  the  table  acts  equally  well  in  the  case  of  forks  of  all 
frequencies. 

Since  the  resonator  obtains  the  energy  necessary  to  set  it  into  vibra- 
tion from  the  sounding  body,  and  since  the  increased  loudness  of  the 
sound  emitted  when  the  resonator  is  present  means  that  more  energy 
is  being  given  out  to  the  external  air,  it  follows  that  the  sounding  body 
must  lose  its  energy  of  motion  more  rapidly  when  a  resonator  is  present 
than  it  does  when  no  resonator  is  present.  That  this  is  so  can  be  easily 
shown  by  sounding  a  tuning-fork  first  without  the  resonance-box  belong- 
ing to  : .,  and  then  with  the  box,  when  it  will  be  found  that  the  vibrations 
of  the  fork  continue  for  a  much  longer  time  without  the  resonator  than 
they  do  with  it. 

Another  important  use  of  resonators  is  in  assisting  the  ear  to  resolve 
a  compound  note  into  its  simple  tones,  for  if  the  note  contains  a  tone 
which  is  the  natural  tone  of  a  resonator,  the  resonator  will  be  set  into 
vibration  by  this  tone  ;  while  if  this  tone  is  absent  from  the  note,  the 
resonator  will  not  respond.  We  shall  see  in  a  subsequent  section  how 
this  analysing  property  of  resonators  may  be  utilised. 

A  resonator,  just  as  any  other  body,  can  be  set  in  vibration,  not  only 
in  its  fundamental  mode,  but  also  so  as  to  produce  overtones.  Hence  a 
resonator  will  resound  to  a  tone  having  the  frequency  of  any  of  its  over- 
tones.    Now  one  of  the  uses  of  resonators  is  in  the  production  of  pure 
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tones,  that  is,  a  resonator  is  used  to  strengthen  the  fundamental  tone  of 
a  note  without  strengthening  the  upper  partials  which  may  be  present 
at  the  same  time.  If,  however,  the  upper  partials  of  the  natural 
vibrations  of  a  resonator  were  of  the  same  pitch  as  the  upper  partials  of 
the  note,  these  would  be  strengthened  by  the  resonator  as  well  as  the 
fundamental.  Thus,  in  choosing  a  resonator,  it  is  important  that  while 
it  resounds  to  the  fundamental  it  should  not  resound  to  the  upper 
partials.  We  have  seen  that  in  the  case  of  a  closed  cylindrical  pipe 
the  frequencies  of  the  upper  partials  are  3,  5,  7,  &c,  times  the  frequency 
of  the  fundamental,  so  that  if  the  sounding  body,  say  a  fork,  has  partials 
of  any  of  these  frequencies,  these  partials  will  be  strengthened.  In  the 
case  of  resonators  of  the  shape  shown  in  Fig.  280,  the  frequency  of  the 
overtones  is  very  high  compared  to  the  frequency  of  the  fundamental, 
and  so,  if,  as  is  the  case  with  a  fork,  the  upper  partials  which  are  present 
in  any  strength  are  comparatively  low,  the  resonator  will  not  be  able  to 
strengthen  them.  Thus  for  producing  a  pure  tone  the  resonators  of  the 
form  shown  in  Fig.  280,  rather  than  simple  closed  pipes,  are  to  be  pre- 
ferred. The  periods  of  the  fundamental  tones  of  such  resonators  cannot 
usually  be  calculated,  but  the  following  general  considerations  apply : 
For  a  given  opening  or  mouthpiece  the  pitch  is  mainly  dependent  on 
the  volume  of  the  enclosed  air,  while  in  the  case  of  resonators  without 
necks  the  influence  of  the  mouth  depends  on  its  area. 

317.  Kundt's  Experiment.— If  a  rod  ab  (Fig.  277)  is  clamped  at  its 
middle  so  that  one  end  projects  into  a  tube  CD,  the  end  of  the  rod  being 
fitted  with  a  light  piston  which  fits  loosely  into  the  tube,  then,  on  causing 
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Fig.  277. 

the  rod  to  vibrate  longitudinally,  this  piston  will  vibrate  backwards  and 
forwards  and  will  set  up  vibrations  in  the  air  contained  in  the  tube  CD. 
The  waves  in  the  air  in  the  tube  will  be  reflected  from  the  end  D  of  the 
tube,  and  the  direct  and  reflected  waves  will  set  up  stationary  vibrations 
in  the  air.  If  we  suppose  that  the  tube  is  closed  at  D,  this  point  will  be 
a  node,  and  there  will  be  a  series  of  nodes  along  the  tube  at  distances 
equal  to  X/2  from  one  another,  where  X  is  the  wave-length,  in  the  gas 
which  fills  the  tube,  of  the  tone  having  a  frequency  equal  to  that  of  the 
rod.  If  the  position  of  the  end  of  the  rod  is  adjusted  so  that  the  piston 
B  is  at  a  loop  of  these  stationary  vibrations,  the  motion  of  the  piston  will 
have  its  maximum  effect  in  increasing  their  amplitude,  and  they  will  be 
so  intense  that  if  a  light  powder,  such  as  lycopodium  or  cork  filings,  be 
strewn  inside  the  tube,  it  will,  by  the  vibration  of  the  air  or. other  gas, 
be  collected  in  very  characteristic  transverse  ridges  at  the  ifflpH'^he 
explanation  of  the  formation  of  these  ridges  is  beyond  the  scope  of  this 
work,  so  we  njust  content  ourselves  with  referring  the  reader  who  wishes 
to  pursue  the  subject  to  Rayleigh's  "  Sound,"  vol.  ii.  p.  46.  By  measuring 
the  distance  between  consecutive  loops,  we  obtain  the  value  of  \/2  for  the 
tone  produced  by  the  rod  in  the  gas,  and  this  represents  the  space 
traversed  by  a  sound-wave  in  the  gas  during  the  time  the  rod  makes 
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half  a  vibration.  If  n  is  the  frequency  of  the  rod,  this  will  also  be 
the  frequency  of  the  vibrations  in  the  gas,  so  that  if  v  is  the  velocity  of 
sound  in  the  gas,  we  have  v  =  ?i\,  or  v=2nl  where  /  is  the  distance 
between  two  of  the  loops  in  the  tube.  If  the  rod  is  giving  its  fundamental, 
then  the  wave-length  of  the  sound  in  the  rod  is  (§  307)  equal  to  2/,,  where 
L  is  the  length  of  the  rod.  Hence  for  the  material  of  which  the  rod 
is  composed  we  have  V—27iL^  while  for  the  gas  in  the  tube  v  =  2nl. 
Therefore 

Vlv=LIL 

Thus,  by  measuring  the  ratio  of  the  length  of  the  rod  to  the  distance 
between  two  loops,  we  can  calculate  the  ratio  of  the  velocities  of  sound 
in  the  material  of  the  rod  and  in  the  gas.  If  we  know  the  frequency 
n  of  the  rod,  the  velocity  of  sound  in  the  gas  can  be  calculated,  so  that 
by  filling  the  tube  with  various  gases  we  can  obtain  the  velocity  of  sound 
in  these  gases.  Without  knowing  n  we  can,  by  simply  comparing  the 
values  of  the  wave-length,  obtain  the  ratio  of  the  velocities  in  the  different 
gases.  For  if  v  and  v'  are  the  velocities  of  sound  in  two  gases  and  X  and 
X'  the  wave-lengths  corresponding  to  the  tone  of  frequency  n  given  by 
the  rod,  we  have  v=n\  and  v'  =  fi\\  so  that 

7/^X^/ 
7/    \'    ? 

where  /  and  r  are  the  distances  between  consecutive  loops  as  given  by 
the  Kundt's  tube. 

In  the  following  table  the  value  of  the  velocity  of  sound  for  some 
gases  at  a  temperature  of  0°  C.  is  given.  (As  has  been  pointed  out  in 
§  288,  the  velocity  is  independent  of  the  pressure  so  long  as  the  pressure 
does  not  differ  much  from  one  atmosphere.) 

Velocity  of  Sound  in 

Air     . 

Hydrogen  . 

Oxygen 

Carbon  dioxide 

Coal  gas    .        .        .      (about) 


Gases 

AT  0° 

c. 

330.6  metres 

per  sec 

1286 

» 

» 

317 

J) 

» 

362 

» 

>; 

490 

M 

»» 
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CHAPTER   VII 

AUDITION,  COMBINATION  TONES,  CONSONANCE, 
AND    VOCAL   SOUNDS 


318.  Audition.— In  considering  the  subject  of  the  effects  of  sounds 
on  the  ear,  we  shall  deal  exclusively  with  the  physical  side  of  the  subject, 
referring  the  reader  to  books  on  physiology  for  an  account  of  that  aspect 
of  the  subject. 

The  ear  is  not  capable  of  detecting  as  sound  the  presence  of  air- 
waves of  all  frequencies,  and  it  is  only  when  the  frequency  of  such  waves 
falls  between  certain  limits  that  the  ear  is  able  to  distinguish  their  pre- 
sence, and  we  experience  the  sensation  we  call  sound.  Neither  of  these 
limits  is,  however,  well  defined.  Helmholtz  concluded  from  his  experi- 
ments that  the  lowest  frequency  which  causes  the  sensation  of  a  musical 
tone  is  about  thirty  vibrations  per  second.  In  forming  any  such  estimate, 
it  is  very  difficult  to  obtain  a  tone  in  which  we  may  be  quite  certain  no 
overtones  are  present ;  for,  if  they  are  present,  what  is  actually  heard 
may  be  the  overtones  and  not  the  fundamental. 

The  upper  limit  of  audibility  is  even  more  uncertain,  for  not  only 
does  it  vary  very  much  with  the  observer,  but  there  is  the  added  diffi- 
culty that  it  is  very  hard  to  determine  the  frequency  of  notes  of  very 
high  pitch.  The  upper  limit  of  audibility  for  normal  ears  appears  to  be 
somewhere  between  10,000  and  20,000  vibrations  per  second.  Estimates 
oi pitch  cannot,  however,  be  made  above  a  frequency  of  about  4000. 

A  closely  related  subject  is  the  amplitude  of  the  sound-waves  in  air 
necessary  for  audition.  As  a  result  of  some  experiments  on  the  distance 
to  which  a  whistle  could  be  heard  when  a  measured  power  (§  78)  was 
employed  in  maintaining  the  sound,  Rayleigh  came  to  the  conclusion 
that  in  favourable  circumstances  the  ear  is  able  to  detect  a  sound,  if  the 
amplitude  of  the  sound-wave  exceeds  lo-^  cm.^ 

The  direction  from  which  a  sound  comes  can  be  judged  with  con- 
siderable accuracy,  and  although  the  exact  method  by  which  we  are 
able  to  make  this  estimate  of  direction  is  not  known,  there  is  no  doubt 
that  we  are  very  largely  guided  by  the  effect  of  the  sound  on  the  two 
ears  ;  probably  the  slight  difference  of  the  intensity  with  which  the  sound 
reaches  the  two  ears  is  at  the  base  of  all  such  judgments. 

319.  Beats.— We  have  seen  in  §  54  that  when  we  combine  two 
S.H.M.'s  of  very  nearly  the  same  frequency,  of  which  the  displacements 

1  Intermittent  sounds  can  be  detected  by  the  ear  when  a  continuous  sound  of  the 
same  amplitude  is  inaudible. 

4x6 
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take  place  in  the  same  direction,  the  resultant  motion  is  periodic,  and 
the  amplitude  of  the  motion  undergoes  periodic  variations,  caused  by 
the  displacement  due  to  the  two  motions  sometimes  being  in  the  same 
direction,  and  thus  aiding  each  other,  and  at  other  times  being  in 
opposite  directions,  and  so  opposing  each  other.  In  the  case  of  sound, 
we  may  obtain  a  similar  result,  for  when  two  tones,  whose  frequencies  do 
not  differ  by  more  than  about  sixteen  vibrations  per  second,  are  sounded 
together,  a  periodic  waxing  and  waning  of  the  sound  due  to  the  two 
tones  occurs.  When  this  is  the  case  the  tones  are  said  to  beat.  The 
production  of  beats  may  be  illustrated  objectively  by  an  arrangement 
similar  to  that  used  to  produce  Lissajous'  figures  (§  304).  The  two 
forks  are  arranged  to  vibrate  in  the  same  plane,  so  that  the  ampli- 
tude of  the  movement  of  the  spot  of  light  on  the  screen  is  equal  to 
the  sum  of  the  amplitudes  due  to  each  fork  separately.  It  will  then  be 
seen  that  at  each  beat  the  spot  of  light  is  drawn  out  into  a  line,  while 
half-way  between  the  beats  the  spot  appears  round.  By  projecting  the 
spot  of  light  on  a  photographic  plate,  which  is  moved  in  a  direction  at 
right  angles  to  the  plane  of  vibration  of  the  forks,  a  curve  such  as  that 
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Fig.  978. 


given  in  Fig.  278  is  obtained,  in  which  the  effect  of  the  beats  is  very 
clearly  shown. 

Let  one  tone  {A)  make  x  vibrations,  while  the  other  (i5)  makes  x+  i. 
If  then  we  start  when  the  two  are  in  the  same  phase,  the  phase  of 
the  tone  B  will  gain  on  that  of  A,  till  at  the  end  of  x  vibrations  of  ^, 
B  will  have  made  ^-f- 1  vibrations,  and  so  they  will  again  be  in  the  same 
phase,  and  the  sound  will  be  a  maximum.  Let  the  frequency  of  the  tone 
A  be  nx,  and  hence  that  of  B  n{x^\).  Now  from  one  maximum  of 
sound  to  the  next  A  makes  x  vibrations,  so  that  the  number  of  maxima 
m  a  second  will  be  n,  or  there  will  be  n  beats  per  second.  But  the 
difference  between  the  frequencies  of  ^  and  B  is  n{x+\)-nx  or  n, 
so  that  the  number  of  beats  per  second  is  equal  to  the  difference  in  the 
frequencies  of  the  two  tones. 

Starting  with  two  tones  in  unison,  and  increasing  the  frequency  of 
one  of  them,  beats  will  be  produced  which  are  at  first  slow,  but  increase 
in  frequency  as  the  difference  in  the  frequencies  of  the  tones  increases. 
After  a  time  the  frequency  of  the  beats  will  be  so  great  that  the  ear 
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ceases  to  hear  them  as  such,  and  the  only  sensation  is  one  of  discord. 
While  the  beats  are  still  audible,  the  ear  is  unable  to  distinguish  the 
separate  tones  which  are  producing  the  beats,  but  when  the  beats  cease 
to  be  distinguishable,  then  the  ear  can  detect  the  existence  of  the  two 
separate  tones. 

Koenig  has  advanced  the  theory  that  in  the  case  of  the  beats  pro- 
duced by  pure  tones,  such  as  those  given  by  massive  tuning-forks  when 
lightly  bowed,  there  are  really  two  sets  of  beats.  Thus  suppose  we 
have  a  fork  giving  64  vibrations  per  second,  this,  according  to  what  we 
have  said  above,  will  give  8  beats  per  second  with  a  fork  of  which  the 
frequency  is  72.  According  to  Koenig  it  is,  however,  possible  to  obtain 
8  beats  per  second,  if  the  second  fork  has  a  frequency  of  120.  In  the 
first  case  we  have  72  — 64  =  <S,  and  in  the  second  case  64x2—  120=8,  so 
that  beats  occur  not  only  where  the  frequencies  of  two  notes  are  nearly 
the  same,  but  also  when  tlie  frequency  of  the  higher  note  is  nearly 
equal  to  the  frequency  of  the  octave  of  the  fundamental.  Of  course 
the  presence  of  this  superior  series  of  beats  is  explained,  if  we  suppose 
that  the  octave  of  the  lower  tone  is  given  by  the  tuning-fork  as  an 
overtone,  so  that  the  beats  heard  are  really  due  to  the  combination 
of  this  overtone  with  the  higher  fork.  Koenig,  however,  maintains 
that  the  tones  he  uses  are  pure,  that  is,  that  no  overtones  are 
present. 

Koenig's  two  series  of  beats  are  related  to  the  primary  tones  in  the 
following  manner.  The  frequency  m  of  the  higher  tone  must  lie 
between  two  multiples,  a  and  ^,  say,  of  the  frequency  n  of  the  lower 
tone,  where  an  is  less  than  w,  and  dn  is  greater  than  w.  Then  the 
two  series  of  beats  which  may  be  produced  are  an  inferior  series,  in 
which  there  are  m-an  beats  per  second,  and  a  superior  series,  in  which 
there  are  bn  -  m  beats  per  second.  Thus  if  the  two  tones  had  fre- 
quencies of  40  and  74,  then  a=\  and  ^  =  2,  since  74  lies  between  40 x  i 
and  40  X  2.  Hence  the  possible  beats  will  be  an  inferior  beat,  of  which 
the  frequency  is  74  —  40  or  34,  and  a  superior  beat,  of  which  the  fre- 
quency is  80-74  or  6.  Both  sets  of  beats  are  not,  however,  usually 
audible  at  the  same  time. 

320.  Combination  Tones.  —  There  are  other  phenomena  besides 
the  beats  or  throbbing  sensation,  which  are  due  to  the  simultaneous 
production  of  two  tones.  For  under  certain  conditions,  when  two 
tones  are  sounded  simultaneously,  the  ear  is  able  to  detect,  in  addition 
to  the  two  primary  tones,  other  musical  tones,  which  are  due  to  the 
combined  effect  of  the  two  primary  tones.  These  additional  tones  are 
called  combination  tones.  There  are  three  kinds  of  combination  tones, 
namely,  difference  tones,  summation  tones,  and  beat  tones. 

The  difference  tone  is  a  combination  tone  the  frequency  of  which  is 
equal  to  the  difference  in  the  frequencies  of  the  two  primary  tones. 
Thus  if  the  frequencies  of  the  primary  tones  are  vi  and  «,  the  frequency 
of  the  difference  tone  is  n  —  ni.  In  addition  to  this  difference  tone,  which 
is  called  the  difference  tone  of  the  first  order,  this  combination  tone  can 
itself  form  difference  tones  with  either  of  the  primary  tones,  thus  giving 
rise  to  difference  tones  of  the  second  order,  and  so  on. 

The  summation  tones  are  less  easily  obtained  than  the  above,  and 
have  a  frequency  equal  to  n-\-m.     Summation  tones  of  a  higher  order 
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than  the  first  can  also  be  obtained  by  the  combination  of  the  first  order 
summation  tone  with  one  of  the  primary  tones,  &c. 

When  considering  the  result  of  the  superposition  of  the  effects  of 
two  systems  of  waves  in  air  or  any  other  medium,  we  have  assumed  that 
the  displacement  of  any  particle  due  to  the  two  systems  is  so  small  that 
the  force  tending  to  restore  the  particle  to  its  position  of  rest  is  accu- 
rately proportional  to  the  displacement.  If,  however,  the  wave-systems 
are  so  energetic,  and  the  displacement  of  the  particles  of  the  medium  so 
large  that  this  proportionality  no  longer  holds,  then  von  Helmholtz  has 
shown  that,  in  addition  to  the  two  primary  wave-systems  of  frequency 
w  and  «,  there  will  be  produced  two  secondary  wave-systems  of  which 
the  frequency  will  be  n-m  and  n-\-m.  These  secondary  systems 
will  correspond  to  the  difference  tone  and  summation  tone  respec- 
tively. 

The  condition  which  von  Helmholtz  presupposes  is  that  the  two 
primary  tones  cause  the  saine  body  or  the  same  portion  of  air  to  vibrate 
very  violently.  In  the  case  when  the  two  tones  are  produced  by  a  syren 
or  by  two  harmonium-reeds,  the  vibrations  produced  in  the  air  are 
apparently  sufficiently  violent  to  cause  the  formation  of  the  combination 
tones,  for  von  Helmholtz  and  also  Prof.  Riicker  have  shown  that  when 
the  two  primary  tones  are  produced  by  these  sources,  the  summation 
and  difiference  tones  are  capable  'of  causing  a  suitably  tuned  resonator  to 
"speak."  In  other  cases  the  body  in  which  these  tones  are  produced 
may  be  the  ear  itself,  for  the  series  of  small  bones  and  membranes 
which  convey  the  sound  from  the  outside  drum  to  the  nerve  termi- 
nations form  an  arrangement  such  that,  when  violently  disturbed,  the 
restoring  force  would  no  longer  be  accurately  proportional  to  the  dis- 
placement. 

Koenig  has  shown  that  when  the  beats  produced  by  two  tones  are 
sufficiently  rapid  they  combine  to  form  a  combination  tone,  which  he 
calls  a  beat  tone.  There  will  be  two  series  of  these  beat  tones,  one 
corresponding  to  the  inferior  series  of  beats  of  frequency  n-m,  and  the 
other  belonging  to  the  superior  series  having  a  frequency  bm-n.  It 
will  be  seen  that  the  inferior  beat  tone  corresponds  in  frequency  to  the 
difference  tone,  and  Koenig  considers  that  the  difference  tone  is  really  a 
beat  tone,  i.e.  is  produced  by  the  beats  having  become  so  rapid  as  t6 
form  a  tone.  He  also  maintains  that  if  the  primary  tones  are  really  pure 
the  summation  tone  is  never  heard,  and  that  when  it  is  heard  it  is 
due  to  beat  tones  produced  between  some  of  the  upper  partials  of  the 
primary  notes. 

The  whole  subject  of  combination  tones  is  one  of  considerable  diffi- 
culty, and  we  must  content  ourselves  with  the  above  very  meagre 
statement  of  some  of  the  more  prominent  facts. 

321.  Consonance  and  Dissonance.— When  dealing  in  §  291  with  the 
musical  scale,  we  referred  to  the  fact  that  some  intervals  are  consonant, 
i.e.  produce  an  agreeable  effect  when  the  two  tones  are  sounded  together, 
while  others  are  dissonant,  or  produce  an  unpleasant  effect  on  the  ear. 
We  are  now  in  a  position  to  consider  this  question  rather  more  in 
detail. 

The  end  organs  of  the  auditory  nerve  are  situated  on  a  fine  mem- 
brane, Galled  the  basilar  membrane,  which  is  situated  in  the  internal 
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bony  chamber  of  the  inner  ear  (the  cochlea).  According  to  von  Helm- 
holtz's  theory  of  audition,  the  different  threads  (Corti's  fibres)  of  the  basi- 
lar membrane  act  as  resonators,  each  thread  responding  to  vibrations 
of  a  definite  frequency,  and  that  as  a  consequence  of  the  vibration  of 
these  threads  the  corresponding  nerve  terminations  are  stimulated,  and 
produce  in  the  brain  the  sensation  which  we  call  sound.  Thus  when 
the  disturbance  produced  by  the  sounding  of  a  musical  note  is  conveyed 
to  the  liquid  which  fills  the  cochlea,  the  threads  which  have  a  natural 
period  agreeing  with  the  period  of  any  simple  tones  which  are  present 
m  the  note  will  be  set  into  vibration.  If  the  sound  consists  of  a  simple 
tone,  then  only  one,  or  at  any  rate  a  very  small  proportion,  of  the 
threads  is  set  into  vibration,  and  the  brain  is  not  able  to  resolve  the 
sound  into  any  simpler  sensation. 

When  two  tones  of  nearly  the  same  pitch  are  sounded  simultaneously, 
then  some  of  the  fibres  will  respond  to  both  tones,  but  the  vibrations 
set  up  will,  on  account  of  the  production  of  beats,  be  intermittent  in 
character.  If  this  intermittence  is  sufficiently  slow,  the  beats  will  be 
heard  as  separate  maxima  of  sound.  If,  however,  the  beats  are  rapid, 
so  that  the  fibres  have  not  time  to  completely  come  to  rest,  or  at  any 
rate  if  there  is  not  time  for  the  nerve  to  recover  completely  between  the 
stimuli,  the  effect  will  be  noticed  as  a  roughness  or  discord.  When, 
however,  the  interval  between  the  tones  is  so  great  that  none  of  the 
fibres  are  set  in  vibration  by  boi/t  tones,  then  the  sense  of  roughness  will 
vanish. 

If  we  further  suppose  that  each  thread  may  be  capable  of  vibrating 
in  more  than  one  way,  say  the  overtones  are  the  harmonics  of  the 
fundamental,  so  that  any  given  fibre  would  respond  to  a  tone,  and  its 
octave,  twelfth,  &c.,  we  can  understand  how  it  is  that  the  interval  of  the 
octave  is  so  consonant,  and  it  would  further  explain  why  a  tone  and 
another,  the  frequency  of  which  is  nearly  the  same  as  the  octave  of  the 
first,  produce  discord. 

Starting  with  two  tones  of  the  same  frequency,  and  then  gradually 
increasing  the  frequency  of  one  of  them,  the  number  of  beats  produced 
gradually  increases.  Very  slow  beats  are  not  very  unpleasant,  but  as  the 
frequency  of  the  beats  increases  so  does  the  unpleasantness,  till  for  a 
certain  number  of  beats  per  second  the  discord  is  a  maximum.  If  the 
number  of  beats  is  still  further  increased,  the  unpleasant  sensation  gradu- 
ally decreases.  The  phenomenon  is  similar  to  that  which  occurs  in  the 
case  of  vision.  If  the  intensity  of  a  light  alters,  that  is,  the  light  flickers, 
the  unpleasant  sensation  produced  first  increases  as  the  frequency  of  the 
flickers  increases,  reaches  a  maximum  and  then  decreases,  and  if  the 
frequency  is  more  than  twenty  per  second  all  sense  of  flicker  is  lost,  and 
the  illumination  appears  continuous.  The  frequencies  of  the  beats  for 
which  the  discord  is  a  maximum,  and  for  which  the  sensation  becomes 
continuous,  vary  with  the  absolute  frequencies  of  the  tones  which  give  the 
beats.  This  can  be  clearly  perceived  by  sounding  the  following  intervals 
on  the  piano,  in  which  the  number  of  beats  per  second  produced  is  the 
same,  but  while  the  first  interval  is  very  discordant,  the  last  is  quite 
concordant. 
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Interval. 

Notes. 

Frequencies. 

Number  of  Beats 
per  Second. 

Semitone     . 
Tone .     .     . 

b\  c" 

c,e 
G,c 
C,  G 

►  ■  ■ 

495>  528 
297,  330 
165,  198 
132,  165 
99,  132 
66,    99 

33 
33 
33 
33 
33 
33 

Minor  third 
Major  third 
Fourth    .     . 
Fifth  .     .     . 

• 

^ 

'  Mayer,  who  has  examined  this  subject,  gives  the  following  series  of 
values  for  the  frequencies  of  the  beats  when  discord  is  3.  maximum  and 
when  the  roughness  vanishes  respectively  : — 


Number  of  Beats  per  Second. 

Frequency  of  Lower 
Tone. 

When  a  Discord  is  a 
Maximum. 

When  Roughness 
Vanishes. 

64 
128 
256 
384 

6.4 
10.4 
18.8 
24.0 

16 
26 

47 
60 

512 
640 
768 

31.2 
36.0 
43-6 

78 

90 

109 

1024 

54.0 

135 

When  considering  the  accord  or  discord  produced  by  compound 
tones,  such  as  ordinarily  occur  in  music,  the  presence  of  the  upper 
partials  must  be  taken  into  account,  for  although  the  fundamentals 
may  be  in  accord,  the  upper  partials  of  the  notes  may  produce 
discord. 

Of  course  the  effects  of  the  upper  partials,  in  giving  dissonance  for 
any  given  musical  interval,  will  depend  on  the  strength  of  the  partials 
and  on  the  relation  Avhich  their  pitch  bears  to  that  of  the  fundamental, 
so  that  the  source  of  two  musical  notes  has  to  be  taken  into  account  when 
considering  consonance.  For  simplicity  we  shall,  however,  suppose 
that  the  notes  are  such  that  the  partials  consist  of  the  first  seven  har- 
monics of  the  fundamental.  Hence  the  frequencies  of  the  fundamental 
and  the  overtones  are  represented  by  the  numbers  i,  2,  3,  4,  5, 
6,  7,  8. 

In  each  case  we  will  assume  the  tonic  to  have  a  frequency  of  256, 
and  will  then  examine  the  frequencies  of  the  partials  of  this  tonic  and 
of  notes  which  together  with  it  produce  some  of  the  commoner  musical 
intervals. 

In  the  first  place,  if  the  interval  is  the  octave,  so  that  the  frequencies 
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of  the  two  fundamentals  are  256  and  512,  the  frequencies  of  the  partials 
are  shown  in  the  following  table  : — 


Tonic 

Octave. 

Fundamental 

256 

512 

I  overtone 

512 

1024 

2 

768 

1536 

3 

1024 

2048 

4    >, 

1280 

2560 

5 

1536 

... 

6   „ 

1792 

.. 

7 

2048 

... 

8    „ 

2304 

... 

A  consideration  of  this  table  will  show  that  the  smallest  difference  in 
frequency  (except  unison)  between  two  partials  of  these  two  notes  is  256. 
Hence,  since  for  discord  this  difference  must  be  about  19,  we  see  that  not 
only  the  fundamentals,  but  also  the  upper  partials,  are  consonant.  The 
effect  of  the  second  note  is  to  strengthen  the  even  partials  of  the  lower 
note. 

The  following  table  contains  the  frequencies  of  the  partials  of  the 
higher  note  for  some  other  intervals,  the  tonic  having,  as  before,  a  fre- 
quency of  256  : — 


Tonic. 

Fifth. 

Fourth. 

Major 
Sixth. 

Major 
Third. 

Minor 
Third. 

Fundamental 

256 

384 

341 

427 

320 

307 

I  overtone 

512 

768 

682 

854 

640 

614 

2 

768 

1152 

1023 

1281 

960 

921 

3 

1024 

1536 

1364 

1708 

1280 

1228 

4    » 

1280 

1920 

1705 

2135 

1600 

1535 

5 

1536 

2304 

2046 

2562 

1920 

1842 

6    „ 

1792 

2688 

2387 

2240 

2149 

7 

2048 

... 

... 

2560 

2456 

8    „ 

2304 

... 

... 

... 

... 

... 

In  the  case  of  the  fifth,  it  will  be  observed  that  the  difference  in  frequency 
between  the  fundamentals  is  128,  while  this  number  also  expresses  the 
smallest  difference  which  occurs  between  any  of  the  partials. 

In  the  fourth,  the  smallest  difference  in  frequency  is  83.  There  is, 
apparently,  a  difference  of  2  between  the  seventh  overtone  of  the  funda- 
mental and  the  fifth  overtone  of  the  higher  note,  but  this  is  because  for 
simplicity  we  have  taken  the  frequency  of  this  note  as  341,  when  it  ought 
to  be  341.3- 

In  the  major  sixth,  the  smallest  difference  is  84. 

In  the  major  third,  the  smallest  difference  is  64. 

In  the  minor  third,  the  smallest  difference  is  50. 
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Now  of  the  intervals  considered  above  the  most  consonant  is  the 
fifth,  and  the  consonance  decreases  as  we  pass  to  the  minor  third.  This 
decrease  in  the  consonance  is  accompanied  by  a  decrease  in  the  smallest 
difference  in  the  frequency  of  the  partials  of  the  two  notes,  so  that  in  the 
case  of  the  minor  third  we  are  approaching  the  limit  (47  beats  per  second) 
at  which  discord  begins. 

Next  let  us  take  a  case  where,  although  the  difference  between  the 
frequencies  of  the  fundamentals  is  greater  than  in  several  of  the  cases 
above,  yet  the  consonance  is  not  so  good,  and  see  whether  we  can 
account  for  this  dissonance  by  the  production  of  beats  between  the  par- 
tials. For  this  purpose  we  may  take  the  notes  ^t?  and^J  and  a  slightly 
mistuned  fifth. 


c 

^b 

Mistuned 
Fifth. 

Fundamental 

256 

369 

400 

380 

I  overtone 

512 

738 

800 

760 

2    „ 

768 

1 107 

1200 

1 140 

3 

1024 

1476 

1600 

1520 

4    „ 

1280 

1845 

2000 

1900 

5 

'536 

2214 

24C0 

2280 

6   „ 

1792 

... 

... 

7 

2048 

... 

... 

... 

8   » 

2304 

... 

... 

... 

In  the  case  of  c  and  g\^y  the  difference  between  the  fundamentals  is 
113,  and  so  these  tones  will  not  produce  discord.  The  second  overtone 
of  ^  and  the  first  overtone  oi g^,  however,  differ  by  30,  and  are  therefore 
dissonant,  and  it  is  to  the  beats  produced  by  these  that  the  dissonance 
of  the  interval  is  due.  In  the  case  of  c  and  ^:}f,  the  second  overtone  of  ^ 
and  the  first  overtone  of  g%  differ  in  frequency  by  32,  while  the  seventh 
overtone  of  c  and  the  fourth  overtone  oi  g%  differ  by  48,  and  the  dis- 
sonance of  the  interval  is  thus  accounted  for.  In  the  untrue  fifth  there 
will  be  eight  beats  per  second  between  the  second  overtone  of  the  lower 
note  and  the  first  overtone  of  the  higher,  sixteen  per  second  between  the 
fifth  overtone  of  the  lower  and  the  third  overtone  of  the  higher,  and 
twenty-four  between  the  eighth  overtone  of  the  lower  and  the  fifth  of  the 
higher.  Hence  it  will  be  seen  why  it  is  that  an  untrue  fifth  is  dissonant, 
and  how  the  ear  is  able  to  detect  want  of  correctness  in  such  an  interval. 

We  rnay  in  the  same  manner  examine  the  other  intervals,  but  this 
task  is  left  to  the  reader. 

Since,  when  an  interval  is  untrue,  those  partials  of  the  two  notes 
which,  if  the  interval  were  true,  ought  to  be  in  unison,  will  be  in  a  con- 
dition for  producing  beats,  it  follows  that  the  greater  the  number  of 
common  partials,  and  the  stronger  these  partials  are,  the  greater  will  be 
the  discord  produced  by  mistuning  the  interval,  and  so  the  greater  the 
accuracy  with  which  the  ear  can  adjust  such  an  interval.  In  the  case  of 
the  perfectly  consonant  interval,  the  octave,  all  the  partials  of  the  higher 
note  are  in  unison  with  partials  of  the  lower.  In  the  fifth,  the  alternate 
overtones  (1,  3,  5,  &c.)  of  the  higher  note  are  in  unison  with  partials  of 
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the  lower.  In  the  fourth,  every  third  overtone  (2,  5,  &c.)  of  the  higher 
are  in  unison  with  partials  of  the  lower.  In  the  major  sixth,  major  third, 
and  minor  third,  one  overtone  of  the  higher  is  in  each  case  in  unison  with 
one  partial  of  the  lower,  but  as  the  consonance  decreases,  it  is  a  higher 
and  higher,  and  therefore  less  important  partial  that  is  in  unison.  Thus 
an  mtei-val  is  more  consonant  the  greater  the  number,  and  more  im- 
portant, that  is,  the  lower,  the  partials,  which  are  common  to  the  two 
notes. 

When,  instead  of  compound  tones,  simple  tones  are  employed,  the 
above  explanation  does  not  account  for  the  fact  that  while  a  true  octave 
or  fifth  is  consonant,  an  untrue,  that  is,  slightly  mistuned^  octave  or  fifth 
is  dissonant.  It  is  to  be  noted  that  with  pure  tones  the  accuracy  with 
which  the  ear  is  able  to  detect  an  untrue  interval  is  very  considerably  less 
than  with  compound  tones,  so  that  the  explanation  given  above  is  to  this 
extent  supported.  Helmholtz  has  explained  the  dissonance  of  simple 
tones  as  being  due  to  the  beats  produced  by  combination  tones.     Thus, 


FREQUENCY  OF  PARTIALS  1,2,3,4,5,6,7,8,9,10.  A  J,  5,  7,  9. 

AMPLITUDE  aiti.i.U.iA  /,  i,  -iA,  i. 

AfO  DIFFERENCE  OF  PHASE. 


FREQUENCY  OF  PARTIAL^  /,  Z,Z,4,S,S,7,8:9,I0. 
AMPLITUDE  /,^^4,Xi,U,U.i6. 

DIFFERENCE 


/,  J,  S,  7,  9. 
OF  PHASE  90". 


Fig.  879. 

suppose  we  have  an  untrue  octave,  the  frequency  of  the  tones  being  256 
and  515.  The  number  of  beats  is  259,  and  therefore  cannot  produce  the 
discord  which  is  heard.  These  two  tones  will  produce  a  difference  tone, 
of  which  the  frequency  is  515-256  or  259,  and  this  tone  will  give  three 
beats  per  second  with  the  tone  256.  It  is  to  these  beats  that  Helmholtz 
attributes  our  power  of  distinguishing  the  untrue  interval.  In  the  same 
way,  suppose  we  have  an  untrue  fifth,  the  frequencies  being  256  and  380. 
The  first  difference  tone  has  a  frequency  of  380  — 256  or  124,  and  will  not 
produce  a  discord  with  either  primary.  A  secondary  difference  tone  will 
be  produced  between  the  first  difference  tone  and  the  lower  primary  of 
frequency  256-124  or  132,  and  this  secondary  difference  tone  will  pro- 
duce eight  beats  per  second  with  the  first  difference  tone,  hence  the 
discord. 

322.  Timbre. — The  quality  or  timbre  of  the  notes  given  by  different 
instruments  is  produced  by  the  overtones  which  accompany  the  fiinda- 
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mental.  In  general  those  notes  in  which  the  fundamental  is  relatively 
strong,  the  overtones  being  few  and  feeble,  are  of  a  mellow  character. 
On  the  other  hand,  notes  in  which  the  overtones  are 
numerous  and  strong  are  harsher,  and  have  a  so-called 
metallic  sound. 

In  dealing  with  the  effects  of  the  overtones  on  the 
timbre  of  the  note,  there  are  three  points  to  be  con- 
sidered :  (i)  the  relative  frequencies  of  the  partials, 
(2)  their  relative  intensities,  and  (3)  the  relations  that 
exist  between  the  phases  of  the  partials. 

That  the  first  two  of  these  conditions  will  have  an 
important  bearing  on  timbre  is  evident  from  a  con- 
sideration of  the  curves  given  in  Fig.  279,  {a)  and  (<:), 
which  represent  the  resultant  curves  obtained  by  the 
combination  of  sine  curves  which  are  all  harmonics  of 
the  same  curve,  but  in  which  the  harmonics  present 
are  different.  In  the  case  of  a  note  in  which  the 
corresponding  partials  are  present,  we  can  easily  see  that  the  timbre 
may  be  very  different  in  the  two  cases. 

In  order  to  determine  what  partials  were  present  in  any  given  note, 
Helmholtz  used  a  series  of  resonators,  each  in  the  form  shown  in  Fig.  280. 
The  open  end  a  of  the  resonator  is  turned  to- 
wards the  source  of  sound,  while  the  other  and 
smaller  opening,  ^,  is  connected  to  the  ear  by 
means  of  an  india-rubber  tube.  If  the  given 
note  contains  a  partial  which  corresponds  in 
pitch  to  the  natural  pitch  of  the  resonator, 
then  this  partial  will  cause  the  resonator  to 
"speak." 

Koenig  has  devised  the  form  of  resonator 
shown  in  Fig.  281,  in  which  the  volume  of  the 
enclosed  air  can  be  altered,  and  thus  the  pitch 
of  the  note  to  which  the  resonator  responds  also 
altered. 

Instead  of  using  the  ear  to  detect  whether 
a  resonator  responds  to  a  given  note,  use  may 
be  made  of  a  manometric  flame,  the  capsule  of 
which  is  connected  with  the  inside  of  the  reso- 
nator. On  this  principle  Koenig  has  constructed 
the  instrument  shown  in  Fig.  282.  A  series  of 
resonators  are  tuned  so  as  to  respond  to  a 
given  tone  and  to  its  harmonics,  each  resonator 
being  connected  by  means  of  a  tube  with  a 
manometric  capsule.  When  a  note,  of  which  the  fundamental  agrees  in 
pitch  with  the  pitch  of  the  lowest  resonator,  is  sounded  near  this  instru- 
ment, all  the  resonators  which  agree  in  pitch  with  the  partials  that  are 
present  will  respond,  and  the  corresponding  flames  will  be  affected, 
which  effect  can  be  observed  by  looking  at  the  flames  in  a  rotating 
mirror.  When  an  open  organ-pipe,  of  which  the  fundamental  corre- 
sponds to  the  lowest  resonator,  is  sounded  gently  the  fundamental  is  the 
only  resonator  that  responds.  If,  however,  the  pipe  is  sounded  more 
strongly,  the  resonators  corresponding  to  the  first  five  harmonics  respond, 


Fig.  281. 
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the  response  of  the  third  harmonic  being  stronger  than  that  of  the  second. 
If  a  closed  pipe  of  the  same  pitch  is  sounded  strongly,  then  the  even 
harmonics  are  all  absent,  as  we  should  expect  from  the  discussion  given 
in  §  309.  The  third  harmonic  is  fairly  strong,  while  the  fifth  is  only 
feeble. 

In  the  case  of  the  note  given  by  a  bowed  violin-string,  the  first  seven 
harmonics  are  present,  and  it  is  owing  to  the  presence  of  this  large 


{From  Ginois  "  PhyiUt.") 

number  of  partials  that  the  violin  owes  the  piercing  character  of  its 
notes.  In  the  case  of  the  piano,  the  partials  i,  2,  3  are  fairly  strong, 
while  the  partials  4,  5,  6  are  more  feeble,  while  the  position  at  which  the 
strings  are  struck  is  so  chosen  that  the  seventh  partial  is  absent.  The 
reason  for  this  is  that  the  seventh  partial,  when  present,  forms  a  dis- 
sonance with  the  sixth  and  eighth. 

The  frequency  of  the  sixth,  seventh,  and  eighth  partials  being  6«,  7«, 
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and  8«,  where  n  is  the  frequency  of  the  fundamental,  the  interval  between 
the  6th  and  7th  is  6/7,  and  that  between  the  7th  and  8th  is  ^IZ.  Now 
neither  of  these  intervals  is  consonant.  If,  however,  the  7th  partial  is 
absent,  the  interval  between  the  6th  and  8th  is  3/4  (a  fourth),  and  this  is 
consonant.  Hence  when  the  7th  partial  is  wanting,  all  the  partials  up  to 
and  including  the  8th  are  consonant.  Although  the  8th  and  9th  are 
dissonant,  yet  since  the  loudness  of  a  partial  decreases  rapidly  with  the 
order  of  the  partial,  the  dissonance  produced  by  the  6th  and  the  higher 
partials  is  practically  negligible. 

The  partials  of  an  organ-pipe  have  been  investigated  by  Raps  in 
another  way.  Two  rays  of  light  are  caused  to  form  interference  bands 
(§  381),  and  while  one  ray  passes  altogether  through  the  external  air,  the 
other  passes  through  the  air  situated  at 
the  node  of  an  organ-pipe.  The  alternate 
condensations  and  rarefactions  cause  the 
density  of  the  air  to  alter,  and  hence  the 
velocity  of  light  passing  through  the  air 
varies  in  the  same  way.  The  result  is  that 
when  the  pipe  is  sounded  the  interference 
bands  vibrate  backwards  and  forwards  in 
the  same  period  as  the  changes  of  density 
of  the  air  in  the  pipe.  If  then  the  bands 
are  received  on  a  rotating  drum  covered 
with  photographic  paper,  a  wavy  line  will 
be  produced,  and  from  the  character  of 
this  line  the  nature  of  the  vibrations  of 
the  air  in  the  pipe  can  be  seen.  A  series 
of  traces  obtained  in  this  way  from  an 
open  pipe  blown  with  gradually  increasing 
wind  pressure  is  given  in  Fig.  283.  It  will 
be  noticed  how  the  first  overtone,  which 
is  at  first  absent,  gradually  increases  in 
intensity  as  the  wind  pressure  is  increased. 

Not  only  did  Helmholtz  perform  the 
analysis  of  compound  notes  into  their 
simple  partial  tones,  but  he  also  per- 
formed the  inverse  operation,  namely, 
building  up  a  note  of  a  given  timbre  by  the  combination  of  a  number 
of  simple  tones,  that  is,  he  performed  the  synthesis  of  a  given  note. 
The  apparatus  he  used  is  shown  in  Fig.  284,  and  consisted  of  ten 
tuning-forks  which  were  tuned  so  as  to  give  a  fundamental  of  256 
vibrations  per  second  and  its  first  nine  harmonics.  Each  of  these  forks 
is  arranged  in  front  of  a  resonator  tuned  to  unison  with  it.  An  eleventh 
fork,  K,  is  maintained  in  vibration  electrically,  and  is  so  arranged  that  it 
makes  and  breaks  an  electric  circuit  once  in  each  vibration.  Each  of 
the  other  forks  is  provided  with  an  electro-magnet  through  which  the 
intermittent  current  produced  by  the  fork  K  is  sent.  The  result  is  that, 
in  the  case  of  fork  number  i,  the  fork  is  acted  upon  by  a  periodic  force 
which  recurs  regularly  after  i,  2,  3,  &c.,  complete  vibrations,  and  thus 
keeps  the  fork  in  vibration.  Fork  number  2,  in  the  same  way,  receives 
an  impulse  every  other  vibration,  and  so  on.  Each  of  the  resonators  is 
fitted  with  a  clapper  worked  by  a  string  attached  to  a  keyboard,  by 
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means  of  which  ihe  mouth  of  the  resonator  can  be  closed.  When  the 
mouth  of  the  resonator  is  closed,  so  that  it  cannot  reinforce  the  sound  of 
the  fork,  the  sound  emitted  by  the  latter  is  of  so  feeble  intensity,  com- 
pared to  the  sound  emitted  when  the  resonator  is  in  action,  that  it  may 
practically  be  neglected.  Thus  the  compound  note  heard  corresponds 
to  the  note  produced  by  the  coexistence  of  the  tones  given  out  by  the 
forks,  the  resonators  of  which  have  been  uncovered  by  depressing  the 
corresponding  keys.  Since  the  intensity  with  which  a  resonator  sounds 
depends  on  the  extent  to  which  the  opening  has  been  uncovered,  the 
intensity  of  the  different  partials  can  be  altered  at  will. 

Koenig  has  also  performed  the  synthesis  of  musical  notes  by  cutting 
out  the  curve  obtained,  as  in  Fig.  279,  by  compounding  the  sine  curves 
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corresponding  to  the  different  harmonics,  taken  with  their  proper  relative 
amplitudes,  round  the  edge  of  a  metal  cyclinder,  such  as  that  shown  in 
Fig.  285.  If  a  jet  of  air  from  a  narrow  slit  B  be  directed  on  such  a 
toothed  wheel,  then  the  passage  of  the  air  will  vary  according  to  the 
amount  the  metal  is  cut  away,  and  by  rotating  the  wheel  a  note  will  be 
produced.  With  this  instrument,  called  a  wave-syren,  Koenig  was  able 
to  reproduce  the  characteristic  timbre  of  some  musical  notes. 

The  timbre  obtained  also  varies  when,  the  number  and  amplitude  of 
the  partials  being  kept  the  same,  the  phase  relations  between  these 
partials  are  changed  in  the  manner  exhibited  in  Fig.  279.  In  the  curves 
{a)  and  {c)  the  phases  of  all  the  partials  are  the  same,  that  is,  when  the 
fundamental  curve  is  passing  through  the  axis  of  X  from  the  negative  to 
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the  positive  side,  that  is,  when  its  phase  is  0°,  all  the  curves  conespond- 
ing  to  the  other  partials  are  also  passing  through  the  axis  of  X^  from  the 
negative  to  the  positive  side,  so  that  their  phases  are  also  0°.  In  the 
curves  {b)  and  {d\  when  the  phase  of  the  fundamental  is  0°,  that  of  the 
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partial  next  above  it  is  90°  behind,  so  that  this  curve  is  at  its  maximum 
below  the  axis  of  X,  while  the  phase  of  the  next  partial  is  90°  behind  this, 
and  so  on. 

Hence  Koenig  concludes  that,  contrary  to  the  results  obtained  by  von 
Helmholtz,  the  relative  phase  of  the  partials  has  some  influence  on  the 
timbre  of  the  note. 

323.  PFOduetion  of  Voeal  Sounds.— The  actual  organ  concerned 
in  the  production  of  the  vibrations  that  constitute  a  vocal  sound  are  two 
membranes,  called  the  vocal  cords.  These  membranes  are  stretched 
between  a  series  of  cartilaginous  structures,  to  which  are  attached  a 
series  of  muscles,  by  means  of  which  the  tension  of  the  membranes  can 
be  altered.  The  vocal  cords  are  stretched  across  the  opening  of  the 
trachea,  which  is  a  tube  leading  to  the  lungs,  and  it  is  to  the  vibrations 
caused  in  the  cords  when  air  is  forced  between  them  that  vocal  sounds 
are  due.  The  vocal  cords  in  men  are  thicker  than  in  women  and  children, 
so  that  they  vibrate  more  slowly,  and  hence  produce  lower  notes. 

The  sounds  produced  by  the  vocal  cords  are  much  modified  by  the 
effect  of  the  mouth,  which  acts  as  a  resonator  of  variable  shape  and 
volume.  The  mouth  cavity  may,  however,  not  only  act  the  part  of  a 
resonator  in  the  sense  we  have  already  used  the  term,  but  it  may  also 
modify  the  note  produced  by  the  vocal  cords,  even  when  it  is  not  truly 
in  resonance  with  any  of  the  lower  partials  of  the  note.  That  such  an 
effect  can  be  produced  is  shown  by  an  experiment  of  Koenig's,  in  which 
a  syren  was  surmounted  by  a  pipe,  and  the  note  produced  was  examined 
by  a  manometric  flame,  while  the  ratio  between  the  natural  periods  of 
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the  syren  and  pipe  was  altered.  It  was  thus  found  that  the  characteristic 
of  the  partials  present  in  the  resultant  note  underwent  marked  changes 
due  to  the  eftect  of  the  resonator,  these  being  very  much  more  marked 
when  the  natural  period  of  the  resonator  coincided  with  that  of  one  of 
the  partials  of  the  note  given  by  the  syren. 

Articulate  speech  is  composed  of  a  number  of  characteristic  sounds 
called  vowels,  of  which  there  exist  almost  an  infinite  number  of  different 
kinds,  the  characteristic  being  that  a  vowel  sound  can  be  indefinitely 
sustained  without  losing  its  characteristic.  In  addition  to  the  vowel 
sounds,  there  are  other  sounds  called  consonants,  which  are  not  per- 
sistent sounds,  being  practically  only  different  ways  of  commencing  and 
ending  a  vowel  sound. 

The  question  as  to  what  it  is  that  gives  its  character  to  a  vowel 
sound  is  a  subject  about  which  there  has  been,  and  is  still,  much  differ- 
ence of  opinion. 

Helmholtz,  who  investigated  this  question,  found  that  when  the  mouth 
is  adjusted  for  sounding  any  given  vowel,  the  cavity  of  the  mouth  always 
resounds  to  the  same  tone,  and  that  the  frequency  of  the  tone  depends 
only  on  the  vowel,  and  not  on  the  age  or  sex  of  the  speaker.  He  was 
hence  led  to  the  conclusion  that  every  vowel  sound  is  characterised  by 
the  pitch  of  the  tone  (or  tones)  to  which  the  mouth  is  adjusted.  In 
this  way  he  found  the  following  characteristic  tones  for  some  of  the 
vowels  : — 

Vowel  Characteristics. 


Vowel 

CHiaracteristic  Tone. 

u  as  in  rwde  .... 

/ 

frequency  176 

ou 

4 

352 

0  as  m  xnoTG. .... 

»         476 

a  as  in  f<'zther 

l/'\> 

»         932 

e  as  in  th^re  .... 

d""  ^ndf 

1980,  352 

i  as  in  machme     . 

„         2376,  176 

The  difficulty  then  arises  as  to  how  it  is  that  we  can  recognise  the 
character  of  a  vowel  sound  when  it  is  sung  on  very  different  pitches. 
This  difficulty  may  in  measure  be  met  by  supposing  that  in  general  one 
of  the  upper  partials  of  the  note  produced  by  the  vocal  cords  is  suffi- 
ciently near  to  the  characteristic  tone  of  the  vowel  to  cause  the  mouth 
cavity  to  resound,  and  it  is  the  strengthening  of  this  partial  by  resonance 
which  gives  the  characteristic  vowel  sound,  although  the  great  bulk  of 
the  sound  produced  may  be  of  a  different  pitch. 

By  means  of  a  system  of  resonators,  Helmholtz  was  able  to  detect  the 
presence  of  other  partials  which  characterised  the  vowel  sounds,  and 
then,  using  his  apparatus  for  the  synthesis  of  notes,  he  was  able  to 
reproduce  some  of  the  vowel  sounds  with  some  degree  of  success. 

More  recent  observations  of  the  form  of  the  trace  in  the  phonograph, 
however,  seem  to  indicate  that  the  subject  is  more  complicated  than 
Helmholtz's  work  would  lead  us  to  suppose,  and  that  when  a  vowel 
sound  is  sung  on  different  notes,  one   of  the   partials   of  the  note  is 
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reinforced,  and  that  the  frequency  of  the  partial  thus  reinforced  oscillates 
between  certain  limits.  Hence  the  characteristic  tone  of  a  vowel  is  not 
of  perfectly  fixed  pitch,  but  changes,  within  certain  limits,  in  such  a  way, 
as  always  to  be  one  of  the  partials  of  the  note  in  which  the  vowel  is 
sung.  .... 

This  question  has  been  investigated  by  Bevier  by  reproducing  on  an 
enlarged  scale  the  form  of  the  groove  which  constitutes  the  record  in  a 
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phonograph,  and  then  analysing  the  resulting  curve  according  to  Fourier's 
theorem  (§  55).  A  copy  of  a  portion  of  the  curve  corresponding  to  the 
vowel  ah  is  shown  in  Fig.  286.  The  amplitudes  of  the  fundamental,  that 
is,  the  note  on  which  the  vowel  was  sung,  and  of  the  harmonics  obtained 
by  the  Fourier  analysis  of  the  curves,  are  given  in  the  following  table  : — 

Harmonics  corresponding  to  the  Vowel  a. 


Funda- 
mental. 

2 

3 

4 

5 

6 

7 

8 

9 

10 

Frequency    . 
Amplitude    . 

"3 

9.9 

226 
15-4 

339 

2-5 

452 
0.8 

565 
11.5 

678 
16.1 

791 
3-3 

904 
8.1 

1017 
21.2 

1 130 
7.9 

Frequency    . 
Amplitude    . 

144 
32.9 

288 
4.3 

432 
1.9 

576 
8.5 

~  720 
14.8 

864 
2.1 

1008 
8.8 

1152 
13.5 

1296 
7.2 

1440 

1-3 

Frequency    . 
Amplitude    . 

171 

5.6 

342 
4.8 

S13 
2.9 

684 
17.5 

85s 

1026 
33.1 

1197 
19.9 

1368 
2.1 

1539 
6.1 

1710 

1.9 

Frequency    . 
Amplitude    . 

226 
9.2 

452 
3-6 

678 
34.6 

904 
8.0 

1 130 
31.0 

1356 
2.6 

1582 
6.2 

1808 
1.4 

2034 
0.8 

2260 
1.2 

Frequency    . 
Amplitude    . 

288 
S-4 

"576 
18.2 

864 
8.0 

1 152 
57:3 

1440 
30 

1728 
1-3 

2018 
3-2 

2304 
3.6 

... 

... 

Frequency    . 
Amplitude    . 

362 
9-5 

724 
14.3 

1086 
42.9 

1448 
16.5 

1810 

9-S 

2172 

2-5 

2534 
3-5 

2896 
1-3 

•• 

... 

Frequency    . 
Amplitude    . 

426 
S-7 

16.5 

1278 
64.9 

1704 
6.0 

2130 
6.9 

::: 

:: 

Frequency    . 
Amplitude    . 

S7^ 
21.4 

1152 
68.0 

1728 
4.0 

2304 
5.6 

2880 

I.O 

... 

... 

•• 

... 

It  will  be  noticed  that  the  order  of  the  harmonic  which  has  the 
maximum  amplitude  varies  with  the  pitch  of  the  fundamental,  but  the 
pitch  of  the  harmonic  which  has  the  greatest  amplitude  always  lies 
between  1000  and  1300  vibrations  per  second,  the  maximum  effect 
occurring  when  one  of  the  harmonics  has  a  frequency  of  about  11 50. 
Harmonics  having  frequencies  between  575  and  800  for  men,  and 
between  675  and  900  for  women,  are  also  prominent,  but  the  amplitude 
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is  less  than  in  the  case  of  the  higher  maximum.  The  fundamental 
varies  greatly  in  amplitude.  In  the  same  way  Bevier  finds  that  i  (as  in 
pit)  is  characterised  by  the  following  :  (i)  A  single  harmonic,  of  fre- 
quency about  1850,  is  very  strong;  (2)  harmonics  having  a  frequency 
about  575  are  fairly  strong,  the  harmonics  between  this  and  (i)  being 
very  weak.  The  amplitude  of  the  fundamental  varies  considerably 
according  to  its  pitch.  If  the  frequency  is  200,  or  above  500,  the  ampli- 
tude is  large  ;  but  if  the  frequency  lies  between  275  and  about  450,  the 
amplitude  is  small.  Similar  results  have  been  obtained  for  the  other 
vowels. 

324.  The  Phonograph.— There  have  been  numerous  attempts  to 
artificially  reproduce  human  speech,  and  of  these  the  only  one  which  has 
been  completely  successful  is  that  made  by  Edison.  The  latest  form  of 
Edison's  Phonograph  consists  of  a  wax  cylinder,  on  which  a  small  stylus 
with  a  sharp  cutting  edge  records  the  vibrations  caused  in  a  thin  glass 
diaphragm  by  the  sound-waves  which  are  incident  on  the  diaphragm. 
The  vibrations  of  the  diaphragm  cause  the  stylus  to  cut  a  groove  in  the 
wax  of  variable  depth,  and  this  groove  forms  a  permanent  record  of  the 
vibrations  of  the  diaphragm.  In  order  to  reproduce  the  sounds,  the 
cutting  stylus  is  replaced  by  a  round  pointed  one,  and  this  stylus  is 
caused  to  pass  along  the  groove  made  by  the  cutting  stylus.  In  this 
way  the  rounded  stylus  is  caused  to  vibrate  in  exactly  the  same  way  as 
did  the  recording  one,  and  since  it  communicates  its  motion  to  the  glass 
diaphragm,  this  latter  also  is  caused  to  vibrate  in  the  same  manner  as  it 
did  under  the  influence  of  the  incident  sound-waves.  The  diaphragm 
communicates  its  motion  to  the  air,  and  thus  the  sounds  are  repro- 
duced. 

The  character  of  the  trace  made  on  the  wax  cylinder  has  been 
examined  by  Hermann  and  Bevier,  by  attaching  a  mirror  to  the  record- 
ing stylus  and  reflecting  a  ray  of  light  from  this  mirror  on  to  a  screen. 
In  this  way  the  movements  of  the  spot  of  light  will  show  the  form  of 
the  trace  made  by  the  recording  stylus  on  the  wax  cylinder. 


BOOK  IV 

LIGHT 

CHAPTER   I 
RECTILINEA  R  PROP  A  GA  TION— REFLECTION 

325.  Scope  of  the  Subject.— The  word  light  is  used  both  in  a 
subjective  and  an  objective  sense.  Thus  when  our  eye  is  subjected  to 
certain  conditions,  we  experience  a  sensation  which  we  call  light,  while 
the  physical  cause  of  this  sensation  is  also  called  light.  In  our  examina- 
tion of  the  phenomena  we  shall,  however,  find  that  bodies  which  emit 
that  form  of  radiation  which  produces  the  sensation  of  light,  in  general, 
also  emit  other  forms  of  radiation  which,  while  physically  of  the  same 
nature  as  light,  yet  do  not  produce  the  sensation  of  light.  Thus  the 
flame  of  a  Bunsen  burner  is  almost  invisible,  still,  if  we  hold  our  hand  or 
a  thermometer  near  the  flame,  we  find  that  heat  energy  is  being  radiated 
out  all  the  time.  By  introducing  a  piece  of  fine  platinum  wire  into  the 
flame,  the  wire  will  be  raised  to  a  white  heat,  and  will  produce  light 
radiation.  The  flame  still  continues  to  produce  radiant  heat,  but  now, 
in  addition,  some  radiation  is  also  produced,  which  can  be  recognised  by 
our  eye.  Thus  while  visible  radiant  energy  will  be  called  light,  we  shall 
in  this  portion  of  the  book  also  examine  the  phenomena  due  to  invisible 
radiant  energy,  which  is  physically  of  the  same  nature  as  the  light  radia- 
tion, but  for  the  recognition  of  which  we  have  no  special  sense  organ. 

326.  Rays— Geometpieal  Optics— Physical  Optics.- We  shall  see 
that  in  an  isotropic  medium  light  is  propagated  in  straight  lines,  and  is 
due  to  a  wave-motion.  A  line  drawn  so  as  to  represent  the  direction  of 
propagation  of  the  light  proceeding  from  a  luminous  body  is  called  a  ray.^ 

Starting  from  the  observed  fact  that  light  travels  in  straight  lines,  and 
the  laws  of  reflection  and  refraction,  it  is  possible  to  deduce  a  number  of 
interesting  results  which  have  a  direct  bearing  on  optical  phenomena  by 
mere  mathematical  or  geometrical  methods.  The  subject  of  light  con- 
sidered in  this  way  is  generally  called  Geometrical  Optics.  In  geometrical 
optics  no  inquiry  is  made  as  to  the  nature  or  cause  of  light,  neither  is  any 
explanation  forthcoming  of  the  rectilinear  propagation  of  light.  These 
matters  come  within  the  scope  of  another  branch  of  the  subject,  called 

1  The  word  ray  is  also  used  to  signify  "  kind  of  radiation."  Thus  we  speak  of  heat 
rays,  red  rays,  blue  rays,  &c.,  meaning  radiant  heat  and  radiation  which  produces  the 
sensation  of  red,  blue,  &c. 
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Physical  Optics.  In  the  following  pages  we  shall  commence  by  using 
the  methods  of  geometrical  optics.  Having  in  this  way  obtained  a  cer- 
tain familiarity  with  some  of  the  simpler  phenomena,  we  shall  then  be  in 
a  position  to  consider  the  physical  nature  of  these  phenomena. 

327.  Reetilineap  Propagation  of  Light  — Shadows.— The  fact 
that  under  ordinary  conditions  light  is  propagated  in  straight  lines  is 
taken  for  granted  by  every  one  in  common  life,  for  we  always  assume 
that  a  body  exists  in  the  direction  of  the  rays  of  light  which  enter  our 
eye.  The  simplest  prool  of  the  rectilinear  propagation  is  afforded  by  the 
formation  of  shadows,  for  it  is  found  that  the  edge  of  the  shadow  of  a 
body  formed  by  a  point  source  of  light,  such  as  a  pin-hole  in  a  dark 
shutter,  the  edge  of  the  object  and  the  source  of  light  are  all  in  a 
straight  line. 

In  order  to  find  the  form  of  the  shadow  cast  by  a  point  source,  we 
have  only  to  draw  a  number  of  straight  lines  from  the  source,  so  that  they 
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all  touch  the  edge  of  the  object.  Where  these  lines  meet  the  screen 
will  be  points  on  the  edge  of  the  shadow.  If  the  source  of  light  has 
an  appreciable  magnitude,  however,  we  do  not  get  a  simple  shadow  of 
uniform  blackness  with  a  sharp  outline.  Let  AB  (Fig.  287)  be  a  luminous 
object,  say  the  sun,  and  CD  the  body  that  casts  the  shadow,  say  the 
moon.  Then  if  we  consider  a  point,  a,  of  the  luminous  body,  the  shadow 
cast  by  this  point  on  a  screen  at  EF  would  be  at  HK.  In  the  same  way 
the  shadow  cast  by  the  point  B  would  be  Gi.  All  intermediate  points 
would  cast  shadows  situated  between  G  and  K.  It  will  thus  be  seen  that 
HI  will  be  the  only  part  of  the  screen  which  is  completely  in  shadow, 
i.e.  screened  from  the  whole  of  the  luminous  object.  This  part  of  the 
shadow  is  therefore  called  the  umbra.  The  rest  of  the  shadow  is  not 
completely  dark,  but  gets_dayk£r.  and  d^^ker  from  the  nii^t;iHe  tn  ^he 
edge  of  the  umbra.  This  part  of  the  shadow  is  called  the  penumbra. 
In  the  case  of  the  moon  and  earth,  it  is  only  when  the  earth  enters 
within  the  cone  CMD  that  a  total  eclipse  takes  place  ;  when  it  enters 
within  the  penumbra  the  eclipse  is  only  partial,  since  from  any  point 
within  the  penumbra  straight  lines  can  be  drawn  touching  the  object, 
which  will  intersect  the  source  of  light,  and  so  part  of  the  source  will  be 
visible  from  any  such  point. 
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328.  The  Pin-Hole  Camera.— The  working  of  the  pin-hole  camera 
depends  on  the  rectilinear  propagation  of  light.  If  a  small  hole  is  made 
in  an  opaque  screen,  and  a  luminous  object  is  placed  on  one  side,  and  a 
white  screen  on  the  other,  an  inverted  image  of  the  luminous  object 
will  be  formed  on  the  screen.  Each  luminous  point  of  the  object  A  and  B 
(Fig.  288)  will  form  a  small  round  patch  of  light  on  the  screen  ;  and  if 
the  hole  is  so  small  that  these  patches  of  light  do  not  overlap  very  much 
they  will  build  up  an  image  of  the  object,  which,  as  is  shown  in  the 
figure,  is  inverted.  It  is  important  to  note  that  the  image  will  be  formed 
whatever  may  be  the  relative  distance  of  the  object  and  screen  from 
the  pin-hole,  so  that  in  this  particular  we  have  an  important  difference 
between  the  image  formed  in  this  way  and  that  produced  by  a  lens  or 
mirror  (§§  340,  341).  If  a  second  pin-hole  were  made  near  the  first,  say 
at  P,  a  second  image  would  be  produced,  which  would  partly  overlap  the 
first  image.     In  the  same  way  if  a  number  of  holes  were  made  surround- 
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ing  O,  instead  of  a  definite  image  we  should  simply  have  a.blur  produced 
by  the  partial  superposition  of  all  the  images.  This  explains  why  it  is 
that  it  is  only  when  the  pin-hole  is  small  that  any  sharp  image  is 
obtained,  for  a  large  hole  is  the  equivalent  of  a  number  of  pin-holes  close 
together. 

329.  Assumptions  as  to  the  Nature  of  Light.— We  shall  in  a 
subsequent  section  describe  experiments  to  prove  that  light  travels  with 
a  finite  velocity,  and  others  which  show  that  it  is  of  the  nature  of  a  wave- 
motion.  Since,  however,  for  the  full  grasping  of  these  experiments  a 
knowledge  of  the  laws  of  reflection  and  refraction  and  of  the  elementary 
properties  of  mirrors  and  lenses  is  required,  the  description  of  them  is  for 
the  present  postponed.  We  shall,  nevertheless^  in  the  following  sections 
assume  that  light  consists  of  a  wave-motion,  and  that  the  velocity  with 
which  the  light  waves  move  is  different  in  different  media,  and  on  these 
assumptions  we  shall  construct  explanations  of  the  simple  phenomena 
of  reflection  and  refraction.  Thus  when  considering  the  properties  of 
mirrors  and  lenses  we  shall  not  only  use  the  method  of  the  older 
geometrical  optics,  namely,  the  method  of  rays,  but  in  addition  we  shall 
sometimes  take  as  our  starting-point  the  wave-front  (§  274)  at  any  given 
instant,  and  then  by  Huyghens's  construction  (§  275)  we  shall  trace  out  the 
form  of  the  wave-front  at  subsequent  times.      These  two  methods  of 
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viewing  the  phenomena  are  essentially  the  same,  for  the  rays  are  every- 
where at  right  angles  to  the  corresponding  wave-fronts  ;  but  it  is  never- 
theless of  use  when  employing  the  method  of  rays  to  have  in  our  mind's 
eye  the  corresponcjing  wave-fronts. 

330.  CurvatuFe  of  a  Surface. — If  we  have  a  disturbance  produced 
at  a  point  within  an  isotropic  medium,  the  wave-fronts  will  be  spheres 
with  the  point  as  centre.  If,  however,  the  medium  is  not  isotropic,  the 
form  of  the  wave-fronts  will  in  general  be  different.  In  the  following 
pages  we  shall  almost  exclusively  deal  with  spherical  or  plane  wave- 
fronts.  If  we  have  a  surface  which  is  not  a  sphere,  and  at  any  point 
on  this  surface  draw  a  sphere  touching  this  surface,  then  for  parts  of  the 
surface  in  the  immediate  neighbourhood  of  this  point  we  may  suppose 
the  surface  replaced  by  that  of  the  sphere.  In  the  same  way  we  can 
draw  a  circle  to  touch  any  plane  curve,  and  for  points  near  the  point  of 
contact  the  circle  will  coincide  with  the  curve. 

Let  AB  (Fig.  289)  be  a  portion  of  a  curve,  and  at  the  points  A  and  B 
draw  two  tangents  to  the  curve.     Now  at  the  point  A  the  direction  of 

the  curve  is  that  of  the  tangent  at^, 
while  at  B  the  direction  of  the  curve 
is  BT,.  Hence,  when  we  pass  from 
A  to  B  the  direction  of  the  curve 
changes  by  an  angle  ADTj  or  0.  Let 
the  length  of  the  curve  between  a 
and  B  be  S,  then  the  rate  of  change 
in  direction  with  distance  measured 
along  the  curve  is  ^/s,  and  this  is 
called  the  cuniature  of  the  curve 
between  a  and  B.  If  the  cun'e  is  a 
circle  with  its  centre  at  C,  the  angle 
ACB  is  equal  to  the  angle  TpTj,  for 
the  radii  are  at  right  angles  to  the 
tangents.  Let  r  be  the  radius  of 
the  circle,  then  the  length  of  the  arc  AB  is  rQ  (§  14).  Hence  the 
curvature  of  the  circle  is — 

e\rB  or  i/r. 

Thus  the  curvature  of  a  circle  is  numerically  equal  to  the  reciprocal  of 
the  radius. 

In  the  case  of  any  other  curve,  if  the  tangent  circle  is  drawn  at  any 
point  the  curvature  of  this  circle  is  the  reciprocal  of  the  radius,  and  as 
the  circle  coincides  with  the  curve  at  the  given  point,  this  also  measures 
the  curvature  of  the  curve  in  the  immediate  neighbourhood  of  this  point. 

When  in  the  place  of  plane  curves  we  are  dealing  with  surfaces,  the 
same  method  is  employed  to  measure  the  curvature,  namely,  the  curvature 
at  any  point  is  equal  to  the  reciprocal  of  the  radius  of  the  sphere  which 
touches  the  surface  at  that  point. 

The  radius  of  the  tangent  circle  or  sphere  is  called  the  radius  of 
curvature  of  the  curve  or  surface  respectively,  while  the  centre  of  the 
circle  or  sphere  is  called  the  centre  of  curvature. 

In  the  case  of  a  wave-front  we  have  to  distinguish  two  cases,  namely, 
according  as  the  direction  in  which  the  wave  is  moving  is  towards  the 
concave  or  convex  surface  of  the  wave.    We  shall  take  the  curvature  of  a 
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wave  to  be  positive  when  it  is  moving  towards  the  centre  of  the  tangent 
sphere.  Thus  the  curvature  of  the  spherical  wave-surface  produced  by 
a  disturbance  at  a  point  in  an  isotropic  medium  is  negative. 

331.  Images. — If  a  wave  has  a  positive  curvature  it  is  moving  towards 
the  centre  of  a  circle,  and  if  the  medium  between  the  wave-front  and  the 
centre  of  the  circle  is  isotropic  the  wave  will  converge  on  this  centre,  so 
that  at  a  certain  instant  the  wave-front  will  be  reduced  to  a  point.  In 
these  circumstances  the  wave  is  said  to  come  to  a  real  focus,  or  to  produce 
a  real  image  at  the  point. 

If  by  reflection  or  refraction  a  wave-front  of  negative  curvature  is 
produced  such  that  the  centre  of  curvature  does  not  coincide  with  the 
point  where  the  wave  was  originated,  the  wave  will  travel  as  if  it  came 
from  this  centre,  which  is  called  a  virtual  focus,  or  virtual  image. 

Since  the  rays  are  always  at  right  angles  to  the  wave-fronts,  a 
spherical  wave-front  of  positive  curvature  corresponds  to  a  pencil  of  rays 
which  converge  towards  a  point,  this  point  being  the  centre  of  curvature 
of  the  wave-front.  Thus  a  real  image  is  produced  when  the  rays  of 
light  which  have  started  from  a  luminous  point  are,  by  reflection  or 
refraction,  caused  to  pass  through  a  second  point,  this  point  being  the 
real  image. 

In  the  same  way,  when  the  rays  proceed  as  if  they  came  from  a  point 
other  than  the  actual  source  from  which  they  do  proceed,  this  point  is 
called  a  virtual  image 

In  the  case  of  a  real  image  the  waves  and  the  rays  actually  pass 
through  the  image,  while  in  the  case  of  a  virtual  image  the  waves  never 
actually  pass  through  the  image  ;  they,  however,  proceed  as  if  they  had 
been  produced  at  the  image,  and  had  then  moved  out  in  ever-widening 
spheres  in  an  isotropic  medium.  In  a  virtual  image  also  the  rays  never 
actually  pass  through  the  image ;  their  direction,  however,  is  such  that 
if  they  were  prolonged  backwards  they  would  pass  through  the  virtual 
image. 

382.  Laws  of  Refleetion.— The  fact  that  bodies  which  are  not 
themselves  luminous  are,  when  illuminated,  visible  in  all  directions, 
shows  that  they  must  be  capable  of  reflecting  light  in  all  directions,  for 
it  is  by  these  reflected  rays  that  we  are  able  to  see  the  body.  Such  rays, 
which  are  reflected  from  a  body  in  all  directions,  and  which  often  differ 
in  many  ways,  such  as  colour,  from  the  incident  light,  are  said  to  have 
undergone  diffused  reflection. 

When  a  beam  of  light  is  incident  on  a  well-polished  mirror,  it  under- 
goes diffused  reflection  to  only  a  very  small  degree,  the  greater  part  of 
the  light  being  reflected  in  a  single  direction.  This  light  is  said  to  have 
undergone  regular  reflection,  and  we  now  proceed  to  consider  the  laws 
that  govern  regular  reflection. 

The  point  where  a  ray  of  light  strikes  a  mirror  is  called  the  point  of 
incidence.  If  through  the  point  of  incidence  a  line,  called  the  normal,  is 
drawn  at  right  angles  to  the  reflecting  surface,  the  angle  the  incident 
ray  makes  with  this  line  is  called  the  angle  of  incidence,  while  the  angle 
the  reflected  ray  makes  with  the  normal  is  called  the  angle  of  reflection. 
The  phenomena  of  regular  reflection  may  then  be  summed  up  in  the 
following  two  laws  : — 

I.  The  incident  ray,  the  normal  to  the  reflecting  surface  at  the  point 
of  incidence,  and  the  reflected  ray,  are  all  in  the  same  plane. 
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2.  The  angle  of  reflection  is  equal  to  the  angle  of  incidence. 

The  laws  of  reflection  are  proved  whenever  an  "artificial  horizon"  is 
used  for  determining  the  altitude  of  a  star,  i.e.  the  angle  included  by 
straight  lines  drawn  in  a  vertical  plane  from  the  observer  to  the  star 
and  to  the  horizon.  A  telescope  T  (Fig.  290),  movable  in  a  vertical  plane 
about  a  horizontal  axle,  is  turned  to  observe  a  fixed  star  s,  when  seen 
directly,  and  the  reading  on  a  vertical  divided  circle  is  taken.  The  tele- 
scope is  now  turned  down  till  the  star  is  again  seen  in  the  telescope,  but 
this  time  after  reflection  in  the  surface  of  some  mercury  in  an  open  dish 
M.  Since  the  surface  of  the  mercury  is  horizontal,  the  normal  at  O  is  in 
the  vertical  plane.    As  the  telescope  moves  about  a  horizontal  axle/  the 
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plane  in  which  it  moves  is  vertical,  and  hence  the  two  rays  ST  and  OT  are 
both  in  this  vertical  plane.  The  incident  ray  s'o  is  also  in  this  plane,  for, 
since  the  star  is  at  such  an  enormous  distance,  the  rays  ST  and  s'o  are 
parallel.     Hence  the  first  law  is  verified. 

To  prove  the  accuracy  of  ihe  second  law,  a  dish  of  mercury  is  placed 
immediately  below  the  telescope,  which  is  then  turned  till  It  is  at  right 
angles  to  the  surface  of  the  mercury.  This  adjustment  is  made  by  seeing 
when  the  image  of  the  cross  wires  of  the  telescope  seen  reflected  in  the 
mercury  surface  coincides  with  the  cross  wires  themselves.  The  circle 
attached  to  the  telescope  is  then  read,  thus  giving  the  reading  when  the 
telescope  is  pointing  vertically  downwards,  i.e.  normal  to  the  surface  of  the 
mercury  at  P.  Next,  the  circle  is  read  when  the  image  of  the  star,  as  seen 
directly  and  as  seen  after  reflection  in  the  mercury  in  M,  coincides  with 
the  intersection  of  the  cross  wires. 

From  these  readings  the  value  of  the  angles  P'TS  and  pto  can  at  once 
be  deduced,  and  they  are  found  to  be  equal.  But  since  PP'  is  a  vertical, 
it  is  parallel  to  the  normal  ON,  and  therefore  the  angle  PTO  is  equal  to 
the  angle  TON,  and  the  angle  p'ts  is  equal  to  the  angle  S'ON,  since  ST  is 


1  This  condition  is  secured  by  means  of  a  striding  level  which  rests  on  the  trunnions 
■which  carry  the  telescooe. 
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parallel  to  S'O.     Hence  the  angle  TON  is  equal  to  the  angle  s'ON,  and  the 
second  law  of  reflection  is  verified. 

333.  Reflection  at  a  Plane  Surface.  —  We  have  in  §  276  con- 
sidered the  reflection  of  a  plane  wave  at  a  plane  surface,  and  we  have 
now  to  pass  on  to  the  cases  when  the  incident  wave  is  spherical,  that  is, 
is  proceeding  from  a  point  disturbance,  or,  as  it  is  generally  called  in 
optics,  a  point  source  or  object. 

Let  P  (Fig.  291)  be  the  luminous  point,  and  EMF  a  section  of  the 
mirror.  Let  cmd  be  a  wave- front  which  is  just  touching  the  mirror  at 
M,andc'M'D'bethe 
position  which  the 
same  wave  -  front 
would  occupy  at  a 
time  t  later  if  no 
mirror  were  pre- 
sent. We  may 
consider  that  as 
each  portion  of  the 
incident  wave-front 
reaches  the  mirror 
it  becomes  the 
centre  of  a  new 
disturbance  which 
is  propagated  back 
into  the  medium, 
and  then  find  the 
new- wave  front  by 
Huyghens's  con- 
struction (§  275).  Thus,  to  find  the  position  of  the  reflected  wave  at  the 
time  /,  we  describe  from  each  point  of  EF  a  circle  touching  the  arc  em'f, 
and  the  common  tangent  to  all  these  circles  will  be  the  reflected  wave- 
front.  In  the  time  /  the  reflected  wave  will  travel  from  M  through 
a  distance  equal  to  mm',  and  it  will  reach  the  point  m",  where  mm" 
is  equal  to  mm'.  In  the  same  way  the  point  H  on  the  incident 
wave  would,  if  there  were  no  reflection,  travel  to  h'".  It  is,  however, 
reflected  at  h',  and  in  the  remainder  of  the  time  /  is  able  to  travel  over  a 
distance  h'h",  which  is  equal  to  h'h'".  In  the  same  way,  it  can  be  shown 
that  the  reflected  disturbances  are  all  circles  touching  the  arc  em'f. 
Hence  the  reflected  wave-surface  em"f  is  also  an  arc  of  a  circle  of  the 
same  radius  as  the  circle  c'm'd'.  If  p'  is  the  centre  of  the  circle  of  which 
em"f  is  an  arc,  p'm  is  equal  to  PM,  for  the  radius  p'm"  is  equal  to  the 
radius  pm',  and  MM"  is  equal  to  mm'.  Thus  p'  is  the  image  of  the  point 
P  produced  by  reflection  in  the  mirror  AB,  and  since  the  waves  do  not 
actually  pass  through  p',  but  only  proceed  after  reflection  as  if  they  had 
originated  at  P',  the  image  is  virtual. 

Since  EF  touches  the  circle  CMD,  the  line  PM  is  perpendicular  to  EF. 
Thus  the  image  p'  is  situated  on  the  line  drawn  from  the  luminous  point 
at  right  angles  to  the  mirror,  and  is  as  far  behind  the  mirror  as  the  object 
is  in  front. 

The  position  of  the  image  formed  by  reflection  in  a  plane  mirror  can 
be  deduced  from  the  laws  of  reflection  simply,  without  any  assumption  as 
to  the  nature  of  light. 
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Fig.  292. 


Thus,  as  before,  let  ab  (Fig.  292)  represent  the  trace  of  a  plane  mirror 
which  is  perpendicular  to  the  plane  of  the  paper,  and  P  be  the  luminous 

point  from  which  rays  of  light 
Q  are  proceeding  in  all  directions. 

^1         M         D  Let  PM,  be  a  ray  proceeding  from 

P,  which  is  reflected  at  M,.  The 
reflected  ray  will  be  along  MiQj, 
where  the  angles  PMiN,QiMjN  are 
equal.  In  the  same  way,  the 
rays  PMj  and  PM3 will  be  reflected 
along  MjQj  and  M3Q3  respec- 
tively. Now,  if  the  direction 
of  these  rays  be  produced  back- 
wards behind  the  mirror,  it  will 
be  found  that  they  all  intersect 
at  one  point,  p'.  Thus,  after 
reflection  at  the  plane  mirror 
AB,  the  rays  of  light  proceed 
in  the  same  directions  that 
they  would  supposing  the 
mirror  were  removed,  and  a 
luminous  point  were  placed  at  P*. 
Thus  the  point  p'  is  the  image 
of  P  formed  by  reflection  in  the  mirror  ab,  and  as  the  reflected  rays  do 
not  actually  pass  through  the  image,  but  it  is  only  their  directions  when 
produced  backwards  that  pass  through  the  image,  the  image  is  virtual. 

In  order  to  find  the  position  of  the  image  p',  we  may  proceed  as 
follows  :  By  the  law  of  reflection  the  normal  ray  PM  must  be  reflected 

back  along  the  normal,  and 
hence  the  line  PMP'  must  be 
normal  to  the  mirror.  By  the 
same  law  the  angle  PMjN  is 
equal  to  the  angle  QiM^N, 
which  is  itself  equal  to  Uie 
angle  n'MjP'.  Hence  the  angle 
PMjM  is  equal  to  the  angle 
p'm,m.  The  angles  PMMj  and 
p'mm,  are  also  equal,  each 
being  a  right  angle.  The  two 
triangles  pm^m  and  p'MjM  have 
therefore  one  side  common, 
and  two  angles  of  each  equal ; 
they  are  therefore  equal  in  all 
respects,  and  the  side  PM  is 
equal  to  the  side  p'm.  The 
image  p'  is  therefore  on  the 
prolongation  of  the  normal  to 
the  mirror  drawn  through  the 
object  P,  and  is  as  far  behind  the 
mirror  as  the  object  is  in  front. 
In  the  case  of  a  luminous  object,  as  distinct  from  a  point,  which  may 
either  itself  be  a  source  of  light,  such  as  a  candle  flame,  or  simply  appear 
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luminous  from  the  light  which  it  reflects  in  a  diffuse  manner,  each  point 
produces  its  own  image  according  to  the  above  law.  Thus  the  image  of 
the  arrow  PQ  (Fig.  293)  in  the  plane  mirror  AB  is  at  p'q'.  To  an  eye 
placed  at  E,  the  object  as  seen  by  reflection  would  appear  to  be  at 
p'q',  for,  as  shown,  the  pencils  of  rays  which  enter  the  eye  diverge  after 
reflection  as  if  they  came  from  the  corresponding  points  of  the  image,  and 
it  is  by  the  direction  of  the  rays  as  they  enter  the  eye  that  we  judge  of 
the  position  of  a  luminous  body. 

If  from  E  the  object  PQ  is  viewed  directly,  the  point  of  the  arrow 
appears  turned  towards  the  left,  while  in  the  image  the  point  (p')  appears 
turned  towards  the  right ;  the  image  has  therefore  undergone  perversion 
from  right  to  left.  This  perversion  by  reflection  is  very  clearly  shown 
if  some  writing  is  blotted  when  wet  on  a  clean  piece  of  blotting-paper. 
In  this  way  a  perverted  copy  of  the  writing  is  obtained,  and  on  holding 
this  up  before  a  plane  mirror  the  image  is  perverted  and  the  writing 
becomes  at  once  legible. 

334.  Rotation  of  a  Plane  Mirror.— Suppose  that  a  ray  of  light  from 
the  point  P  (Fig.  294)  meets  the  plane  mirror  AB  in  the  point  M,  and  is 
reflected  along  mq,  and  that 
the  mirror  is  then  rotated 
around  an  axis  at  right  angles 
to  the  plane  of  incidence 
through  an  angle  a  into  the 
position  a'b'.  The  ray  pm  will 
now.  be  reflected  along  MQ', 
and  we  require  to  find  the  re- 
lation between  the  angle  QMQ' 
or  /8,  through;  which  the  re- 
flected ray  has  been  rotated, 
and  the  angle  a,  through 
which  the  mirror  has  been 
rotated.     Let  MN  and  mn'  be 

the  normals  at  the  point  M  to  „,^ 

^,         .         .     .     ^    ^       ..  Fig.  204. 

the  mirror  m  its  two  positions, 

then  the  angle  nmn'  is  equal  to  a.  Also  by  the  laws  of  reflection  the 
angle  PMN  is  equal  to  the  angle  NMQ,  and  the  angle  pmn'  is  equal  to 
the  angle  n'mq'.  Therefore  the  angle  PMQ  is  equal  to  twice  the  angle 
PMN,  and  the  angle  PMQ'  is  equal  to  twice  the  angle  pmn'.  Hence  the 
angle  /3  is  equal  to  2(pmn-pmn').  But  the  angle  nmn'  or  a  is  equal 
to  pmn -pmn'.  Hence  ^=2a,  or  the  reflected  ray  has  been  turned 
through  twice  the  angle  through  which  the  mirror  has  been  turned. 

We  may  regard  this  problem  in  a  slightly  different  manner.  Let 
O  (Fig.  295)  be  the  point  about  which  the  mirror  turns,  then  if  a  circle 
be  described  with  o  as  centre  and  OP  as  radius,  we  shall  show  that  what- 
ever the  position  of  the  mirror,  the  image  of  P  will  lie  on  this  circle.  Let 
AB  be  a  position  of  the  mirror,  then  if  p'  is  the  image  of  P,  we  have  that 
PP'  is  perpendicular  to  AB,  and  that  PM  =  p'm.  Hence  in  the  two  triangles 
OPM  and  op'm,  the  two  sides  OM,  MP  of  the  one  are  equal  to  the  two 
sides  OM,  MP'  of  the  other,  and  the  included  angles  are  equal,  each  being 
a  right  angle.  Hence  the  triangles  are  equal  in  all  respects,  and  OP  is 
equal  to  OP',  hence  P'  is  on  the  circle  described  with  o  as  centre  and  OP 
as  radius.      Let  a'b'  be  another  position  of  the  mirror,  and  P"  the  image 
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of  P,  then  wc  can  show  just  as  before  that  p"o  =  OP,  and  hence  p"  must 

be  on  the  circle. 

Since  pm  and  pm'  are  the  normals  to  the  mirror  in  the  two  positions, 

the    angle   m'pm    or    p"pp'  is 
n'  equal    to  a,  and   by  a   well- 

known  property  of  the  circle, 
the  angle  p"OP'  subtended 
by  the  arc  P"P'  at  the  centre 
is  twice  the  angle  p"pp'  sub- 
tended by  the  same  arc  at 
a  point  on  the  circumference. 
Hence  the  angle  P"OP'  is 
2a,  so  that  when  the  mirror 
turns  through  an  angle  a, 
the  line  joining  the  axis  of 
rotation  to  the  image  turns 
through  an  angle  2a.  Now 
if  PO  is  an  incident  ray, 
then  OQ  and  OQ'  will  be  the 
reflected  rays  in  the  two 
positions  of  the  mirror. 
Hence  the  angle  QOQ'  in- 
cluded between  the  two  re- 
flected rays  is  2a. 
385.  Use  of  a  Mirror  and  Scale  to  Measure  an  Angle.— Use  is 

very  frequently  made  of  a  mirror  to  measure  the  angle  through  which 

a  body  rotates,  since  we  vir- 
tually get  by  this  method  a 
weightless  unbendable  pointer 
of  whatever  length  we  please. 
Suppose  abb'  (Fig.  296)  to 
be  a  scale  divided,  say,  into 
millimetres,  and  that  at  a 
distance  D  from  the  scale  is 
placed  a  mirror  M,  which  can 
rotate  about  an  axis  perpen- 
dicular to  the  plane  mas', 
i.e.  the  plane  of  the  paper. 
Let  MN  be  a  line  drawn  from 
the  centre  of  the  mirror  nor- 
mal to  the  scale.  If  a  ray 
of  light  is  incident  along 
PM,  it  will  be  reflected  along 

MB  when  the  mirror  is  in  one  position,  and  along  MB'  when  the  mirror  is 

rotated  through  an  angle  a,  and  we  have  seen  that  the  angle  BMB'  is 

equal  to  2a. 

Calling  the  distance  on  the  scale  between  the  points  B  and  b'  where 

the  reflected  rays  cut  the  scale  and  the  point  N,  d  and  d\  and  the  angle 

BMN  ^,  we  have  :  — 


Fig.  296. 


tan  ^and-^=tan(2a-|-^>. 


§336] 


The  Sextant 


443 


Hence,  knowing  d^  d\  and  /J,  we  can  from  a  table  of  tangents  calculate 
the  values  of  the  angles  d  and  2a +  ^,  and  hence  get  a.  Thus  if  the 
mirror  M  is  attached  to  a  body  which  can  rotate,  we  can  obtain  the  angle 
through  which  it  rotates  from  the  readings  on  the  scale. 

If,  instead  of  being  straight,  the  scale  is  curved  so  as  to  form  part 
of  a  circle,  having  the  mirror  at  its  centre,  then  the  difference  of  the 
readings  for  B  and  B',  divided  by  the  radius  D,  will  give  the  value  of 
the  angle  2a  in  circular  measure  (§  14)  ;  and  hence,  knowing  the  number 
of  degrees  in  the  unit  angle  in  circular  measure  (radian),  the  angle  a  can 
be  obtained  in  degrees. 

If,  when  using  the  straight  scale,  the  distance  D  between  the  mirror 
and  the  scale  is  very  great  compared  to  the  lengths  NB,  NB','t)oth  the 
angles  Q  and  ^  +  2a  are  very  small.  Hence,  since  in  the  case  of  very 
small  angles  the  angle  (in  circular  measure)  is  equal  to  the  tangent 
(§  14),  we  have 


^=^and^  =  2a  +  a 


Therefore 


a=i 


d'-d 
Id'' 


or,  if  we  express  a  in  degrees, 


_9o     d'-d 


336.  The  Sextant.— The  principle  that  the  reflected  ray  is  turned 
through  twice  the  angle  that  the  mirror  is  turned,  is  "made  use  of  in 


V2  V, 


Fig.  297. 


the  sextant  to  measure  the  angle  subtended  at  the  obsei-ver  by  two 
distant  objects,  say  the  sun  and  the  horizon.  The  sextant  consists 
essentially  of  two  mirrors,  one  of  which,  A  (Fig.  297),  is  fixed  relative 
to  the  instrument,  while  the  other,  B,  is  movable  about  an  axis  at  right 
angles  to  the  paper,  the  angle  through  which  it  is  turned  being  read  by 
means  of  a  vernier,  v,  and  a  graduated  circular  arc  DC.  The  upper  part 
of  the  mirror  A  has  the  silver  removed,  so  that  it  is  transparent,  and  a 
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telescope  T  is  so  placed  that  half  the  light  that  enters  the  object-glass 
comes  through  the  upper  part  of  the  mirror  A,  and  the  rest  is  light  which 
has  been  reflected  in  the  lower  part.  Suppose  SjA  is  a  ray  of  light  coming 
from  a  distant  object,  which  traverses  a  and  enters  the  telescope,  and 
thus  helps  to  produce  an  image  of  the  object.  Now  the  movable  mirror 
B  can  be  so  turned  that  a  ray  S2B,  coming  from  the  same  object,  after 
reflection  in  the  mirrors  B  and  A,  also  enters  the  telescope.  This  ray 
will  help  to  produce  a  second  image  of  the  object,  which,  by  rotating  the 
mirror  B,  can  be  brought  alongside  the  image  fonned  by  the  direct  rays. 
Next,  keeping  the  telescope  turned  so  that  the  direct  rays  Sj  still  form  an 
image,  turn  the  mirror  B  till  the  rays  RB,  proceeding  from  some  other 
object,  enter  the  telescope  and  form  an  image  alongside  the  first.  Since 
merely  reversing  the  direction  of  the  rays  of  light  will  not  alter  their 
paths,  we  now  see  that  while  in  the  first  position  of  the  mirror  a  ray 
mcident  along  ab  is  reflected  along  BS^,  in  the  second  position  a  ray 
incident  along  AB  is  reflected  along  BR.  Hence,  if  a  is  the  angle 
through  which  the  mirror  has  been  turned,  the  angle  RBSj,  is  equal  to 
2a.  Now  the  angle  RBSj  is  the  angle  subtended  at  B  by  the  two  objects, 
and  so,  since  a  is  obtained  by  reading  the  two  positions  of  the  vernier 
on  the  arc,  this  angle  can  at  once  be  obtained.  In  order  to  save  the 
necessity  of  doubling  the  reading  of  the  scale,  it  is  usual  to  number 
each  half-degree  as  a  whole  degree,  so  that  the  reading  gives  directly 
the  value  of  2a. 

337.  Reflection  at  Two  Plane  Mlrpops.— If  a  luminous  object  p 
is  placed  in  the  angle  included  between  two  plane  mirrors,  AO  and  OB 

(Fig.  298),  a  series  of  images 
of  P  will  be  formed.  In  the 
first  place  we  shall  obtain  two 
images,  Pj  and  p',  formed  by 
a  single  reflection  in  each  of 
the  mirrors.  These  images  will, 
as  proved  in  §  334,  both  lie 
on  the  circle  drawn  with  o  as 
centre  and  OP  as  radius.  Sup- 
pose now  that  the  mirror  AO 
were  removed  and  the  object 
P  replaced  by  its  image,  this 
will  not  aflfect  the  direction  of 
the  rays  which,  starting  from 
P,  after  reflection  at  AO,  strike 
the  mirror  OB.  The  point  Pj 
would  then  produce  an  image 
P"  in  the  mirror  OB,  which, 
since  the  line  P^p"  is  perpen- 
dicular to  OB,  must  be  on  the 
circle.  This  image  is  therefore 
formed  by  double  reflection, 
first  in  AO  and  then  in  OB.  In 
the  same  way,  an  image  Pj 
will  be  formed  by  reflection  first  in  OB  and  then  in  AO. 

Again,  the  images  Pj  and  P"  will  act  as  objects  forming  two  new 
images,  p'"  and  Pj,  which  are  produced  by  reflection  twice  in  one  mirror 
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and  once  in  the  other,  and  Pg  forms  an  image  P'"'  in  OB,  produced  by 
reflection  twice  in  OA  and  twice  in  OB.  Neither  p""  nor  p'"  can  produce 
any  more  images,  since  these  points  are  behind  both  mirrors,  and  you 
cannot  get  an  image  from  a  luminous  point  placed  behind  a  mirror. 

If  we  join  OP,  and  call  the  angle  AOP  a,  and  the  angle  POB  /8,  it  can 
be  shown  from  similar  triangles  that  the  angle  BOP'  is  equal  to  ^,  and 
the  angle  aop^  is  equal  to  a.  Similarly,  the  angle  BOP"  is  equal  to  the 
angle  BOPi,  that  is,  to  2a +  ^,  so  that  the  angle  P'op"  is  equal  to  2a.  In 
the  same  way,  the  angle  PiOPg  is  equal  to  i^.  Also  the  angle  p"op'"  is 
2^,  the  angle  P2OP3  is  2a,  and  the  angle  P"'OP""  is  2a.  It  will  thus  be 
seen  that  the  angles  subtended  by  two  consecutive  images  at  the  inter- 
section of  the  mirrors  are  alternately  equal  to  2a  and  7.\i. 

An  interesting  case  occurs  when  the  angle  between  the  mirrors  is 
equal  to  i8o°/«,  where  n  is  some  whole  number.  Since  the  angle 
between  the  mirrors  is  a  +  )S,  we  must  have  in  this  case  2«(a  + /i?)  =  360°, 
that  is,  2(a  +  /?)  will  divide  exactly  n  times  into  the  whole  circumference. 
If,  therefore,  starting  from  P  we  mark  off  points  on  the  circumference  in 
both  directions  subtending  alternately  angles  of  2a  and  2^  at  the  centre, 
we  shall  finally  reach  the  same  spot,  so  that  the  last  image  will  be  the 
image  of  the  last  but  one  of  each  of  the  two  series,  or,  in  other  words, 
the  two  sets  of  images  now  have  an  image  in  common. 

As  an  illustration,  we  may  take  the  case  when  the  mirrors  are  inclined 
to  60°,  i.e.  when  ^  =  3.  If  the  object  P  (Fig.  299)  is  so  placed  that  a  =  20° 
and  /3=40°,  then  we  can  obtain 
the  images  p'p"p'"  by  making 
the  angle  pop' =2^ =80°,  the 
angle  P'OP"=2a=4o°,  and  the 
angle  p"op'"  =  80° ;  here  we  must 
stop,  since  P'"  is  behind  both  the 
mirrors.  The  whole  angle  POP'" 
is  therefore  80+40+80=200°. 
Proceeding  in  the  same  way, 
POPi  =  40°,  P1OP2  =  80°,  and 
P20P3=4o°,  so  that  the  angle 
POP3  =  40  +  80  +  40  =  160°. 
Hence  the  angles  POP3  and 
pop'"  together  amount  to  360°, 
and  therefore  the  points  P3  and 
p'"  must  coincide. 

If  we  wish  to  trace  out  the 
actual  path  of  a  ray  of  light 
which,  after  leaving  the  object  P, 
enters  an  eye  at  E,  producing, 
say,  the  image  P2,  we  draw 
the  line  joining  E  and  Pg,  and  join  the  point  where  this  line  cuts  the 
mirror  AO  to  the  image  P',  since  Pg  is  the  image  in  AO  of  P'.  Finally,  the 
point  where  this  last  line  meets  the  mirror  OB  is  joined  to  P.  It  will  be 
easily  seen  that  the  line  thus  obtained  is  really  the  path  of  the  ray,  for, 
starting  from  P,  the  ray  after  reflection  in  bo  will  travel  as  if  it  came  from 
the  image  P',  and  this  ray,  when  it  has  been  reflected  in  AO,  will  travel  as 
if  it  came  from  Pg,  i.e.  along  the  line  PgE. 

It  is  interesting  to  examine  this  same  problem  from  the  point  of  view 
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of  the  wave-fronts.  Taking  for  simplicity  the  case  where  the  mirrors  AO, 
OB  (Fig.  300)  are  at  right  angles,  the  circles  drawn  with  the  full  line 
represent  a  series  of  wave-fronts  which,  starting  from  P,  have  not 
been  reflected.     When  one  of  these  wave-fronts  meets  the  mirror  AO 

it  is  reflected,  and 
the  circles  with  centre 
Pi,  which  are  shown 
thus  — ,  re- 
present the  reflected 
wave-fronts.  In  the 
same  way,  the  circles 

shown  thus 

represent  the  wave- 
fronts  as  reflected  in 
BO.  When  either  of 
these  reflected  wave- 
fronts  impinges  on  the 
other  mirror  it  will  be 
reflected,  and  in  this 
way  a  series  of  wave- 
fronts  with  centre  at 
p/  are  obtained,  and 
these  are  indicated 
circles  wiih  centre   at  ?»" 


Fig.  300. 


P' 


thus  It  will  be  noticed  how  the 

represent  the  reflected  wave- fronts  belonging  to  both  sets  of  doubly 
reflected  waves.  This  is  of  course  because  90=  1S0/2,  and  so  the  second 
image  of  the  two  series  coincide.  An  eye  placed  anywhere  in  the  space 
included  between  the  two  mirrors  will  receive  four  sets  of  waves,  of 
which  the  centres  of  curvature  are  P,  P,,  P',  and  Pj"  respectively,  and  will 
therefore  see  a  luminous  point  apparently  at  each  of  these  places. 

If  the  angle  between  the  mirrors  is  exactly  i8o7«,  where  «  is  a  whole 
number,  there  will  be  2«  -  i  images.  If  the  angle  is  less  than  i8o7«  and 
greater  than  i8o7(«+  1)  there  will  be  in  or  2//-H  i  images,  according  to 
the  position  of  the  object ;  some  of  the  images  may,  however,  be  invisible 
to  an  observer  in  some  positions. 

As  the  angle  between  the  mirrors  is  decreased  the  number  of  images 
is  increased,  and  when  the  mirrors  are  parallel  the  angle  between  them 
is  zero,  and  hence  the  expression  i8o7«  must  be  zero,  which  can  only 
happen  if  n  is  infinite,  that  is,  there  must  be  an  infinite  number  of  images. 
Since  the  images  all  lie  on  a  circle  having  its  centre  at  the  intersection 
of  the  mirrors  and  passing  through  the  object,  it  is  evident  that,  if  the 
distance  between  the  mirrors  near  the  object  is  kept  fixed,  the  radius  of 
the  circle  will  increase  as  the  angle  between  the  mirrors  is  decreased. 
Finally,  when  the  mirrors  become  parallel,  their  intersection  is  at  an 
infinite  distance,  since  parallel  lines  only  meet  at  infinity,  and  therefore 
in  this  case  the  circle  on  which  the  images  lie  becomes  one  of  infinite 
radius.  Now  if  we  consider  a  small  part  of  a  circle  of  very  great  radius, 
it  is  practically  a  straight  line,  which  will  be  perpendicular  to  the  radius 
of  the  circle  at  the  part  considered.  Hence  when  the  circle  passing 
through  P  becomes  of  infinite  radius,  any  finite  portion  of  it  near  P  will 
be  a  straight  line,  and  this  line  will  be  perpendicular  to  the  two  mirrors, 
for  the  mirrors  are  radii  of  the  circle.     Hence  we  see  that  in  the  case  of 
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two  paiallel  mirrors  the  images  are  infinite  in  number,  and  lie  on  a 
straight  line  drawn  through  P  perpendicular  to  the  mirrors.  This  could 
of  course  have  been  seen  to  be  the  case  at  once  from  first  principles,  but 
it  is  instructive  to  deduce  it  from  the  case  of  two  mirrors  inclined  at  a 
finite  angle,  since  it  is  an  easy  illustration  of  the  application  of  what  is 
called  the  method  of  limits,  a  method  of  frequent  use  in  physics. 

We  may  also  deduce  the  law  according  to  which  the  images  are 
spaced  from  the  case  of  the  inclined  mirrors  in  the  same  way.  We 
have,  when  the  angle  between  the  mirrors  is  finite,  that  the  arc  PM 
(Fig.  299)  is  equal  to  the  arc  P^M,  since  they  each  subtend  an  angle  a 
at  O.  Also  the  arc  P2P3  and  the  arc  p'p",  which  each  subtend  an  angle 
2a,  are  equal  to  twice  the  arc  PM.  In  the  same  way,  the  arcs  p"p"'  and 
PjPg  are  each  equal  to  twice  the  arc  PN.  Hence  we  might  have  said 
that  the  images  are  arranged  round  the  circle  so  as  to  intercept  arcs  of 
the  circumference  which  are  alternately  equal  to  2PM  and  2PN.  When 
the  circle  becomes  of  infinite  radius  the  arcs  become  portions  of  the 
same  straight  line,  and  hence  the  images  are  arranged  along  the  line 
drawn  through  P  normal  to  the  mirrors,  and  at  distances  alternately 
equal  to  twice  the  distance  between  the  object  and  the  one  mirror,  and 
to  twice  the  distance  between  the  object  and  the  other  mirror.  It  will 
be  a  useful  exercise  for  the  student  to  deduce  the  positions  of  the  images 
in  the  case  of  two  parallel  mirrors  directly  from  first  principles. 

338.  Multiple  Images  formed  by  a  Thick  Mirror.— If  a  ray  of 
light  proceeding  from  a  luminous  point 
p  strikes  a  thick  plate  of  glass  ABCD 
(Fig.  301)  which  is  silvered  on  the  back 
CD  at  the  point  «,  some  of  the  light 
will  be  reflected  from  the  surface  of  the 
glass  along  aa',  forming  an  image  of  P 
at  Pj.  The  rest  of  the  light  will,  how- 
ever, penetrate  into  the  glass  travelling 
along  aa",  and  will  be  reflected  at  the 
silvered  surface  along  a"d.  At  d  part 
of  this  light  will  be  reflected  along  d/?", 
and  the  rest  will  escape  into  the  air  and 
travel  in  the  direction  dd',  forming  an 
image  at  P2.  In  the  same  way  images 
will  be  formed  at  P3,  P4,  &c.  Ordinarily 
the  image  P2,  formed  by  the  light 
which  has  been  once  reflected  at  the 
silvered  back  of  the  mirror,  will  be 
much  the  brightest.  If,  however,  the 
rays  fall  very  obliquely,  the  amount 
of  light  reflected  at  a  will  be  consider- 
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Fig.  301. 
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able,   so    that    the    image    Pj  will    be 
bright. 

339.  Measurement  of  the  Angle  of  a  Prism  by  Reflection.— 

Let  AO  and  bo  (Fig.  302)  be  two  mirrors  inclined  at  an  angle,  with  their 
reflecting  sides  turned  away  from  each  other,  and  suppose  we  require  to 
measure  the  angle  AOB  included  between  these  reflecting  surfaces.  Let 
10  represent  the  direction  of  a  parallel  pencil  of  light,  part  of  which  is 
reflected  in  the  mirror  AO  parallel  to  OR,  and  part  is  reflected  in  OB 
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parallel  to  OR'.  If  ON  is  the  normal  at  O  to  the  mirror  OB,  then  the  angle 
of  incidence  ION  is  equal  to  the  angle  of  reflection  nor'.  If  BO  is  pro- 
duced to  b'  and  10  to  C,  then  the  angle 
iOlb'  is  equal  to  the  angle  cob.  Also, 
since  the  angle  ION  is  equal  to  the 
angle  nor',  the  angle  iob'  must  be 
equal  to  the  angle  bor',  for  the  whole 
angles  b'on,  bon  are  each  right  angles. 
Hence  the  angle  COB  is  equal  to  the 
angle  bor'.  .  In  the  same  way  the 
angle  COA  is  equal  to  the  angle  aor, 
so  that  the  angles  aoc  and  cob  are 
together  equal  to  the  angles  AOR  and 
r'OB,  and  therefore  the  angle  ROR'.  , 
between  the  two  reflected  rays,  is  equal  ' 
to  twice  the  angle  of  the  prism  aob. 
We  shall  see  later  on  (§  361)  how  the 
angle  ROR'  may  be  measured.  '^ 

340.  Reflection  in  Spherical 
MiPPOPS. — The  smaller  segment  of  a 
spherical  reflecting  surface  cut  off  by 
a  plane  is  called  a  spherical  mirror. 
Spherical  mirrors  arc  of  two  kinds  :  (i)  if  the  reflection  occurs  from  the 
outside  of  the  spherical  surface  the  mirror  is  said  to  be  convex;  (2)  if  the 
reflection  takes  place  from  the  inside  of  the  spherical  surface  the  mirror 
is  said  to  be  concave. 

In  order  to  investigate  the  reflection  of  light  in  spherical  mirrors,  we 
make  use  of  the  laws  of  reflection  as  given  for  a  plane  surface,  for  if  we 
consider  a  very  small  element  of  surface  on  a  spherical  mirror,  this  small 
element  will  possess  no  appreciable  curvature,  so  that  we  may  treat  it  as 
a  small  plane  mirror.  The  normal  to  the  surface  will  at  every  point  be 
the  radius  of  the  sphere  passing  through  the  point,  and  hence  the  differ- 
ence between  the  case  of  a  spherical  mirror  and  a  plane  mirror  is,  that 
while  in  a  plane  mirror  the  normals  ^t  all  points  are  parallel,  in  a 
spherical  mirror  the  normals  are  not  parallel  ;  they  all,  however,  pass 
through  a  certain  point,  namely,  the  centre  of  the  sphere  of  which  the 
surface  of  the  mirror  forms  a  part. 

A  line  drawn  through  the  centre  of  the  sphere  of  which  a  mirror  is 
the  part,  perpendicular  to  the  plane  by  which  the  mirror  is  cut  off  from 
the  sphere,  is  called  the  cucis  of  the  mirror. 

Let  LOL'(Fig.  303)  represent  a  section  of  a  spherical  mirror,  OC  being 
the  axis  of  the  mirror  and  C  the  centre  of  the  sphere  from  which  the 
mirror  is  cut.  The  point  C  is  called  the  centre  0/ curvature  of  the  mirror, 
and  the  distance  OC,  which  is  the  radius  of  the  sphere,  is  called  the  radius 
of  curvature  of  the  mirror. 

Suppose  that  a  luminous  point  P  is  placed  on  the  axis  of  the  mirror, 
then  the  ray  of  light  from  P  incident  along  the  axis  will  be  reflected 
straight  back,  for  the  line  PCO  is  normal  to  the  mirror  at  O.  If  we  join 
the  point  of  incidence  M,  where  another  ray  PM  strikes  the  mirror,  to  the 
centre  c,  then  the  line  CM  in  Fig.  303  («),  or  CM  produced  in  Fig.  303  {b\ 
will  be  the  normal  to  the  mirror  at  M  j  and  hence  if  we  make  the  angle 
RMC  equal  to  the  angle  PMC,  or,  in  the  case  of  the  convex  mirror,  the 
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angle  rmn  equal  to  the  angle  pmn,  the  line  MR  will  be  the  path  of  the 
reflected  ray.     Let  MR,  or  in  the  case  of  a  convex  mirror  MR  produced 


Fig.  303. 


backwards,  cut  the  axis  at  V,  then  p'  will  be  the  point  of  intersection  of 
the  two  rays  incident  at  O  and  M  respectively  after  reflection. 

Taking  the  case  of  the  concave  mirror  first,  we  have,  since  in  the 
triangle  p'mp  the  line  CM  bisects  the  angle  p'mp,  the  following  relation 
(Euclid,  vi.  3) — 

CP    Tm 

If  the  angle  LCL'  subtended  at  the^ntre  by  the  mirror,  called  the 
aperture  of  the  mirror,  is  small,  then  PM  is  very  nearly  equal  to  PO,  and 
p'm  very  nearly  equal  to  P'o,  and  in  these  circumstances 


CP     PO 

r?  'Fo 


(1). 


Thus,  if  the  mirror  is  of  small  aperture,  the  position  of  P'  does  not  depend 
on  the  position  of  the  point  jof  incidence  M,  but  only  on  the  distance  PO 
and  the  radius  of  curvature  OC  of  the  mirror.  Hence  all  the  reflected 
rays  will  pass  through  p',  and  P'  will  be  the  image  of  P  produced  by 
reflection  in  the  mirror.  We  shall  for  the  present  confine  our  attention 
to  mirrors  of  such  small  aperture  that  the  assumptions  made  above  hold 
good,  so  that  p'  will  be  the  image  of  the  point  P  formed  by  reflection 
in  the  mirror,  and  since  the  reflected  rays  actually  pass  through  p',  the 
image  is  real. 

We  have  now  to  make  some  convention  as  to  the  direction  we  shall 
call  positive,  and  shall  take  all  distances  measured y9'<?;«  the  mirror  in  an 
opposite  sense  to  that  in  which  the  incident  light  falls  upon  the  mirror  as 
positive^  while  all  distances  measured  in  the  same  sense  as  the  incident 
light  we  shall  take  as  negative. 

Thus  the  distance  OC,  Fig.  303  (a),  being  measured  in  the  opposite 

2  F 
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sense  to  the  incident  light,  which  proceeds  from  P  to  the  mirror  in  the 

sense  PO,  is  positive,  while  the  distance  OC,  Fig.  303  {b\  is  negative.  It 
will  also  be  convenient  to  use  single  letters  to  represent  some  of  the 
distances  which  continually  occur.  We  shall,  therefore,  in  future  indi- 
cate the  radius  of  curvature  oc  of  the  mirror  by  r,  the  distance  o?  of  the 
object  from  the  mirror  by  w,  and  the  distance  OP'  of  the  image  from  the 
mirror  by  v. 

Now  CP  =  OP  — OC=«-r ;  and  CP'  =  OC-OP'=r— v ;  hence  the  equa- 
tion (1)  reduces  to 

u-r_u     ^ 
r—v'~v' 

or  uv  —  vr=ur—uv. 

2uv—vr-{-ur^ 

and  dividing  all  through  by  u7/r^  we  get 

?.'-+i    .    .    .    (a). 
r    u    V 

This  equation  gives  us  the  general  relation  between  the  distances  of 
object  and  image  from  a  concave  mirror  of  small  aperture  in  terms  of  the 
radius  of  curvature  of  the  mirror. 

Returning  to  the  case  of  a  convex  mirror,  Fig.  303  {b\  it  will  be 
noticed  that  the  reflected  rays  do  not  actually  pass  through  the  image  P', 
but  only  their  directions,  so  that  the  image  is  virtual. 

As  in  the  case  of  the  concave  mirror,  we  have 

and  when  the  mirror  is  of  small  aperture,  this  reduces  to 

Now  CP  =  OC  +  OP=  -r+«,  since  oc  is  equal  to-r,  for  the  distance  is 
measured  in  the  negative  direction,  and  OP  is  « ;  also  CP'  =  OC-OP' 
—  ^f^y^  both  rand  v  being  measured  in  the  negative  direction.    Hence 

u-r _   u 

v-r~ -1? 

or  -uv-\-vr=ttv-ur, 

*,  2UV'=vr-\-ur. 

r     u^v 
Thus  we  have  the  same  equation  as  in  the  case  of  the  concave  mirror. 
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In  making  any  numerical  application  of  this  formula  it  must,  however,  be 
carefully  borne  in  mind  that  while  for  both  classes  of  mirrors  u  is  always 
positive,  in  the  case  of  concave  mirrors  r  is  positive,  while  in  the  case  of 
convex  mirrors  r  is  negative. 

If  we  make  the  distance,  u^  of  the  object  from  the  mirror  larger  and 
larger  till  the  object  is  at  an  infinite  distance,  i/«  will  become  zero. 
Hence,  in  these  circumstances, 

r 

and  hence  the  image  is  forrafed  at  a  point  half-way  between  the  mirror 
and  the  centre  of  curvature. 

Since,  when  the  object  is  at  an  infinite  distance,  all  rays  proceeding 
from  it  which  strike  the  mirror  may  be  considered  as  parallel,  a  pencil  of 
parallel  rays  incident  parallel  to  the  axis  are  brought  to  a  focus  at  a  point 
on  the  axis  at  a  distance  equal  to  half  the  radius  of  curvature  from  the 
mirror.  This  point  is  called  the  principal  focus  ^  and  the  distance  between 
it  and  the  mirror  is  called  \he  focal  length  of  the  mirror.  In  the  case  of 
a  mirror  the  focal  length  (/)  is  equal  to  half  the  radius  of  curvature. 
Hence,  in  terms  of  the  focal  length,  the  formula  for  giving  the  position  of 
the  image  becomes — 

i=i+i   ...    (3). 

f      U      V 

Since  the  principal  focus  is  half-way  between  the  mirror  and  the 
centre  of  curvature,  the  sign  oi  f  is  the  same  as  that  of  r,  that  is,  f  is 
positive  for  concave  mirrors  and  negative  for  convex  mirrors. 

It  is  sometimes  convenient  to  measure  the  distances  of  the  object 
and  image  from  the  principal  focus,  instead  of  from  the  mirror.  From 
Fig.  303  it  will  be  at  once  seen  that  if  the  distance  between  the  object 
and  the  principal  focus  F  is  called  x^  and  the  distance  between  the  image 
and  F  is  called  /,  these  quantities  being  taken  as  positive  if  they  are 
measured  from  F  towards  the  object^  we  have  for  both  kinds  of  mirrors, 
remembering  that  f  is  positive  for  concave  mirrors  and  negative  for 
convex  mirrors — 

«=ar+/'and  v—y-\-f 

Hence,  substituting  these  values  oiu  and  v  in  equation  (3),  we  get— 

L L_+_I_ 

xy^P    .     .     .    (4). 

This  expression  shows  that  the  product  of  the  distances  of  the  object 
and  image  from  the  principal  focus  is  equal  to  the  square  of  the  focal 
length.  Since  the  square  of  any  quantity  must  be  positive,  f^  will 
always  be  positive,  and  hence  the  equation  shows  that  the  product  xy 
must  always  be  positive.     Hence  x  and  y  must  always  be  of  the  same 


452 


Light 


[§  340 


sign,  that  is,  the  image  and  object  must  always  lie  on  the  same  side  of 
the  principal  focus. 

Writing  the  expression  (4)  in  the  form 

we  can  by  giving  jr,  the  distance  of  the  object,  different  values,  get  the 
corresponding  position  of  the  image,  as  shown  in  the  following  tables  : — 


Relative  Positions  of  Object  and  Image  for  a 
Concave  Mirror. 


Position  of 
ObjecL 


At  infinity   . 

Between  00 
and  centre 
of  curvature 

At  centre  of 
curvature    . 

Between  cen- 
tre of curva- 
ture and/j/C 

At//  .  .; 

Between  p.f.  \ 
and  mirror    I 

At  surface  of  | 
mirror    .     .  I 


Value  of 

X, 


+  &>/ 

+/ 

+  &</ 

0 
-&</ 

-f 


Corre- 
sponding 
Value  of^. 


0 

+  &</ 

+/ 

+  &>/ 

00 
-&>/ 


Hence  Position 
of  Image. 


At  principal 
focus  {p.f.) . 

Between  p.f. 
and  centre 
of  curvature 

At  centre  of 
curvature    . 

Between  cen- 
tre of  curva- 
ture and  00 

At  infinity    . 

Between  mir- 
ror and  -  00 

At  surface  of 
mirror    .     . 


Character  of  Image. 


I  Real 
[Real 
[Real 
SReal 


Vir- 
tual 


Inverted 
Inverted 
Inverted 

\  Erect 
Erect 


Diminished 

(  Same  size 
\    as  object 

Magnified 


Magnified 

i  Same  size 
\   as  object 


Relative  Positions  of  Object  and  Image  for  a 
Convex  Mirror. 


\ 


Position  of 
ObjecL 

Value  of 

X. 

Corre- 
sponding 
Value  of  r. 

Hence  Position 
of  Image. 

Character  of  Image. 

At  infinity    . 
Between    00  \ 

and  mirror   ( 
At  surface  of  / 

mirror    .     .  i 

00 
+  &>/ 

+/ 

0 
+  &</ 

At//      .     . 
f  Between  // 
\     and  mirror 
j  At  surface  of 
■j     mirror  .     . 

Virtual 
)  Vir- 
)  tual 

1  Erect 
Erect 

Diminished 

5  Same  size 
\    as  object 

In  the  case  of  a  convex  mirror,  x  cannot  be  less  than/ 
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341.  Image  of  a  Small  Object  on  the  Axis  of  a  Mirror.— We 

have  hitherto  considered  the  image  of  a  single  luminous  point,  and  now 
have  to  proceed  to  find  the  image  of  a  small  object  placed  on  the  axis  of 
a  mirror.  Let  PQ  (Fig.  304)  be  such  an  object,  then  we  may  consider 
each  point  of  the  object  as  a  luminous  point  and  find  its  image,  and  all 


Fig.  304. 


the  images  thus  found  will  build  up  the  image  of  the  small  object.  The 
problem  is  most  easily  solved  by  a  geometrical  construction  based  on  the 
results  we  have  obtained  in  the  last  section. 

Consider  the  point  P  of  the  object.  A  ray  incident  along  the  line 
PCN,  passing  through  the  centre  of  curvature  of  the  mirror,  will  meet  the 
mirror  normally  at  N  and  be  reflected  straight  back  along  its  path.  A 
ray  PM  incident  parallel  to  the  axis  of  the  mirror  will,  after  reflection, 
either  actually  pass  through  the  principal  focus  F  (concave  mirror),  or  its 
direction  when  produced  back  will  pass  through  the  focus  F  (convex 
mirror).  These  two  rays,  both  proceeding  from  the  point  P,  will  there- 
fore meet  at  P',  and  this  point  will  be  the  image  of  P.  In  the  same  way, 
the  image  ofQ  can  be  found  by  the  intersection  of  one  ray  passing  through 
the  centre  of  curvature,  which  will  be  reflected  back  on  itself,  with  another 
taken  parallel  to  the  axis,  which,  after  reflection,  will  pass  through  the 
principal  focus.  We  thus  obtain  the  images  of  the  extreme  points  of  the 
object,  and  may  fill  in  the  intervening  part  free-hand,  since  the  image 
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and  object  will  be  similar.  It  will  be  seen  that  for  the  positions  shown 
the  images  are  in  both  cases  smaller  than  the  object,  and  that  the  image 
in  the  concave  mirror  is  inverted  and  real,  while  that  in  the  convex  n^irror 
is  erect  and  virtual. 

The  relative  sizes  of  the  image  and  object  can  also  be  obtained  from 
these  figures,  for  a  ray  from  P  incident  along  PO  will  be  reflected  along 
OP'  to  the  image  P*,  and  the  angle  of  incidence  POa  must  be  equal  to  the 
angle  of  reflection  aop'.  Hence  the  two  triangles  POA  and  p'oa'  are 
similar,  and  therefore 


PA 
FA' 


OA      u 

OA~^' 


Also,  since  the  triangles  pca  and  p'oa'  are  similar, 


Hence  the  ratio  of  the  size  of  the  object  to  that  of  the  image  is  as  the 
ratio  of  their  distances  from  the  mirror,  or  as  the  ratio  of  their  distances 
from  the  centre  of  curvature. 

The  changes  that  take  place  in  the  relative  size  of  object  and 
image  are  given  in  the  last  two  columns  of  the  tables  on  p.  452. 

The  relative  positions,  sizes,  &c,  of  image  and  object  in  the  case  of 


Fig.  305. 


reflection  at  a  concave  mirror  are  very  clearly  shown  in  Fig.  305.     In 
this  figure  the  points  marked  with  the  same  numbers  are  conjugate,  that 
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is,  the  one  is  the  image  of  the  other.  Thus  the  point  l'  is  the  image  of 
the  point  i,  or,  since  image  and  object  are  interchangeable,  the  point  I 
is  the  image  of  the  point  l'.  Since  I  and  l'  are  on  the  opposite  sides  of 
the  axis,  the  image  is  inverted  ;  while  as  l'  is  nearer  to  the  axis  than  I, 
it  follows  that  when  I  is  the  object,  the  image  is  smaller  than  the  object. 
A  similar  figure  can  easily  be  drawn  for  a  convex  mirror. 

342.  Caustics  formed  by  Reflection.— We  have  hitherto  only  con- 
sidered reflection  at  spherical  mirrors  of  such  small  aperture  that  all  rays 
from  a  luminous  point  are 
reflected  so  that  they  pass  |y|^ 

through  a  single  point.  We 
now  have  to  consider  the 
directions  of  the  reflected 
rays  when  the  aperture  of 
the  mirror  is  large.  A  ray 
such  as  PMi  (Fig.  306),  in- 
cident at  a  point  Mj,  near 
O,  will  be  reflected  so  as 
to  cut  the  axis  at  the 
point  P',  which  is  the  image 
of  P  given  by  the  central 
part  of  the  mirror.  A  ray 
such  as  PM2,  incident  at  a 
point  M2,  at  some  distance 
from  O,  will  not,  however, 
be  reflected  through  P',  but 
will  intersect  the  axis  nearer 
the  mirror,  at  P".  In  the 
same  way  the  ray  incident 
at  M3,  will,  after  reflection, 

cut  the  axis  at  p'".  Hence  the  reflected  rays  will  no  longer  all  pass* 
through  a  single  point,  this  phenomenon  being  referred  to  as 
spherical  aberration. 

It  is  found  that  all  the  reflected  rays  are  tangential  to  a  certain 
curve  EP'E',sWhich  is  called  a  caustic  curve.  Since  near  this  curve  the 
reflected  rays  will  be  more  closely  packed  than  at  any  other  point,  if  a 
screen  is  placed  so  as  to  receive  the  reflected  rays,  the  caustic  curve  will 
appear  on  the  screen  as  a  bright  line.  The  caustic  is  also  very  clearly 
seen  when  a  bright  light  shines  on  the  inside  of  a  cup  nearly  filled  with 
milk,  the  surface  of  the  milk  acting  as  a  screen. 

The  caustic  cuts  the  axis  at  the  point  P',  which  is  the  image  of  P 
formed  by  the  central  parts  of  the  mirror,  and  the  curve  forms  a  cusp  at 
this  point. 

If  we  call  the  angle  made  by  the  normal,  CM3,  at  the  point  of  incidence 
with  the  axis,  a,  then  the  distance  of  the  point  P'",  where  a  ray  incident 
parallel  to  the  axis  when  reflected  cuts  the  axis,  from  the  point  O,  may 
be  expressed  by  the  equation 

OF"=^ry.n, 


Fig.  306. 


v/here  «  is  a  fraction  the  value  of  which  depends  on  the  angle  a. 
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The  following  table  gives  some  values  of  w  for  different  values  of  a :— 


a. 

«. 

O* 

r 

20' 

•5 

.49994 
.49«09 
.49229 

.45552 

The  manner  in  which  the  caustic  is  formed  is  very  clearly  shown  in 
Fig.  307,  where  OM  represents  a  section  of  a  spherical  mirror,  of  which 
OC  is  the  axis  and  C  the  centre  of  curvature.     The  wave-fronts,  after 

reflection  in  the  mirror  for 
a  series  of  plane  waves, 
incident  parallel  to  the  axis, 
have  been  found  by  Huy- 
ghens's  construction.  It  will 
be  noticed  how  the  circles 
representing  the  elementary 
waves  are  crowded  together 
along  the  caustic,  indicating 
that  a  violent  disturbance  is 
produced  at  all  points  on 
this  curve. 

343.  Parabolic  Mirrors. 
— Since  in  the  case  of  sphe- 
.  rical  mirrors  of  any  great 
^  aperture  parallel  rays  are 
not  all  reflected  through 
the  principal  focus,  a  lumi- 
nous point  placed  at  the  principal  focus  will  not  produce,  after  re- 
flection, a  beam  of  parallel  rays.  As  the  brightness,  ^and  hence 
the  distance  to  which  a  beam  of  light  can  be  projected  by  a  reflector 
depends  on  making  the  rays  parallel,  otherwise  they  become  scattered 
over  a  larger  and  larger  area  as  the  distance  from  the  mirror  increases, 
it  is  of  some  importance  to  see  if  a  mirror  cannot  be  produced  of  such 
a  form  that  rays  from  a  single  point  are  all  reflected  parallel  to  one 
another,  however  great  the  aperture. 

The  surface  formed  by  rotating  a  parabola  about  its  axis  fulfils  this 
condition,  for  in  the  parabola  the  distance  of  any  point  on  the  curve  OM 
from  the  focus  F  (Fig.  308)  is  equal  to  its  distance  from  the  directrix  CD. 
Hence  if  AB  represents  the  position  which  a  plane  wave  incident  parallel 
to  the  axis  would  have  occupied  at  a  given  instant,  suppose  the  mirror 
MO  were  not  present,  we  can  obtain  the  position  of  the  reflected  wave- 
front  by  Huyghens's  construction  by  drawing  circles  with  their  centres 
on  OM  touching  AB.  These  circles  will  all  touch  a  circle  HG  described 
with  the  focus  F  as  centre,  for  since  by  the  property  of  the  parabola 
ME  =  MF._and  MA  =  MG,  being  both  radii  of  the  same  circle,  FG  must  be 
equal  to  AE  or  BD.     In  the  same  way,  it  can  be  shown  that  the  distance 


Fig.  307. 
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between  F  and  any  of  the  other  ^ircles  is  equal  to  bd,  so  that  a  circle 
described  with  F  as  centre  and  BD  as  radius  will  touch  all  these  circles 


and  will  represent  the  reflected  wave-front.  Since  the  section  of  the 
reflected  wave-front  is  a  circle,  the  wave  will  be  brought  to  a  focus  at 
the  centre  of  the  circle,  namely  at  F. 

The  difference  between  a  spherical  and  a  parabolic  reflector,  as  far  as 


PARABOLIC 


SPHERICAL 


Fig.  309. 

the  production  of  a  plane  wave,  that  is,  a  pencil  of  parallel  rays,  when  a 
luminous  ponit  is  placed  at  the  focus,  is  concerned,  is  shown  in  Fig.  309. 
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The  portion  MO  of  the  mirror  is  parabolic,  while  the  portion  ON  is 
spherical.  A  luminous  point  is  supposed  to  be  placed  at  F,  and  the 
positions  of  a  series  of  reflected  wave-fronts  have  been  drawn  by 
Huyghens's  construction.  While  the  wave-fronts  after  reflection  at  the 
parabolic  mirror  are  plane,  this  is  only  the  case  for  those  portions 
quite  close  to  the  axis,  when  reflection  takes  place  from  the  spherical 
surface. 


CHAPTER    II 


REFRACTION 


344.  Refpaetion— Sneirs  Law.— As  long  as  a  ray  of  light  travels 
through  a  homogeneous  (isotropic)  medium,  its  path  is  a  straight  line  ;  in 
general,  however,  when  it  passes  from  one  medium  to  another,  the  direc- 
tion of  the  path  of  the  ray  changes  abruptly  at  the  surface  of  separation 
of  the  two  media.  In  addition  to  the  portion  of  the  light  which  pene- 
trates into  the  second  medium,  a  portion  of  the  light  will  be  reflected  at 
the  surface  of  separation,  according  to  the  laws  we  have  just  considered, 
and  we  shall,  in  the  present  chapter,  generally  neglect  the  consideration 
of  this  reflected  ray,  and  concern  ourselves  exclusively  with  the  portion 
which  penetrates  into  the  second  medium,  and  which  is  called  the 
refracted  ray. 

As  before,  we  shall  call  the  point  where  the  incident  ray  meets  the 
surface  of  separation  between  the  two  media  the  point  of  incidence,  also 
the  angle  of  incidence,  the  plane 
of  incidence,  and  the  normal 
will  have  the  same  signification 
as  in  the  case  of  reflection. 
The  angle  between  the  re- 
fracted ray  and  the  normal  in 
the  second  medium  will  be 
called  the  angle  of  refraction. 

We  then  have  the  follow- 

'"^'■TtLT  refracted  ray  lies  ^^^^f^mmm^ 
in  the  plane  of  incidence,  and 
on  the  opposite  side  of  the 
normal  to  the  incident  ray. 

(2)  The  sine  of  the  angle 
of  refraction  bears  a  constant 
ratio  to  the  sine  of  the  angle 
of  incidence  for  all  angles  of 
incidence,  the  value  of  the 
ratio  depending  on  the  nature 
of  the  two  media  at  the  surface 
of  separation  between  which  the  refraction  takes  place,  and  also  on 
the  nature  of  the  incident  light  (Snell's  law). 

It  will  thus  be  seen  that  in  the  case  of  refraction  the  conditions  are 
much  more  complicated  than  in  that  of  reflection,  for  while  in  the  latter, 
the  direction  of  the  reflected  ray  was  independent  of  the  nature  of  the 
reflecting  surface,  of  the  medium  in  which  the  light  was  travelling,  and 
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of  the  nature  (colour)  of  the  light,  in  the  case  of  refraction  the  direction 
of  the  refracted  ray  depends  on  all  these  conditions.  We  shall  for  the 
present  postpone  the  consideration  of  the  influence  of  the  nature  of  the 
light,  assuming  that  the  light  with  which  we  are  about  to  deal  is  the 
yellow  light  given  out  by  a  Bunsen  flame  when  a  bead  of  common  salt 
(NaCl)  is  placed  in  the  flame. 

Suppose  AB  (Fig.  310)  to  be  the  surface  of  separation  between  two 
media,  say  air  above  and  glass  below,  and  that  a  ray  of  light  travelling 
in  the  direction  10  is  incident  at  O.  Let  non'  be  the  normal  to  the 
surface  of  separation  at  o.  then  in  the  case  considered,  in  which  the 
medium  above  AB  is  less  dense  than  that  below,  the  angle  of  refraction 
RON',  or  jS,  will  be  less  than  the  angle  of  incidence  ion,  or  a.  If  the 
medium  above  AB  had  been  denser  than  that  below,  then  a  would  have 
been  less  than  )8. 

If,  with  O  as  centre,  we  describe  a  circle  of  any  radius,  cutting  the 
incident  ray  at  I  and  the  refracted  ray  at  R,  and  from  i  and  R  draw 
perpendiculars  to  the  normal,  then 

IM        ^   .    «    ^ 

sm  a«=:r  ;  and  sm  p— r:=r, 

10  RO 


or 


sin  g^ 
sin/} 


Rm 


According  to  Snell's  law  the  ratio  sin  a/sin  ^  is  constant  for  all  angles 
of  incidence,  and  the  value  of  this  ratio  for  any  pair  of  media  is  called 

the  refractive  index  for  these  media, 
and  is  generally  indicated  by  the 
Greek  letter  /*. 

When  the  incident  ray  is  perpen- 
dicular to  the  surface  of  separation  a 
is  zero,  and  hence  sin  a  =  0,  so  that 
sin /9=0and^=0.  Thus  in  this  case 
the  ray  does  not  suffer  refraction. 

If  we  are  given  the  refractive  in- 
dex between  two  media  and  the  angle 
of  incidence,  it  is  easy,  by  a  geometri- 
cal construction,  to  find  the  direction 
of  the  refracted  ray.  If  AB  (Fig.  311) 
is  the  surface  of  separation  between 
the  media,  the  denser  being  below, 
and  DO  is  the  direction  of  the  inci- 
dent ray,  measure  off  from  O  along 
OD  a  distance  OC  equal  to  unity, 
and  a  distance  OD,  which,  expressed 
in  the  same_units,  is  equal  to  the 
refractive  index  /x.  With  centre  O  and  radius  OD  describe  an  arc  of  a 
circle.  From  C  draw  CE  parallel  to  the  normal  ON,  cutting  the  circle  in 
E,  join  EO  and  produce  to  R,  then  OR  is  the  refracted  ray. 
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Fig.  311. 
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To  prove  this,  draw  em,  dl,  and  CK  perpendiculars  to  ON. 
DL 
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Now 


OD 


s=sin  a, 


and 


ME 


sin  a._2JL    ^^ 

^^  ice 

for  OD  and  OE  are  equal,  being  radii  of  the  circle,  and  ME  is  equal  to  ice 
Now  the  triangles  DOL  and  COK  are  similar.     Hence 

PL    'OD 
KC     OC 


But  by  construction 


2£. 


Hence 


sma. 
sin  )8 


direction  of  the 
M' 


and  )8  is  the  angle  of  refraction,  so  that  OR  is  the 
refracted  ray. 

If,  instead  of  being  a  plane, 
the  surface  separating  the  two 
media  is  a  sphere  of  radius  r,  the 
path  of  the  refracted  ray  may  be 
found  by  the  following  geometri- 
cal construction.  Let  the  circle 
MB  (Fig  312)  with  centre  C  be 
a  meridian  section  of  the  sphere 
of  the  medium,  the  refractive 
index  between  the  surrounding 
medium  and  the  sphere  being  /*. 
With  C  as  centre,  describe  two 
circles,  having  radii  fir  and  rjix 
respectively,  and  produce  the  in- 
cident ray  PM  till  it  cuts  the  outer 
circle  at  m'.  Join  m'c,  cutting  the  inner  circle  at  A.  Then  the  line  mar 
will  be  the  refracted  ray. 


Fig.  312. 
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By  construction  we  have 


MC     r__ 


and 


Also,  since  in  the  triangles  mca  and  m'CM  the  angle  MCA  is  common, 
and,  as  above  shown,  the  sides  about  these  angles  are  proportional,  it 
follows  that  the  triangles  are  similar.  Hence  the  angle  mac  is  equal  to 
the  angle  m'mc,  or  a. 

In  the  triangle  MCA,  since  the  ratio  of  two  sides  is  the  same  as  the 
ratio  of  the  opposite  angles,  we  have 


CM 

Ta 


sin  MAC 
sinCil/^' 


or 


pr    svaM'MC    viVi  a 
r        sin  /3        sin/?' 


But  if  MA  is  the  refracted  ray, 


sm  g 
sin 


and  since  the  line  ma  has  been  shown  to  fulfil  this  condition,  it  must  be 

the  refracted  ray. 

845.  Refraction  through  a  Slab  with  Parallel  Sides.— Suppose 

we  have  a  slab  of  a  denser  me- 
dium enclosed  by  parallel  sides, 
AB  and  CD  (Fig.  313),  with  a  less 
dense  medium  on  either  side. 
B  Then  it  is  found  experimentally 
that  if  a  ray  of  light  is  passed 
through  the  plate,  the  direction 
OiR  of  the  ray  after  leaving  the 
plate  is  parallel  to  the  incident 
direction  lO,  the  only  effect  of 
the  interposition  of  the  plate 
being  to  displace  the  ray  to  one 
side. 

We  will  call  the  less  dense 
medium  i,  and  the  medium  com- 
posing the  slab  2,  and  indicate 


N,' 

Fig.  313. 

the  refractive  index  from  medium  i  to  medium  2  by  yy^  and  that  from 
2  to  I  by  J**,.     We  have 


sm  a 


and 


«^ 


_sin  ^ 


Since  the  sides  of  the  slab  are  parallel,  and  non*  and  NjOiN/  are  normals 
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these  lines  are  parallel,  and  therefore  the  angle  ^  is  equal  to  the  angle 
^' ;  also,  since  the  rays  lo  and  OiR  are  found  by  experiment  to  be 
parallel,  the  angle  a  is  equal  to  the  angle  a!. 


Hence 


sin  a     sin  a 


sin  j8     sin  j9" 

2A*1 

or  1^-2^1=1. 

Thus  we  get  that  the  refractive  index  from  medium  (i)  into  medium 
(2)  is  the  reciprocal  of  the  refractive  index  from  medium  (2)  into 
medium  (i). 

By  taking  a  number  of  slabs  of  media  of  different  refrangibility,  it 
can  be  shown,  using  a  similar  notation  to  that  employed  above,  that 

This  expression  will  be  of  use  in  solving  problems  on  refractive  index. 
Thus,  given  that  the  refractive  index  from  air  to  glass  is  1.5,  and  that 
from  air  to  water  is  1.33,  find  the  refractive  index  from  water  to  glass. 
In  the  first  place, 

/*(a/r  to  glass)  X  p-^glass  to  air)  —  i , 

f^lass  to  air)  =  — =.67.. 

Also         fJL{atr  to  water)  x  fiiwater  to  glass)  x  fi{glass  to  air)  =  i, 
1 . 33  X  y^water  to  glass)  x  .67  =  i . 

Hence  i>{water  to  glass)  =  ^  =1.13. 

i'33  ^  "^7 

or  the  refractive  index  from  water  to  glass  is  1.13. 

346.  Image  of  a  Point  Formed  by  Refraction  at  a  Plane 
Surface. — If  ab  (Fig.  314)  is  the  surface  separating  two  media,  the  re- 
fractive index  from  one  to  the  other  being  /*  and  the  denser  below  AB,  and 
P  is  a  luminous  point  in  the  denser  medium,  the  ray  PMN,  which  strikes 
the  surface  of  separation  normally,  is  unrefracted.  All  other  rays,  such 
as  PMj,  which  strike  the  surface  AB  obliquely  will  be  refracted,  the 
direction  of  the  refracted  ray  MjRi  being  olDtained  by  the  construction 
given  in  §  344.  If  we  produce  MiR^  backwards,  it  will  intersect  the 
normal  ray  PN  at  the  point  P',  and  the  refracted  rays  MN  and  MiRj  will 
proceed  as  if  they  came  from  p'.  If  we  make  the  same  construction  for 
a  ray  such  as  PMg,  which  strikes  the  surface  AB  a  good  deal  further  from 
M,  the  refracted  ray  M2R2,  when  produced  backwards,  will  be  found  to 
intersect  the  normal  ray  at  a  point  p",  nearer  to  M  than  P'.  Hence  the 
directions  of  the  refracted  rays  do  not  all  pass  through  a  single  point, 
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so  that  there  is  not  a  single  geometrical  image  of  p.     The  directions  of 
all  the  refracted  rays  are  however  tangential  to  a  caustic  cune  CP' 


Fio.  314, 

If  we  restrict  ourselves  to  rays  which  strike  the  surface  nenr  any 
given  point  M,  a  restriction  similar  to  that  made  with  regard  to  spheri- 
cal mirrors,  it  will  be  found  that  the  direc- 
R     tions  of  all  the  refracted  rays  very  nearly 
pass  through  a  single  point,  so  that  in  this 
case   we  get   an   image  of   the  luminous 
I  point.     If  we  draw  the  normal  at  M  (Fig. 

Ml/  3' 5)'  ^^^  ^^  ^^^  angle  n"mr  a,  and  the 

-d"  angle  pmn'  /J,  we  have 

sin  g 
sinks''** 

Now  since  the  angles  nmp'  and  p'mn'  are 
together  equal  to  a  right  angle,  sin  p'mn' 
=  cos  nmp'.  Hence,  since  the  angle  p'mn' 
is  equal  to  a,  

sin  a  =  sin  FMN'^cos  NMF^^. 

FM 


Fig.  315. 


Also,  since  PN  and  n'm  are  parallel,  the  angles  pmn'  and  NPM  are  equal, 
and  hence  

Substituting  these  values  of  sin  a  and  sin  ^,  we  get 
TVJ/     PM     Tm 


M= 


FM    NM    FM 
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Now  if  the  point  M  is  taken  very  near  N,  PM  will  be  very  nearly  equal  to 
PN,  and  p'm  to  p'n.     Hence  for  rays  incident  near  N  we  get 


PN 


•"-W 


or 


FN= 


PN 


which  gives  the  distance  of  the  image  from  the  surface  of  separation 
between  the  media.  As  we  have  supposed  that  the  medium  below  AB 
is  denser  than  that  above,  and  as  /x  was  the  refractive  index  from  the 
upper  to  the  lower  medium,  /x  must  be  greater  than  unity,  so  that  the 
image  P'  is  nearer  to  the  surface  than  the  object.  In  the  case  of  water, 
it  is  a  matter  of  everyday  observation  that  objects  in  the  water  appear 
nearer  the  surface  than  they  are  really. 


Fig.  316. 


For  any  other  rays,  except  those  which  are  incident  almost  normally, 
the  directions  of  a  small  pencil  of  rays,  such  as  would  enter  the  eye  after 
refraction,  very  nearly  pass  through  a  single  point  which  lies  on  the 
caustic,  so  that  an  image  is  formed  at  this  point.  The  position  of 
the  image  differs,  however,  with  the  position  of  the  eye,  as  is  shown  in 
Fig.  316. 

When  a  body  beneath  water  is  viewed  with  the  two  eyes,  the  eyes 

2  G 
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being  in  the  same  horizontal  plane,  the  rays  that  reach  the  two  eyes  from 
the  same  point  P  appear  to  come  from  two  points  on  separate  caustics 
which  are  contained  in  vertical  planes  through  P  and  the  two  eyes. 
These  planes  intersect  along  the  vertical  through  P,  and  hence  the 
person  judges  the  image  to  be  on  thi§  line  of  intersection,  for  the  in- 
clination to  one  another  of  the  pencils,  which  enter  the  two  eyes,  and 
by  means  of  which  inclination  we  judge  of  the  distance  of  an  object,  is 
the  same  as  would  be  the  case  if  they  came  from  a  point  on  the  vertical 
through  P.  If  the  eyes  are  placed  vertically  one  over  the  other  the 
image  appears  on  the  caustic. 

347.  total  Internal  Reflection.— The  equation  expressing  Snell's 
law  may  be  written 


sm 


»(' 


If  M  is  greater  than  unityi/>.  if  we  are  considering  a  ray  travelling  from 
a  less  dense  to  a  more  dense  medium,*! since  sin  a  cannot  be  greater 
than  unity,  the  quotient  sin  al\L  must  always  be  less  than  unity.  Hence 
for  any  value  of  a  we  can  get  a  corresponding  value  for  /8.  That  is, 
whatever  the  value  of  the  angle  of  incidence  (of  course  this  angle  must 
be  less  than  90°),  there  will  be  a  refracted  ray. 

If,  however,  we  are  considering  a  ray  passing  from  a  more  dense 
medium  to  a  less  dense  one,  so  that  y.  is  less  than  unity,  then  if  sin  a  is 
greater  than  m,  the  quotient  (sin  a)//i  will  be  greater  than  unity.  Now 
sin  j9  cannot  be  greater  than  unity,  so  that  we  cannot  obtain  a  value  for 
the  angle  of  refraction.  When  sin  a  is  less  than  m,  we  can  obtain  a  value 
of  /?,  and  there  is  a  refracted  ray.  When  sin  a  is  equal  to  ai,  the  quotient 
sin  a/M  is  unity,  and  therefore  sin  ^=  i,  i.e.  /?  =  90°.  This  means  that  for 
this  angle  of  incidence  the  angle  of  refraction  is  90°,  and  hence  the 
refracted  ray  in  the  less  dense  medium  is  parallel  to  the  surface  of 
separation  between  the  media,  and  just  grazes  this  surface.  For  larger 
angles  of  incidence  there  is  no  refracted  ray,  so  that  none  of  the  light 
passes  out  of  the  denser  medium,  it  all  being  reflected  back  at  the  sur- 
face of  separation  according  to  the  ordinary  laws  of  reflection.  In  this 
case  the  ray  is  said  to  suffer  total  internal  reflection.  (The  angle  of 
incidence,  of  which  the  sine  is  equal  to  the  reciprocal  of  the  refractive 
index,  is  called  the  critical  angle. ) 

If  the  critical  angle  (8)  between  two  media  is  measured,  we  can 
obtain  the  refractive  index  from  the  relation 

In  the  case  of  glass  and  air  the  refractive  index  is  1.5,  and  hence 
the  critical  angle  is  given  by 

sin  8=-=.67  .  . 
If  a  ray  of  light  is  incident  normally  on  one  of  the  shorter  faces  AC 


I 
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of  a  right-angled  glass  prism  ABC  (Fig.  317),  it  will  enter  the  glass  with- 
out refraction,  and  will  be  incident  on  the  hypotenuse  at  an  angle  of 
45°.  As  this  angle  is  greater  than 
the  critical  angle,  the  ray  will  not 
be  able  to  pass  out  into  the  air, 
but  will  be  totally  reflected  along 
O'o",  and  will  be  incident  normally 
at  o"  and  continue  along  o"r.  The 
prism  has  therefore  acted  as  a  plane 
mirror  and  simply  reflected  the  ray, 
turning  its  direction  through  a  right 
angle. 

348.     Refraction    through    a 
Prism. — A   portion   of  a   refracting   medium 
surfaces  which  are  inclined  at  a  finite  angle  is  called  a  prism. 

The  two  plane  surfaces  are  called  the  faces  of  the  prism,  the  line  in 
which  the  faces  meet,  or  would  meet  if  produced,  is  called  the  edge  of 
the  prism,  and  the  angle  between  the  faces  is  called  the  refracting  angle, 
or  simply  the  angle  of  the  prism. 

Any  plane  perpendicular  to  the  two  faces,  and  hence  also  to  the  edge, 
is  called  a  principal  plane  of  the  prism. 

Since  a  principal  plane  is  perpendicular  to  both  faces,  if  a  ray  of  light 
is  incident  in  the  principal  plane  it  will  continue  in  this  plane  both  during 
its  passage  through  the  prism  and  after  leaving  the  prism. 

When  the  medium  of  which  the  prism  is  composed  is  denser  than  the 

surrounding  medium,  the  ray  of  light  incident  in  a  principal  plane  will 

be  deviated  towards  the  thick  end  of  the  prism.     The  angle  through 

which  the  ray  has  been  deviated  during  its  passage  is  called  the  angle. 

^fdeviatioji. 

irtEe  angle  of  incidence  of  the  incident  ray  with  the  first  face  is 
altered,  it  is  found  that  for  one  angle  of  incidence  the  angle  of  devia- 


FiG.  318. 

tion  produced  is  a  minimum,  the  deviation  being  greater  both  for 
smaller  and  larger  angles  of  incidence.  The  angle  through  which  the 
ray  is  deviated  under  these  conditions  is  called  the  angle  of  minimum 
deviation. 

If  a  ray  of  light  PL  is  incident  at  such  an  angle  on  the  face  ab  of  the 
prism  ABC,  Fig.  318  {a\  that  the  deviation  is  a  minimum,  the  path  of 
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the  ray  in  the  prism  is  such  that  am  is  equal  to  al.  If  this  were  not  so 
let  us  suppose  that  plmr,  Fig.  318  {b\  represents  the  path  of  a  ray  when 
the  deviation  is  a  minimum.  Then  a  ray  of  light  incident  along  RM 
would  travel  along  RMLP,  and  hence  would  also  suffer  minimum  devia- 
tion, for  if  we  reverse  the  direction  of  a  ray  of  light,  it  always  retraces 
its  path.  _     

Next  take  the  point  /,  such  that  a/=al,  and  m,  such  that  a»«=am, 
and  join  Im.  Then  draw  pi  inclined  at  the  same  angle  to  AC  as  is  PL  to 
AB,  and  mr  inclined  to  ab  at  the  same  angle  as  is  MR  to  AC.  Then  the 
path//;«r  is  exactly  similar  to  the  path  plmr,  and  hence  a  ray  incident 
along  pi  would  travel  along  plmr^  and  would  be  deviated  through  the 
same  angle  as  is  the  ray  plmr,  that  is,  it  would  suffer  minimum  deviation. 
Hence  there  are  two  rays,  pi  and  rm,  at  different  angles  of  incidence, 
both  of  which  undergo  minimum  deviation,  which  is  impossible,  since  by 
experiment  there  is  only  one  angle  of  incidence  which  fulfils  this  con- 
dition. Hence  plmr  cannot  be  at  minimum  deviation.  In  the  same 
way,  it  can  be  shown  that  no  ray  which  does  not  cut  the  two  faces  so  as 
to  make  al  equal  to  AM  can  be  at  minimum  deviation. 

849.  Determination  of  Refractive  Index  from  the  Angle  of 
Minimum  Deviation.— From  the  knowledge  of  the  refracting  angle  of 
a  prism  and  the  angle  of  minimum  deviation,  we   can  calculate  the 


Fig.  319. 

y  /  refractive  index  from  the  medium  surrounding  the  prism  to  the  medium 
v^>^  of  which  the  prism  is  composed.  Since  in  practice  we  have  almost 
.  J-  always  to  consider  the  passage  of  light  from  air  into  some  other  medium, 

\  we  shall  in  future  refer  to  the  refractive  index  from  air  into  a  medium 

simply  as  the  refractive  index  of  the  medium. 

Let  ABC  (Fig.  319)  be  the  trace  of  a  prism,  the  paper  being  a  prin- 
cipal plane,  and  plmr  the  path  of  a  ray  which  is  at  minimum  deviation, 
so  that  AL  =  AM.  At  L  and  m  draw  the  normals  nln"  and  n'mn",  also 
produce  the  direction  of  the  emergent  ray  MR  back  to  D,  and  produce 
the  direction  of  the  incident  ray  PL  to  cut  this  at  E.  Then  the  angle 
DEL  or  8  is  the  angle  through  which  the  ray  is  deviated,  and  hence  6  is 
by  supposition  the  angle  of  minimum  deviation. 

Since  al=am  the  angle  alm  is  equal  to  the  angle  aml,  and  hence 
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as  the  angles  aln"  and  amn"  are  each  a  right  angle,  the  angle  n"lm  is 
equal  to  the  angle  n"ml.  In  the  quadrilateral  aln"m,  the  angles  ALN" 
and  amn"  are  right  angles,  hence  the  angle  LN"M=7r-^.  But  since 
lmn"  is  a  triangle,  the  angle  LN"M=7r-2/5.     Hence 

7r-2/3=7r-^ 

•••       ^4 

In  the  triangle  elm  the  angles  elm  and  eml  are  each  equal  to  a—/?, 
and  hence  the  exterior  angle  del  is  equal  to  2(a-^),  or  8=2(a-)8). 

2  2 

But  if  /i  is  the  refractive  index 

__sin  a_sin  ^(8+  Q) 
''"sin/?"     sinJ6>     ' 

and  so  if  the  angles  d  and  8  are  measured,  the  refractive  index  can  at 
once  be  calculated. 

350.  Absolute  Refractive  Index,  and  Change  in  Refractive 
Index  with  Change  in  the  Physical  Condition  of  the  Medium.— 
In  almost  all  cases  the  refractive  index  from  air  to  a  given  medium  is 
what  we  obtain  by  experiment.  When,  however,  we  are  making  com- 
parisons between  the  optical  properties  of  different  media,  it  is  convenient 
to  eliminate  the  effect  of  the  medium  air,  and  to  consider  the  refractive 
index  from  a  vacuum  to  the  medium  considered.  This  is  called  the 
absolute  refractive  index,  and  can  at  once  be  calculated  from  the 
refractive  index  in  air  by  the  method  given  in  §  345,  if  we  know  the 
absolute  refractive  index  of  air.  Since  the  absolute  refractive  index  of 
air  under  standard  condition  of  pressure  and  temperature  (76  cm.  of 
mercury  and  0°  C.)  is  1.00029,  the  absolute  refractive  index  for  any 
medium  is  obtained  by  multiplying  the  refractive  index  relative  to  air  by 
1.00029. 

According  to  the  electro-magnetic  theory  of  light,  to  which  we  shall 
refer  later,  the  refractive  index  of  a  substance  is  connected  with  the 
density  d  in  such  a  way  that  the  expression 

-/"-f^^^  constant  (/?,  say), 
a  fi^  +  2 

This  expression  is  due  to  Lorentz,  and  the  value  of  the  constant  R 
is  independent  of  the  temperature,  pressure,  and  the  state  of  the 
substance. 

Lorentz's  formula  may  be  written — 

d  /i2  +  2 

M+  I 

Hence  if  ~2T^  is  constant,  the  formula  will  reduce  to  (/i-  i)/^=  constant. 


470 


Light 


[§350 


From  the  results  of  their  experiments  Gladstone  and  Dale  had  previously 
found  that  the  expression  (/*-  I  )/^  remained  constant  when  the  tempera- 
ture and  pressure  changed. 

In  the  case  of  gases  the  refractive  index  is  always  very  nearly  unity, 
so  that  the  quantities  ^+  i  and  /i'4-2  are  very  nearly  2  and  3  respectively, 
so  that,  for  gases,  Lorentz's  expression  reduces  to  that  of  Gladstone  and 
Dale. 

In  the  following  table  the  values  of  R  are  given  for  some  substances 
both  in  the  liquid  and  gaseous  state  : — 


Liquid. 

Vapour. 

Water        .        . 
Carbon  bisulphide 
Chloroform 

0.2061 
a28o5 
0.1790 

0.2068 
0.2898 
0.1796 

CHAPTER   III 

LENSES— MEASUREMENT    OF    REFRACTIVE    INDEX 


351.  Lenses. — A  portion  of  a  refracting  medium,  bounded  by  two 
surfaces,  one  of  which  is  spherical  and  the  other  is  plane  or  spherical,  is 
called  a  /ens. 

If  the  two  surfaces  of  the  lens  are  spherical,  the  line  joining  the 
centres  of  the  spheres  is  called  the  axis  of  the  lens  ;  if  one  of  the  surfaces 
is  plane,  the  axis  is  the  line  drawn  through  the  centre  of  the  sphere 
perpendicular  to  the  plane. 

If  the  rays  proceeding  from  a  point  P,  after  refraction  at  the  lens, 
pass  through  a  point  P' ;  or  if,  although  they  do  not  actually  pass  through 
this  point,  their  directions  pass  through  p',  then  P  and  p'  are  called 
conjugate  foci  or  conjugate  points. 

Each  ray  on  one  side  of  the  lens  which  passes  through  P  and  suffers 
refraction  through  the  lens,  after  it  has  traversed  the  lens,  will  have  such 
a  direction  that  it  passes  through  P'.  Thus  to  every  ray  on  one  side  of 
the  lens  there  is  a  corresponding  ray  on  the  other  side  of  the  lens,  one 
ray  being  the  continuation  of  the  other.  Such  a  pair  of  rays  are  called 
conjugate  rays. 

If  AB  (Fig.  320)  represents  a  section  of  a  lens,  and  xx'  the  axis,  the 
surfaces  of  the  lens  at  M  and  N  will  be  normal  to  the  axis,  and  hence  a 
ray  of  light  incident  along  the  - 

axis  will  not  be  deviated  by  its  A,     J 

passage  through  the  lens.  Also 
if  P  and  Q  are  any  two  points, 
such  that  the  tangents  to  the  lens 
at  P  and  Q  are  parallel,  a  ray  of 
light  incident  at  P  in  such  a 
direction  that  it  travels  along  PQ 
will,  after  it  leaves  the  lens,  travel 
along  QR  in  a  direction  parallel 
to  its  original  path,  IP  ;  for  as 
far  as  this  ray  is  concerned  the 
lens  acts  simply  as  a  parallel- 
sided  slab.  The  point  o,  where 
this  ray  cuts  the  axis,  is  called 
the  optical  centre  of  the  lens, 
and  is  such  that  all  rays  which 
pass  through  it  are  undeviated 
by  their  passage  through  the 
lens.     The  position  of  the  optical 

centre  varies  with  the  curvature  of  the  surfaces,  and  may  lie  quite  outside 
the  lens._  ^"     ' 

In  the  case  of  most  lenses  used  in  practice  the  thickness  of  the  lens 
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is  small  compared  with  the  focal  length,  so  that  the  points  M,  o,  and  N  are 
near  together.  Such  a  lens  is  called  a  thin  lens,  and  we  shall,  unless  it 
is  specially  mentioned,  restrict  ourselves  to  thin  lenses,  so  that  we  may 
take  either  of  the  three  points  M,  o,  or  N,  as  the  optical  centre  of  the  lens. 
Lenses  are  divided  mto  two  classes.  The  first  class,  called  convex 
lenses  or  converging  lenses,  are  such  that  when  a  pencil  of  rays  parallel 
to  the  axis  passes  through  the  lens,  they  are  refracted  so  as  to  pass 
through  the  principal  focus.  The  second  class,  called  concave  or  diverg- 
ing lenses,  are  such  that  when  a  pencil  of  rays  parallel  to  the  axis 
passes  through  the  lens  they  are  refracted,  so  that  although  they  do  not 
actually  pass  through  the  principal  focus,  yet 
their  directions  pass  through  the  focus. 

It  is  only  when  the  medium  of  a  lens  is, 
as  is  generally  the  case,  denser  than  the 
surrounding  medium  that  the  above  defini- 
tions hold.  In  the  opposite  case  a  concave 
lens  is  a  converging  lens,  and  vice  versa. 

In  Fig.  321  are  given  the  sections  by  a 
plane  containing  the  axis  of  the  three  typical 
Fig.  321.  fonns  of  convex  lens.     Lens  (a)  is  called  a 

double  convex  lens,  (J>)  a  plano-convex  lens, 
and  {c)  a  convexo-concave  lens  or  convex  meniscus.  Lens  {c)  has  one 
convex  and  one  concave  surface ;  the  radius  of  the  convex  surface  is, 
however,  less  than  that  of  the  concave.  In  Fig.  322  the  three  typical 
forms  of  concave  lenses  are  shown.  Lens  (<i)  is  called  a  double  concave 
lens,  {p)  a  plano-concave,  and  (r)  a  concavo- 
convex  or  concave  meniscus.  In  (t)  the 
concave  surface  has  a  smaller  radius  of 
curvature  than  the  convex  surface. 

The  point  through  which  pass  the  rays, 
or  their  directions,  which  are  conjugate  to 
a  series  of  rays  parallel  to  the  axis,  is  called 
a  prmdpal  focus  of  the  lens.  In  the  case 
of  a^thm  lens  the  distance  between  the 
Fig.  322.  principal  focus  and  the  lens  is  called  the 

focal  length  of  the  lens.     Every  lens  has  two 
principal  foci,  one  on  either  side  of  the  lens,  and  if  the  media  on  the  two- 
sides  of  the  lens  are  the  same  the  two  focal  lengths  of  a  lens  are  equal. 

If  a  pencil  of  rays,  all  parallel  to  the  axis,  falls  on  a  convex  lens,  such  as 
AB  (Fig.  323),  after  refraction  through  the  lenses  they  all  pass  through  the 
principal  focus  F,  and  OF  is  the  focal  length  of  the  lens.  Since  the  focal 
length,  measured /r<?w  the  lens,  is  in  the  same  direction  as  that  in  which 
the  incident  light  is  proceeding,  it  is  negative,  the  same  convention  as  to  . 
sign  being  adopted  as  in  the  case  of  mirrors  (§  340). 

If  a  pencil  of  rays  parallel  to  the  axis  falls  on  a  concave  lens,  such  as 
CD  (Fig.  323),  after  their  passage  through  the  lens  the  rays  diverge  and 
travel  as  if  they  came  from  the  principal  focus  f',  the  point  f'  being  on 
the  side  of  the  lens  on  which  the  light  is  incident.  Hence  as  OF'  is 
measured  in  the  opposite  direction  to  the  incident  light  it  is  positive,  so 
that  the  focal  length  of  a  concave  lens  is  positive.  It  is  for  the  above 
reasons  that  convex  lenses  are  sometimes  called  negative  lenses,  while 
concave  lenses  are  called  positive. 
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If  ^1  is  the  radius  of  curvature  of  the  first  surface  on  which  a  parallel 
beam  of  light  is  incident,  r^  the  radius  of  curvature  of  the  other  surface, 
/the  focal  length,  and  \i.  the  refractive  index  of  the  n\edium  of  which  the 


~/ ^ 

s.     V/ ^ 


B 


Fig.  323. 


lens  is  composed,  then  these  quantities,  due  regard  being  paid  to  their 
proper  sign,  are  connected  by  the  equation — 


>  =  (.■ 


(I). 


After  leaving  c' 


This  equation  can  be  deduced  in  the  following  manner.  Let  AB 
(Fig.  324)  be  a  section  of  a  lens,  and  suppose  a  pencil  of  parallel  rays 
falls  on  the  lens  parallel  to  the  axis,  OF,  and  is  brought  to  a  focus  at  the 
principal  focus,  F.  We  will  consider  two  rays,  ijAF  and  igOF.  If  through 
C  we  draw  cc'  perpendicular  to  the  incident  light,  CC'  will  be  a  section  of 
the  wave-front,  for  we  are  dealing  with  plane  waves.  Hence  the  wave 
will  reach  the  points  C  and  c'  in  the  same  phase, 
the  wave  will  travel  along 
c'a,  then,  as   A    is    just  at  ^  C'  A 

the  edge  of  the  lens,  it  will 
pass  through  a  very  small 
thickness  of  glass,  and  then 
travel  along  AF.  The  part 
of  the  wave  near  C  will  in 
the  same  way  travel  through 
a  thickness  CD  of  glass,  and 
then  over  a  distance  DF  of 
air.  Now  as  the  rays  are 
brought  to  a  focus  at  F,  the 
different  parts  of  each  wave, 
such  as  cc',  must  all  reach 
F  at  the  same  time,  for,  as 
we  have  seen  in  the  case  of  a  real  focus,  the  wave-front  is  a  sphere  with 
positive  curvature,  and  the  wave-fronts  eventually  are  reduced  to  points 
at  the  focus.  Thus  the  time  taken  by  the  one  portion  of  the  wave  to 
travel  over  the  path  c'af  must  be  the  same  as  that  taken  by  the  other 
portion  to  travel  over  the  path  CDF. 


Fig.  324. 
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We  shall  sec  later  (§  369)  that  the  velocity  of  light  in  a  medium,  of 
which  the  refractive  index  is  /x,  is  i//x  of  the  velocity  of  light  in  air. 
Hence  the  time  taken  by  the  light  to  travel  over  a  given  distance  r  in  a 
medium  of  refractive  index  ^  will  be  \k  times  as  great  as  the  time  taken  to 
traverse  the  same  distance  in  air. 

If  we  call  the  distance  AO  a,  the  thickness  of  the  lens,  that  is  CD,  /, 
the  radius  of  curvatuj;e  of  the  surface  acb  rj,  that  of  the  surface  adb  r„ 
and  the  focal  length,  OF,  of  the  lens  f^  then,  from  the  well-known  pro- 
perty of  the  segments  of  chords  of  a  circle,  we  have 

or  C^  =  aV2ri, 

for  if  the  lens  is  thin,  and  it  is  only  for  thin  lenses  of_small  curvature  that 

our  investigation  holds,  we  may  neglect  the  term  co'*.     In  the  same  way 

0D  =  a'l2r^ 


Hence 


Now,  the  time  taken  by  the  light-waves  to  travel  from  C  to  D  in  the 
glass  will  be  ftZ/v,  where  v  is  the  velocity  of  the  light  in  air,  and  that  in 
the  glass  is  t///i.  If  then  7' is  the  time  a  light-wave  would  take  to  travel 
over  a  distance  CF  in  air  throughout^  the  time  taken  to  travel  from  C 
to  F  when  the  lens  is  interposed  will  be 

or  7'-h^(M-i). 

The  time  taken  by  the  wave  to  travel  from  C*  to  F  will  exceed  T  by 
the  time  taken  to  traverse_a  distance_equal_to  the  difference  in  the  lengths 
of  the  paths,  that  is,  c^  -I-  af  -  CF,  or  af  -  OF. 

But  TF-  0F=  J{P+^)  -f 

=/V(i+^//^)-/ 

=/( I -t-aV2/^-l- higher  powers  oia^jp)-/. 

Hence  if /"is  large  compared  with  a,  that  is,  if  the  focal  length  of  the  lens 
is  great  compared  with  the  aperture  (§  340),  we  have 

Hence  the  time  taken  for  the  wave  to  travel  from  c'  to  F  is 


a' 

2fv 

Thus  the  condition  that  the  time  taken  along  the  two   paths   is   the 
same  as 


or  /(/*-!)= 
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Hence  ^^C^/    •    "    '    <'>• 

This  may  be  written  i  _2(/t-i)/ 

and  substituting  the  value  already  obtained  for  /,  in  terms  of  the  radii  of 
curvature  of  the  faces,  we  get 


r(''-'>K+y  •  •  •  w, 


/ 

where  we  have  taken  all  lengths  as  positive,  that  is,  not  considered  their 
sign.  Since,  however,  all  distances  measured  from  the  lens  in  the  direc- 
tion in  which  the  light  is  travelling  are  taken  as  negative,  both  /  and  r^ 
are  negative.     Makmg  this  change  in  (i)  we  get 


rc-")!^-^.)- 


Equation  (2)  above  may  be  used  to  calculate  the  focal  length  of  a 
lens,  whether  convex  or  concave,  if  /  is  taken  as  the  difference  between 
the  thickness  of  the  lens  at  the  centre  and  the  edge.  To  obtain  /  with 
the  sign  we  have  been  using  /  must  be  taken  as  positive  if  the  lens  is 
thickest  at  the  edge,  i.e.  a  concave  lens,  and  negative  if  the  lens  is 
thickest  at  the  centre,  i.e.  a  convex  lens. 

If  one  of  the  faces,  say  the  second,  is  plane,  so  that  rj  =  c)o,  equation 
(i)  above  will  become 


>-('-?) 


.    .    (3), 
since  when  ^3=00,  -  will  be  zero. 


r. 


2 

As  an  illustration  of  the  application  of  these  formulae,  suppose  that 
the  radius  of  curvature  of  the  right-hand  surface  of  the  lens  ab  (Fig.  323) 
is  10  cm.,  and  that  of  the  left-hand  surface  is  8  cm.,  and  we  required 
to  find  the  focal  length,  the  refractive  index  of  the  medium  of  which 
the  lens  is  composed  being  1.5.  In  this  case  the  centre  of  the  sphere 
of  which  the  right-hand  face  is  a  part  is  to  the  left  of  the  lens,  and  hence 
its  radius  of  curvature  measured  from  the  lens  is  measured  to  the  left,  i.e. 
in  the  same  direction  as  the  incident  light,  and  is  therefore  negative.  In 
the  same  way,  the  radius  of  curvature  of  the  other  face  is  positive.  Hence 
in  the  example  r^=  —  \o  cm.,  and  ^2=8  cm.  Putting  these  values  into 
equation  (i),  we  get 

=.5(-.ioo-.i25) 
=  -0.1125 
/■=  -  8.89  cm. 

Next  suppose  that  the  radius  of  curvature  of  the  right-hand  surface  of 


476 


Light 


[§352 


a  double  concave  lens  CD  (Fig.  323)  is  10  cm.,  and  that  of  the  left  surface 
is  8  cm.     In  this  case  ri=  + 10  cm.  and  f,=  -8  cm.    Hence 


/ 


0-5-0(^.0 


-.5  (.100+. 125) 
iKO.1125 
:.  7=8.89  cm. 

352.  Methods  of  finding  the  Relative  Positions  of  Imagre  and 
Object  and  Relative  Size  of  Image  and  Object.— The  position  of  the 
image  formed  by  a  lens  can  be  found  by  a  geometrical  construction 
exactly  similar  to  that  used  in  regard  to  mirrors  in  §  338. 

We  take  one  ray  which,  proceeding  from  the  point  Q  (Fig.  325)  of  the 
object,  passes  through  the  centre  of  the  lens  o,  and  hence  is  undeviated, 


and  another,  QM,  which  is  parallel  to  the  axis,  and  hence  after  passing 
through  the  lens  either  actually  passes,  or  its  direction  passes  through 
the  principal  focus  F.  The  point  q'  where  the  two  rays  intersect  is  the 
image  of  Q.  If  the  rays  actually  pass  through  q'  the  image  is  real  ;  if 
the  rays  do  not  actually  pass  through  Q',  but  only  their  directions  when 
produced  backwards,  then  the  image  is  virtual.     In  Fig.  325  the  image 
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produced  by  the  lens  ab  is  real,  while  that  produced  by  the  lens  CD  is 
virtual. 

In  the  figure  the  triangles  QOP  and  Q'OP'  are  similar.     Hence 

WlQP' = 'OP [OF  =  ujv. 

Thus  the  size  of  the  object  is  to  the  size  of  the  image  as  the  distance  of 
the  object  from  the  lens  is  to  the  distance  of  the  image  from  the  lens. 

Since  object  and  image  are  always  interchangeable,  that  is,  if  p'q' 
were  an  object  the  image  would  be  PQ,  if  we  draw  (Fig.  325)  a  ray  q'n 
parallel  to  the  axis,  this  ray  after  refraction  will  pass  through  the  principal 
focus  f'  and  meet  the  ray  Q'OQ,  which  passes  through  the  centre  of  the 
lens,  at  Q. 

In  the  case  of  both  convex  and  concave  lenses  the  triangles  q'p'f  and 
MOF  are  similar,  for  the  angles  at  F  are  equal  and  the  angles  at  P'  and  O 

are  right  angles.     Hence  

FQ    FF 

OM~aF 

also  the  triangles  qf'p  and  NF'O  are  similar,  hence 

ON    'of' 

Tq^Tf' 

But  since  OM  =  pq  and'oN  =  P^' 

FQ    'ON 

OM^PQ 
Hence  p^    loP 

But  of=of'=/C     Hence  if  we  call  the  distance  pf'  u,  and  the  distance 
p'f  V,  we  get 

l-L 
fu 

or  UV=P    .    .     .    (i). 

Taking  first  the  case  of  the  convex  lens  ab  (Fig.  325).    

From  the  figure  it  is  evident  that  PF'  =  op-OF',  and  p'f=PO  — oE 
But  OP  is  equal  to  u  and  of'  is  equal  in  magnitude  \.of.  Since,  however, 
/for  a  convex  lens  is  negative,  although  u  is  positive,  we  have 

Similarly,  since  v  is  negative 

V=-v^f. 
Substituting  these  values  for  U  and  V  in  equation  (i),  we  get 

or  '  uf—vf=^uv. 
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.    (») 


Dividing  all  through  by  uv/wt  get 

V    u~~f 

Next  taking  the  case  of  the  concave  lens  CD.    Here  PF'  =  PO  +  OT  and 

p[f=of-op\^  Here  since  «,  vand/are  all  positive  and  PO=f^,  oF^- 
OF'=yand  QV'^v  we  have 


Substituting  these  values  in  (i)  we  obtain 

V    u    f   ' 
the  same  expression  that  we  obtained  in  the  case  of  a  convex  lens. 


(2) 


Fio.  3a6, 

We  may  employ  the  method  used  in  §  351  to  obtain  the  relation 
between  the  distances  of  the  image  and  object  from  a  lens.  Taking  the 
case  of  a  convex  lens,  we  have  to  find  the  condition  that  the  time  taken 
for  a  wave  to  travel  along  the  path  PMP'  (Fig.  326)  shall  be  the  same  as 
that  taken  by  a  wave  to  travel  along  pop'. 

Calling  the  distances  PO,  OP',  OM,  «,  7/,  and  a  respectively,  and  the 
radius  of  the  face  MN  r,,  and  that  of  the  face  mn  r^,  we  have 


PM' 

-  x/««  +  a«. 

MF^ 

=  v^ 

«+a«, 

NO^ 

ON'^ 

PN= 

■  u- 

2ri' 

N'P^ 

:Z/2- 

a* 
2r, 
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Hence  the  length  of  the  path  pmp'  is 

which  reduces,  if  a  is  small  compared  with  u  and  7/,  to 

The  length  of  the  path  ^  pop',  allowing  for  the  fact  that  the  portion  non' 
is  performed  in  glass  of  refractive  index  /i,  is 


2ri 


2r, 


a" 

2^2 


2r2' 


But  if/ is  the  focal  length  of  the  lens, 

in  which,  as  in  the  second  case  in  §  351,  we  have  taken  r^  and  r^  both  as 
positive. 

Hence  equating  the  lengths  of  the  paths  we  have 


''('+l-0+K'+^)=''+^+J' 


or 


where  u,  v,  and/ are  all  taken  as  positive. 

Now  in  the  case  taken  we  consider  both/and  v  as  negative  and  u  as 
positive.     Making  these  changes  we  get 

I      I      I 
J     V     u 

the  expression  previously  obtained. 

The  positions,  &c.,  of  the  image  for  different  positions  of  the  object 
are  given  in  the  two  following  tables,  and  can  easily  be  verified  by 
drawing  figures  in  the  different  cases,  while  figures  similar  to  Fig.  305 
may  be  used  to  show  the  results. 

Convex  Lenses. 


Distance  of  Object 
from  Lens. 

Distance  of  Image 
from  Lens. 

Character  of  Image. 

00 
Between  00  &  2/ 
Between  2/&/ 
Between/ &  0 

Between  -/&  -2/ 
Between  -2/&  -  00 
Between  +  00  &  0 

Real 

Real 

Virtual 

Inverted 

Inverted 

Erect 

Diminished 
Magnified 
Magnified 

1  By  the  optical  length  of  the  path  traversed  by  a  hght  wave  which  passes  through 
media  of  different  refractive  index,  we  mean  the  length  of  path  in  air  which  would 
be  traversed  by  the  wave  in  the  same  time  as  is  the  actual  path. 
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Distance  of  Object 
from  Lens. 

Distance  of  Image 
from  Lens. 

Character  of  Image. 

00 

Between  oo  &  0 

f 
Between  +/&  0 

Virtual 

Erect 

Diminished 

858.  Position  of  the  Imagre  formed  by  Two  Lenses.— Suppose  two 
lenses  ab  and  CD  (Fig.  327)  to  be  placed  so  that  their  axes  coincide,  and 
at  a  distance  </ apart,  the  focal  length  of  ab  being  y,,  and  that  of  cd/i, 


u 


D 

Fig.  327. 

and  that  we  require  to  find  the  position  of  the  image  of  a  luminous  point 
p  at  a  distance  u  from  the  first  lens  formed  by  the  combination  of  the  two 
lenses. 

If  the  lens  CD  existed  alone,  then  the  distance  v  of  the  image  from  of 
will  be  given  by 


'7^ 


(I). 


The  distance  of  this  image  from  the  second  lens  is  v-\-d^  since  if  z/  is 
positive,  i.e.  the  image  is  to  the  right  of  CD,  the  distance  from  o  is  equal 
to  the  distance  from  O'  plus  </,  and  with  reference  to  O  this  length  would 
be  positive.  If  the  image  formed  by  the  first  lens  is  to  the  left  of  CD,  v 
is  negative,  and  z/  + Estill  gives  the  distance  of  the  image  from  o,  with  its 
proper  sign.  Hence,  treating  this  image  as  the  object  for  the  second 
lens,  if  1/  is  the  distance  of  the  image  of  this  image  from  o,  we  have 


1=14— L- 
1/    fi^v  +  d 


(2). 


By  substituting  the  value  oi  v  given  by  (i)  in  this  equation  the  value  of 
i/  can  be  obtained,  which  gives  the  position  of  the  image  formed  by  the 
combination. 

If  the  two  lenses  are  placed  in  contact  and  their  focal  lengths  are 
sufficiently  large,  we  may  take  d=o.  Under  these  conditions  (2)  re- 
duces to 

i_     I 


+i. 
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Hence,  substituting  from  (i)  the  value  of-,  we  get 

I   .  I      I      I  /  \ 

-A^r^-'u  ■  ■  •  <3)- 

If  the  object  is  at  an  infinite  distance  (7^  =  00)  the  incident  light  is  a 
parallel  beam,  and  the  light  is  brought  to  a  focus  at  a  point  at  a  distance 
F  from  the  two  lenses,  where  F  is  the  value  of  v'  obtained  when  u  =  oo. 

Thus  '      1,+i,     .     .     .     (4). 

The  quantity  F  may  be  called  the  focal  length  of  the  combination, 
and  the  above  equation  shows  that  the  reciprocal  of  the  focal  length  of  a 
combination  of  two  lenses  in  contact  is  equal  to  the  sum  of  the  recip- 
rocals of  their  focal  lengths. 

354.  The  Eye. — The  eye  consists  practically  of  a  system  of  lenses  by 
means  of  which  a  real  image  of  external  objects  is  formed  on  a  network 
of  nerves,  called  the  retina,  at  the  back  of  the  eye,  which  nerves  convey 
the  impression  of  vision  to  the  brain. 

A  diagrammatic  section  of  the  eye  is  shown  in  Fig.  328.  The  eye  is 
suiTOunded,  except  in  front,  by  a  horny  opaque  coat,  the  sclerotic.  The 
front  transparent  portion  of  this  outside 
coating  is  called  the  cornea,  c.  The. 
inside  of  the  eye  is  divided  into  two  por- 
tions by  the  iris  I,  the  crystalline  lens  L, 
and  the  muscles  which  attach  the  latter 
to  the  walls  of  the  eye.  The  crystalline 
lens  is  a  double  convex  lens,  of  which  the 
anterior  surface  has  a  radius  of  cui-vature 
of  about  I.I  cm.,  while  the  posterior 
surface  has  a  radius  of  curvature  of 
about  0.8  cm.  By  means  of  the  muscles 
attached  to  the  edge  of  the  lens  the 
curvature  of  the  faces,  and  hence  the 
focal  length,  can  be  altered  at  will.  The 
iris  I  forms  an  opaque  coloured  diaphragm  perforated  by  a  central 
opening  called  the  pupil.  The  diameter  of  the  pupil  varies  with  the 
intensity  of  the  light  which  enters  the  eye  ;  thus  in  a  strong  light  the 
pupil  is  contracted,  while  in  a  feeble  light  it  is  expanded,  these  move- 
ments being  involuntary.  The  space  between  the  cornea  and  the  lens 
is  filled  by  a  transparent  liquid  called  the  aqueous  humour,  while  that 
between  the  lens  and  the  retina  R  is  filled  with  a  liquid  called  the 
vitreous  humour. 

The  retina  consists  of  a  semi-transparent  network  of  nerve  fibres 
formed  by  the  spreading  out  of  the  termination  of  the  optic  nerve.  Near 
the  centre  of  the  retina  there  is  a  round  yellowish  spot  Y,  called  the 
yellow  spot,  and  vision  is  most  distinct  when  the  image  falls  on  this  spot. 
The  point  of  the  retina  where  the  optic  nerve  enters  is  insensitive  to 

2  H 
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light,  so  that  when  the  image  of  an  object  falls  on  this  spot,  which  is 
called  the  blind  spot,  no  sense  of  vision  is  produced. 

If  the  eye  really  consisted  of  an  ordinary  lens,  it  is  evident  that  for 
only  one  distance  would  the  light  from  a  luminous  point  be  brought  to  a 
focus  on  the  retina.  At  all  other  distances  an  indistinct  and  blurred 
image  would  be  produced.  The  eye,  however,  possesses  the  power  of 
accommodation  so  that  the  images  of  objects  at  very  different  distances 
can  all  be  formed  on  the  retina.  In  most  cases  the  eye,  when  at  rest,  is 
so  arranged  that  the  image  of  a  distant  object  is  in  focus  on  the  retina. 
The  accommodation  for  nearer  objects  is  produced  by  a  slight  fonvard 
motion  of  the  lens  and  an  increase  of  the  curvature  of  its  surfaces,  the 
increase  in  curvature  of  the  front  surface  being  very  much  the  more 
strongly  marked  of  the  two. 

The  range  of  the  accommodation  is  not  unlimited,  so  that  objects 
which  are  very  near  the  eye  cannot  be  clearly  seen.  Since  when  an 
object  is  a  great  way  off  we  cannot  make  out  small  details  about  it,  and 
neither  can  we  do  so  when  it  is  very  near,  it  follows  there  must  be  some 
distance  at  which  we  are  able  to  see  most  distinctly.  This  distance, 
which  is  called  the  distance  of  distinct  vision^  is  for  a  normal  eye 
between  25  and  30  cm.,  or  10  and  12  inches. 

865.  Defects  of  Vision.— There  are  three  defects  of  the  eye  which 
arc  of  comparatively  frequent  occurrence.  These  are  known  as  ( i )  short- 
sight,  (2)  long-sight,  (3)  astigmatism. 

In  the  case  of  short-sight  distant  objects  cannot  be  seen  distinctly, 
because  the  point  to  which  the  rays  from  distant  objects  are  brought  to  a 
focus  is,  even  when  the  lens  is  at  its  flattest,  in  front  of  the  retina.  We 
may  here  consider  that  the  lens  is  too  convergent  for  the  size  of  the  eye- 
ball, so  that  if  in  front  of  the  eye  we  place  a  concave  lens  so  as  to  make, 
with  the  lens  of  the  eye,  a  less  convergent  system  than  the  crystalline 
lens  alone,  the  defect  of  short-sightedness  can  be  corrected. 

Since  the  image  formed  by  a  concave  lens  is  always  virtual,  it  is 
evident  that  if  d  is  the  maximum  distance  at  which  a  short-sighted 
person  can  see  distinctly,  then  if  the  concave  lens  is  such  that  the  focus 
for  parallel  rays  is  at  a  distance  d  from  the  eye,  the  eye  will  be  able  to 
see  clearly  this  image,  and  hence  all  distant  objects.  Since  the  spectacle 
lens  is  always  placed  quit^  close  to  the  eye,  the  distance  of  the  focus  for 
parallel  rays  from  the  lens  must  be  d,  that  is,  the  lens  must  have  a  focal 
length  d. 

In  long-sight,  or  hypermetropia,  near  objects  cannot  be  seen  dis- 
tinctly, this  being  due  to  the  fact  that,  when  the  lens  is  as  much  curved 
as  possible,  the  image  of  objects  even  some  distance  off  is  formed  behind 
the  retina.  In  this  case  the  eye,  when  relaxed,  is  in  such  a  state  that 
parallel  rays  meet  behind  the  retina,  so  that  to  see  distant  objects  the 
eye  has  to  be  accommodated.  This  defect  can  be  remedied  by  placing 
a  convex  lens  in  front  of  the  eye,  for  by  this  means  the  focus  of  the 
combination  of  lens  and  eye  is  nearer  the  crystalline  lens  than  when  no 
spectacle  lens  is  used. 

Let  the  minimum  distance  at  which  a  long-sighted  eye  can  see 
clearly  be  d,  and  it  be  required  to  find  the  focal  length  of  a  convex  lens 
which  will  produce  distinct  vision  at  the  ordinary  distance  of  most 
distinct  vision,  say  D.  Then,  assuming  that  the  spectacle  lens  and  eye 
are  close  together,  we  must  take  the  focal  length  /  of  the  lens  such  that 
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the  image  produced  by  an  object  at  a  distance  D  must  be  on  the  same 
side  of  the  lens  as  the  object,  and  at  a  distance  from  the  lens  d^  where 
d  >  D.     Here  «= +Z^  and  7/= +^.     Hence 


_L-_L 
d    D' 


Since  ^is  >  Z?,  -7  will  be  less  than  — ,  and  hence  ^,  and  therefore  y  will 

be  negative,  and  the  lens  must  be  convex,  which  agrees  with  the  con- 
clusion at  which  we  have  already  arrived. 

In  astigmatism  the  surfaces  of  the  cornea,  and  the  lens,  but  principally 
the  former,  are  not  symmetrical  about  the  axis.  In  most  cases  the 
vertical  section  of  the  cornea  of  an  astigmatic  eye  is  more  curved  than  a 
horizontal  section,  so  that  the  image  of  a  horizontal  line  is  formed  nearer 
the  crystalline  lens  than  the  image  of  a  vertical  line.  This  defect  is 
remedied  by  the  use  of  spectacles  in  which  the  surfaces  of  the  lenses  are 
not  spheres,  but  differ  from  these  in  the  opposite  sense  to  that  of  the 
defective  eye. 

356.  The  Simple  Microscope,  or  Magnifying  Glass,— We  have 
seen  in  the  preceding  section  that  if  we  attempt  to  increase  the  distinct- 
ness with  which  an  object  can  be  seen  by  bringing  it  nearer  the  eye,  so 
that  it  appears  larger,  a  position  is  at  length  reached  such  that  if  we 
bring  it  nearer  we  are  unable  to  see  it  at  all  distinctly. 

If  a  convex  lens  is  placed  in  such  a  position  that  the  object  AB 
(Fig.  329)  is  between  the  principal  focus  F  and  the  lens,  the  rays,  after 
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Fig.  329. 
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they  leave  the  lens,  will  proceed  as  if  they  came  from  the  virtual  image 
a'b'.  This  image  is  found  by  the  construction  given  in  §  352,  and  is  erect 
and  magnified.  Now,  although  the  image  a'b'  and  the  object  AB  subtend 
nearly  the  same  angle  at  the  eye,  yet  if  a'b'  is  at  the  distance  of  distinct 
vision,  on  removing  the  lens  the  object  AB  would  be  seen  very  indistinctly, 
it  being  so  much  within  the  minimum  distance  of^distinct  vision.  Hence, 
to  find  the  magnification  produced  by  the  lens,  we  must  compare  the 
angle  subtended  at  the  eye  by  the  image  a'b'  with  the  angle  subtended 
by  the  object  when   it  is  at   the   distance   at  which  it   can   be  most 
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dearly  seen,  i.e.  at  ab.  If  the  eye  is  very  near  the  convex  lens,  the  angles 
subtended  by  the  image,  and  by  the  object  when  at  the  distance  of  dis- 
tinct vision^  are  very  nearly  equal  to  A'oB^and  aob  respectively. 

a'b'       a'b' 
Hence  the  magnification  is  equal  to  r::^  or  — ,  or,  since  the  triangles 
ad        AB. 

DO  

a'OD,  AOCare  similar,  to?=    But  CO  is  the  distance  of  the  object  from 
CO 

the  lens,  and  do  is  the  distance  of  the  image  from  the  lens,  hence  we 
have  the  magnification  =— .    If/ is  the  focal  length  of  the  lens, 

1  _i  _  I 
f    V    u* 

or  !f=i_^ 


^^  *'=i-^ 


«      / 


Hence  the  magnification  =  i  -  -  \  or,  since  the  image  is  to  be  formed  at 

the  distance  of  distinct  vision  /?,  the  magnification  =  i  —  —,  where  it  must 

be  remembered  that /is  negative  and  D  is  positive. 

From  the  above  expression  it  will  be  seen  that  the  magnification 
increases  as  /  decreases,  so  that  to  obtain  great  magnifying  power  a 
lens  of  very  short  focal  length  must  be  taken. 

The  whole  of  the  rays  of  light  which  leave  any  point  of  the  object  and 
strike  the  lens  do  not  in  general  enter  the  eye,  for  the  pupil  is  usually 
smaller  than  the  cross  section  of  the  pencil  of  rays,  and  so  the  iris  acts  as 
a  stop.  In  Fig.  329,  the  limiting  rays,  proceeding  from  the  points  A  and 
B  of  the  object,  which  are  able  to  enter  the  pupil  are  shown  ;  all  rays  out- 
side the  cone  included  by  these  rays  are  stopped  by  the  iris,  or  peripheral 
parts  of  the  eye. 

If  CD  (Fig.  330)  represents  the  pupil  of  the  eye,  and  if  we  find  the 
image  c'd'  of  the  pupi!  formed  by  the  lens  AB,  then  all  the  rays  from  any 
point  of  the  object  which  actually  enter  the  eye  must  proceed  before  they 
meet  the  lens,  so  that  their  directions  pass  through  C  d'.  This  is  at  once 
evident,  for  a  ray  which  proceeds  from  Q  so  that  when  produced  back- 
wards it  would  pass  above  d'  will,  since  D  is  the  image  of  d',  after  pas- 
sage through  the  lens  pass  through  a  point  below  D,  and  hence  be 
intercepted  by  the  iris.  In  the  figure  the  whole  pencil  of  rays  from  the 
point  Q  which  enters  the  eye  is  shown  shaded.  It  will  be  noticed  that 
Q  has  been  taken  so  that  the  pencil  just  reaches  the  edge  of  the  lens. 
In  the  case  of  points  further  from  the  axis  than  Q,  only  part  of  the  pencil 
will  strike  the  lens,  so  that  on  this  account  fewer  rays  will  reach  the  eye 
than  is  the  case  for  points  between  Q  and  P.  At  M,  which  lies  on  the 
line  joining  c'  to  the  edge  B  of  the  lens,  only  the  extreme  ray  reaches  the 
eye,  while  for  points  outside  M,  no  ray  reaches  the  eye,  and  hence  such 
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points  are  outside  the  field  of  view.  If,  however,  the  diameter  of  the  lens 
were  increased,  say  to  G,  then  rays  from  points  further  from  the  axis 
than  M  would  be  able  to  enter  the  eye,  and  so  the  field  of  view  would  be 
extended. 

Since  the  edge  of  the  lens  limits  the  extent  of  the  field  of  view, 
it  is  called  in  this  case  t^e  field  of  view  stop.  The  image  c'd'  of 
the    pupil    of   the  eye   formed    by    the  lens,   is   called  the  entrance- 
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pupil,  for  all  rays  which  after  refraction  at  the  lens  enter  the  pupil 
of  the  eye,  called  the  exit-pupil,  must,  before  meeting  the  lens, 
either  pass  through  the  entrance-pupil  or  their  directions  must  pass 
through  the  entrance-pupil, 

357.  The  Compound  Mieroseope.— In  the  simple  microscope  the 
greatest  magnification  which  can  be  obtamed  is  about  one  hundred-fold, 
and  in  order  to  obtain  greater  magnification  a  combination  of  convex 
lenses  must  be  used,  called  a  compound  microscope.  In  its  simplest 
form  the  compound  microscope  consists  of  two  convex  lenses,  A  and  B 
(Fig.  331).  The  lens  A,  or  objective,  is  of  short  focal  length,  and  is  so 
placed  that  the  object  PQ  is  just  beyond  its  principal  focus,  so  that  a  real, 
inverted  and  slightly  magnified  image  is  produced  at  p'q'-  The  second 
lens  or  eye-piece,  B,  is  placed  at  such  a  distance  from  the  objective  that 
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the  image  formed  by  the  latter  is  just  inside  the  principal  focus  F,  and 
hence  the  eye-piece,  acting  as  a  simple  microscope,  gives  a  virtual  and 
magnified  image  p"q". 

Since  the  normal  eye,  when  at  rest,  is  adjusted  for  an  object  at  a 
great  distance,  i.e.  for  parallel  rays,  it  is  less  trying  to  the  eyes  if,  when- 
ever possible,  we  arrange  an  optical  instrument  so  that  the  rays  that 
enter  the  eye  are  parallel.  In  the  case  of  the  compound  microscope  this 
can  be  easily  done,  for  if  the  lens  B  be  placed  so  that  the  image  p'q'  is 
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formed  at  its  principal  focus,  then  the  rays  from  each  point  of  the  image 
p'q'»  after  passing  through  the  eye-piece,  will  emerge  parallel.  The  angle 
between  the  rays  from  the  extreme  points  of  the  object  when  they  enter 
the  eye  remains  practically  the  same,  as  in  Fig.  331,  so  that  the  apparent 
size  of  the  image  remains  the  same  ;  we  have,  however,  done  the 
focussing  by  means  of  the  instrument,  instead  of  using  the  accommoda- 
tion of  the  eye. 

The  objective  and  eye-piece  lenses  are  generally  chosen  of  such  sizes 
that  the  whole  of  the  rays  from  any  given  point  of  the  object  which  strike 
the  objective  are  transmitted  to  the  eye.  Thus  the  edge  of  the  objective 
acts  as  the  limit  to  the  entrance-pupil.  In  the  absence  of  any  diaphragm 
the  edge  of  the  eye-piece  lens  would  limit  the  field  of  view.  A  diaphragm 
is,  however,  generally  introduced  at  G,  the  aperture  being  of  such  a  size 
that  the  full  pencil  of  rays  from  a  point  of  the  object,  such  as  P,  the  image 
of  which  coincides  with  the  edge  of  the  diaphragm,  will  meet  the  lens  B, 
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In  this  case  the  edge  of  the  field  of  view  is  sharply  defined,  and  the 
illumination  is  the  same  all  over  the  field.  If  the  edge  of  the  lens  B  acts 
as  the  field  of  view  stop,  the  illumination  at  the  edge  of  the  field  gradually 
falls,  owing  to  the  pencils  corresponding  to  the  outside  portions  of  the 
field  partly  failing  to  meet  the  lens  B.  This  result  is  at  once  evident  if  we 
compare  Fig.  330.  The  exit-pupil  is  at  E,  which,  as  is  evident  from  the 
figure,  is  the  image  of  the  lens  A  a'  formed  by  the  lens  B.  When  using 
the  instrument  the  eye  is  placed  so  as  to  be  at  the  exit-pupil.  The  dia- 
meter of  the  exit-pupil  is  generally  less  than  the  diameter  of  the  pupil  of 
the  eye.  If  it  is  not,  then  the  pupil  of  the  eye  acts  as  exit-pupil,  and  the 
image  of  the  pupil  of  the  eye  formed  by  the  instrument  acts  as  the 
entrance-pupil. 

The  above  form  of  microscope  is  much  simpler  than  any  now  used, 
but  to  go  into  the  theory  of  the  modern  microscope  to  any  purpose  would 
be  beyond  the  scope  of  this  work.  On  account  of  spherical  aberration 
and  chromatic  aberration,  both  the  objective  and  the  eye-piece  consists 
of  combinations  of  lenses,  the  objectives  of  some  modern  high-power 
microscopes  having  as  many  as  ten  separate  lenses. 

358.  The  Telescope. — A  telescope  is  an  instrument  by  which  a 
magnified  image  of  a  dista7it  object  may  be  produced.  If  a  convex  lens 
is  used  to  form  an  image  of  a  distant  object  on  a  screen  the  image  will 
be  smaller  than  the  object  in  the  ratio  of  the  distance  of  the  object 
to  the  distance  of  the  screen  from  the  lens.  Suppose  the  object  is  at  a 
distance  /,,  so  great  that  the  image  is  practically  at  the  principal  focus, 
i.e.  at  a  distance  F  from  the  lens.  Then  if  X  is  the  size  of  the  object, 
and  X  that  of  the  image,  we  have — 

£    t 

X^L' 

If  the  image  is  viewed  at  the  distance  of  distinct  vision  Z?,  it  will 
subtend  an  angle  which   in  angular  measure  may  be  taken  to  be  ^^ 

Also  the  object  when  looked  at  directly  will  subtend  an  angle  -v,  since 

by  supposition  the  object  is  so  far  off  that  L  practically  gives  the  dis- 
tance from  the  eye.     Hence  the  magnification  is 

Thus  if  the  distance  of  distinct  vision  is  30  cm.,  and  the  focal  length 
of  the  lens  is  60  cm.,  the  magnification  produced  when  a  distant  object, 
such  as  the  moon,^s  viewed  will  be  2.  In  other  words,  the  diameter  of 
the  image  formed  on  the  retina,  when  the  image  on  the  screen  is  viewed, 
will  be  twice  the  diameter  of  the  image  produced  on  the  retina  when  the 
moon  is  viewed  directly. 

If  instead  of  receiving  the  image  formed  by  the  convex  lens  on  a 
screen  we  view  it  through  an  eye-piece  lens,  then  we  can  obtain  further 
magnification.  The  course  of  a  parallel  beam  pi  light  through  such  a 
combination  of  lenses,  called  an  astronomical  telescope,  is  shown  in 
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Fig.  332.  An  inverted  and  diminished  image  is  produced  by  the  object- 
glass  AB  at  P'q'i  the  principal  focus.  This  image,  being  at  the  principal 
focus  of  the  eye-lens,  the  rays  from  each  point  of  the  object  on  leaving 
this  lens  will  be  parallel,  and  entering  the  eye  will  produce  an  image. 
Since  the  image  p'q'  is  inverted,  and  the  virtual  image  of  this  image 


Fig.  33a. 

produced  by  CD  is  erect,  the  final  effect  is  that  a  magnified  inverted 
image  of  the  object  is  seen. 

The  angle  2Jy  made  by  the  rays  from  the  extreme  points  p'q'  of  the 
image  p'q'  when  they  enter  the  eye  is  equal  to  q'o'p',  which,  since  this 

X 


Q'P' 

F 

But 


angle  is  small,  is  equal  to  ^^rz-,  or  ^  in  circular  measure,  if/  is  the  focal 
length  of  the  eye-lens. 


or 


F 
"V 
FX 

'  L  ' 


Hence  the  angle  between  the  rays  when  they  enter  the  eye  is 

FX 

But  the  angle  2a  subtended  by  the  object  seen  without  any  telescope  is 
7,  since  by  supposition  the  object  is  at  such  a  great  distance  that  it  sub- 
tends the  same  angle  at  O  as  at  E.     Hence  the  magnification  is 

FX_\X^F 
fL]  L 


/^ 


/ 


The  magnification  thus  depends  on  the  ratio  of  the  focal  length  of  the 
object-glass  to  that  of  the  eye-piece.  Increasing  the  diatneter  of  the 
object-glass,  if  the  focal  length  is  unaltered,  does  not  change  the  magni- 
fication ;  it  may,  however,  increase  the  brightness  of  the  image,  for  it  will 
collect  more  of  the  rays  that  leave  any  particular  point  of  the  object  and 
bring  them  to  a  point  in  the  image.     In  practice,  both  the  object-glass 


§358]  The   Telescope  489 

and  the  eye-piece  consist  of  several  lenses,  so  as  to  avoid  chromatic  and 
spherical  aberration. 

The  edge  of  the  object-glass  generally  acts  as  the  entrance-pupil,  so 
that  all  the  rays  proceeding  from  any  given  point  of  the  object  which 
strike  the  object-glass  pass  through  the  telescope.  The  image  at  E  of 
the  object-glass  produced  by  the  eye-piece  is  the  exit-pupil,  and  the 
observer's  eye  is  placed  at  E.  If  the  pupil  of  the  eye  is  smaller  than  the 
exit-pupil  then  some  of  the  rays  will  be  cut  off  by  the  iris,  and  the  peri- 
pheral parts  of  the  object-glass  will  not  be  operative,  as  can  easily  be 
seen  by  drawing  a  figure.  A  diaphragm  G  placed  at  the  principal  focus 
of  the  eye-piece  acts  as  a  field  of  view  stop,  its  functions  being  the  same 
as  in  the  case  of  the  microscope. 

The  image  seen  in  an  astronomical  telescope  is  inverted,  and  although 
this  does  not  matter  for  astronomical  purposes,  yet  it  would  be  very  in- 
convenient when  the  telescope  is  used  to  view  terrestrial  objects. 

An  erect  image  is  obtained  by  placing  two  convex  lenses  between  the 
object-glass  and  eye-piece.     If  these  two  lenses  are  at  a  distance  apart 


Fig.  333. 

equal  to  the  sum  of  their  focal  lengths,  the  one  nearer  the  objective 
is  placed  so  that  the  image  formed  by  the  objective  is  at  the  principal 
focus  of  this  lens.  In  Fig.  333  p'q'  is  the  image  formed  by  the  objective, 
and  as  this  image  is  at  the  principal  focus  of  the  lens  Mj,  all  the  rays 
leaving  any  point  of  the  object  will,  after  their  passage  through  the  lens 
Ml,  be  parallel.  These  parallel  rays,  falling  on  the  lens  Mg,  form  an  image 
p"q"  at  the  principal  focus,  f",  of  this  lens,  which  image  is  inverted  with 
reference  to  p'q',  and  hence  erect  with  reference  to  the  object.  This 
image,  p"Q">  is  viewed  by  an  eye-piece  as  in  the  astronomical  telescope. 
The  two  lenses  M^  and  Mg  serve  simply  to  give  an  erect  image,  and  are 
fixed  at  a  constant  distance  apart.  The  telescope  is  focussed  by  altering 
their  distance  from  the  object-glass,  so  that  the  image  formed  by  the 
latter  is  always  at  the  principal  focus  of  Mj. 

A  form  of  telescope  which  gives  an  erect  image  with  only  two  lenses 
and  which  can  be  made  much  shorter  than  the  terrestrial  telescope  de- 
scribed above,  is  Galileo's.  This  form  of  telescope  consists  of  a  convex 
lens  as  object-glass,  AB  (Fig.  334),  and  a  concave  lens,  CD,  as  eye- piece. 
If  CD  were  not  present  the  convex  lens  would  form  a  real  image  at  p'q'  ; 
when  the  concave  lens  is  interposed  between  AB  and  the  image,  so  that 
the  distance  o'f  is  equal  to  the  focal  length  of  CD,  the  rays  of  light  from 
any  one  point  of  the  object  will  be  parallel  after  they  leave  this  lens 
Hence,  as  shown  in  the  figure  in  thick  lines,  for  a  pencil  of  rays  coming 
from  the  point  P  of  the  object,  the  rays  will  enter  the  eye  in  the  direction 
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P''r,  while  a  pencil  coming  from  Q  will,  as  shown  by  the  light  lines, 
enter  the  eye  in  the  direction  Q"s,  so  that  the  eye  sees  an  enlarged  and 
erect  image.  The  magnification  is,  as  before,  equal  to  /7/,  where  /♦is  the 
focal  length  of  the  objective  and /that  of  the  eye-piece.  In  Galileo's 
telescope  the  distance  between  the  objective  and  eye-piece  is  F-f^  while 
in  the  astronomical  telescope  it  is  F+/^  hence  the  saving  in  length  for 
an  equal  magnifying  power,  and  with  objectives  of  equal  focal  length. 


--"  (a) 

MAONinCATION    5   DIAMETERS 


I _ ,^- <, ^ 
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MAGNIFICATION    2-7  DIAMETERS 

Fig.  334. 

Opera  and  field  glasses  consist  of  two  Galilean  telescopes,  one  for  each 
eye,  the  distance  between  the  objectives  and  eye-pieces  being  variable 
by  means  of  a  screw,  so  that  the  image  formed  by  the  objective  may 
always  be  formed  at  the  principal  focus  of  the  eye-piece. 

When  we  come  to  examine  the  limitations  of  the  pencil  of  rays  from 
any  given  point  of  the  object  which  can  enter  the  eye,  and  the  size  of 
the  field  of  view  of  the  Galilean  telescope,  two  cases  have  to  be 
considered. 

If  the  magnification  is  large,  that  is,  the  focal  length  of  the  object- 
glass  is  considerably  greater  than  that  of  the  eye-piece,  we  have  the 
conditions  shown  in  Fig.  334  {a).     In  this  figure  EE  represents  the  pupil 


§359]  Compound  Eye- Pieces  49 1 

of  the  eye,  and  it  will  be  noticed  that  the  rim  of  the  object-glass  limits 
the  pencil  of  rays  from  any  point  which  can  enter  the  eye,  and  hence 
the  rim  of  the  object-glass  acts  as  the  entrance-pupil.  The  field  of  view 
is  limited  by  the  pupil  of  the  eye.  Thus  in  the  case  of  a  point  further 
from  the  axis  than  P,  so  that  the  ray  through  the  centre  of  the  object- 
glass  would  be  more  inclined  to  the  axis  than  PO,  the  iris  of  the  eye 
would  either  partly  or  entirely  cut  off  the  rays.  Thus  increasing  the 
diameter  of  the  object-glass  will  not  increase  the  size  of  the  field 
of  view. 

"When  the  magnification  is  small  and  the  object-glass  is  of  large 
diameter  as  shown  in  Fig.  334  {b\  the  pencil  of  rays  from  any  given 
point  of  the  object  is  limited  by  the  pupil  EE,  and  the  virtual  image  e'e' 
of  the  pupil  formed  by  the  telescope  is  the  entrance- pupil.  The  edge 
of  the  object-glass  in  this  case  limits  the  field  of  view,  and  hence  by 
enlarging  the  object-glass  we  enlarge  the  field.  In  the  case  of  any 
given  telescope  the  two  conditions  can  be  distinguished  by  partly  screen- 
ing off  the  object-glass.  If  the  resujt  is  to  decrease  the  brightness  but 
not  reduce  the  size  of  the  field  of  view  the  conditions  are  as  shown  in 
Fig.  334  («).  If,  however,  the  screen  reduces  the  field  of  view  then 
Fig.  334  (i)  represents  the  conditions. 

359.  Compound  Eye-pieees.— In  the  preceding  sections  we  have 
supposed  that  the  eye-piece  of  the  microscope  or  astronomical  telescope 
consisted  of  a  single  convex  lens.  Owing,  however,  to  spherical 
aberrations  the  images  formed  with  large  magnifying  powers,  that  is, 
with  eye-pieces  of  short  focus,  would  in  the  case  of  a  single  lens  be 
much  distorted,  and  it  would  be  impossible  to  get  the  central  and 
peripheral  parts  of  the  field  in  focus  at  the  same  time.  This  efTect  of 
spherical  aberration  is  much  reduced  if  a  compound  eye-piece  con- 
sisting of  two  lenses  placed  at  some  distance  from  one  another  are 
employed.     There  are  two  chief  types  of  such  compound  eye-pieces. 

In  the  Ramsden  or  positive  eye-piece  there  are  two  plano-convex 
lenses  of  equal  focal  length  placed  at  a  distance  apart  which  varies 
between  the  focal  length  of  either  and  2/3  of  this  distance.  As  shown 
at  {a)  Fig.  335,  the  curved  sides  of  the  lenses  are  turned  towards  each 
other.  The  object-glass  of  the  telescope  or  microscope,  as  the  case  may 
be,  forms  the  real  image  at  p'q',  the  rays  then  strike  the  first  lens  O  of 
the  eye-piece,  called  the  field  lens,  and  proceed  as  if  they  came  from  the 
image  p"q".  After  passing  through  the  lens  Og,  called  the  eye-lens,  the 
rays  either  emerge  parallel  or  as  if  they  came  from  a  virtual  image  at 
the  distance  of  distinct  vision.  In  the  figure  the  complete  pencil  of  rays 
forming  the  two  extreme  points  of  the  image  are  shown.  The  field  of 
view  stop  is  placed  in  the  plane  of  p'q',  and  since  this  image  is  real 
cross-wires  or  a  divided  scale  can  be  placed  in  this  plane  when  it  is 
desired  to  make  micrometric  measurements.  The  exit-pupil  of  the 
system  is  at  EE'  and  the  pupil  of  the  eye  ought  to  be  placed  at  this 
point. 

The  Huyghens  or  negative  eye-piece  is  shown  at  {b)  Fig.  335.  It 
consists  of  two  plano-convex  lenses  with  their  curved  faces  turned 
towards  the  objective.  The  focal  length  of  tke  lens  Oj  is  three  times 
that  of  the  lens  Og,  and  the  distance  between  the  lenses  is  equal  to  twice 
the  focal  length  of  the  lens  Og.  In  the  absence  of  the  eye- piece  the 
object-glass  would  form  a  real  image  at  p'q'.     On  account,  however,  of 
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the  rays  meeting  the  field  lens  0„  a  real  image  is  formed  at  P^q".  The 
rays  then  traverse  the  eye-lens  O.,  and  emerge  in  parallel  pencils  as 
shown.  The  field  of  view  stop  is  placed  in  the  plane  of  the  image 
P"Q",  and  the  exit-pupil  is  at  ee'.  In  the  case  of  this  eye-piece,  since 
the  object-glass  does  not  form  a  real  image,  it  is  not  possible  to  place 
a  cross-wire  or  micrometer  scale  in  the  plane  of  this  image.    If  the  cross- 
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wires  or  micrometer  is  placed  in  the  plane  of  p"q",  the  image  formed 
by  the  objective  may  be  distorted  by  the  lens  0„  but  the  micrometer 
scale,  being  on  the  eye  side  of  this  lens,  would  not  suffer  such  distortion. 
In  the  Ramsden  eye-piece,  however,  any  distortion  will  affect  the  image 
fonned  by  the  objective  and  the  micrometer  scale  equally,  for  they  are 
both  observed  through  both  lenses  of  the  eye-piece. 

A  further  advantage  of  the  compound  eye-piece  is  that  it  is  practi* 
cally  achromatic  (see  §  374). 
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360.  Methods  of  Measuring  the  Refractive  Index.— The  most 
commonly  employed  method  of  determining  the  refractive  index  of  a 
substance  is  to  take  a  prism  of  the  substance,  if  a  solid,  or  a  hollow  glass 
prism  filled  with  the  substance  if  it  is  a  fluid,  and  to  measure  the  angle  of 
the  prism  Q  and  the  angle  of  minimum  deviation  5,  the  refractive  index 
being  then  obtained  from  the  formula 

sinK8+^) 
^        sini^     • 

The  quantities  8  and  Q  can  both  be  measured  by  means  of  an 
instrument  called  a  spectrometer.  This  instrument  consists  of  a 
graduated  circle  ABC  (Fig.  336),  having  a  small  astronomical  telescope 
FG  attached  to  an  arm  which  can  rotate  round  the  centre  of  the  circle, 
the  position  of  the  telescope 
being  read  by  means  of  a  ver- 
nier V.  A  tube  DE,  called  the  ^  /  ^^  ^ 
collimator,  is  fixed  radially  to  "^  /  /  % 
the  circle,  and  has  a  narrow 
vertical  slit  D  at  one  end  and  a  ,  p 
convex  lens  at  the  other.  The  •-  ^  L 
distance  between  the  slit  and 
the  lens  is  equal  to  the  focal 
length  of  the  lens,  so  that  when 
the  slit  is  illuminated  by  a  source 
of  light  L,  the  rays  of  light  that 
leave  the  lens  E  are  all  parallel. 

The  prism  P  is  placed  on  a 
small  table  attached  to  the 
circle,  and  when  the  refracting 

angle  is  being   measured,  the  Fio-  336. 

refracting  edge  is  turned  to- 
wards the  collimator  as  shown  in  the  figure.  The  telescope  is  then 
turned  till  the  image  of  the  slit,  seen  by  reflection  from  one  face 
of  the  prism,  coincides  with  the  intersection  of  two  fine  cross-wires 
placed  in  the  eye-piece,  and  the  vernier  is  read.  The  telescope 
is  then  turned  till  the  image  formed  by  reflection  from  the  other  face 
coincides  with  the  intersection  of  the  cross-wires,  and  the  vernier  again 
read.     The  difference  between  the  vernier  readings  gives,  as  shown  in 

§  339,  2^. 

In  order  to  determine  0  the  prism  is  removed,  and  the  vernier  reading 
obtained  when  the  telescope  is  turned  so  as  to  see  the  slit  direct,  thus 
obtaining  the  reading  for  the  direction  of  the  incident  rays.  The  prism 
is  then  placed  so  that  the  light  falls  on  one  of  the  faces,  and  the  telescope 
turned  so  as  to  catch  the  deviated  rays.  By  turning  the  prism  round  a 
vertical  axis  a  position  is  found  such  that  if  it  is  turned  in  either  direction, 
in  order  to  catch  the  deviated  light,  the  telescope  has  to  be  rotated 
towards  the  collimator,  or,  in  other  words,  the  prism  is  set  at  minimum 
deviation  by  trial.  When  this  has  been  done,  the  vernier  is  read  when 
the  deviated  image  coincides  with  the  cross-Swires,  and  the  difference 
between  this  reading  and  that  for  the  direct  light  gives  S. 

Another  method  of  determining  the  refractive  index  of  a  mediunc 
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depends  on  the  fact,  as  shown  in  §  346,  that  a  point  P  at  a  depth  d 
below  the  surface  of  a  medium  of  refractive  index,  fi,  appears,  when 

viewed  normally,  as  if   it  were  at  a  depth  ^//m. 

^J  In  order  to  apply  this  method,  a  microscope  C 

(Fig.  337)  is  arranged  so  that  it  can  move  in  a 
vertical  direction,  and  the  distance  through  which 
it  is  moved  can  be  read  on  a  scale. 

The  microscope  is  first  focussed  on  a  fine 
scratch  P  on  the  surface  of  the  stage,  a  plate 
AB  of  the  material  is  then  introduced,  ai'd  the 
microscope  again  focussed  on  the  scratch  P,  which 
will  now  appear  to  be  at  p',  so  that  the  distance 
through  which  the  microscope  will  have  to  be 
raised  will  be  equal  to  PP'.  Next,  the  micro- 
scope is  focussed  on  a  fine  line  Q  on  the  upper 
surface  of  the  slab.  The  difference  between  the 
first  and  last  readings  on  the  vertical  scale  of 
the  microscope  gives  d  the  thickness  of  the  slab, 
and  the  difference  between  the  second  and  third  gives  P'Q.    Then 
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A  very  convenient  method  of  measuring  the  refractive  index  of  a 
substance,  particularly  for  liquids,  or  when  only  a  small  quantity  can  be 
procured,  depends  on  the  measurement  of  the  critical  angle  (§  347)  at 

which  total  reflection  begins.  Sup- 
pose we  have  two  plates  of  glass  ab 
and  CD  (Fig.  338)  fixed  together  in 
^ch  a  way  that  they  include  a  film 
of  air  EF,  and  that  the  whole  is  im- 
mersed in  a  fluid.  Let  us  call  the 
fluid  medium  i,  the  glass  medium  2, 
and  the  air  medium  3.  Then  if  a 
ray  of  light  travelling  in  medium  i  is 
incident  at  an  angle  a  on  the  glass, 
the  refracted  ray  00'  will  be  inclined 
at  angle  /?  to  the  normal.  Since 
AB  is  a  parallel-sided  plate,  the  ray 
will  be  mcident  on  the  face  sepa- 
rating the  glass  from  the  air  at  an 
angle  ^. 

If  now  AB  and  CD  are  turned  round,  i.e.  the  angle  of  incidence  a  is 
akered  till  the  ray  OO'  is  just  totally  reflected  at  o',  that  is,  till  /3  is  the 
critical  angle  from  glass  to  air,  we  have  the  following  relations  : — 

sin  a_ 


\ 

'yO 

A 

»\ 

.    ;5^    \      f       (2) 
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Fig.  338. 


(See  §347.)    Now  (§345), 


3^ 


iM«x  8^X3^1  = 
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rx  ,     •      •  sin  a.      .     p. 

Hence  substituting  -: — 75  •  sin  /5  •  3^1=  ij 

or  sin  a  •3/^1=1. 

Hence  iiMi  =  -: — • 

"^*     sin  a 

But  3AI1  is  the  refractive  index  from  medium  3  to  medium  i,  i.e.  from 
air  to  the  liquid,  which  is  what  we  have  called  the  refractive  index  of 
the  liquid.     Hence  if  we  can  measure  a  we  can  calculate  /t. 

To  determine  the  angle  a,  a  parallel  beam  of  light  is  allowed  to  tra- 
verse a  glass-sided  trough  containing  the  liquid,  and  the  glass  plates, 
which  are  attached  to  a  divided  circle,  are  rotated  till  the  light  is  no 
longer  transmitted  through  the  air  film.  The  position  of  the  plates  is 
then  read  on  the  circle,  and  they  are  turned  in  the  opposite  direction, 
till  the  light  is  again  totally  reflected,  i.e.  till  the  light  is  incident  along 
I'o.  The  difference  between  the  new  reading  and  the  previous  one  gives 
twice  the  angle  a. 


CHAPTER    IV 
PHOTOMETRY 

361.  Illuminating  Power  and  Intensity  of  Illumination.— It  is 
a  matter  of  common  observation  that  the  amount  of  light  emitted  by 
different  sources  is  very  different,  and  before  proceeding  to  describe  the 
methods  employed  for  comparing  the  amount  of  light  emitted  by  two 
sources,  we  must  first  consider  how  we  are  to  define  the  amount  of  light 
emitted  by  a  source.  Suppose  a  point  O  to  be  a  source  of  light  which  is 
emitting  light  in  all  directions.  If  a  sphere  be  described  round  O  as 
centre,  all  the  light  emitted  by  the  source  will  fall  upon  this  sphere. 
Hence  the  quantity  of  light  which  falls  on  unit  area  of  the  sphere  will  be 
proportional  to  the  quantity  of  light  emitted  by  the  source. 

Thus  if  we  keep  the  radius  of  the  sphere  the  same,  and  use  different 
sources,  the  quantities  of  light  which  fall  on  unit  area  will  be  proportional 
to  the  quantities  of  light  emitted  by  the  sources.  If  the  radius  of  the 
sphere  be  unity,  the  quantity  of  light  which  falls  on  unit  area  of  its 
surface  is  taken  as  the  measure  of  the  illuminating  power  of  the  source. 
It  is  evident  that,  since  the  area  of  a  sphere  of  unit  radius  is  477,  the 
illuminating  power  represents  i/47r  of  the  total  light  emitted  by  the 
source,  if  the  source  emits  light  uniformly  in  all  directions. 

The  quantity  of  light  which  is  received  by  unit  area  of  a  given  surface, 
which  is  placed  normally  to  the  incident  light,  is  called  the  intensity  of 
illumination  of  the  surface.  If  the  surface  is  uniformly  illuminated,  Jjie* 
total  quantity  of  light  received  by  the  surface  is  equal  to  the  pioduct  of 
the  area  into  the  igfrjisity  of  illumination.  If  the  illumination  is  not 
uniform,  the  intensity  of  illumination  at  a  point  is  the  quotient  of  the 
quantity  of  light  received  by  an  element  of  area  surrounding  the  point, 
which  is  so  small  that  over  it  the  intensity  of  the  light  is  uniform,  by  the 
element  of  area  {cf.  §  31). 

862.  The  Law  of  Inverse  Square.— Consider  a  luminous  source 
6>,  of  which  the  illuminating  power  in  all  directions  is  Ey  then,  if  with  O 
as  centre  we  describe  a  sphere  of  unit  radius,  the  quantity  of  light  which 
falls  on  unit  area  of  this  sphere,  or  the  intensity  of  illumination  on  the 
sphere,  will  be  £",  and  the  total  quantity  of  light  which  falls  on  the  sphere 
will  be  47r£".  If  now  we  take  round  O  as  centre  another  sphere  of  radius 
r,  the  first  sphere  being  removed,  the  whole  of  the  light  emitted  by  the 
source  must  fall  on  the  surface  of  this  sphere.  Hence,  since  the  total 
quantity  of  light  emitted  by  the  source  is  47r/r,  and  the  surface  of  the 
sphere  is  47rr2,  and  is  everywhere  at  right  angles  to  the  incident  light, 
the  intensity  of  illumination  on  the  surface  of  the  sphere  is 
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Thus  the  intensity  of  the  illumination  varies  inversely  as  the  square 
of  the  distance  from  the  luminous  source.  This  law  is  known  as  the 
inverse  square  law. 

Since  light  is  propagated  in  straight  lines,  the  inverse  square  law 
holds  if  the  illuminating  power  of  the  source  is  different  in  different 
directions. 

Thus  suppose  O  (Fig.  339)  is  a  luminous  source,  and  ABCD  is  a  small 
square  aperture,  each  side  of  which 
is  of  length  /,  in  a  screen  placed  at 
a  distance  di  from  the  source,  and 
the  light  which  passes  through 
this  aperture  is  received  on  a 
screen  a'b'c'd'  at  a  distance  d^ 
from  the  source.  If  abcd  and 
a'b'c'd'  are  at  a  considerable  dis- 
tance from  the  source,  compared 
to  their  area,  the  intensity  of  illu- 
mination will  be  practically  uniform 
on  each,  and  the  light  which  would  fall  on  abcd,  if  the  aperture  were 
filled  up,  now  falls  on  a'b'c'd'.  Since  light  is  propagated  in  straight 
lines,  we  have,  from  the  similar  triangles  BOC  and  b'oc', 


Fig.  339. 


Hence  the  area  a'b'c'd'  is 


B'C 


Id^ 


di 


Pdl 


But  the  area  of  abcd  is  Z^.     Hence  if  /  is  the  quantity  of  light  which  falls 
on  abcd  or  a'b'c'd',  we  have 


Intensity  of  illuinination  of  ABCD  _  ...g 
Intensity  of  illu  minatiofi  of  A ' B'  CD' 


di' 


dl 


So  that,  as  before,  the  intensity  of  illumination  is  inversely  as  the  square 
of  the  distance  ;  and  in  this  case  we  may  take  the  area  abcd  as  small  as 
we  please,  so  that  the  law  applies  to  the  light  emitted  from  a  source  in 
any  given  direction,  whether  the  illuminating  power  is  the  same  in  all 
directions  or  not.  ,^ 

363.  Unit  of  Illuminating  Power.— We  have  hitherto  spoken  of 
the  quantity  of  light  emitted  by  a  source  or  received  by  a  screen,  but 
have  not  said  anything  as  to  what  measure  of  this  quantity  is  used.  As 
we  have  no  means  of  measuring  this  quantity  absolutely,  we  have  to 
adopt  some  standard  source  of  light,  and  say  that  its  illuminating  power 
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is  unity.  The  standard  ordinarily  in  use  in  this  country,  ahhough  a  most 
unsatisfactory  and  variable  one,  is  the  illuminating  power  of  a  "standard 
candle.'  The  standard  candle  is  a  sperm  candle,  of  which  six  weigh  a 
pound,  which  burns  120  grains  (7.776  grams)  of  wax  in  the  hour.  The 
candle  power  of  any  source  is  then  the  number  of  standard  candles  which 
would  have  the  same  illuminating  power  as  the  given  source.  Other 
standards  of  illuminating  power  are  the  Carcel,  the  Hefner-Alteneck 
lamp,  and  the  \'ernon  Harcourt  lamp.  The  Carcei  is  a  lamp  burning 
colza  oil  at  a  fixed  rate,  the  Hefner-Alteneck  is  a  lamp  burning  amyl- 
acetate,  the  height  of  the  flame  being  adjusted  to  a  fixed  value,  and  the 
Harcourt  lamp  bums  pentane.  Of  these  the  two  last  are  much  more 
constant  than  either  the  Carcel  or  the  standard  candle.  Violle  has 
proposed  to  use,  as  a  standard,  the  light  emitted  normally  by  a  square 
centimetre  of  platinum  at  the  temperature  of  its  melting-point,  but  this 
can  hardly  be  described  as  a  practicable  standard  for  general  use. 

864.  Photometry.— Although  the  eye  is  only  capable  of  very  roughly 
estimating  the  relative  intensity  of  the  illumination  of  two  surfaces,  yet 
it  is  capable  of  telling  with  considerable  accuracy  when  two  adjacent  sur- 
faces are  illuminated  with  equal  intensity.  Hence,  to  compare  the  illumi- 
nating powers  of  two  sources,  they  are  so  arranged  that  two  adjacent 
patches  on  a  screen,  each  patch  being  illuminated  by  only  one  of  the 
sources,  appear  illuminated  with  the  same  intensity.  Now  if  /j  and  /g  are 
the  illuminating  powers  of  the  sources,  and  ^„  d^  the  distances  between 
each  source  and  the  patch  of  the  screen  which  //  tlluminates  when  the 
intensity  of  illumination  of  the  two  patches  is  the  same,  we  have  that  the 
intensity  of  the  illumination  due  to  one  source  at  its  patch  is  /i/^i^  and 
that  due  to  the  other  at  its  patch  is  I^d^,  Hence,  since  these  intensities 
are  equal,  we  have 

I  or  the  illuminating  powers  of  the  two  sources  are  directly  as  the  square 
of  the  distances  at  which  they  respectively  produce  equal  intensities  of 

j  illumination. 

There  are  a  number  of  arrangements  in  use  for  obtaining  the  two 
patches,  illuminated  each  by  a  separate  source,  in  such  relative  positions 
that  any  difference  in  their  intensities  of  illumination  may  most  easily  be 
detected  by  the  eye.  One  of  the  s\mp\est  pAo/of/ie/ers,  as  the  instruments 
used  for  comparing  the  illuminating  powers  of  two  lights  are  called,  is 
that  due  to  Rumford. 

A  Rumford's  photometer  consists  of  an  upright  screen  ab  (Fig.  340), 
which  is  covered  with  white  unglazed  paper — white  blotting-paper  does 
very  well — and  in  front  of  which  is  placed  an  upright  opaque  rod  R  about 
an  inch  in  diameter.  There  are  two  scales,  M  and  N,  inclined  at  the 
same  angle  to  the  screen,  along  which  the  two  sources,  P  and  Q,  can  be 
moved.  If  the  source  P  only  were  present,  the  rod  R  would  cast  a  shadow 
/d  on  the  screen,  while  if  the  light  Q  only  were  present,  the  shadow  of  the 
rod  would  be  at  a/.  Hence  when  both  lights  are  present,  while  the  parts 
Aa  and  dB  of  the  screen  are  illuminated  by  the  two  sources,  the  part^, 
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which  receives  no  light  from  P  owing  to  the  interposition  of  the  opaque 
rod,  is  only  illuminated  by  Q,  and  the  part  af  is  only  illuminated  by  P. 
If,  then,  the  distances_of  the  lights  from  the  screen  are  adjusted  till  the 
two  patches  jd  and  af  are  equally  illuminated^e  shall  have  that  the 
source  P  produces,  at  the  distance  of  P  from  af^  the  same  intensity  of 


Fig.  340. 


illumination  as  the  source  Q  produces  at  the  distance  of  Q  from  fd. 
Hence  if  d^  is  the  distance  of  P  from  the  part  of  the  screen  which  it  only 
illuminates,  namely  afj  and  di  is  the  distance  of  Q  from  the  part  of  the 
screen  it  only  illuminates,  namely 7^/,  we  get,  if  /^  and  I^  are  the  illumi- 
nating powers  of  P  and  Q  respectively,  that 

The  distance  of  the  rod  R  from  the  screen  is  adjusted  so  that  the 
shadows  of  the  rod  cast  by  the  two  lights  just  touch  one  another,  as  it 
is  found  that  the  eye  can  best  judge  when  they  are  equally  illuminated 
under  these  conditions. 

Another  form  of  photometer  which  is  frequently  used  is  Bunsen's 
grease-spot  photometer.  This  photometer  consists  of  a  small  screen 
which  has  a  central  spot  of  grease,  or  in  some  other  way  is  constructed 
so  that  the  central  portion  is  more  translucent  than  the  surrounding 
parts.  If  such  a  screen  is  held  between  the  eye  and  a  source  of  light, 
more  of  the  light  passes  through  the  grease-spot  than  through  the  sur- 
rounding more  opaque  parts  of  the  screen,  so  that  the  spot  appears 
brighter  than  the  surrounding  paper.  If,  however,  the  screen  is  held 
against  a  dark  background  and  illuminated  from  the  front,  the  grease- 
spot  will  appear  dark,  for  more  of  the  light  which  is  incident  on  the 
screen  is  transmitted  through  the  spot  than  through  the  rest  of  the 
screen,  and  hence  less  is  reflected  or  diffused  so  as  to  reach  the  eye  by 
the  spot  than  by  the  surrounding  parts.  If  the  screen  is  equally  illumi- 
nated on  both  sides,  then  the  spot  diffuses  less  of  the  light  received  from 
the  one  source  than  the  surrounding  parts,  but  it  transmits  more  of  the 
light  from  the  other  source,  so  that  these  two  effects  just  neutralise  one 
another,  and  the  spot  appears  of  the  same  brightJiess  as  the  surrounding 
paper. 

The  screen  with  the  grease-spot  is  placed  between  the  two  sources 
whose  intensities  have  to  be  compared,  and  moved  about  till  the  grease- 
spot  can  no  longer  be  distinguished  from  the  rest  of  the  screen.      If, 
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when  this  adjustment  has  been  made,  the  distances  of  the  two  sources 
from  the  screen  are  d^  and  ^2>  we  have,  as  before, 

/,  df 

In  using  Bunsen's  photometer,  it  is  of  assistance  if  both  sides  of  the 
screen  can  be  seen  simultaneously.  The  usual  arrangement  employed 
to  secure  this  end  is  a  system  of  two  mirrors  inclined  at  45°  to  the  screen. 
With  this  arrangement  one  side  of  the  screen  is  seen  with  one  eye  and 
the  other  with  the  other,  so  that  if,  as  is  generally  found  to  be  the  case, 
one  eye  is  more  sensitive  than  the  other,  a  wrong  setting  may  be  made. 
This  source  of  error  is  removed  in  the  Lummer-Brodhun  photometer, 
which  consists  of  an  opaque  screen  ab  (Fig.  341),  each  side  being  illumi- 
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nated  by  one  of  the  sources  which  are  to  be  compared.  The  two  sides 
of  the  screen  are  viewed  by  means  of  two  plane  mirrors,  Mj  and  M2,  and 
a  double  glass  prism,  CD.  This  prism  consists  of  two  right-angled  prisms, 
the  longest  face  of  one  being  partly  bevelled  away,  fastened  together  with 
Canada  balsam.  Owing  to  total  internal  reflection  (§  347),  the  central 
rays  reaching  an  eye  at  E  come  from  the  left-hand  face  of  the  screen,  and 
the  surrounding  rays  come  from  the  right-hand  side,  as  is  shown  in  the 
figure.  Hence  the  observer  moves  the  photometer  till  the  central  patch 
L  and  circumferential  parts  R  appear  of  the  same  brightness,  when  the 
intensity  of  the  illumination  on  the  two  sides  of  the  screen  is  the  same  ; 
the  relative  powers  of  the  two  sources  is  then  as  the  squares  of  their 
distances  from  the  screen. 

The  relative  illuminating  powers  of  two  sources  is  only  strictly  com- 
parable when  the  colour  of  the  light  emitted  is  the  same  for  both.  If  the 
colours  differ,  we  caij  only  compare  their  illuminating  power  for  the  lights 
of  different  wave-length  which  are  included  in  the  light  given  by  both 
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sources.  In  order  to  perform  this  comparison,  a  spectrum  {%  370)  is 
formed  with  the  light  from  each  source,  and  the  intensities  of  the  dif- 
ferent portions  of  the  spectra  which  are  common  to  both  are  compared. 
A  rough  comparison  can  be  made  by  comparing  the  powers  of  the  two 
sources,  when  a  red,  a  yellow,  and  a  blue-coloured  glass  is  placed  in  turn 
between  each  source  and  the  photometer  screen.  The  three  values  for 
the  relative  illuminating  powers  thus  obtained  will  give  an  idea  as  to  the 
relative  composition  of  the  light  given  by  the  two  sources. 


CHAPTER    V 


VELOCITY    OF    LIGHT 


365.  Finite  Velocity  of  Lig-ht— Romer.— An  entirely  new  era  in 
the  history  of  the  science  of  light  was  introduced  by  the  Danish 
astronomer  Romer  in  1676,  when  he  not  only  showed  that  light  did 
not  travel  instantaneousl^j  as  had  been  previously  supposed,  but  also 
measured  the  velocity  with  which  light  travels  through  interplanetary 
space. 

The  planet  Jupiter  has  four  moons,  and  as  these  revolve  round  the 
planet  they  disappear  once  in  each  revolution,  for  when  they  pass  into 
the  shadow  of  the  planet  cast  by  the  sun  they  become  invisible,  and  are 
said  to  be  eclipsed,  for  we  only  see  the  planets  and  their  satellites  by  the 
light  of  the  sun  which  they  reflect- 

If  any  one  of  Jupiter's  moons  revolves  round  the  planet  with  a 
uniform  angular  velocity,  as  is  the  case  with  our  moon,  then  the  time 
which  elapses  between  one  passage  of  the  moon  into  the  shadow  and 
the  next  ought  to  be  constant,  since  it  would  be  equal  to  the  periodic 

time  of  the  moon's  revolution 
round  the  planet.  However,  if 
the  times  between  successive 
eclipses  of  the  planet  are  noted, 
as  seen  from  the  earth,  it  is  found 
that  they  are  not  all  equal. 

Romer  accounted  for  this  phe- 
nomenon by  supposing  that  light 
took  an  appreciable  time  to  travel 
from  Jupiter  to  the  earth.  Let  S 
(Fig.  342)  be  the  sun,  E  the  earth, 
and  J  Jupiter  ;  and  suppose  that 
when  an  eclipse  of  one  of  the  moons 
occurs  these  three  are  in  the  rela- 
tive positions  shown,  the  earth 
being  at  its  nearest  point  to  Jupiter. 
When  the  next  eclipse  occurs,  the 
J  earth  will  have  moved  round  in  its 

Fig.  342.  orbit  to  some  such  position  as  Ej, 

while  Jupiter  will  have  only  moved 
a  short  distance  round  in  its  orbit.  Hence  the  distance  between  the 
earth  and  Jupiter  is  now  greater  than  before.  If  F  is  the  speed  with 
which  light  travels,  then  the  obsei-ved  time_at  which  the  eclipse  occurs 
when  the  earth  is  at  E  will  be  at^  a  time  Ej/  F,  t.g.  the  time  taken  by 
the  light  to  traverse  the  space  Ej,  after  the  actual  eclipse.     When  the 
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earth  is  at  Ej,  the  observed  time  will  be  Ej/  V  later  than  the  actual  time. 
Hence,  if  6  is  the  actual  time_between  two  successive  eclipses,  the 
observed  interval  is  ^  +  EiJ/F- Ej/F,  and  since  EjJ  is  greater  than  EJ, 
the  observed  interval  will  be  greater  than  the  true  interval  ;  since, 
however,  we  cannot  observe  the  true  interval  $,  the  quantity  V  cannot 
be  calculated  from  the  observation  of  a  single  interval  in  this  way. 

At  each  successive  eclipse  the  earth  will  be  further  and  further  away 
from  Jupiter,  till  finally  they  come  into  the  positions  J«,  E«,  when  they 
are  at  their  maximum  distance  apart.  After  this,  at  each  successive 
eclipse  the  distance  will  diminish,  and  hence  the  observed  interval  be 
less  than  the  true  interval. 

Suppose  that  n  eclipses  occur  between  that  which  occurs  when  Jupiter 
and  the  earth  are  nearest  together  (at  conjunction),  and  that  which  occurs 
when  they  are  at  their  greatest  distance  (opposition),  so  that  the  actual 
interval  between  the  first  and  last  of  these  eclipses  is  nd.  The  observed 
interval  \s  nd  +  ^n]nl  V-  Ej/  F,  or  if  ^  is  the  diameter  of  the  earth's  orbit, 
so  that  E„J„-EJ  =  <^,  the  observed  interval  T^  is  nB  +  djV. 

The  actual  interval  between  the  eclipse  when  the  earth  is  at  opposi- 
tion and  the  one  when  it  is  again  at  conjunction  will  also  be  nd.  The 
observed  interval,  T^^  since  at  the  end  of  the  series  the  earth  is  nearer 
Jupiter  than  at  the  commencement  by  a  distance  d^  will  be  nd-djV. 

Thus 

and 

or 

Hence  if  we  know  the  diameter,  d,  of  the  earth's  orbit,  we  can  calculate 
the  velocity  of  light,  F,  from  the  difference  between  the  interval  7\ 
which  elapses  between  an  eclipse  at  conjunction  and  the  eclipse  at  the 
next  opposition,  and  the  interval  7\  between  this  eclipse  at  opposition 
and  the  one  which  occurs  at  the  next  conjunction. 

The  moon  chosen  was  the  innermost,  which  makes  a  revolution  in 
about  if  days,  and  it  was  found  that,  starting  at  conjunction,  the  interval 
between  the  first  eclipse  of  this  planet  and  the  1 13th  (when  the  earth  and 
Jupiter  came  into  opposition)  exceeded  the  interval  between  the  113th 
and  the  225th  (when  the  earth  and  Jupiter  were  again  in  conjunction)  by 
33.2  minutes,  and  hence  7\-  'J\='}>2>-^  minutes.  If  d,  or  the  diameter  of 
the  earth's  orbit,  is  taken  as  195,600,000  miles,  or  298,600,000  kilometres, 
this  gives  186,300  miles  per  second,  or  299,800  kilometres  per  second, 
as  the  velocity  of  light. 

366.  Fizeau's  Method  of  Measuringr  the  Velocity  of  Light.— 
The  accuracy  of  the  determination  of  the  velocity  of  light  by  Romer's 
method  is  limited  by  the  accuracy  with  which  we  know  the  diameter  of 
the  earth's  orbit,  hence  it  is  important  to  determine  the  velocity  of  light 
between  two  terrestrial  points,  the  distance  between  which  can  be  directly 
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measured.  The  first  to  perform  this  experiment  was  Fizeau,  \yho  in 
1849  measured  the  velocity  of  light  by  using  a  method  depending  on 
the  eclipsing  of  a  source  of  light  by  the  teeth  of  a  rapidly  rotating  wheel, 
the  principle  of  the  experiment  resembling  Romer's  method. 

A  bright  source  of  light  was  placed  at  L  (Fig.  343),  and  after  passing 
through  a  lens  a,  a  certain  proportion  of  the  rays  of  light  was  reflected 
from  the  surface  of  an  unsilvered  plate  of  glass,  G,  placed  at  an  angle 
of  45°.  The  reflected  rays  came  to  a  focus  at  F,  this  point  being  the 
principal  focus  of  a  second  lens  B.  Thus  the  light  left  B  in  a  parallel 
beam,  which,  after  traversing  a  distance  of  about  four  miles,  fell  on  a 
lens  c,  and  was  brought  to  a  focus  at  the  surface  of  a  spherical  mirror  D. 
The  curvature  of  this  mirror  is  such  that  the  lens  C  is  at  its  centre  of 
curvature,  and  hence  the  rays  are  reflected  back  along  their  path,  so  that 
on  emerging  from  the  lens  C  they  again  form  a  parallel  beam.  This 
reflected  beam  falls  on  the  lens  B,  is  brought  to  a  focus  at  F,  and  then 
falls  on  the  plate  of  glass  G,  where  some  of  the  rays  will  be  reflected, 
and  some  will  be  transmitted  and  enter  the  eye-piece  E,  so  that  a  bright 
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Fig.  343. 


star  will  be  seen  by  the  observer,  formed  by  light  which  has  travelled  to 
D  and  back  again.  A  toothed  wheel,  H,  which  can  be  rapidly  rotated 
round  an  axle,  I,  is  so  arranged  that  when  a  tooth  passes  F  the  light  is 
intercepted,  but  when  a  space  passes  F  the  light  is  allowed  to  pass. 

If  the  wheel  is  slowly  rotated,  an  observer  at  E  will  see  a  bright  star 
when  a  space  passes  F,  while  when  a  tooth  passes  there  will  be  darkness, 
so  that  as  the  wheel  rotates  the  star  alternately  appears  and  disappears  ; 
but  if  the  speed  is  such  that  more  than  twenty  teeth  pass  per  second, 
owing  to  the  persistence  of  vision,  a  permanent  star  will  be  seen. 

If  light  took  no  time  to  travel  from  /'  to  D  and  back  again,  then  all 
the  light  that  passed  through  any  space  would  be  able  to  pass  back 
again  through  the  same  space,  since  by  supposition  the  light  takes  no 
lime  to  travel  from  F  to  1)  and  back,  and  hence  the  wheel  would  not- 
have  moved  between  the  starting  of  the  light  and  its  arrival  back  at 
F.  If,  however,  the  light  takes  an  appreciable  time  to  travel,  then,  as 
the  speed  of  the  wheel  is  gradually  increased,  it  will  eventually  rotate 
so  fast  that  by  the  time  the  return  light  reaches  F  the  wheel  will  have 
turned  so  that  a  tooth  will  have  moved  round,  and  will  occupy  part  of 
the  space  which  was  occupied  by  a  space  when  the  light  started,  so 
that  part  of  the  return  light  will  be  cut  off  by  the  tooth,  and  hence  the 
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star  seen  at  E  will  be  of  decreased  brightness.     As  the  speed  is  further 

increased,  more  and  more  of  the  return  light  will  be  intercepted  by  the 

succeeding  tooth,  till  finally  all  the  light  which  gets 

through  a  space  is,  on  its  return,  intercepted  by  the 

succeeding  tooth,  and  no  star  is  seen.    If  the  speed  is 

yet  further  increased,  the  returning  light  will  begin  to 

get  through  the  space  next  after  the  one  through 

which  it  passed  on  its  way  out,  and  a  bright  star  will 

again  be  seen.      Hence,  as  the  speed  is  increased, 

the  star  alternately  appears  and  vanishes. 

If  the  wheel  contains  d  teeth,  then  the  angle  ACB 
(Fig.  344)  subtended  by  the  interval  between  two 
consecutive  teeth  or  spaces  at  the  centre  will  be  360°/^ 
or  27r/^  in  circular  measure.  Hence  half  this  angle, 
or  tt/^,  is  the  angle  through  which  the  wheel  has  to 
turn  so  that  a  tooth  may  exactly  occupy  the  position 
previously  occupied  by  a  space. 

If  the  wheel  makes  n  revolutions  per  second  when  the  first  eclipse 
occurs,  the  angle  swept  out  by  any  radius  AC  in  one  second  will  be  iirn. 

Hence  the  time  taken  to  turn  through  the  angle  irld  will  be  ■^h-'^^h  or 

il2dn.  If  /  is  the  distance  between  7^  and  />,  the  distance  passed  over 
by  the  light  while  the  wheel  has  turned  through  an  angle  Tvjd  is  2/. 
Hence  the  light  has  travelled  a  distance  2/  in  a  time  i/2^«,  or  the 
velocity  of  light  V  is  given  by 

V=—=^ldn. 
idn 

In  one  of  the  experiments,  /  was  equal  to  8633  metres,  the  wheel  had 
720  teeth,  and  when  the  star  was  first  eclipsed  it  made  12.6  revolutions 
per  second,  so  that 

F=4X  8633  X  720  X  12.6  =  313274000  metres  per  second. 

More  recent  experiments  made  by  Cornu,  using  this  method,  gave 
300,400  kilometres  per  second,  or  186,662  miles  per  second,  as  the  velocity 
of  light. 

367.  Foueault's  Method  of  Measuring  the  Velocity  of  Light.— 
In  the  year  1850,  Foucault  succeeded  in  measuring  the  time  light  took 
to  travel  over  a  distance  of  about  twenty  metres.  His  method  consists 
in  causing  a  beam  of  sunlight  to  fall  on  a  slit  S  (Fig.  345),  by  means  of 
a  heliostat.  The  light  transmitted  by  S  passes  through  an  unsilvered 
glass  plate  G,  falls  on  a  convex  lens  A,  and  then  on  a  plane  mirror  B, 
which  can  be  rapidly  rotated  round  an  axis  perpendicular  to  the  plane 
of  the  figure.  For  one  position  of  the  mirror  B,  the  reflected  light  falls 
upon  a  second  mirror  c.  This  latter  is  a  concave  mirror,  the  radius  of 
curvature  being  equal  to  BC.  Hence,  if  the  minor  B  is  at  rest,  the  light 
reflected  at  c  will  retrace  its  path,  being  partly  reflected  at  G,  so  as  to 
form  an  image  of  the  slit  S  at  D,  this  image  being  observed  through 
an  eye-piece  E.  If  the  mirror  B  is  rotated,  the  light  is  only  reflected 
back  from  c  once  in  each  revolution,  if  the  mirror  is  only  silvered  on 
one  side.     If,  further,  during  the  time  taken  for  the  light  to  travel  from 
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B  to  C  and  back  to  B,  the  mirror  has  appreciably  turned,  the  return  rays 
will  be  reflected  by  B  in  a  slightly  different  direction  to  that  which  they 
would  have  taken  had  the  mirror  been  at  rest,  and  the  image  D  will 
be  displaced  to  d',  the  amount  of  the  displacement  being  read  off  on  a 
scale  placed  at  D.  In  order  to  count  the  speed  of  rotation  of  the  mirror 
B,  which  was  driven  by  a  small  steam-turbine,  Foucault  placed  a  toothed 
wheel  so  that  the  teeth  were  illuminated  by  the  intermittent  beam  of 
light  reflected  from  the  rotating  mirror.  If  the  wheel  was  rotating  at 
such  a  speed  that  during  the  interval  between  two  flashes  one  tooth  had 
just  moved  into  the  position  occupied  at  the  previous  flash  by  the  pre- 
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ceding  tooth,  then  the  wheel  would  appear  to  be  at  rest.  When  this  is 
the  case,  the  time  taken  by  the  mirror  to  make  one  revolution  is  equal  to 
the  time  taken  by  the  wheel  to  turn  through  the  angle  ACB  (Fig.  344), 
that  is,  \\dn^  where  d  is  the  number  of  teeth  in  the  wheel,  and  n  the 
number  of  revolutions  it  makes  in  a  second.  Hence  the  number  N  of 
revolutions  made  by  the  mirror  in  one  second  is  dn. 

In  order  to  calculate  the  velocity  of  light,  we  require  to  determine 
through  what  angle  the  mirror  B  must  turn  to  shifty  the  image  formed  at 
the  eye-piece  from  D  to  D'.  Since  an  image  of  the  slit  S  is  produced  at 
C,  we  may  if  we  please  look  upon  the  problem  as  to  determine  through 
what  angle  a  must  B  turn  so  that  the  image  of  C  formed  by  the  mirror 
and  the  lens  A  may  shift  from  D  to  D'.  Let  the  two  positions  of  the 
mirror  B  be  indicated  by  the  full  and  dotted  lines.  Then  for  each  posi- 
tion of  the  mirror  B  there  will  be  an  image  of  C  formed  in  B.  Let  d  and 
d'  be  these  images  ;  then,  as  shown  in  §  334,  d  and  d'  lie  on  the  circum- 
ference of  a  circle  having  its  centre  on  the  axis  about  which  the  mirror 
turns,  and  passing  through  c.  Further,  the  arc  intercepted  between  d 
and  d'  subtends  an  angle  2a  at  the  centre  of  this  circle.  If,  however,  the 
distance  BC  is  called  /,  we  have  dd'=2al.  Now  as  far  as  the  lens  A  is 
concerned,  instead  of  taking  c  as  the  object  and  considering  the  two 
positions  of  the  mirror,  we  may  suppose  the  mirror  B  removed  and  take 


the  two  images  d  and  d'  as  the  objects.     Then 
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the  letters  a^  b^  c  to  represent  the  distances  dd',  ba,  ag-J-GD  respectively, 

we  have  
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Since  the  mirror  makes  TV  rotations  per  second,  the  time  it  takes  to 
turn  through  an  angle  a  is  aj^irN^  and  in  this  time  the  light  has  travelled 
from  B  to  c  and  back,  that  is,  a  distance  2/.  Hence  the  velocity,  F,  of 
light  is  given  by 


V^ 


a{l-\-b)' 


Of     9' 


Using  this  method,  Michelson  has  obtained  299,853  kilometres  per  second 
as  the  velocity  of  light,  with  a  possible 
error  of  ±60  kilometres. 

368.  Aberration.— A  calculation  of 
the  velocity  of  light  was  made  in  1727  by 
Bradley  from  the  apparent  changes  which 
take  place  in  the  observed  positions  of 
the  fixed  stars.  The  simplest  method  of 
explaining  the  principle  of  this  method 
of  calculating  the  velocity  of  light  is  to 
consider  an  analogous  case.  Suppose 
that  a  shot  is  fired  from  a  cannon  C  (Fig. 
346)  against  a  ship  AB,  which  is  moving 
rapidly  at  right  angles  to  the  direction  of 
the  trajectory  of  the  shot.  If  the  shot 
enters  the  ship  at  the  point  D,  it  will  not 
leave  the  ship  at  the  point  E,  for  while 
the  shot  is  travelling  across  the  ship  this 
latter  will  have  moved  forward,  so  that 
some  such-  point  as  F  will  now  be  in  the  line  CD  of  the  trajectory,  and 
hence  the  shot  will  leave  the  ship  at  F.  Now,  as  far  as  the  track  of  the 
shot  left  in  the  ship  is  concerned,  it  appears  to  have  come 
from  the  point  c',  or  the  cannon  is  apparently  displaced  in  the 
direction  in  which  the  ship  is  travelling. 

Now  consider  the  ship  to  be  replaced  by  the  earth  moving 
in  its  orbit  round  the  sun,  and  the  shot  to  be  replaced  by  a 
light-wave  reaching  the  earth  from  a  star,  the  line  joining  the 
earth  and  star  being  at  right  angles  to  the  direction  of 
motion  of  the  earth.  If  the  earth  were  at  rest,  and  a  telescope 
D  (Fig.  347)  were  pointed  at  the  star,  the  axis  of  the  tele- 
scope prolonged  would  pass  through  the  star  C.  When  the 
earth  is  moving,  however,  the  telescope  is  appreciably  moved 
forward  in  the  earth's  orbit  in  the  time  that  elapses  between 
the  light-waves  reaching  the  objective  D  and  the  eye-piece  ; 
and  hence,  if  the  axis  of  the  telescope  is  still  directed  so  as  to 
pass  through  the  star,  the  waves  of  light  will  be  left  behind 
and  form  an  image  of  the  star  at  F  to  one  side  of  the  cross- 
wires.  Just  as  in  the  case  of  the  boat,  the  shot,  which  if  the 
boat  were  at  rest  would  have  reached  the  point  E,  hits  the 
point  F.  Thus  in  order  to  bring  the  image  of  the  star  on 
to  the  cross -wires,  the  axis  of  the  telescope  must  be 
pointed  along  Fc'.  Now  in  the  time  the  light  has  taken 
to  travel  from  D  to  F  the  earth  has  moved  through  the  distance  FE. 
Hence  if  the  angle  CDC',  which  is  called  the  aberration  constant,  is  a, 
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and  Fand  v  are  the  velocity  of  light  and  of  the  earth  respectively,  we 
have — 

v\  V—  tan  a, 

or  V=v/tkna, 

Hence  if  v  and  a  are  known,  V^  that  is,  the  velocity  of  light,  can  be 
calculated. 

The  above  explanation  of  the  phenomenon  of  aberration  is  that 
commonly  accepted  ;  it  is,  however,  by  no  means  satisfactory.  Thus 
the  quantity  y  is  the  velocity  of  light  in  the  medium,  filling  the  telescope 
tube,  so  that  if  the  tube  is  filled  with  water,  in  which  the  velocity  of 
light  is  less  than  in  air,  we  should  expect  the  aberration  constant  a  to 
increase.  No  such  effect  is,  however,  observed.  The  discussion  of  the 
various  theories  which  have  been  propounded  to  explain  this  dis- 
crepancy would  lead  us  beyond  the  scope  of  this  book,  and  so  we 
must  content  ourselves  with  having  drawn  attention  to  the  existence  of 
the  difficulty. 

369.  Theories  as  to  the  Nature  of  Light.— We  have  hitherto 
assumed  that  light  consists  of  a  wave-motion  of  some  kind,  and  we  now 
have  to  consider  the  evidence  on  which  this  assumption  is  founded. 

There  have  been  two  principal  theories  of  light.  In  one  of  these, 
which  was  adopted  by  Newton,  and  is  called  the  efnisston  theoiy^  a 
luminous  body  is  supposed  to  be  emitting  small  particles,  called  light- 
corpuscles,  which  travel  out  in  all  directions  in  straight  paths,  and  all 
with  the  same  velocity.  These  light-corpuscles  were  supposed  to  cause 
the  sensation  of  light  by  their  impact  on  the  retina.  Since  light  can 
traverse  not  only  empty  space,  but  also  some  forms  of  matter,  these 
corpuscles  must  be  able  to  travel  through  space,  and  also  through 
matter,   which   they   were   supposed    to    do    by  passing  between   the 

molecules.  On  this  theory  the  rectilinear 
propagation  of  light  and  the  formation  of 
shadows  at  once  followed. 

In  order  to  explain  the  law  of  refrac- 
tion on  the  emission  theory,  it  was  assumed 
that  when  a  corpuscle  came  near  the 
surface  of  separation  between  two  media, 
it  was  attracted  by  the  denser  medium. 

Thus  let  AB  (Fig.  348)  represent  the 
line  of  demarcation  between  two  media, 
say  air  and  water,  and  lO  the  path  of  an 
incident  corpuscle.  If  ^'i  is  the  velocity 
with  which  the  corpuscle  travels  in  air, 
then  we  may   resolve  this  velocity   into 

two  components,  one,  IN,  parallel  to  the 
„  ^       Q  surface  of  separation  of  the  media,  and 

rIG.  340.  _^ 

the  other,  IM,  perpendicular  to  this  sur- 
face. If  the  water  particles  exert  an  attraction  on  the  light-corpuscle 
when  it  gets  near  the  surface  of  separation,  this  force  must  act  normally 
to  the  surface,  i.e.  along  on'.     Hence,  while  the  vertical  component  of 

the  velocity  of  the  corpuscle  is  increased,  the  horizontal  component,  IN 
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will  remain  unchanged.  If  then  we  take  OM'  equal  to  OM,  and  ON'  equal 
to  the  increased  vertical  component,  and  complete  the  parallelogram, 

OR  will  represent  the  velocity  of  the  corpuscle  in  the  water,  and  its  path, 
that  of  the  refracted  ray,  will  be  along  OR.     From  Snell's  law  we  have— 

_.in  ^J^_^_J^ 
'^"sinjg     10'  RO      10' 

Since  IN^WO^OM'^N'R, 

But  10  represents  the  velocity  of  the  corpuscle  in  air,  while  RO  represents 
its  velocity  in  water.     Hence 

Velocity  in  water  _ 
Velocity  in  air       "^^ 

and  since  the  refractive  index  from  air  to  water  is  greater  than  unity,  it 
follows  that,  according  to  the  emission  theory,  the  velocity  of  light  must 
be  greater  in  water  than  in  air. 

In  the  second  theory,  called  the  undulatory  or  wave  theory  of  light,  a 
luminous  body  is  supposed  to  set  up  vibrations  in  an  all-pervading  ether, 
and  these  vibrations  are  supposed  to  travel  through  the  ether,  and  when 
they  enter  the  eye  excite  the  sense  of  vision.  During  the  passage  of  the 
light  from  the  source  to  the  eye,  the  energy  emitted  by  the  source,  and 
which  we  recognise  when  it  is  given  up  to  the  retina  as  light,  must  be 
stored  up  in  the  ether. 

On  the  older  undulatory  theory,  it  was  supposed  that  light-waves 
consisted  of  a  transverse  vibratory  movement  of  the  ether  itself,  but  a 
difficulty  was  introduced  by  the  fact  that,  if  we  suppose  that  the  motion 
is  propagated  by  the  successive  parts  of  the  ether  setting  each  other  in 
motion  by  mutually  attracting  forces,  these  forces  would  be  inclined  to 
the  direction  in  which  the  wave  was  travelling,  and  hence  they  would 
have  a  component  in  the  direction  of  the  wave  normal,  and  this  component 
would  tend  to  set  up  longitudinal  waves,  in  addition  to  the  transverse 
waves  which  are  required  to  explain  optical  phenomena.  We  have  no 
evidence,  however,  of  the  existence  of  such  longitudinal  waves  in  the 
ether.  In  the  later  form  of  the  undulatory  theory,  called  the  electro- 
magnetic theory  of  light,  the  supposition  is  made  that  the  vibrations 
consist  not  in  the  change  in  position  of  the  ether  particles,  but  in  a 
pei-iodic  alteration  in  the  electrical  and  magnetic  condition  of  the  ether 
during  the  passage  of  the  light.  The  supposition  does  not  lead  to  the 
same  difficulty  as  to  the  formation  of  longitudinal  waves  as  does  the  older 
theory,  and  hence  possesses  a  marked  advantage. 

Since  both  forms  of  the  theory  suppose  the  existence  of  a  transverse 
vibration  set  up  in  the  medium,  and  only  differ  as  to  the  nature  of  the 
entity  the  displacement  of  which  constitutes  the  vibration,  the  explana- 
tions which  we  shall  make  in  the  succeeding  sections,  since  they  do  not 
involve  the  7iature  of  the  waves,  will  apply  to  either  form  of  the  theory. 
We  shall  also  sometimes  talk  of  the  displacement  of  an  ether  particle 
during  the  vibration,  but  this  must  be  taken  as  a  short  and  convenient 
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method  of  stating  the  displacement  of  the  electric  and  magnetic  condi- 
tion of  the  ether  at  the  point  under  consideration. 

We  now  pass  on  to  consider  what  assumptions  as  to  the  relative 
velocity  of  light  in  air  and  in  water  have  to  be  made  on  the  undulatory 
theory  to  account  for  the  refraction  of  light  when  it  passes  from  air  to 
water.  Let  ab  (Fig.  349)  be  the  line  of  separation  between  air  and 
water.     Let  PP'  represent  a  wave-front  in  the  air,  then  if  Va  is  the  velocity 


Fig.  349. 


of  light  in  air,  the  time  taken  for  the  point  P*  on  the  wave-front  to  reach 
the  second  medium  will  be  p'ojva.  During  this  time  the  point  P  on  the 
wave-front  will  have  travelled  into  the  water,  and  if  Vw  is  the  velocity  in 

water,  it  will  have  travelled  a  distance  —  x  Vw.     If  then,  with  centre  P 

and  radius  equal  Jo  this  distance,  we  describe  a  circle,  and  then  from  O 
draw  a  tangent  OR,  OR  will  represent  the  wave-front  in  water  at  the 
instant  when  the  point  P'  on  the  wave-front  PP'  reaches  o  (see  §  275). 
If  ON  and  pn'  are  normals  to  AB,  we  have 

sin  NOP' 


aHw  = 


sin  N'P/i' 


afJl^  = 


Now  in  the  triangle  PP'O  the  angle  at  p'  is  a  right  angle,  hence  the  two 
angles  p'PO  and  P'OP  are  together  equal  to  a  right  angle.  But  the  angles 
p'ON  and  p'OP  are  also  together  equal  to  a  right  angle.  Hence  the 
angle  p'ON  is  equal  to  the  angle  p'PO.  In  the  same  way,  the  angle  n'pr 
is  equal  to  the  angle  POR.     So  that 

sin  JVOP  ^  sin  PPO ^  PO  .  FR    PO 
sin  N'PR     sin  POP     pQ  '  'po'TR 

-y^  .  FT)  Va 

Va  Via 

Or  the  velocity  of  light  in  air  is  to  that  in  water  in  the  ratio  of  the 
refractive  index  from  air  to  water.  It  will  thus  be  seen  that  according 
to  the  undulatory  theory  light  travels  more  slowly  in  water  than  in  air, 
while  according  to  the  emission  theory  it  travels  more  quickly  in  water. 
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Thus  a  measurement  of  the  velocity  of  light  in  air  and  in  water  would 
form  a  crucial  experiment  to  test  the  validity  of  the  rival  theories.  This 
crucial  experiment  was  performed  by  Foucault,  who  placed  a  tube  filled 
with  water  and  closed  by  glass  ends  between  the  fixed  mirror  c  (Fig.  345) 
and  the  rotating  mirror  B,  and  thus  was  able  to  measure  the  velocity  of 
light  in  water,  and  found  it  to  be  less  than  in  air.  This  experiment, 
although  it  does  not  in  any  way  prove  the  truth  of  the  undulatory  theory, 
yet  shows  that  the  emission  theory,  at  any  rate,  cannot  be  true. 


CHAPTER    VI 
DISPERSION 

370.  Dispersion.— The  phenomenon  of  refraction  is  not  in  reality  as 
simple  as  we  have  hitherto  considered  it  to  be,  for  if  a  narrow  parallel 
pencil  of  white  light,  such  as  sunlight,  is  allowed  to  pass  obliquely  from 
one  medium  to  another,  it  is  found  that  in  the  second  medium  the  white 
light  is  split  up  into  light  of  several  colours,  a  phenomenon  which  is 
referred  to  as  dispersion. 

Thus  if  a  beam  of  parallel  rays  of  white  light,  such  as  is  obtamed  by 
reflecting  sunlight  through  a  narrow  slit,  is  introduced  into  a  dark  room 
and  meets  a  screen   DE  at  F,  forming  a  white  patch   of  light,  then 

on    interposing  a   prism    ABC 

^  /      beam  with  its  refracting  edge 

/\  --.Jf    parallel   to  the  slit,   the   light 

^       V-r-----''-'^''"         /       ^'^^  ^  refracted  towards  the 

.     ^^^^^   3^*         vl..z---^        \\i      ^^^^   ^^  ^^    prism,    but    the 

i===^*^^^^y^  X^^^^^^^^^Sw      P^^*^!^    o"    ^^    screen    is    no 

l_ \  7^      longer  the  same  size  as  before, 

g  C  /  "or  is  it  white.     The  patch  is 

/D        drawn  out  in  the  direction  RV, 

Fig.  3so!  in  which  the  light  is  deviated, 

and  exhibits  all  the  colours  of 

the  rainbow.     These  colours  pass  imperceptibly  the  one  into  the  next, 

but  starting  with  red  nearest  the  original  undeviated  patch  F,  the  colours 

pass  through  orange,  yellow,  green,  blue,  indigo,  to  violet,  which  is  the 

most  deviated.     These  colours  constitute  what  is  called  a  spectrum. 

Thus  white  light  has  been  split  up  by  the  prism  into  light  of  a  number 
of  different  colours,  these  coloured  lights  being  deviated  to  a  different 
amount  by  the  prism,  so  that  the  refractive  index  between  two  media, 
on  which  the  deviation  depends,  is  different  for  light  of  different  colours  ; 
and  since  the  violet  rays  are  more  deviated  than  the  red,  the  refractive 
index  for  violet  light  is  greater  than  for  red  light. 

That  white  light  is  really  formed  by  the  superposition  of  light  of  all 
the  colours  of  the  spectrum  can  be  shown  by  receiving  the  colours  of  the 
spectrum  on  a  number  of  separate  mirrors,  and  reflecting  the  light  from 
them  to  the  same  point,  when  it  will  be  found  that  white  light  will  be 
reproduced. 

In  the  form  of  the  experiment  described  above,  the  different  colours 
overlap  on  the  screen  to  a  certain  extent ;  and  in  oider  to  obtain  a  spec- 
trum where  no  overlapping  takes  place,  or  a  pure  spectrum^  as  it  is 
called,  we  may  adopt  the  arrangement  shown  in  Fig.  351.  Light  from  a 
source  L,  such  as  the  electric  arc,  passes  through  a  narrow  slit  in  a 
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screen  S,  and  then  falls  on  a  convex  lens  A,  which,  when  the  prism  is  not 
interposed,  forms  a  real  image  of  the  slit  at  s'.  If  now  the  prism  is  inter- 
posed at  B,  the  light  will  be  deviated  towards  the  base  of  the  prism,  and 
a  spectrum  will  be  formed  on  a  screen  placed  at  D.  If  we  suppose  that 
the  slit  is  illuminated 
by  violet  light  only, 
then  an  image  of  the  l  ^ 
slit  will  be  produced 
at  V,  while  if  red 
light  is  used  the 
image  will  be  at  R. 
Hence  the  spectrum 
VR  is  composed  of  a 

series  of  images  of  . 

the  slit  formed  by  differently  coloured  light.  If  the  slit  is  very  narrow, 
one  image  will  overlap  very  little  on  the  adjacent  images,  and  a  pure  spec- 
trum will  be  obtained.  As  the  slit  is  widened  the  images  will  overlap 
more  and  more,  till  with  a  very  wide  slit  we  shall  get  a  white  patch  m 
the  centre  of  the  spectrum  where  all  the  images  overlap,  with  a  red  edge 
at  one  end  and  a  violet  edge  at  the  other. 

Another  method  of  obtaining  a  pure  spectrum  is  shown  in  Fig.  352. 
Parallel  light,  which  may  be  obtained  by  means  of  a  collimator,  being 


Fig.  351. 


Fig.  352. 


incident  on  the  prism,  a  lens  L  is  placed  after  the  prism,  and  this  lens 
brings  the  rays  of  the  different  colours  to  real  foci  between  R  and  V, 
where  a  pure  spectrum  may  be  received  on  a  screen  or  viewed  with  an 
eye-piece. 

This  arrangement  will  also  allow  of  the  recomposition  of  the  different 
colours  of  the  spectrum  to  form  white,  for  if  the  screen  be  placed  at  AB 
the  red  and  violet  rays,  as  shown  by  the  figure,  and  therefore  also  the 
rays  of  the  other  colours,  will  be  uniformly  spread  over  the  patch  AB. 
Under  these  conditions  a  white  patch  will  appear  on  the  screen.  If, 
however,  a  small  obstacle  be  placed  at  V,  so  as  to  cut  off  the  violet,  the 
patch  at  AB  will  appear  coloured  a  greenish-gold  colour,  produced  by  the 
mixture  of  the  remaining  colours.  In  the  same  way,  by  cutting  off  the 
red  rays  by  an  obstacle  placed  at  R,  the  patch  will  appear  a  greenish 
blue. 

When  the  slit  of  the. spectrometer  shown  in  Fig.  336  is  illuminated 
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with  white  light,  a  pure  spectrum  is  formed  at  the  principal  focus  of  the 
lens  F  in  the  manner  considered  above,  and  can  be  observed  with  the 
eye-piece.  The  spectrometer,  when  used  to  obseiA^e  spectra,  is  some- 
times called  a  spectroscope.  By  using  light  of  different  colours,  the 
refractive  index  of  a  substance  for  light  of  these  colours  can  be  obtained 
by  any  of  the  methods  given  in  §  360. 

871.  Fraunhofer's  Lines. —  When  the  slit  of  a  spectroscope  is 
illuminated  by  sunlight,  it  is  found  that  the  spectrum  is  traversed  by  an 
enormous  number  of  dark  lines  parallel  to  the  length  of  the  slit.  These 
dark  lines  are  called  Fraunhofer's  lines,  and  are  due,  as  we  shall  see 
later,  to  the  light  of  the  colours  which  are  thus  missing  from  the  solar 
spectrum  being  absorbed  in  the  sun's  or  the  earth's  atmosphere. 

These  lines  form  a  very  convenient  means  of  specifying  any  particular 
colour  in  the  spectrum,  and  hence  the  more  prominent  of  them  are  in- 
dicated by  the  letters  A,  B,  c,  D,  &c.  Their  relative  position  in  the 
spectrum  are  shown  in  Fig.  353.    The  lines  a,  b,  and  C  are  in  the  red,  D 
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in  the  orange-yellow,  E  in  the  green,  f  in  the  greenish-blue,  G  in  the 
indigo,  and  H  in  the  violet  part  of  the  spectrum.  Hence  when  we  refer 
to  light  of  any  particular  colour  as,  say,  D  light,  we  mean  light  of  the 
colour  which  corresponds  to  the  dark  line  D  in  the  orange-yellow  of  the 
solar  spectrum. 

372.  Refractive  Index  for  Light  of  Different  Colours— Dis- 
persive Power. — In  the  following  table  the  refractive  index  of  some 
substances  are  given  for  the  light  corresponding  to  Fraunhofer's  lines  : — 

Refractive  Index. 


A. 

B. 

C. 

D. 

E. 

F. 

G. 

H. 

Water  (16"  C.) 
Carbon  bisul-  \ 
phide  (id')    S 
Crown  glass    . 
Flint  glass .     . 
Rocksah(i7') 

I -330 
1.616 

1.528 
1.578 
1.537 

1.530 
I.581 

1.539 

1.332 
1.626 

1.531 
1.583 
1.540 

1-334 
1.635 

1-534 
1.587 
1.544 

1-537 
1.592 

1.549 

1.338 
1.66 1 

1.540 

1.597 
1-553 

1.546 
1.606 
I.561 

1-344 
1.708 

1.551 
1.614 
1.568 

When  light  passes  through  a  prism  the  different  colours  are  deviated 
to  different  degrees,  so  that  if  we  have  a  parallel  beam  of  light  incident 
on  the  prism  the  rays  of  the  different  colours  after  passing  through  the 
prism  will  be  inclined  to  one  another.     The  arigle  between  the  emergent 
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rays  for  any  two  colours  is  called  the  dispersion  of  these  two  colours, 
produced  by  the  prism. 

Since  the  rays  are  not  only  dispersed,  but  also  deviated,  it  becomes 
of  interest  to  see  if  there  is  a  fixed  relation  between  the  dispersion  and 
the  deviation.  The  ratio  of  the  dispersion  for  any  two  colours  to  the 
deviation  of  the  mean  ray  between  the  two  is  called  the  dispersive  power 
of  the  substance  of  which  the  prism  is  made. 

We  have  seen,  in  §  349,  that  if  the  prism  is  at  minimum  deviation, 
then 

sin  ^(8  +  ^) 
'*"     sin^^     • 

If  the  prism  has  a  very  small  refracting  angle,  so  that  0  is  very  small,  the 
deviation  8  will  also  be  very  small,  and  hence  the  ratio  of  the  angles 
Q-\-h  and  Q  will  be  the  same  as  the  ratio  of  the  sines.  Thus  for  a  prism 
of  very  small  refracting  angle 

If /*^  is  the  refractive  index,  and  8^  the  deviation  for  light  corresponding 
to  the  Fraunhofer  line  A  in  the  extreme  red,  11^  and  8^  the  corresponding 
quantities  for  the  H  line,  and  yttj,  and  8^  for  the  D  line,  which  may  be 
taken  as  the  mean  light  between  A  and  H,  we  have 

Hence  the  dispersion  between  the  A  and  the  H  light  is 

Thus,  if  we  take  prisms  having  the  same  refracting  angle  ^,  we  get  the 
following  values  for  the  dispersion  : — 

Water 014  B 

Carbon  bisulphide 092  d 

Crown  glass 023  B 

Flint  glass 036  B 

Rock  salt 031  ^ 

Hence  it  will  be  seen  that  the  extent  of  the  spectrum  obtained  with  a 
prism  filled  with   carbon  bisulphide  will  be  6.5   times  as  great  as  the 
spectrum  obtained  under  similar  circumstances  with  water. 
The  dispersive  power  is  given  by 

8H-8A^;*H-/tA, 
5         A*D-i 


5i6  Light  [§373 

so  that  the  dispersive  powers  of  the  substances  given  in  the  table  above 

are  : — 

Water 0.042 

Carbon  bisulphide         .        .         .         .0.145 
Crown  glass .         .        .         .         .        .     0.043 

Flint  glass 0.061 

Rock  salt 0.057 

878.  Achromatic  Prisms  and  Direct-Vision  Spectroscopes.— 

Since  the  dispersive  powers  of  different  substances  are  not  the  same,  we 
can  obtain  two  prisms  constructed  of  different  materials  such  that,  while 
the  dispersion  they  produce  is  the  same,  the  deviation  produced  on  the 
mean  ray  is  different,  or  vice  versa.  For  instance,  taking  crown  and 
flint  glass,  if  we  have  a  prism  of  flint  glass  of  which  the  angle  Q  is  small, 
so  that  we  may  apply  the  formula  8=^(m-  i),  the  dispersion  is  0.036  Q. 
If,  then,  we  take  a  prism  of  crown  glass  of  which  the  angle  is  <^,  the 
dispersion  will  be  0.023  ^-  ^^  ^^  dispersion  is  to  be  the  same  in  the  two 
cases,  we  must  have 

Now  the  deviation  produced  by  the  flint-glass  prism  for  the  D  line  will 
be  (md-  1)^=0.587  ^,  and  the  deviation  for  the  same  light  produced  by 
the  crown-glass  prism  will  be  (m'd  -  i)<^=o.534  x  1.56  ^=0.833  Q.  Hence, 
although  the  two  prisms  produce  the  same  dispersion,  the  deviation  pro- 
duced by  the  crown-glass  prism  is  greater  than  that  produced  by  the 
flint-glass  prism. 

If  the  prisms  are  placed  with  their  refracting  edges  turned  in  opposite 
directions,  a  ray  of  white  light  will,  during  its  passage  through  the  crown- 
glass   prism  c  (Fig.  354), 
.f  be    deviated    towards    the 

y  base,  i.e.  downwards  in  the 

figure,  and  also  dispersed, 
^''  the    red     ray    being    less 

deviated   than    the    violet. 
,^'  During    the     passage     of 

R  these     rays     through     the 
F      /         .^-''^Y  flint-glass  prism,  however, 
the  deviations  of  both  rays 
C\J^ — \- — \      ^/^"^  will     be    in    the    opposite 

direction,  i.e.  upwards,  the 
_         \      \   /  ^^^  '"'^y  being  deviated  up- 

C         \     \/  wards  less  than  the  violet. 

\X  L \     V  The  difference  between  the 

deviations  of  the  red  and 
Fig.  354,  violet  rays  being  the  same 

in  the  two  prisms,  the  rays 
when  they  leave  the  flint-glass  prism  will  be  parallel.  The  mean  de- 
viation in  the  crown  prism  being,  however,  greater  than  that  in  the 
flint,  the  rays  on  the  whole  will  be  deviated  downwards,  i.e.  towards  the 
base  of  the  crown-glass  prism. 
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If  we  consider  a  second  ray  incident  parallel  to  10  and  close  to  it,  it 
also  will  be  split  up,  and  the  red  and  violet  rays,  after  passing  through 
the  two  prisms,  will  be  parallel  to  the  other  two.  A  consideration  of 
Fig.  355  will  show  that  the  patch  of  light  received  on  a  screen  will  be 
very  much  more  coloured  in  the  case  of  a  single  prism,  where  the  red 
and  violet  rays  when  they  leave  the  prism  are  inclined  at  a  finite  angle 
to  one  another,  than  in  the  case  of  the  two  prisms  considered  above, 
where  the  red  and  violet  rays  are  parallel  after  they  leave  the  second 
prism.  For,  considering  only  the  two  incident  rays  shown  in  the  figure, 
in  the  case  of  the  single  prism  we  shall  have  a  white  patch  r'v,  bordered 


Fig.  3SS 


by  a  wide  red  margin  rr'  on  one  side,  and  a  violet  one  vv  on  the  other. 
In  the  case  of  the  two  prisms,  however,  the  coloured  margin  is  very 
narrow,  and  is  of  the  same  width  at  all  distances  from  the  prisms. 

Hence  by  combining  two  prisms,  one  of  crown  glass  and  the  other  of 
flint,  the  ratio  between  the  refracting  angles  having  been  suitably  chosen, 
we  are  able  to  get  a  compound  prism  which  deviates  light  but  does  not 
disperse  it.     Such  a  combination  is  said  to  be  achromatic. 

Instead  of  choosing  the  angles  of  the  prisms  such  that  the  dispersion 
is  the  same,  we  might  have  chosen  them  such  that  the  deviation  produced 
on  the  mean  ray  was  the  same.     In  this  case  we  have 

^(a*d-i)  =  <^(/x'd-i) 
•      0.587  ^=0.534  </) 

<^=i.i  e. 

The  dispersion  produced  by  the  flint-glass  prism  will  be 
^(/ah-/*a)= 0.036  Q 
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and  that  produced  by  the  crown-glass  prism  will  be 

<^(/ti'H -ai'a)= 0.023  <^ =0.023 X  ^-J  ^=0.025  9. 

Hence  the  dispersion  produced  by  the  flint-glass  prism  is  greater  than 
that  produced  by  the  crown-glass  one,  so  that  if  the  prisms  are  placed 
with  their  refracting  angles  turned  in  opposite  directions,  the  mean  ray  D 
will  be  undeviated  by  its  passage  through  the  two  prisms,  while  the  violet 
rays  will  be  deviated  one  way  and  the  red  rays  the  other.  In  this  way 
a  spectrum  is  produced  without  the  mean  ray  being  deviated.  This 
arrangement  is  used  in  some  pocket  forms  of  spectroscopes,  which  are 
called  direct-vision  spectroscopes,  since  one  looks  straight  through  the 
prisms  at  the  slit,  and  not  at  an  angle  as  in  the  ordinary  form  of 
spectroscope. 

374.  Achromatic  Lenses. — In  considering  the  formation  of  images 
by  lenses,  we  have  supposed  that  the  light  was  monochromatic  When 
white  light  is  used,  we  shall  not  only  get  the  deviation  which  we  have 
hitherto  considered,  but  also  dispersion. 

Suppose  we  have  acoiwex  lens  ab  (Fig.  356),  and  that  a  parallel  beam 
of  white  light  fails  on  it,  then  where  the  rays  enter  and  leave  the  lens  the 


Fig.  356. 


violet  rays  will  be  more  deviated  towards  the  axis  of  the  lens  than  are 
the  red  rays,  and  hence  the  violet  rays  will  be  brought  to  a  focus  at  a 
point  V  nearer  the  lens  than  the  point  R,  where  the  red  rays  are  brought 
to  a  focus.  Thus  if  a  screen  is  placed  at  v  we  shall  get  a  central  violet 
spot  surrounded  by  a  red  ring,  while  if  the  screen  is  placed  at  R  there 
will  be  a  central  red  spot  surrounded  by  a  violet  ring. 

If  a  convergent  pencil  of  rays  is  incident  on  a  concave  lens,  CD,  the 
violet  rays  are  brought  to  a  focus  at  a  point  v,  which  is  further  from  the 
lens  than  the  point  R,  where  the  red  rays  come  to  a  focus. 

If  the  convex  and  concave  lens  are  of  the  same  material  and  of  equal 
focal  length,  on  being  placed  close  together  the  two  dispersions  counter- 
act each  other,  but  in  this  case  the  deviation  would  also  be  nil,  and  the 
whole  would  simply  act  like  a  plane  slab.    By  making  the  convex  lens  of 
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crown  glass,  and  the  concave  lens  of  flint  glass,  we  are,  however,  able,  as 
in  the  case  of  the  prisms,  to.  obtain  equal  and  opposite  dispersion,  and 
still  have  deviation  in  the  direction  of  that  produced  by  the  crown  glass, 
i.e.  the  combination  will  be  a  convex  lens,  so  that  it  is  possible  to  construct 
achromatic  lenses. 

By  the  use  of  two  lenses  it  is  possible  to  make  a  lens  which  shall 
be  achromatic  as  far  as  light  of  any  two  colours  is  concerned.  The 
combination  will  not,  however,  be  achromatic  for  light  of  other  colours. 
If  in  place  of  two  lenses  we  use  three,  made  of  materials  having  different 
dispersive  powers,  the  combination  can  be  made  achromatic  for  light 
of  three  colours,  and  so  on.  The  colours  for  which  the  lens  system  is 
rendered  achromatic  depend  on  the  purpose  for  which  the  lens  is  to 
be  used.  Thus  for  a  telescope  used  in  eye  observations  the  colours 
chosen  are  those  parts  of  the  spectrum  which  affect  the  eye  most 
strongly,  while  if  the  telescope  is  to  be  used  for  photography,  it  is  most 
important  that  the  lens  should  be  achromatised  for  the  violet  and  ultra- 
violet, since  these  rays  are  chiefly  concerned  with  the  production  of  the 
photographic  image. 

The  relation  which  must  exist  between  the  focal  lengths  of  the  convex 
and  concave  lenses  that  the  combination  may  be  achromatic  can  be 
found  in  the  following  manner.  Let  ^,  fn,  fv^  ij.r,  /id,  and  /^v  represent 
the  focal  lengths  and  refractive  indices  of  the  glass  of  the  convex  lens 
for  red,  yellow,  and  violet  light  respectively,  the  corresponding  quantities 
for  the  concave  lens  being  represented  by /'r, /"'d, /"V,  /^'r,  m'd,  and/tV 
Further  let  the  radii  of  the  surfaces  of  the  convex  lens  be  r^  and  rg,  and 
those  of  the  surfaces  of  the  concave  lens  be  r/  and  ^2'. 

Applying  equation  (0,  §  351,  we  have 

But  MFn.  is  the  focal  length  of  the  combination,  we  have  (§  353) 

^B      /bVb 
J.K.B-I)(1-1)+(.B-I)(^,-^,). 

Similarly  if  Fy  is  the  focal  length  of  the  combination  for  violet  light 

If  the   combination  is  to  be  achromatic  the  focal  length  must  be  the 
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same  for  red  as  for  violet  light.     Hence  the  condition  for  achromatism 
is  :— 

(^,-M.)(i-i)+(MV-M'.)(;i,-^,)=o     .     .     .     (i). 
Now  for  yellow  light  we  have 

j^=(m»- i)(i-^j  and  J^-(m'.- .)(i-^,) , 
hence,  substituting  from  these  two  equations  in  ^)  above,  we  get 

Mv-MK  +/;v^;  -o   .    .   .   (ii). 


/d(/*d-i)    /d'(m'd-i) 

If  8  and  8'  are  the  dispersive  powers  of  the  glasses  of  which  the  lenses 
are  made 

S=?IZf  and  ?iJ-,rl3. 


Thus  (ii)  may  be  written 


f=-f  •  •  •  ('">• 

Hence  we  see  that  the  condition  for  achromatism  is  that  the  focal 
lengths  should  be  opposite  in  sign,  that  is,  one  lens  must  be  convex 
and  the  other  concave,  and  the  ratio  of  the  focal  lengths  must  be  equal 
to  the  ratio  of  the  dispersive  powers  of  the  glasses  of  which  the  lenses 
are  composed. 

The  focal  length  of  the  combination  is  given  by 

-=-+4-. 

-^D      Td      fit 

Zlh,  The  Rainbow.— Let  the  circle  in  Fig.  357  represent  a  section 
of  a  spherical  raindrop.  When  a  ray  of  sunlight  S^Mj,  which  may  be  taken 
as  parallel  light,  falls  on  the  drop  it  will  be  refracted  along  M^Ri,  and 
when  it  comes  to  the  surface  at  R^,  part  of  the  light  will  be  reflected 
along  RiNj.     On  again  reaching  the  surface  at  Nj  part  will  leave  the 
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drop,  being  refracted  along  NiPj.  In  the  figure  the  paths  of  only  a  few 
of  the  rays  have  been  drawn,  in  order  to  prevent  confusion,  but  if  all  had 
been  drawn  it  would  have  been  found  that  the  rays  incident  near  the 
point  M.„  such  that  the  radius  OMj  makes  an  angle  of  59  with  the 
direction  of  the  incident  light,  are  less  deviated  by  their  two  refractions 
and  one  reflection  than  light  incident  at  any  other  point.  The  figure  also 
shows  that  the  rays  incident  in  the  neighbourhood  of  Mg  form  a  parallel 
pencil,  N2P2,  when  they  leave  the  drop,  while  in  the  case  of  rays  incident 
at  any  other  point,  M3,  they  form  a  divergent  pencil,  NsP..     Now  when  we 


are  dealing  with  a  parallel  pencil  of  rays,  since  the  cross  section  remains 
constant,  the  decrease  of  the  intensity  of  the  illumination  with  the 
distance  is  small,  being  only  due  to  absorption  in  the  medium.  With 
a  divergent  pencil  it  is,  however,  otherwise,  for  the  rays  are  spread  over 
a  greater  and  greater  area  as  we  go  away  from  their  point  of  intersection, 
and  hence  the  illumination  decreases.  Thus  if  we  viewed  such  a  rain- 
drop from  a  distance,  we  should  receive  a  considerable  amount  of 
refracted  and  reflected  light  if  we  looked  along  PgNg,  but  very  little  if  we 
looked  towards  the  drop  in  any  other  direction.  If  XX'  is  drawn  parallel 
to  the  incident  light,  the  angle  N2P2X  is  138°,  and  the  angle  N2P2X'  is  42°. 
Hence  supposing,  with  our  eye,  E  (Fig.  358),  as  apex,  and  the  direction 
of  the  sun's  rays,  SES',  as  axis,  we  describe  a  cone,  of  which  the  angle 
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between  the  generating  lines  and  the  axis  is  42',  all  raindrops,  Pj,  p,,  p», 
&c.,  which  are  on  the  surface  of  this  cone  will  be  so  situated  that  the 
pencil  of  parallel  rays  which  has  undergone  minimum  deviation  can  enter 
the  eye,  and  so  the  drops  would  be  visible  as  bright  points  of  light 


Fig.  358. 

The  phenomenon  is  not  quite  as  simple  as  we  have  hitherto  supposed, 
for  the  while  sunlight  is  not  only  refracted  when  it  enters  and  leaves  the 
drop,  but  dispersion  also  takes  place,  as  shown  at  a,  Fig.  359.  The 
result  is  that  while  the  angle  between  the  pencil  of  red  rays  which  emerges 
parallel  and  the  incident  light  is  about  42",  that  between  the  violet  rays 


Fig.  359. 

is  about  40°.  Hence  if  we  require  to  find  the  positions  of  the  drops 
which  will  send  violet  light  to  the  eye,  we  must  construct  a  cone  of 
which  the  half  vertical  angle  is  40",  which  will  of  course  lie  inside  the 
cone  for  the  red  rays.  The  cones  corresponding  to  light  of  intermediate 
wave-lengths  will  lie  between  these  two,  and  therefore  what  is  seen  is  a 
series  of  circular  arcs  showing  the  spectrum  colours,  the  red  being  outside, 
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and  the  other  colours  following  in  the  order  of  descending  wave-length, 
the  whole  constituting  what  is  called  the  rainbow. 

In  addition  to  the  bow  which  has  been  considered  above,  and  which 
is  called  the  primary  bow,  a  secondary  bow  is  sometimes  seen  outside  the 
first.  This  bow  is  formed  by  light  which  has  been  twice  reflected  inside 
the  raindrops  in  the  manner  shown  at  B  (Fig.  359),  and  the  angles  of 
minimum  deviation  are  54°  for  the  violet,  and  51°  for  the  red.  In  this 
bow,  therefore,  the  violet  appears  on  the  outside. 

The  above  elementary  investigation  is,  however,  incomplete  and  does 
not  account  for  a  series  of  coloured  bands  which  appear  near  the  inside 
edge  of  tbe  primary  bow  and  near  the  outside  edge  of  the  secondary  bow. 
Airy  has  shown  that  these  supernumerary  bows  are  due  to  diffraction, 
but  a  consideration  of  the  more  complete  theory  in  which  the  undulatory 
nature  of  light  is  considered  is  beyond  the  scope  of  this  book. 


CHAPTER  VII 
INTBRPBRENCB 

876.  Interference  of  Light. —The  great  difficulty  met  with  at  the 
outset  by  the  exponents  of  the  undulatory  theoiy  of  light  was  the  ex- 
planation of  the  rectilinear  propagation  of  light  and  of  the  formation  of 
shadows.  In  the  case  of  the  transmission  of  sound  through  air,  which 
was  admittedly  due  to  the  vibrations  of  the  air  particles,  a  sound  pro- 
duced outside  a  room,  and  coming  in  through  the  doorway,  is  found  to 
spread  all  over  the  room,  and  docs  not  confine  itself  to  a  beam  passing 
across  the  room,  as  would  be  the  case  with  light.  It  was  only  when  the 
principle  of  interference  was  introduced  into  optics  that  the  formation  of 
shadows  could  be  explained  on  the  undulatory  theory. 

We  have  already  seen  how  in  the  case  of  ripples  on  the  surface  of 
mercury,  and  in  the  case  of  sound,  two  wave-motions  may  combine 
together,  so  that  while  in  some  places  they  destroy  each  other,  in  others 
they  strengthen  each  other. 

In  the  case  of  light,  all  attempts  to  obtain  interference  between  light 
waves  emitted  by  two  neighbouring  sources,  or  even  two  separate  portions 
of  the  same  source,  fails,  this  failure  being  due  to  the  fact  that  the  phase 
of  the  light  vibrations  given  out  by  a  source  suffers  rapid  and  abrupt 
changes,  so  that  in  the  case  of  two  separate  sources  the  phase  of  the 
emitted  light  may  be  the  same  for,  say,  a  thousand  vibrations,  a  crest 
leaving  each  simultaneously,  and  thus  producing  darkness  at  a  certain 
point  P  ;  then  suddenly  the  phase  of  the  light  given  by  one  source  will 
change,  so  that  while  a  crest  is  leaving  one  source  a  trough  will  be  leaving 
the  other,  and  thus  the  waves  now  strengthen  each  other  at  P.  Since 
such  changes,  if  they  occurred  a  hundred,  times  a  second,  would  not  be 
visible  owing  to  persistence  of  vision,  and  during  a  hundredth  of  a 
second  5  x  10^*  vibrations  of  yellow  light  take  place,  it  is  evident  that  it 
is  not  necessary  to  assume  that  the  changes  of  phase  take  place  so  very 
frequently,  in  order  to  explain  the  absence  of  mterference  between  the 
light  from  two  independent  sources. 

If  instead  of  two  separate  sources  we  take  as  sources  two  images  of 
the  same  portion  of  a  luminous  body,  then,  whenever  a  change  in  phase 
takes  place  in  the  source,  the  corresponding  change  in  phase  will  take 
place  simultaneously  on  the  two  images  ;  and  hence  if  interference  is 
produced  at  a  given  point  before  the  change,  it  will  also  be  produced 
after. 

Fresnel,  in  order  to  demonstrate  the  interference  of  light,  devised 
two  arrangements  for  producing  two  image  sources  in  such  positions 
that  they  interfere.     One  of  his  arrangements  consists  of  two  mirrors, 
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AB  and  BC  (Fig.  360),  inclined  at  an  angle  of  very  nearly  180°,  so  that 

a  luminous  point  at  P  will  produce  two  images,  one  at  p'  by  reflection  in  the 

mirror  AB,  and  the  other  at  p"  by  reflection  in  the  mirror  BC.     In  §  334  we 

have  proved  that  P',   p" 

both   lie  on  a   circle   of 

which    B   is   the  centre. 

Hence   if  we  join    p'p", 

bisect  this  line  at  F,  and 

join   FB,    FB   will   be  at 

right  angles  to  P'p".     If 

FB  is  produced  to  meet 

a   screen   on   which   the 

reflected  light  is  received 

at  O,  then   the  point   O 

is    equidistant    from    P* 

and  P". 

As  far  as  the  reflected 
light  is  concerned,  we 
may  regard  it  as  coming 
from  the  images  P'  and 
p",  so  that  the  length 
of  the  path  of  any  ray 
which,  leaving  P,  is  re- 
flected at  one  of  these 
mirrors  and  strikes  a 
screen  DE  is  the  same  as 
if  it  came  from  p'  or  P", 
as  the  case  may  be.  At 
the  point  o  of  the  screen,  which  is  equidistant  from  the  images,  the  light- 
waves will  assist  one  another,  since  they  always  leave  P'  and  p"  in  the 
same  phase,  these  points  being  images  of  the  same  source. 

There  will  be  interference  at  a  point  such  as  Q,  if  the  difference 
between  the  distances  p'q  and  p"q  is  equal  to  half  a  wave-length,  for 
then  the  vibrations  from  p'  will  reach  Q  in  the  opposite  phase  to  those 
from  p". 

The  manner  in  which  the  waves  coming  from  p'  and  p"  at  some 
points  on  the  screen  strengthen  each  other,  and  at  other  points  annul 
each  other,  is  made  clear  by  the  diagrammatic  representation  given  in 
Fig.  361.  In  this  figure  the  waved  lines  represent  the  displacements 
proceeding  from  the  two  sources  p',  p"  along  the  lines  p'o,  p"o,  P'Q^, 
p"  Qi,  &c.  ;  and  it  will  be  seen  that  the  displacements  produced  at  the 
points  o  and  Q2,  due  to  the  two  sets  of  waves,  are  in  the  same  phase,  so 
that  the  resultant  displacement  is  twice  the  displacement  due  to  either. 
It  will  also  be  seen  that  there  are  an  equal  number  of  waves  between 
P'  and  o  and  p"  and  o,  but  that  there  is  one  more  wave  between  p'  and 
Q2  than  between  p"  and  Qg.  At  the  point  Qj  the  waves  from  the  two 
sources  are  in  opposite  phase  and  destroy  each  other,  and  here  there  is 
half  a  wave  more  between  p'  and  Q^  than  between  p"  and  Qj. 

If  with  centre  Q  (Fig.  360)  and  radius  QP"  we  describe  an  arc  of 
a  circle  cutting  QP'  in  G,  then  GP'  will  be  the  difference  between  the 
paths  p'q  and  p"q. 

Since   in   practice  the   distance   between   the   images   p'  and  p"  is 


Fig.  360. 
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excessively  small  compared  with  the  distance  of  either  of  them  from  the 
screen,  the  arc  p"g  may  be  taken  as  a  straight  line,  which  is  practically 
perpendicular  to  QP',  and  QF. 


Fia  361. 


Since  ij^P"  is  perpendicular  to  OF,  andi  GP"  is  perpendicular  to  ^F,  the 
angle  OFQ  is  equal  to  the  angle  GP"p'.  Hence  calling  this  angle  ^,  and 
the  distance  between  the  images  2^,  we  have — 

or  since  QF  is  practically  equal  to  OF,  Q  being  very  small, 

OF 

Calling  the  distance  BF  between  the  images  and  the  mirrors/,  that 
between  the  mirrors  and  the  screen  q^  and  the  distance  of  the  point  Q 
from  o  x^  we  get,  since  OF=/  +  j', 


GP=^ 


Now  if  X  is  the  wave-length  of  the  light  given  out  by  the  source  p, 
interference  will  be  produced  at  Q  whenever  the  difference  between  the 
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paths  P'Q,  p"q  is  such  that  the  light  reflected  from  the  two  mirrors 
arrives  at  Q  in  opposite  phases.  This  will  occur  when  the  paths  differ  by 
ar^v  odd  number  of  half  wave-lengths,  for  the  ether  at  points  separated 
by  half  a  wave-length  or  any  odd  number  of  half  wave-lengths  is  vibrat- 
ing in  opposite  phases. 

Hence  if  gF  is  equal  to  (2«+i)-,  we  shall  get  interference  at  Q. 

Hence  if  there  is  interference 

2     2a 

If  the  difference  in  path,  GP',  is  equal  to  an  even  number  of  half  wave- 
lengths, i.e.  to  a  whole  number  of  wave-lengths,  the  light  will  reach  Q  in 
the  same  phase,  and  hence  a  bright  band  will  be  produced  at  Q.  When 
this  occurs, 

2      id 

In  this  experiment  the  two  image  sources  p',  p"  play  the  same  part  as 
the  two  needle  points  attached -to  the  tuning-fork  in  the  interference 
experiment  with  capillary  waves  on  the  surface  of  mercury  (§  273).  If 
a  line  in  Fig.  227  were  drawn  parallel  to  the  line  joining  the  two  centres 
of  disturbance,  this  would  represent  the  screen  in  the  optical  experiment, 
and  wherever  this  line  cuts  one  of  the  interference  curves  in  the  figure 
would  correspond  to  a  dark  band  in  the  optical  experiment,  while  half- 
way between  each  curve  the  mercury  surface  is  disturbed  by  the  com- 
bined action  of  the  two  centres  of  disturbance,  and  this  corresponds  to  a 
bright  band  in  light. 

In  the  second  method  used  by  Er£§nel.  the  light  from  a  luminous 
point  P  passes  through  two  narrow-angle  prisms,  AB  (Fig.  362),  placed 
with  their  bases  in  contact,  forming  what  is  called  Fresnel's  bi-prism. 
After  passing  through  the  l^i-prism,  the  light  travels  as  if  it  came  from 
the  two  points  p'  and  p",  and  interference  is  produced  on  a  screen  placed 
at  DE,  as  in  the  previous  case.  Calling,  as  before,  the  distance  of  the 
images  from  the  bi-prism  p,  that  of  the  screen  from  the  bi-prism  ^,  and 
the  distance  between  the  images  2^,  then  a  dark  band  will  be  produced 
by  interference  at  Q,  if  the  distance  OQ  or  x  is  such  that 

as  in  the  case  of  the  two  mirrors. 

Fresnel  made  use  of  these  experiments  on  interference  to  prove  that 
the  velocity  of  light  in  air  is  greater  than  in  glass,  and  hence  to  show 
that  the  emission  theory  was  untenable. 
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Let  Va  be  the  velocity  of  light  of  any  given  colour  in  air,  and  Vg  the 
velocity  of  the  same  coloured  light  in  glass,  and  X^  and  \g  the  wave- 
lengths in  air  and  glass  respectively.     The  colour  of  the  light  being  the 


P^ 


Fio.  363. 


same  whether  it  is  passing  through  air  or  glass,  the  frequency  of  the 
vibration  must  be  the  same  in  the  two  media,  so  that  we  have 


and 
or 


Fig.  363. 


Suppose  now  that  light  proceeding  from  the  two  points  P'  and  p" 
(Fig.  363)  produces  interference  at  Q,  and  that  in  the  path  of  the  light 
proceeding  from  p"  we  introduce  a  plate  of  glass  AB  of  thickness  y. 
Further,  suppose  that  originally  Q  was  the  first  dark  interference  band, 

so  that  the  paths  P'Q  and 
p"q  differed  by  \/2.  Before 
Q  the  introduction  of  the  glass 
Q'  the  number  of  wave-lengths 
Q  in  air  between  a  and  B  was 
yl\a,  while  after  the  intro- 
duction of  the  glass  the 
number  of  wave-lengths 
between  A  and  B  is  yjXg. 
If  then  X^  is  less  than  X^, 
there  will  be  more  wave-lengths  between  A  and  B  when  the  glass  is  intro- 
duced than  there  was  before,  so  that  the  path  from  p"  to  Q  will  be  longer, 
i.e.  contain  a  greater  number  of  wave-lengths  than  before,  and  therefore 
the  two  paths  P'Q  and  P"Q  will  no  longer  differ  by  ha'f  a  wave-length.  In 
order  to  get  interference  when  the  glass  is  introduced,  we  must  there- 
fore lengthen  the  path  P'Q  and  shorten  the  path  p"q.  This  will  be  the  case 
for  a  point  such  as  Q'  nearer  O  than  Q.  In  the  same  way,  if  X^  is  greater 
than  \a,  the  point  where  interference  is  produced  will  be  moved  away  from 
O  when  the  glass  is  introduced,  so  that  if,  on  the  introduction  of  the  glass, 
the  interference  bands  move  towards  the  side  on  which  the  glass  has  been 
introduced,  we  should  infer  that  the  wave-length  in  glass  X^  was  smaller 
than  the  wave-length  in  air  Xa,  and  vice  versa.  On  performing  the  ex- 
periment the  bands  move  towards  the  side  on  which  the  glass  is  intro- 
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duced,  so  that  the  wave-length  in  air,  and  hence  also  the  velocity  in  airi 
is  greater  than  the  corresponding  quantities  for  glass. 

Fresnel's  experiments  may  be  used  to  measure  the  wave-length  X  of 
the  light  used,  for  by  measuring  x  we  can  calculate  X.  It  is,  however, 
generally  more  convenient  to  measure  the  distance  between  the  dark 
interference  bands  than  to  measure  the  distance  of  a  dark  band  from 
the  central  bright  band.  The  distances  of  the  first  few  dark  bands  from 
O  are  given  by 

X    ^+£ 
2*     2d' 


Xi=z 


_3X  p+^ 

5X     ^+£       o  „ 

SO  that  the  distance  (z)  between  two  consecutive  bands  is  ' 

id 

In  this  expression  ^—^  is  independent  of  the  wave-length  of  the  light 

used,  so  that  we  see  that  the  greater  the  wave-length  X,  the  further 
apart  are  the  interference  bands.  It  is  found  by  experiment  that  with 
red  light  the  bands  are  further  apart  than  with  violet  light,  so  that  the 
wave-length  of  violet  light  must  be  less  than  that  of  red  light. 

If  white  light  is  used,  the  violet  light  will  be  destroyed  nearer  to  the 
centre  o  than  the  red  light,  so  that  this  red  left  over  will  produce  a  red 
band  on  either  side  of  the  central  bright  band,  which  will  be  white,  for 
the  light  of  all  wave-lengths  arrives  in  the  same  phase  at  O.  A  little 
further  out  from  o  the  red  light  will  be  destroyed  by  interference  leaving 
the  violet  light,  so  that  here  a  violet  band  will  be  produced.  Hence 
when  white  light  is  used  the  first  dark  band  will  be  bordered  with  red  on 
the  inside  and  violet  on  the  outside.  The  distance  between  the  points 
where  the  red  and  violet  are  destroyed  will  increase  with  each  successive 
band,  until  finally  there  will  be  overlapping  between  one  bright  band  for 
the  violet  and  the  previous  bright  band  for  the  red ;  and  at  some  distance 
from  o,  the  overlapping  will  be  so  considerable  that  white  light  will  be 
reproduced,  and  so  no  bands  will  be  discernible. 

377.  The  Diffraction  Grating.— A  diffraction  grating  consists  of  a 
number  of  equidistant  parallel  lines  ruled  on  a  plate  of  glass,  or  of 
speculum  metal.  In  order  to  explain  the  action  of  a  grating,  we  shall 
suppose  that  it  consists  of  a  series  of  equally  spaced  opaque  lines  ruled 
on  a  plate  of  glass,  the  width  of  each  line  being  equal  to  the  space 
between  two  adjacent  lines. 

Let  AB  and  CD  (Fig.  364)  be  two  adjacent  spaces,  and  suppose  a  beam 
of  parallel  light  to  be  incident  on  the  grating  normally,  i.e.  parallel  to  NA, 
so  that  the  incident  wave-fronts  are  parallel  to  the  grating.     We  may 
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then  look  upon  each  point  in  the  spaces  AB,  CD,  &c.,  as  a  centre  of  dis- 
turbance from  which  light-waves  are  propagated,  all  these  waves  starting 
in  the  same  phase.  Consider  two  of  these  centres  of  disturbance,  one  at 
A  and  the  other  at  C.     The  disturbances  from  these  centres  will  reach 

all  points  at  equal  distances  from  a 
and  B  in  the  same  phase,  and  so  will 
strengthen  one  another. 

At  any  other  point  Q,  however,  the 
disturbances  need  not  be  in  the  same 
phase.  If,  as  is  always  the  case,  Q  is 
at  very  great  distance  from  the  grating 
compared  to  ab,  or,  as  shown  in  the 
figure,  a  lens  L  is  interposed  to  form  an 
image  at  its  principal  focus,  we  may  take 
the  lines  AM  and  CK  as  parallel,  and 
both  inclined  to  the  normal  to  the 
grating  at  an  angle  Q. 

From  A  draw  AH  perpendicular  to 
CK  or  A'NI  :  then,  since  n'a  is  perpen- 
dicular to  CA",  and  AH  is  perpendicular 
to  AM,  the  angle  Cah  included  between 
CA  and  AH  is  equal  to  the  angle  0 
included  between  n'a  and  am.  There- 
fore 

or  if  d  is  the  combined  width  of  a  space 
and  a  line,  so  that  AC  =  ^/, 

CH=dsme, 

Fig.  364. 

Now  the  waves  starting  from  A  and  c 
will  be  in  the  same  phase  when  they  reach  Q,  and  therefore  will 
strengthen  each  other,  if  the  difference  in  the  paths  am  and  CK  is  equal 
to  an  even  number  of  half  wave-lengths.^  Hence  the  condition  for  the 
production  of  a  bright  band  at  Q  is  that 


d  sin  d=2n 


or 


sin  d=^. 


1  After  striking  the  lens  the  waves  will  be  brought  to  a  focus  at  Q,  and  the  virtual 
length  of  the  paths  depends  on  the  constants  of  the  lens.  The  virtual  length,  that  is, 
the  length  allowing  for  the  fact  that  light  travels  more  slowly  in  glass  than  in  air.  of 
all  the  paths  from  the  first  surface  of  the  lens  to  the  focus  Q  is  the  same,  so  that 
any  difference  of  phase  which  exists  at  M  and  K  will  persist  when  the  waves 
reach  Q. 
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If  CH  is  equal  to  an  odd  number  of  half  wave-lengths,  interference  will 
be  produced  at  Q,  the  condition  for  a  dark  band  being 

.    ^fsin  ^=(2«+i)-. 

What  we  have  said  with  regard  to  the  two  centres  A  and  c  will  also 
apply  to  each  pair  of  centres  taken  in  AB  and  CD,  so  that  the  above 
equations  also  give  the  conditions  for  the  production  of  a  bright  or  dark 
band  at  Q,  when  the  whole  of  the  two  spaces  AB  and  CD  are  operative. 
A  similar  argument  holds  with  regard  to  the  next  two  spaces,  and  so  on, 
so  that  the  above"  equations  apply  to  the  grating  taken  as  a  whole. 

If  we  consider  the  first  bright  band,  then,  as  d  is  constant  and 
sin  Q=\ld^  it  is  evident  that  the  value  of  ^  will  vary  with  the  wave-length 
of  the  light,  so  that  by  measuring  the  angle  Q  for  the  first  bright  band 
produced  by  different  coloured  lights,  we  can  calculate  the  wave-length 
of  these  lights.  If  white  light  is  used,  the  positions  of  the  bright  bands 
will  be  different  for  the  different  colours,  and  hence  a  spectrum  will  be 
produced. 

When  using  this  method  to  measure  the  wave-length  of  light  the 
grating  is  mounted  on  the  table  of  the  spectrometer  (Fig.  336),  with  its 
surface  normal  to  the  light  coming  through  the  collimator  and  the 
rulings  on  the  grating  parallel  to  the  slit.  The  telescope  is  then  turned 
to  view  the  bright  bands  on  either  side  of  the  central  bright  band 
corresponding  to  the  undeviated  light,  and  the  difference  between  the 
readings  gives  7.6. 

If  white  light  is  used,  a  series  of  spectra  will  be  obtained  corresponding 
to  the  cases  where  n  is  made  i,  2,  3,  &c.,  in  the  formula 

sin  (9=^ 
a 

The  least  deviated  spectrum,  for  which  «=i,  is  called  the  first  spectrum; 
and  if  X^^,  Xq,  are  the  wave-lengths  of  the  lights  corresponding  to  the 
A  and  H  Fraunhofer  lines,  the  difference  between  the  values  of  Q  for 
these  two  lines  will  be  given  by 

sin^^-sin^«  =  l(X^-Xj. 

In  the  second  spectrum,  for  which  «  =  2,  we  have  in  the  same  way — 

sin  (9'^ -sin  6''h=^^^(X^-XJ. 

Hence  in  this  second  spectrum  the  difference  between  the  sines  of  the 
angles  of  deviation  is  twice  as  great  as  in  the  first  spectrum,  so  that 
&K  -  O'u  is  greater  than  6^  -  ^„,  or,  in  other  words,  the  dispersion  in  the 
second  spectrum  is  greater  than  in  the  first.  In  the  same  way,  the  dis- 
persion in  the  third  spectrum  is  greater  than  in  the  second,  and  so  on. 
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In  the  following  table  the  values  of  the  wave-length  for  the  principal 
Fraunhofer  lines  are  given  : — 


B 

C 

Di 

Da 

D, 


Wave-Length  of  Fraunhofer  Lines  in  Air. 


(7621  X  10"^  cm. 

(7594 
6870 

6563 
5896 
5890 
5876 


E   . 

.  5271  X  lO" 

F 

4861 

G 

4308 

H 

3969 

K 

3934 

L 

3821 

M   . 

3728 

cm. 


378.  Colours  of  Thin  Plates.— It  is  a  matter  of  common  observa- 
tion that  some  bodies,  such  as  soap-bubbles,  thin  filmsr  of  oil  on  water, 
of  oxides  on  metals,  glass,  &c.,  show  under  certain  conditions  of  illumina- 
tion brilliant  colours.  The  explanation  of  these  colours  on  the  wave- 
theory  of  light  is  easily  obtained. 

Let  ABCD  (Fig.  365)  represent  a  section  of  a  glass  plate,  and  suppose 
that  a  parallel  beam  of  light  is  incident  in  the  direction  iMj.     A  ray,  iMj, 

will  be  partly  reflected  at  Mi  and 
partly  refracted  along  MjL.  At 
L  the  refracted  ray  will  be  partly 
reflected  along  lm,  and  partly 
refracted.  The  reflected  portion 
will  again  meet  the  surface  at  M2, 
where  part  will  be  reflected  and 
part  refracted  along  MjR.  A  ray 
directly  incident  at  Mj  will  also 
be  partly  reflected  along  MgR,  so 
that  we  shall  have  two  waves 
which  left  l  and  l'  in  the  same 
phase,  one  having  traversed  the 
path  iMjLMjR,  and  the  other  the 
path  i'MjR,  and  as  these  paths 
differ  in  length,  we  may  have 
these  waves  interfering. 
In  order  to  get  the  difference  in  the  lengths  of  these  two  paths  we 
draw  M^F  perpendicular  to  Mgl',  M2E  perpendicular  to  M^L,  MgN'G  a 
normal  through  Mo,  and  LN  a  normal  through  L.  Produce  MiL  to  meet 
the  normal  through  Mg  at  G. 

Now  MjF  is  the  wave-surface  at  the  instant  the  wave  reaches  Mj,  for 
it  is  at  right  angles  to  the  incident  rays  iMj  and  I'Mg.  Also,  MgE  is  the 
wave-surface  of  the  refracted  wave  when  the  incident  wave  reaches  Mj, 
for  it  is  at  right  angles  to  the  refracted  ray  M^L  (see  also  §  369).  Thus 
when  the  disturbance  travelling  along  i'Mj  reaches  Mg,  the  disturbance 
travelling  along  IM^L  will  have  reached  E.  Hence  we  have  to  find  the 
time  the  disturbance  takes  to  traverse  the  path  ELMg. 

Since  the  sides  of  the  film  AB  and  DC  are  parallel,  the  angle  NLMg  is 
equal  to  the  angle  LMjN'.  Also,  since  the  normals  NL  and  MjG  are 
parallel,  the  angle  NLM^  is  equal  to  the  angle  n'gl.  But  by  the  law  of 
reflection  the  angle  NLMj  is  equal  to  the  angle  nlMj.     Hence  the  angle 
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LGN'  is  equal  tojhe  angle  LMgN'.  Thus  the  triangles_LGN'  and  LMgN 
are  equal,  and  MgN'  is  equal  to  n'g,  and  LMg  is  equal  to  LG.  If  therefore 
MgN',  or  the  thickness  of  the  film,  is  T  and  the  angle  M^LN  is  /5,  we  have, 
frorh  the  right  angled  triangle  M2GE,  EG  =  M2G  cos  Mg  GL  =  2rcos  /?  = 
EL  +  LMg.     Hence  the  difference  in  the  lengths  of  the  paths  is  2Zcos  /5. 

If  V  and  V^  are  the  velocities  of  the  light  in  air  and  glass  respectively, 
and  X  and  X^  are  the  wave-lengths  in  air  and  glass,  then  since  the  fre- 
quency in  the  two  media  must  be  the  same  \\^=^VJV—\\ii  (§  369). 
Hence  if  there  are  n  waves  between  E  and  Mg  along  the  path  ELMg,  we 
have,  since  this  path  is  in  glass,  n=^lT  cos  /?/X^=2  7>4  cos  ^/x.  Thus 
the  phase  of  the  disturbance  which  travels  along  iMjLMgR  is  n  periods 
behind  the  phase  of  the  disturbance  which  travels  along  I'MgR,  where  n 
is  given  by  the  above  equation.  Now,  if  the  rays  had  both  travelled 
throughout  their  course  through  air  only,  while  the  length  of  one  path  had 
differed  from  the  length  of  the  other  by  2  7)*  cos  ^,  the  phase  of  one  dis- 
turbance would  have  been  2  7>  cos  /3/X  periods  behind  the  other.  Hence, 
in  the  case  where  one  disturbance  travels  through  glass,  we  may  call  the 
product  of  the  difference  of  the  lengths  of  the  paths  into  the  refractive 
index  of  the  glass  the  ejffective  difference  in  the  paths,  so  that  in  the  case 
considered  the  effective  difference  of  path  =  2  7)*  cos  ^. 

If  this  difference  in  path  is  zero,  then  we  should  expect  the  two  waves 
to  strengthen  each  other,  since  along  MgR  they  would  be  in  the  same 
phase.  If  T  is  made  vanishingly  small  the  difference  in  the  paths 
vanishes,  so  that  there  ought  to  be  maximum  reflection  for  this  case, 
since  the  light  reflected  from  the  two  surfaces  will  be  in  the  same  phase. 
It  is  found,  however,  in  the  case  of  a  -soap  film,  that  as  it  gets  thinner  a 
thickness  is  at  length  reached  when  no  light  is  reflected  from  the  film, 
while  when  it  is  thicker  colours  are  produced.  We  are  therefore  led  to 
the  conclusion  that  the  above  investigation  is  defective.  The  fact  is  that 
the  reflections  that  take  place  at  L  and  Mg  occur  under  different  condi- 
tions, in  that  at  L  the  light  is  travelling  in  a  dense  medium  and  is 
reflected  at  a  surface  separating  a  denser  medium  (glass)  from  a  less 
dense  medium  (air),  while  at  Mg  the  light  is  travelling  in  the  less  dense 
medium  and  is  reflected  at  a  surface  separating  this  medium  from  a  more 
dense  medium. 

We  may  form  an  idea  in  what  manner  this  difference  in  the  circum- 
stances of  the  reflection  will  affect  the  phase  of  the  reflected  light  by 
considering  the  impact  of  two  elastic  particles  of  different  mass.  If  the 
lighter  particle  strikes  the  heavier  particle,  it  will  drive  the  heavier 
particle  forward,  but  it  will  itself  rebound  so  that  its  own  motion  will  be 
suddenly  reversed.  Since  a  sudden  reversal  of  a  moving  particle's  motion 
corresponds  to  a  change  of  phase  of  half  a  wave-length,  we  can  conceive 
that  when  a  light-wave  moving  in  air  strikes  a  denser  medium,  such  as 
glass,  the  refracted  ray  will  be  in  the  same  phase  as  the  incident  ray,  but 
the  reflected  ray  will  undergo  a  sudden  change  in  phase,  equivalent  to 
the  loss  of  half  a  wave-length  at  the  moment  of  reflection. 

If  a  heavier  particle  strikes  a  lighter,  then  the  lighter  particle  is  driven 
forward,  but  the  motion  of  the  heavier  particle  continues  in  its  original 
direction.  So  that,  in  the  case  of  a  wave  of  light  travelling  in  a  denser 
medium  and  meeting  a  surface  separating  this  medium  from  a  less  dense 
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one,  there  will  be  no  change  in  phase  in  either  the  refracted  or  reflected 
wave. 

Hence  while  the  reflected  ray  at  M^  loses  or  gains,  whichever  we  like 
to  take  it,  half  a  wave-length,  due  simply  to  thp  reflection,  the  ray 
iMjLMgR  does  not  suflTer  any  such  sudden  loss  or  gain.  In  considering 
the  interference  of  the  two  rays  along  M2R,  we  must  therefore  add  X/2  to 
the  path  iMjR,  so  that  the  difference  in  path,  allowing  for  this  eflfect  due 
to  reflection,  is 

27MCOS/3-f-. 


If  in  this  expression  T  is  made  very  small,  the  two  waves  will  differ  in 
phase  by  X/2  and  hence  will  produce  interference,  and  we  shall  get  no 
reflected  light,  which  agrees  with  experiment. 

Interference  will  also  take  place  if  the  difference  in  phase  between  the 
two  rays  is  any  odd  number  of  half  wave-lengths.  Hence  interference 
will  take  place  if 


(2«  + 1 )  =  2  7>  cos  ^-f 
n\  =  2TtL  cos/?. 


2' 


or  if 

In  this  expression  it  must  be  remembered  that  X  is  the  wave-length  of  the 
light  in  air,  and  )3  is  the  angle  of  incidence  on  the  second  surface  of  the 
thin  plate. 

If  the  thickness  T  oi  the  plate  varies  and  the  incident  light  is  while,  a 
series  of  coloured  patches  and  streaks  will  be  fonned,  for  light  of  the 
different  colours  which  constitute  white  light  will  be  destroyed  by  inter- 
ference at  different  points,  the  thickness  being  given  by  the  above 
expression,  and  the  reflected  light  will,  by  the  loss  of  the  destroyed  rays, 
appear  coloured. 

379.  Newton's  Rings. — When  a  convex  lens  of  large  radius  is 
pressed  on  a  flat  piece  of  glass  or  on  a  concave  glass  surface  of  greater  / 

radius  of  curvature  than  that  of  the 
lens,  the  point  where  the  lens  touches 
the  glass  will  be  seen  surrounded  by 
a  series  of  dark  rings  if  the .  light  is 
monochromatic,  or  of  coloured  rings 
if  white  light  is  used.  These  rings, 
which  are  known  as  Newton's  rings, 
are  produced  by  interference  in  the 
thin  film  of  air  enclosed  between  the 
two  glass  surfaces,  and  may  be  seen 
both  in  the  reflected  and  in  the  transo 
mitted  light. 

If  SOPN  (Fig.  366)  represents  a 
section  of  the  sphere  from  which  the 
lens  may  be  supposed  to  be  cut,  and 
AB  the  glass  plate,  which  the  lens 
touches  at  O,  then  the  thickness  of 
the  air  film  included  between  the  lens 
and  the  plate  is  zero  at  O  and  increases  as  we  pass  out  from  o. 

Let  Q  be  a  point  at  a  distance  r  from  the  point  of  contact,  then  the 


Fig.  366, 
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thickness  of  the  air  film  at  Q  can  be  found  as  follows.  Draw  QP  per- 
pendicular to  AB  to  meet  the  circle,  and  through  P  draw  PS  parallel  to  AB, 
cutting  the  diameter,  jfo^ of  the  circle  in  R.  _Then  by  a  well-known 
property  of  the  circle  PR.RS  =  OR.RN  =  (on-OR)or. 

Hence  if  R  is  the  radius  of  curvature  of  the  surface  of  the  lens,  and 

OR  or  PQ,  the  thickness  of  the  air  film,  is  called  7",  we  have 

r''  =  {iR-  T)T=iRT-  T^. 

Now  since,  when  interference  takes  place,  the  thickness  T  of  the  air  film 
is  always  very  small  compared  with  the  radius  of  the  lens  /?,  the  quantity 
2^2  will  be  very  small  compared  with  iRT^  so  that  we  may  neglect  7^, 
and  so 

r2  =  2/?7; 

We  have  already  seen  that  in  the  case  of  reflected  light  interference 

will  take  place  if   T= 7,,  where  X  was  the  wave-length  in  the 

^  2At  cos  p  ^ 

medium  outside  the  film.    If  Xj  is  the  wave-length  in  the  medium  outside 

the  film,  and  Xg  the  wave-length  in  the  film,  then 

or  Xi=X2 1^*2. 

Hence  interference  will  take  place  if 


r= 


n\^ 


2  cos  j8' 


where  Xg  is  the  wave-length  in  the  film. 

In  the  case  of  Newton's  rings  we  are  dealing  with  air  as  the  film,  and 
so  X2  is  here  the  wave-length  in  air,  so  that  we  shall  have  a  dark  ring 
passing  through  Q  if 

'iR~2  cos  ^ 


or  if  rn2= 


n\^R 
cos  (B' 


If,  the  lens  and  plate  are  in  contact  at  the  centre,  we  shall  get  inter- 
ference, as  we  have  already  shown,  and  there  will  be  a  black  spot  at 
the  centre ;  the  radii  of  successive  dark  rings  will  be  obtained  by 
taking  n  equal  to  i,  2,  3,  &c.,  so  that  the  squares  of  the  radii  of  suc- 
cessive dark  rings  are  proportional  to  the  natural  numbers,  i,  2,  3,  &c. 
The  angle  (^  is  that  which  the  light  rays  in  the  air  film  make  with  the 
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plate,  but  in  all  practical  cases  the  lens  is  of  such  small  curvature,  and 
the  rings  are  only  formed  so  near  the  centre,  that  we  may  regard  the 
lens  as  a  parallel  plate,  so  that  the  rays  in  the  air  film  will  be  parallel 
to  the  rays  incident  on  the  upper  surface  of  the  lens,  and  we  may  take  j8 
as  the  angle  of  incidence  of  the  rays  on  the  lens. 

If  the  light  is  incident  normally  i8=^,  and 

At  the  centre  there  is  interference  for  all  the  colours,  so  that  with 
white  light  the  centre  is  black  ;  as  we  pass  out,  if  Xh  is  the  wave-length 

of  violet  light,  then  when  r* 
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Fig.  367. 


is  equal  to  \^K  this  violet 
light  will  be  destroyed,  and 
hence  the  remaining  light 
will,  along  this  circle,  appear 
coloured  red.  A  little  fur- 
ther out,  H  is  equal  to  XaA', 
so  that  the  red  light  is 
destroyed,  and  the  remaining 
light  appears  violet.  When 
r*  is  equal  to  2\h/i^,  the  violet 
will  again  be  destroyed  and 


is  equal  to  2XaA',  the  violet 
will  be  left.  Thus  with  white  light  the  central  black  spot  will  be  sur- 
rounded by  a  series  of  coloured  rings,  the  inner  ones  being  red  on  the 
inside  and  violet  on  the  outside. 

Newton's  rings  are  also  formed  in  the  light  which  is  transmitted 
through  the  lens  and  plate.  If  AB  (Fig.  367)  is  the  surface  of  the  plate, 
and  ADE  the  lens,  then  a  ray  of  light  incident  normally  along  IQ  traverses 
the  air  film,  and  at  P  is  partly  transmitted  along  PS  and  partly  reflected 
along  pq',  where  it  is  again  partly  reflected  along  Q'p's'.  Interference 
may  then  take  place  between  the  waves  which  have  traversed  the  air 
film  once,  and  those  which  have  traversed  it  three  times. 

Using  the  same  notation  as  before, 
and  the  difference  in  path  is  given  by 

The  ray  IS,  as  it  is  nowhere  reflected,  undergoes  no  sudden  change  in 
phase  ;  the  ray  ipq's',  however,  is  reflected  at  P  and  at  q',  and  in  each 
case  at  the  surface  of  a  denser  medium,  and  loses  at  each  half  a  wave- 
length, or  a  whole  wave-length  in  all.  Hence,  as  the  loss  or  gain  of  a 
whole  wave-length  by  one  ray  does  not  affect  the  interference  pheno- 
mena between  two  rays,  we  have  that  interference  will  take  place  when 
the  difference  in  the  paths  is  equal  to  an  odd  multiple  of  the  half  wave- 
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length.     Hence  there  will  be  a  dark  ring  passing  through  Q  if 


2PQ  = 

=  (2«+l)^, 

or 

— = 
R 

=  (2«+l)^, 

or 

f^= 

=  (2«+i)^; 

while 

there  will  be  a  bright 

ring  for 

r^-- 

=  2«>^. 

2 

When  n=o,r'  =  o,  so  that  there  will  be  a  bright  spot  at  the  centre,  as 
is  also  obvious  since  here  the  lens  and  plate  are  in  contact,  so  that  there 
is  no  air  film,  and  the  light  is  simply  transmitted.  By  comparing  the 
expressions  for  r  in  the  case  of  reflected  and  transmitted  light,  it  will 
be  seen  that  where  there  is  a  dark  ring  for  one,  there  will  be  a  bright 
ring  for  the  other. 

380.  Stationary  Waves.— Lippmann's   Colour-Photogpaphy.— 
Suppose  a  beam  of  parallel  rays,  or,  in  other  words,  a  series  of  plane 
waves,  is  incident   normally  on   a  plane 
mirror,  then  the  waves  will  be  reflected      A     C      C' 
at  the  mirror,  and  we  may,  as  in  the  case 
of  water  waves  (§  277),  have  stationary 
waves  set  up  owing  to  the  interference 
between  the  direct  and  reflected  waves. 
Consider  a  point  P  (Fig.  368),  at  a  dis- 
tance X  from  the  mirror,  then   we  may 
consider  that  at  P  we  have  two  series  of       B     D     D' 
waves,   one    the    direct   waves    and    the  p^^     gg 

other   a    series,   which,   starting    in    the 

same  phase  as  the  direct  waves,  has  travelled  along  a  path  which 
exceeded  that  of  the  direct  waves  by  2x.  We  must  also  add  half 
a  wave-length,  for  the  reflection  at  o  takes  place  at  the  surface  of  a 

denser  medium.     Hence  the  difference  of  path  is  really  2x+-.     There 

will  be  interference  at  P,  if  this  difference  in  path  is  equal  to  an  odd 
number  of  half  wave-lengths,  or  if 

or  x=^. 

2 

If  then  P  is  a  point  such  that  P0  =  X/2,  there  will  be  interference  through- 
out a  plane  CD,  drawn  through  P  parallel  to  the  reflecting  surface  ;  there 
will  also  be  interference  throughout  the  plane  c'd',  which  is  at  a  distance 
of  X  from  AB,  and  so  on.  The  distance  between  the  planes  in  which 
interference  occurs  will  vary  with  the  wave-length  of  the  light,  being 
smaller  for  violet  light  than  for  red  light.     The  distance  between  con- 
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secutive  planes,  even  for  red  light,  is,  in  the  case  of  normal  incidence, 
excessively  small,  being  only  3.8  x  io~^  cm.  for  the  red  (A  line). 

The  formation  of  these  planes,  over  which  interference  takes  place, 
in  the  neighbourhood  of  a  plane  mirror  has  been  utilised  by  Lippmann 
in  his  excessively  beautiful  method  of  obtaining  photographs  in  natural 
colours.  If  the  front  surface  of  the  mirror  is  coated  with  a  sensitive 
photographic  emulsion,  tjien  when  light  of  wave-length  X'  is  incident  on 
the  mirror  the  light  will  be  destroyed  in  planes  which  are  at  a  distance 
of  X72,  2X72,  3X72,  &c.,  from  the  mirror,  so  that  the  emulsion  will  not  be 
affected  on  these  planes.  At  the  planes  at  distances  X74,  3X74,  &c.,  the 
incident  and  reflected  light  strengthen  each  other,  and  the  emulsion  will 
be  acted  upon,  so  that  on  development  the  silver  of  the  emulsion  will 
be  reduced  on  these  planes,  and  thus  a  number  of  parallel  planes  at  a 
uniform  distance  apart  will  be  produced  within  the  film. 

If  now  a  beam  of  white  light  is  incident  on  the  developed  plate,  the 
interval  between  each  of  the  planes  in  which  the  silver  has  been  deposited 
will  act  as  a  thin  film  producing  interference  in  the  manner  considered 
in  §  37S  between  the  light  reflected  from  two  consecutive 
^  planes  in  which  the  silver  is  deposited.    The  difference  in 

phase  between  the  light  reflected  at  plane  i  (Fig.  369), 
and  that  reflected  at  plane  2,  will  be  egual  to  twice  the 
distance  between  the  planes.  Hence,  smce  the  distance 
between  the  planes  is  X72,  the  difference  in  the  paths  is 
X',  so  that,  in  the  case  of  the  component  of  the  incident 
white  light  which  has  the  wave-length  X',  the  two  reflected 
rays  combine  to  strengthen  each  other.  For  light  of  all 
other  wave-lengths  the  two  reflected  rays  will  differ  in 
phase,  and  will  therefore  more  or  less  interfere.  If  there 
were  only  two  planes  the  selective  strengthening  of  the 
2         I  reflected  light   of  one   wave-length  would   not  be  very 

Fig.  369.        marked;   when,  however,  there  are  hundreds  of  planes 
placed  one  after  the  other,  the  final  result  is  that  practi- 
cally only  light  of  wave-length  X'  is  reflected,  that  is,  light  of  the  same 
colour  as  that  originally  incident  on  the  sensitive  film. 

If  then,  instead  of  using  homogeneous  light  to  act  on  the  sensitive 
film,  light  of  different  colours  in  different  parts  is  used,  such  as  would 
be  obtained  if  the  image  of  a  party-coloured  object  formed  by  a  lens  is 
thrown  on  the  film,  then  on  development  the  silver  will  be  so  deposited 
that,  when  the  film  is  afterwards  illuminated  by  white  light,  the  light 
reflected  from  different  parts  of  the  film  will  be  of  the  same  colour  as  the 
corresponding  part  of  the  original  image,  and  hence  of  the  object,  and 
we  shall  thus  get  a  photograph  in  natural  colours. 

381.  Miehelson's  Interference  Apparatus.— In  the  cases  of  inter- 
ference which  we  have  hitherto  considered,  the  difference  in  the  length 
of  the  paths  of  the  interfering  waves  has  only  amounted  at  most  to  a  few 
hundred  wave-lengths.  Michelson  has,  however,  obtained  interference 
when  the  paths  differed  by  as  much  as  20  cm.,  i.e.  about  400,000  times 
the  wave-length.  His  apparatus  consists  of  two  parallel-sided  plates  of 
glass,  Gj  and  G,  (Fig.  370),  of  equal  thickness,  and  two  plane  mirrors, 
Ml  and  M2,  arranged  as  shown  in  the  figure.  The  surface  of  the  glass 
plate  G„  which  is  turned  towards  the  mirror  Mj,  is  lightly  silvered,  so 
that  when  light  is  incident  at  an  angle  of  45"  on  this  surface,  half  the 
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light  is  reflected  and  half  is  transmitted  through  the  thin  coating  of 
silver. 

If  a  parallel  beam  of  light  is  incident  on  the  plate  Gj  along  the 
direction  10,  the  greater  part  will  be  refracted  and  traverse  the  plate. 
When  this  light  meets  the  silvered  surface  half  will  be  reflected,  and  after 
again  traversing  the  glass  plate  will  be  incident  normally  on  the  mirror 
Mp ;  the  other  half  will  be  transmitted,  and  after  traversing  the  plate  Gg 
will  be  incident  normally  on  the  mirror  Mi.  The  light  which  falls  on  the 
mirror  Mj  will  be  reflected  back  along  its  path,  will  again  traverse  the 
plate  Gg,  and  will  then  be  partly  reflected  at  the  silvered  surface  of  G^ 
along  o'Rj.     The  light  which  falls  on  the  mirror  M2  will  be  reflected  back 


M|    M| 


IV  ^. 


Fig.  370. 


along  its  path  and  will  traverse  the  glass  plate  Gj,  and  part  will  be 
transmitted  through  the  silvering  and  emerge  along  the  path  ORg.  In 
the  figure  the  reflected  rays  are,  for  clearness,  shown  dotted  and  slightly 
displaced  to  one  side  of  the  incident  rays.  In  reality  no  such  displace- 
ment occurs,  and  the  two  reflected  rays  c'r^,  and  o'R2,  are  not 
separated. 

The  two  rays  start  from  the  point  o'  in  the  same  phase,  and  while  one 
passes  twice  through  the  plate  Gj  and  twice  traverses  the  distance  be- 
tween Gj  and  M2,  the  other  passes  twice  through  the  plate  G^}  and  twice 
traverses  the  distance  between  G^  and  M^.  Hence,  if  the  thickness  of 
the  glass  plates  is  the  same,  the  difference  in  phase  of  the  rays  c'r^  and 
o'R2  depends  on  the  difference  in  the  lengths  of  the  paths  o'm^  and  o'M2. 
If  these  paths  differ  by  an  odd  number  of  half  wave-lengths,  the  rays 
O'Rj  and  o'R2  will  interfere. 

Suppose  that,  for  light  of  wave-length  X,  interference  takes  place 
when  the  mirror  Mj  is  in  the  position  shown,  and  that  by  means  of  a 
micrometer  screw  this  jnirror  can  be  moved  f)arallel  to  itself  into  a 
position  m'i,  such  that  MiM'i  is  equal  to  half  a  wave-length,  the  path  of 


1  The  reason  for  interposing  the  plate  Gq  is  that  the  light  reflected  in  the  mirror  Mj 
may  h.ave  to  traverse  as  great  a  thickness  of  glass  as  has  the  light  that  is  reflected  in 
the  mirror  M2. 
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one  of  the  rays  will  be  increased  by  a  whole  wave-length,  so  that  if  there 
was  interference  at  Mj  there  will  also  be  interference  at  M',,  and  nowhere 
between.  Hence  by  moving  Mj,  and  counting  the  number  of  times  the 
two  rays  produce  interference  for  any  given  wave-length,  we  shall  be 
able  to  determine  the  distance  through  which  we  have  moved  Mj  in 
terms  of  the  wave-length  of  the  light  used.  Thus  if  we  move  Mj  through 
X  centimetres,  and  interference  is  produced  n  times  in  this  distance  with 
light  of  wave-length  X,  we  shall  have — 

2 

Hence  counting  »,  and  knowing  either  X  or  jr,  wc  can  determine  the 
other. 

By  means  of  this  apparatus  Michelson  has  compared  the  length  of 
the  Metre  des  Archives  with  the  wave-length  of  light  of  certain  colours. 
He  used  the  three  coloured  lights  given  out  by  cadmium  vapour,  and 
found  that  if  X^,  X^,  \  are  the  wave-lengths  of  the  three  cadmium  lines  in 
air  under  standard  condition,  then — 

I  metre=»i553i63.6X,^ 

„       =-i9662497>o 
„       =-2o83372.iX^ 

with  a  possible  error  of  a  few  tenths  of  a  wave-length.  This  measurement 
would  allow  us,  supposing  all  the  copies  of  the  metre  were  destroyed,  to 
reproduce  the  metre  with  a  very  high  degree  of  accuracy. 

382*.  Explanation  of  the  Rectilinear  Propagration  of  Light 

on  the  Wave  Theory.— One  of  the  chief  causes  why  the  wave  theory 

1^  of  light  was   for  a  long   time  thought 

to  be  incorrect,  was  the  difficulty  of 
explaining  why  light  was  propagated 
in  straight  lines,  and  did  not,  as 
sound  in  general  does,  spread  out  in 
all  directions  after  passing  through 
a  hole  in  a  screen  ;  and  we  are 
now  in  a  position  to  consider  this 
question. 

Let  mm'  (Fig.  371)  be  the  trace  of 

a    plane    wave  -  front    at    right    angles 

to  the  paper,  and  P  a  point  at  which 

we     require     to     calculate     the     effect 

which  will  be   produced  by  the  wave. 

|i^'  .  Now   we   may    consider   that   each    of 

Fig.  371.  ^^^   ether  particles  in   the   wave  -  front 

mm'  becomes  a  centre  of  disturbance, 

and  we  then  have  to  find  what  is   the   combined  effect  of  all  these 

centres  on  the  ether  at  the  point  P^_  From  P  draw  PA  perpendicular  to 

the  wave-front,  and  let  the  distance  pa  be  called  d.     Next,  with  the  radii 
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equal  to  d+\J2^  d-\-2KJ2,  d+$\/2,  &c.,  describe  a  series  of  circles  with  P 
as  centre,  cutting  mm'  at  B,  C,  D^  &c.,  and  join  BP,  CP,  DP,  &c.  Now 
since  bp- AB  =  X/2,  the  waves  sent  by  the  ether  particles  at  A  and  u  will 
reach  P  in  opposite  phases,  and  will  therefore  interfere.  In  the  same 
way  the  waves  sent  from  B  and  C  will  interfere,  and  so  also  the  waves 
coming  from  the  particles  between  A  and  B  will  interfere  with  the  waves 
coming  from  the  particles  between  B  and  C.  Now  the  same  argument 
will  apply  to  the  waves  coming  from  all  the  particles  on  the  wave- 
front  included  in  a  circle  described  about  a  as  centre  with  radius  ab 
on  the  one  hand,  and  the  particles  included  in  the  annulus  or  zone 
having  radii  AC  and  ab.  Now  the  effect  produced  at  P  by  the  waves 
sent  from  all  the  particles  in  any  zone  may  depend  on  three  things, 
namely,  the  area  of  the  zone,  which  gives  the  number  of  ether  particles 
which  are  sending  waves  to  P,  the  inclination  to  the  wave-front  mm'  of 
the  line  joining  P  to  the  zone,  and  the  distance  of  P  from  the  zone.  Since 
the  inclination  and  distance  increase  as  the  zones  are  taken  further  and 
further  from  A,  the  magnitude  of  the  effect  produced  at  P  by  zones 
having  equal  areas  will  on  this  account  gradually  fall  off".  Since  the 
inclination  and  distance  vary  from  one  zone  to  the  next  at  first  quite 
rapidly,  but,  as  we  shall  see  later,  the  change  very  soon  becomes  ex- 
cessively small,  it  follows  that  the  difference  between  the  effects  pro- 
duced by  equal  areas  of  consecutive  zones  is  at  first  considerable,  but 
soon  becomes  inappreciable  as  we  get  away  from  a. 

We  have  next  to  calculate  the  areas  of  the  successive  zones.     Now 
PB=^+X/2.     Hence 

=  d\, 
if  we  neglect  the  term  involving  X^,  since  X  is  a  very  small  quantity.    Also 

AC2  =  (^-hX)2-^2 


and  Ad2  =  3^X, 

and  so  on. 

Hence  the  area  of  the  circle  ab  is 

TT^afX. 
The  area  of  the  zone  BC  is 

27r^X  —  7r<^/X  =  TTifK. 
The  area  of  the  zone  CD  is 

37r^X  —  27rrt^X  =  TT^, 
and  so  on.     Hence  the  area  of  all  the  zones  is  the  same. 
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Now  if  the  distance  ap  or  ^  is  10  cm.,  and  X  is  5  x  10-*  cm.  (green 
light),  the  radii  of  the  zones  have  the  following  values  : — 


Zone. 

Radius. 

Width  of  Zone, 

Centimetres. 

Centimetres. 

I      (AB) 

0.022 

0.022 

2     (AC) 

0.032 

0.0 10 

3     (AD) 

0.039 

0.007 

4     (AE) 

0.045 

0.006 

5 

0.050 

0.005 

10 

0.071 

0.003 

1 1 

0.074 

... 

100 

a224 

... 

lOI 

0.225 

0.001 

This  table  shows  very  clearly  how  the  width  of  the  zones  diminishes 
very  quickly  at  first,  and  then  more  slowly,  and  how  very  narrow  the 
zones  become  even  at  a  distance  of  two  millimetres  from  the  point  a, 
which  is  called  the  pole  of  P. 

Now  the  effect  produced  at  P  by  any  given  zone  depends  on  the  area 
of  the  zone,  its  distance  fi-om  P,  and  on  the  inclination  to  the  line  ap  of 
the  line  joining  P  to  the  zone.  The  table  given  above  shows  that  for  the 
zones  at  quite  a  short  distance  from  the  pole  a  the  width  of  the  zones  is 
very  small,  and  hence  the  angles  between  the  lines  joining  two  adjacent 
zones  to  P  and  the  line  ap,  as  also  their  distances  from  P  are  practically 
the  same.  Thus,  except  in  the  case  of  the  first  few  zones,  the  effects  of 
consecutive  zones  at  P  are  exactly  equal  and  opposite,  and  hence  the  only 
portion  of  the  wave  mm',  which  contributes  to  the  production  of  the 
disturbance  at  the  point  P,  is  that  portion  immediately  surrounding  the 
pole  A.  Thus  if  an  opaque  obstacle  be  placed  at  A,  so  as  to  cut  off 
the  disturbance  coming  from,  say,  the  first  ten  zones,  theie  will  be  no 
disturbance  produced  at  P,  for  the  disturbance  coming  from  the  zones, 
into  which  the  rest  of  the  wave  can  be  divided,  will  neutralise  each  other 
by  interference.  That  is,  an  obstacle  of  about  1.5  mm.  diameter,  if 
placed  at  A,  will  completely  screen  P.  This  result,  of  course,  amounts  to 
the  same  thing  as  the  rectilinear  propagation  of  light,  for  the  obstacles 
employed  when  considering  this  phenomenon  are  in  general  larger  than 
that  given  above. 

We  also  at  once  see  why  it  is  that  in  the  case  of  sound-waves 
"  shadows  "  are  so  seldom  formed.  Thus,  taking  the  case  of  a  tuning- 
fork  giving  the  note  C  of  512  vibrations  per  second,  the  wave-length  in 
air  is  about  66.7  cm.  Hence  if  the  point  P  is  at  a  distance  of  1000  cm. 
from  the  pole  A,  the  diameter  of  the  tenth  zone  is  2  J  10x66.7  x  1000= 
1634  cm.  In  other  words,  the  diameter  of  an  obstacle  to  shut  off  the 
sound  would  have  to  be  one  and  a  half  times  the  distance  of  P  from 
the  pole,  and,  under  these  circumstances,  the  obliquity  of  the  disturbance 
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coming  from  the  zones  would  be  so  great  as  to  make  our  investigation 
only  a  very  rough  approximation.  Thus  we  see  that  the  reason  we  do 
not  obtain  sound-shadows  is  that  the  wave-length  of  the  disturbance  is 
too  great  compared  to  the  size  of  the  obstacles  ordinarily  used.  Where 
the  obstacle  happens  to  be  very  large,  sound-shadows  are  sometimes 
observed  ;  as,  for  instance,  an  intervening  hill  has  often  protected  certain 
buildings  from  the  aerial  concussion  produced  by  an  explosion,  while 
other  buildings  at  much  greater  distances,  but  not  in  shadow,  have  had 
their  windows  broken.  In  the  case  of  very  high  sounds  the  shadow  of 
quite  a  small  obstacle  can  be  easily  observed.  Thus  in  the  case  of  the 
hissing  sound  made  by  the  steam  escaping  from  the  safety  valve  of  an 
engine  the  shadow  cast  by  the  hand  held  a  few  inches  away  from  the 
ear  is  distinctly  noticeable. 

383*.  Diffpaction. — To  complete  the  discussion  of  the  production  of 
shadows  on  the  wave-theory,  we  must  now  briefly  consider  the  phenomenon 
observed  in  the  immediate  neighbourhood  of  the  edge  of  a  shadow,  and 
also  what  happens  when  the  size  of  the  obstacle  is  less  than  the  diameter 
of,  say,  ten  zones,  so  that  the  disturbance  is  not  completely  cut  off  from 
the  point  P  by  the  intervention  of  the  obstacle. 

We  will  first  consider  the  case  of  a  parallel  beam  of  light  which  is 
intercepted  by  an  opaque  object,  of  which  one  edge  is  a  straight  line. 

Let  N  (Fig.  372)  be  the  section  of  the  edge  of  the  obstacle,  nm',  taken 
at  right  angles  to  the  paper,  and  P  the  point  where  the  illumination  is 
to  be  calculated.  If  no  obstacle  were 
present,  we  might  divide  the  incident 
wave  mm'  into  half  wave-length  zones, 
just  as  in  the  previous  section.  Let  the 
amplitude  of  the  vibration  which  reaches 
p  when  no  obstacle  is  present  be  A,  so 
that  the  intensity  of  the  illumination  at 
P  is  A^  (§§  312,  362).  Now,  when  the 
obstacle  is  so  placed  as  to  exactly  cover 
half  the  zones,  that  is,  when  the  edge 
passes  through  the  pole  of  p,  the  ampli- 
tude of  the  disturbance  produced  at  p 
will  be  reduced  to  a  half,  and  therefore 
the  intensity  of  the  illumination  will  be 
A^/4,  that  is,  reduced  to  a  quarter. 

Now  let  the  obstacle  be  gradually 
moved  down  till  the  edge  N  coin- 
cides with  B',  that  is,  till  the  first  zone  is  completely  uncovered. 
The  result  will  be  that  the  illumination  at  P  will  increase  and  become 
considerably  greater  than  A^.  The  reason  is  that  the  illumination  is  A^ 
when  the  zone  b'c'  is  also  uncovered,  and  this  zone  affects  P  in  the 
opposite  phase,  and  therefore  decreases  the  disturbance  produced  by  the 
central  zone.  If  the  edge  is  now  lowered  to  c'  the  intensity  of  the 
illumination  will  gradually  decrease,  and  reach  a  minimum  value  which 
is  less  than  A^,  for  the  next  most  important  zone,  namely  c'd',  is  covered, 
and  this  would  increase  the  disturbance  at  P  if  it  were  in  action.  Pro- 
ceeding in  this  way,  we  see  that  the  illumination  at  P  will  pass  through 
a  number  of  maxima  and  minima.  The  variation  from  the  value  a^  will, 
however,  become  less  and  less  as  more  zones  are  uncovered,  and  when 
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about  ten  zones  are  uncovered,  the  illumination  will  remain  constant  at 
the  value  A^. 

When  the  edge  has  uncovered  the  first  zone,  the  illumination  at  p 
will  be  the  same  as  that  at  a  point  Pj,  where  PPi  =  AB,  before  the  edge 
was  moved  from  the  position  shown  in  the  figure.  Hence,  since  the 
illumination  at  P  when  the  edge  is  at  B'  is  greater  than  A^,  it  follows  that 
the  illumination  at  Pj,  when  the  edge  is  at  the  point  A,  must  also  be 
greater  than  A*.  Thus  if  a  screen  be  placed  at  P3P,  there  will  be  a  series 
of  maxima  and  minima  of  illumination  near  the  points  P^,  P^  Pj,  &c., 
when  the  edge  is  at  a. 

Next,  to  examine  the  illumination  which  will  be  produced  on  the 
portion  of  the  screen  below  P,  that  is,  within  the  geometrical  shadow  of 
the  obstacle  m'n.  When  the  edge  is  at  A,  the  illumination  at  P  is  a74, 
and  as  the  edge  is  moved  up  the  central  zones  are  gradually  covered, 
and  hence  the  intensity  of  the  disturbance  sent  to  P  gradually  falls  off. 
The  decrease  in  the  illumination  within  the  geometrical  shadow  is  con- 
tinuous, that  is,  there  are  no  maxima  and  minima. 
The  reason  is  that,  supposing  the  edge  to  occupy 
the  position  shown  in  Fig.  373,  then,  starting 
from  N,  we  may  divide  the  remainder  of  the 
wave-front  into  half-period  zones,  NB,  BC,  CD, 
&c.  Of  these  zones,  each  will  produce  a  greater 
effect  than  the  next,  but  adjacent  ones  will 
send  to  P  waves  in  opposite  phase.  Thus  the 
illumination  sent  to  P  will  be  practically  the 
difference  of  the  effects  of  the  first  two  zones, 
or  at  any  rate  of  the  first  three  or  four.  As 
the  distance  NA  is  increased,  that  is,  as  P  is 
taken  further  and  further  inside  the  geometrical 
373.  shadow,  the  difference  between  the  effect  pro- 

duced by  the  first  two  zones  will  decrease,  just 
as  in  §  382  we  found  that  consecutive  zones,  after  about  the  tenth  from 
the  poU^  had  equal  and  opposite  effects. 

Thus  the  wave  theory  indicates  that  the  shadow  cast  by  a  sharp  edge 
when  illuminated  by  parallel  light,  or,  what  comes  to  the  same  thing, 
light  from  a  point-source,  or  narrow  slit  at  a  considerable  distance,  is 
not  quite  sharp.  Outside  the  geometrical  shadow  will  be  a  series  of 
Hght  and  dark  bands,  and  inside  the  light  will  not  cease  suddenly,  but 
will  fall  off  rapidly. 

The  intensity  of  the  illumination  on  a  screen  placed  at  a  distance  of 
one  metre  from  a  diffracting  edge,  and  illuminated  by  a  parallel  beam  of 
Hght,  is  shown  by  means  of  a  curve  in  Fig.  374.  It  will  be  seen  that  the 
illumination  at  the  edge  of  the  geometrical  shadow  is  a  quarter  of  the 
illumination  at  some  distance  from  the  edge,  that  is,  of  the  illumination 
which  would  occur  if  the  diffracting  obstacle  were  removed. 

If  we  have  parallel  light  falling  on  a  slit,  then,  as  before,  we  may 
divide  the  incident  wave  into  half  wave-length  zones  with  reference  to  a 
point  P.  If  the  slit  is  at  a  considerable  distance  from  the  pole  of  P,  it 
will  include  many  zones,  for  at  this  distance  from  the  pole  the  zones  are 
very  narrow,  and  the  total  effect  of  these  zones  will  be  zero.  As  the  slit  is 
moved  nearer  to  the  pole,  the  number  of  zones  included  in  the  portion  of 
the  wave  which  can  pass  through  the  slit  decreases,  and  when  there  is 
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an  even  number  the  zones  very  nearly  neutralise  each  other's  effect,  and 
there  is  a  minimum  of  illumination  at  P,  while  when  the  slit  includes  an 
odd  number  of  zones,  the  illumination  is  a  maximum.     The  illumination 
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Fig.  374. 

will,  of  course,  be  a  maximum  at  a  point  immediately  opposite  the  slit. 
On  either  side  will  be  formed  a  number  of  alternate  dark  and  bright 
Hnes,  the  intensity  of  the  maxima  rapidly  decreasing  as  we  go  away  from 
the  central  band. 
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CHAPTER   VIII 
EMISSION   AND  ABSORPTION   OF  LIGHT 

384.  Nature  of  the  Light  emitted  by  a  Luminous  Body— Spectra. 

—  In  §  371  we  have  referred  to  the  spectrum  obtained  when  sunlight  is 
passed  through  a  prism  ;  we  now  have  to  examine  the  constitution  of  the- 
light  given  out  by  other  sources. 

If  a  solid  body,  such  as  a  piece  of  lime  or  of  metal,  is  heated,  it  begins 
to  glow  with  a  dull  red  colour  at  a  temperature  of  about  600'  C,  and  if 
the  light  emitted  is  examined  in  a  spectroscope  only  the  red  end  of  the 
spectrum  will  be  seen.  At  a  temperature  of  about  1000°  the  yellow  will 
appear  as  well  as  the  red,  while  at  about  1600",  the  solid  will  glow  with 
a  white  light,  and  the  spectrum  will  stretch  from  the  red  to  the  violet. 

The  spectrum  thus  obtained  with  a  glowing  solid  will  differ  from 
the  solar  spectrum  in  that  there  will  be  no  dark  bands,  the  spectrum 
being  continuous  from  one  end  to  the  other. 

The  same  character  of  spectrum  is  given  by  incandescent  fluids,  such 
as  molten  platinum. 

When,  however,  the  light  given  out  by  glowing  gases  or  vapours  is 
examined,  the  spectrum  produced  is  of  an  entirely  different  character. 
Thus,  if  a  salt  of  either  of  the  metals  sodium,  calcium,  stron- 
tium, lithium,  &c.,  is  held  in  n  colourless  flame,  such  as  that 
of  a  Bunsen  burner,  and  the  light  is  examined  in  a  spectro- 
scope, the  spectrum  will  be  found  to  be  no  longer  continuous, 
but  to  consist  of  a  number  of  bright  lines  in  various  parts 
of  the  spectrum.  The  position  and  number  of  these  lines 
varies  for  the  different  metals,  but  does  not  depend  either 
on  the  salt  of  the  metal  used  (chloride,  bromide,  sulphate, 
&c.)  or  on  the  nature  of  the  flame  into  which  the  salt  is 
introduced.  The  number  of  lines  visible  with  any  given 
metal  depends,  to  a  certain  extent,  on  the  temperature  of 
the  flame,  but  although  new  lines  may  make  their  appearance 
as  the  temperature  is  raised,  the  position  of  the  lines  already 
present  does  not  vary.  In  the  case  of  gases,  the  spectrum 
is  obtained  by  passing  the  spark  from  an  induction  coil 
(§  527)  through  the  gas  which  is  contained  in  a  rarefied 
Fig.  375.  condition  in  a  tube  of  the  shape  shown  in  Fig.  375.  In 
addition  to  line  spectra,  under  certain  conditions  of  pressure 
and  temperature,  the  spectra  of  some  gases  exhibit  bands  of  light, 
which  with  a  small  dispersion  are  generally  sharply  defined  on  one  side, 
but  shade  off"  gradually  on  the  other.  With  a  high  dispersion,  these 
bands  are  seen  to  be  composed  of  numerous  lines  packed  close  together, 
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When,  however,  the  temperature  is  raised,  the  band  spectrum  becomes 
changed  into  a  line  spectrum. 

The  character  of  the  lines  in  the  spectrum  of  a  gas  depends  very 
much  on  the  pressure  to  which  the  gas  is  subjected.  Thus  in  the 
case  of  hydrogen,  at  low  pressures,  say  below  i  mm.  of  mercury,  the 
spectrum  consists  of  three  narrow  lines,  one  in  the  violet,  one  in  the 
blue,  and  one  in  the  red,  which  are  generally  indicated  by  //y,  ///s, 
and  //a.  As  the  pressure  is  increased,  first  the  line  Z/^,  then  7//3,  and 
finally  also  Ha.  becomes  wider,  while  under  a  pressure  of  about  36  cm.  of 
mercury  the  spectrum  is  practically  continuous.  The  explanation  of 
these  changes,  if  we  accept  the  kinetic  theory  of  gases,  is  compara- 
tively easy.  When  a  gas  is  under  a  low  pressure,  the  mean  free  path 
(§  140)  of  the  molecules  is  great,  so  that  the  intei-val  between  successive 
impacts  of  a  molecule  with  another  is  comparatively  great.  Thus 
although  during  the  impact  the  atoms  will  be  set  into  all  kinds  of  forced 
vibrations,  yet  all  these  vibrations,  except  those  which  correspond  to 
the  natural  period  of  vibration  of  the  atoms,  will  very  rapidly  die  out, 
and  for  the  greater  part  of  the  time  the  atoms  will  be  vibrating  in  their 
own  natural  period.  Hence,  if  we  suppose  that  in  a  glowing  gas  the 
light  emitted  is  due  to  the  vibrations  of  the  atoms,  it  is  evident  that 
at  low  pressures  the  gas  will  give  out  light  of  certain  definite  wave- 
lengths, corresponding  to  the  natural  periods  of  the  atoms.  As  the 
pressure  increases  the  mean  free  path  of  the  molecules  decreases,  and 
hence  the  impacts  become  more  frequent.  Under  these  conditions  the 
forced  vibrations  will  begin  to  tell,  and  at  first  it  will  be  those  vibrations 
which  are  nearly  of  the  same  period  as  the  natural  period  that  will  be 
most  noticeable,  so  that  the  bands  will  widen  out.  When  the  pressure 
is  further  increased,  the  encounters  between  the  molecules  are  so  fre- 
quent that  the  forced  vibrations  persist  from  one  encounter  to  the  next, 
and  hence  vibrations  of  all  periods  will  be  taking  place  in  the  different 
molecules,  and  a  continuous  spectrum  will  be  obtained, 

385.  Series  of  Spectral  Lines.— If  we  assume  that  the  frequency 
of  the  light  vibrations  given  out  by  a  luminous  body  is  the  same  as  the 
frequency  of  the  vibrations  set  up  within  the  molecules  of  the  substance, 
we  are  led  to  the  conclusion  that  the  motion  of  even  a  gaseous  mole- 
cule must  be  very  complicated,  for  the  spectrum  of  most  substances 
contains  quite  a  large  number  of  bright  lines,  each  line  corresponding, 
on  the  above  hypothesis,  to  a  different  mode  of  vibration. 

Although  at  first  sight  the  arrangement  of  the  lines  in  the  spectrum 
of  a  gas  or  vapour  appears  in  general  quite  irregular,  yet  a  study  of 
this  subject  has  shown  that  in  many  cases  certain  relations  are  found 
to  hold  between  the  frequencies  of  the  various  lines. 

The  first  relation  of  this  kind  observed  is.  due  to  Balmer,  who  noticed 
that  the  wave-lengths,  X,  of  the  lines  in  the  hydrogen  spectrum  can  be 
represented  with  great  accuracy  by  the  general  expression 

^  =  3645^:2— 7  ><  10     cm.. 


in  which  m  is  in  succession  given  the  values  %  4,  5,  &c.,  up  to  16.     The 
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kind  of  agreement  obtained  between   the  observed  values  and  those 
calculated  from  Balmer's  fonnula  is  shown  in  the  following  table  : — 


m 

Wave- 

length. 

Calculated. 

Observed. 

3 

6561  X  IO-"  cm. 

6560.7  X  IO-" 

cm. 

4 

4860 

4859.8 

5 

4339-3 

4340.1 

6 

4100.6 

4101.2 

7 

3969 

3968.1 

8 

3888 

3887.5 

9 

3834.4 

3834.0 

10 

3796.9 

3795.0 

II 

3769.6 

3767.5 

Another  curious  fact  is  that  when  there  exists  in  the  spectrum  of 
an  element  a  doublet  or  triplet,  that  is,  two  or  three  lines  close  together, 
there  are  also,  in  general,  a  number  of  other  doublets  or  triplets,  and 
the  difference  between  the  frequencies  of  the  components  of  these 
doublets  and  triplets  is  the  same  for  all  those  which  occur  in  the  spec- 
trum of  any  one  element.  Thus,  in  the  case  of  thallium,  Kayser  and 
Runge  have  found  the  following  values  for  the  reciprocals  of  the  wave- 
lengths of  the  components  of  the  doublets.  The  reciprocal  of  the 
wave-length  being  proportional  to  the  frequency  of  the  vibrations,  the 
differences  will  also  be  proportional  to  the  differences  of  the  frequencies. 


I/A 

Difference. 

x/x 

Difference. 

18684.2  > 

26476.6  ) 
28324.1  \ 
36117.I) 
30952.1   \ 
38744.8  \ 

33569.4  \ 

41365.1  ) 

34217.7  \ 

42010.2  f 
34526.2  \ 
42321.4) 

7792.4 
7793-0 
7792.7 

7795.7 
7792.5 
7795-2 

35372.1  \ 
43164.7  ) 

36879.2  \ 
44671.0) 
37503.0  \ 
45293.8) 
38305.0 
46096.8 

38663.3  \ 
46452.4, 
39157.0  \ 
46947.3  ) 

7792.6 
7791.8 
7790.8 
7791.8 
7789.1 
7790.3 

If  we  plot  the  values  of  i/\  for  the  lines  given  in  the  above  table  as 
abscissae,  as  shown  in  the  upper  line  of  Fig.  376,  where,  since  the  com- 
ponents of  the  doublets  would  be  at  a  constant  distance  apart  throughout, 
only  one  has  been  plotted,  the  lines  do  not  appear  regularly  arranged. 
If,  however,  the  fourth  and  sixth  lines  are  omitted,  the  remaining  lines 
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can  be  arranged  in  two  series  as  shown  at  B  and  C,  each  of  which 
resembles  the  series  of  lines  represented  by  Ralmer's  formula,  and  can 
be  represented  by  a  similar  formula.  The  separation  of  the  lines  into 
two  series  is  further  justified  by  the  fact  that  each  double  line  of  the  first 
series  is  accompanied,  on  its  more  refrangible  side,  by  a  strong  line 
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which  is  easily  reversed,  while  the  lines  of  the  second  series  are  not 

accompanied  in  this  way.  The  further  consideration  of  this  subject  is 
beyond  the  scope  of  this  work,  but  sufficient  has  been  said  to  indicate 
the  direction  in  which  modern  work  on  the  classification  of  the  lines  in 
the  spectra  of  the  different  elements  is  proceeding. 

386.  Absorption  of  Light.— When  light  passes  through  a  medium, 
this  medium  in  general  absorbs  part  of  the  radiation,  and  the  amount  of 
this  absorption  is  generally  different  for  light  of  different  wave-lengths, 
or,  in  other  words,  most  media  exert  a  selective  absorption  on  light. 

In  order  to  examine  the  character  of  the  absorption,  white  light  is 
passed  through  the  given  substance,  and  the  transmitted  light  is  examined 
spectroscopically.  If  then  the  substance  absorbs  light  of  any  particular 
wave-lengths  more  strongly  than  it  does  light  of  other  wave-lengths, 
the  spectrum  will  be  crossed  by  dark  bands  corresponding  to  the  colours 
which  have  been  absorbed.  Thus  if  a  dilute  solution  of  permanganate 
of  potash  is  used,  the  spectrum  is  crossed  by  five  dark  bands  in  the  green, 
while  a  dilute  solution  of  human  blood  produces  well-marked  absorption 
bands  in  the  yellow  and  green. 

In  the  case  of  solutions,  the  absorption  bands  are  generally  fairly 
wide,  the  width  increasing  with  the  strength  of  the  solution.  When 
light  is  absorbed  by  gases  or  vapours,  however,  the  character  of  the 
absorption  bands  is  very  different,  for  the  bands  are  sharply  defined,  and 
in  general  consist  of  a  number  of  fine  narrow  lines  in  various  parts  of  the 
spectrum.  Thus  if  white  light  from  a  very  hot  body,  such  as  the  electric 
arc,  is  passed  through  a  flame  which  is  strongly  coloured  yellow  by  means 
of  sodium,  two  fine  absorption  bands  are  formed  in  the  orange-yellow. 
If  the  white  light  is  then  cut  oflf,  the  light  from  the  sodium  flame  will 
give  two  bright  lines,  which  occupy  exactly  the  same  place  as  did  the 
dark  absorption  lines.  We  thus  see  that  the  light  absorbed  by  the 
sodium  vapour  is  of  exactly  the  same  wave-length  as  that  which  it  itself 
gives  out.  This  is  really  a  case  of  resonance,  for  the  incident  white  light 
contains  waves  of  all  periods  ;  of  these,  the  sodium  molecules  will  most 
powerfully  absorb  those  which  are  of  the  same  period  as  their  own 
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natural  periods.  We  may  illustrate  this  action  by  taking  the  case  of  a 
number  of  ships  at  anchor,  when  if  the  period  of  the  waves  happens  to 
coincide  with  the  natural  rolling  period  of  the  ships,  then  they  will  be  set 
into  violent  oscillation,  and  the  energy  to  set  them  into  this  oscillation 
having  been  derived  from  the  waves,  the  waves  must  themselves  have 
been  absorbed,  parting  with  their  energy.  Waves  of  other  periods  will, 
however,  not  set  the  ships  into  such  violent  oscillation,  and  hence  will 
not  be  so  strongly  absorbed.  In  the  case  of  the  absorption  by  the 
sodium  vapour,  the  white  light,  coming  as  it  does  from  a  source  at  a 
very  high  temperature,  is  very  bright,  and  the  sodium  flame  being  at 
a  much  lower  temperature,  the  sodium  vapour  absorbs  the  light  of  the 
wave-length  it  itself  emits.  Thus  after  traversing  the  flame  all  the  con- 
stituents, except  the  yellow  sodium  light,  exist  in  their  original  brilliancy  ; 
the  sodium  light,  however,  is  only  that  due  to  the  feeble  radiation  of  the 
flame,  so  that  by  comparison  with  the  light  of  the  other  colours  the 
yellow  sodium  band  looks  black,  although  when  the  white  light  is  cut 
off,  so  that  there  is  no  contrast,  the  sodium  line  is  seen  to  be  really 
bright. 

When  white  light  is  transmitted  through  an  incandescent  gas,  we 
therefore  get  dark  bands  in  those  parts  of  the  spectrum  corresponding 
to  the  bright  lines  produced  by  the  light  given  out  by  the  gas,  this  being 
a  particular  case  of  the  general  proposition  that  bodies  absorb  most 
strongly  that  kind  of  vibratory  motion  which  they  are  themselves  capable 
of  giving  out,  whether  it  be  water-waves  as  in  the  case  of  a  ship,  sound- 
waves as  in  the  case  of  a  resonator,  or  light  and  heat  waves  as  in  the 
cases  just  considered  (KirchhofTs  Law).^ 

387.  Reversal  of  Lines  in  the  Solar  Spectrum.— We  have 
referred  in  j^  371  to  the  black  Fraunhofer  lines  in  the  solar  spectrum, 
and  from  what  has  been  said  as  to  the  reversal  of  the  spectral  lines 
produced  by  passing  white  light  through  a  glowing  gas,  we  are  at  once 
led  to  the  explanation  of  these  lines.  They  are  due,  as  was  first  pointed 
out  by  Kirchhoff,  to  the  absorption  of  certain  portions  of  the  light  given 
out  by  the  white  hot  nucleus  of  the  sun  during  its  passage  through  the 
gases  and  vapours  which  surround  this  nucleus,  or  through  the  earth's 
atmosphere. 

Since  the  position  of  any  one  of  Fraunhofer's  lines  in  the  spectrum 
coincides  with  the  position  of  a  bright  line,  due  to  the  vapour  which 
has  absorbed  the  light,  by  measuring  the  wave-lengths  of  Fraunhofer's 
lines  and  comparing  them  with  the  wave-lengths  of  the  bright  lines 
produced  by  the  elements  which  occur  on  the  earth,  we  can  discover 
whether  these  elements  occur  in  the  sun's  atmosphere. 

Thus  the  Fraunhofer  line  D  in  the  solar  spectrum  really  consists  of 
two  lines  close  together  (Z^^  and  D^y  and  these  occupy  the  same  positions 
in  the  spectrum  as  two  of  the  lines  of  the  metal  sodium,  so  that  we  may 
infer  that  sodium  exists  in  the  vaporous  condition  in  the  sun's  atmosphere. 
Until  recently  certain  lines  in  the  solar  spectrum  were  unknown  amongst 
terrestrial  elements,  and  were  said  to  be  due  to  an  unknown  element, 
helium.     This  element,  which  proves  to  be  a  gas,  has,  however,  now  been 

1  This  is  sometimes  erroneously  called  Stokes'  Law,  as,  although  he  did  not 
publish  his  results,  he  seems  to  have  arrived  at  it  before  Kirchhofif. 
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discovered,  so  that  in  this  case  we  may  almost  say  that  this  element  was 
recognised  on  the  sun  before  it  was  known  on  the  earth. 

388.  Displacement  of  Spectral  Lines.— We  have  seen  in  §  299 
that  when  a  sounding  body  is  either  approaching  or  receding  from  an 
observer,  the  pitch  of  the  note  perceived  is  different  from  that  given  out 
by  the  sounding  body.  The  same  principle  applies  in  the  case  of  light. 
Thus  if  a  luminous  body,  in  the  spectrum  of  which  there  are  definite 
lines,  is  moving  towards  the  observer,  the  wave-length  of  each  of  the 
lines  will  be  apparently  shortened,  since  in  a  given  time  the  observer 
will  receive  more  waves  than  he  would  if  the  luminous  body  were 
stationary.  The  effect  of  this  is  that  the  lines  in  the  spectrum  will  be 
displaced  towards  the  violet  end  of  the  spectrum.  In  the  same  way,  if 
the  source  of  light  is  moving  away  from  the  observer,  the  lines  will  be 
displaced  towards  the  red  end  of  the  spectrum.  Hence,  by  comparing 
the  position  of  the  lines  in  the  spectrum  of  a  star  with  the  position  of  the 
same  lines  in  the  solar  spectrum,  we  can  determine  whether  the  distance 
between  the  earth  and  the  star  is  decreasing  or  increasing,  and  from  the 
extent  of  the  displacement  of  the  lines  we  can  calculate  the  velocity  with 
which  the  earth  and  the  star  are  moving  relatively  to  one  another  in  the 
line  joining  the  two.  In  this  way  it  has  been  found  that  Arcturus  is 
approaching  the  solar  system  with  a  velocity  of  42  miles  per  second, 
while  Aldebaran  is  receding  with  a  velocity  of  45  miles  per  second. 

The  same  method  has  been  used  by  Keeler  to  prove  that  Saturn's 
rings  are  composed  of  small  bodies  rotating  round  the  planet.  An 
image  of  the  planet  is  formed  on  the  slit  of  a  spectroscope,  so  that  the 
different  parts  of  the  spectrum,  taken  at  right  angles  to  the  direction  of 
the  dispersion,  correspond  to  light  coming  from  the  different  parts  of 
the  planet  along  the  line  in  which  the  slit  cuts  the  image  of  the  planet. 
If  then  the  rings  rotate,  the  spectral  lines  corresponding  to  the  light 
from  the  two  ends  of  a  diameter  of  the  rings  will  be  displaced  in  opposite 
directions,  while,  if  the  outside  of  the  ring  rotates  faster  than  the  inside, 
the  lines  will  not  only  be  displaced  as  a  whole,  but,  since  the  amount  of 
the  displacement  depends  on  the  velocity,  they  will  be  inclined.  If  the 
outside  of  the  rings  is  rotating  more  slowly  than  the  inside,  the  lines  will 
still  be  inclined,  but  in  the  opposite  direction.  By  this  method  Keeler 
finds  that  the  inside  of  the  ring  is  rotating  faster  than  the  outside.  If 
the  ring  were  fluid  or  solid,  the  outside  would  move  faster  than  the 
inside,  while,  if  it  consists  of  a  swarm  of  independent  solid  bodies,  the 
nearer  ones  will  have  to  rotate  the  faster,  or  otherwise  the  centrifugal 
force  would  not  be  sufficient  to  keep  them  from  falling  into  the  planet, 
so  that  the  spectroscope  indicates  that  the  latter  hypothesis  is  the 
correct  one. 

389.  Anomalous  Dispersion.— We  have  seen  when  speaking  of 
dispersion  (§  372),  that  the  dispersive  power  is  not  the  same  for  all 
substances.  For  this  reason  the  spectra  produced  by  prisms  of  different 
materials  are  not  similar,  for  the  relative  spreading  of  the  different 
colours  is  not  the  same.  Thus  in  Fig.  377  are  given  the  relative  positions 
of  some  of  Fraunhofer's  lines  for  spectra  produced  by  prisms  of  different 
substances,  the  dispersion  between  the  a  and  H  lines  being  the  same 
for  all.  The  top  line  is  a  grating  spectrum,  which  is  added  for  the  sake 
of  comparison,  for  here  the  spectrum  is  normal,  in  that  the  dispersion 
between  any  two  rays  is  proportional  to  the  difference  between  their 
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wave-lengths,   so  that   the   dispersive   power  for  all   gratings   is  con- 
stant. 

In  the  case  where  the  material  of  which  the  prism  is  constructed 
shows  marked  selective  absorption,  the  spectra  obtained  are  very  ab- 
normal, for  in  certain  cases  the  order  of  the  colours  is  altered,  so  that 
these  no  longer  follow  in  the  order  of  their  wave-length,  while  in  other 
cases  the  spectrum,  instead  of  being  continuous,  is  separated  into  isolated 
parts  by  broad  dark  bands. 
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Fig.  377. 

A  solution  of  fuchsine  (one  of  the  aniline  dyes)  in  alcohol  strongly 
absorbs  the  green  light,  so  that  the  spectrum  formed  by  transmission 
through  a  prism  of  this  substance  does  not  contain  any  green.  Of  the 
three  colours,  red,  orange,  and  yellow,  on  one  side  of  the  missing  green, 
the  red  is  least  deviated,  next  the  orange,  and  then  the  yellow  ;  these 
colours  following  each  other  in  the  usual  order.  The  deviation  of  the 
violet  is,  however,  quite  abnormal,  for  light  of  this  colour  is  less  deviated 
than  the  red,  being  separated  from  this  latter  by  a  dark  band. 

In  Fig.  378  the  top  line  shows  the  arrangement  of  the  colours,  as 
indicated  by  the  Fraunhofer  lines,  in  the  spectrum  produced  by  a  glass 
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prism,  while  the  second  line  shows  the  arrangement  of  the  colours  in  the 
spectrum  produced  by  a  prism  filled  with  a  ^^solution  of  fuchsine.  The 
last  line  is  a  curve,  such  that  the  ordinates  represent  the  intensity  of  the 
various  coloured  lights  in  the  fuchsine  spectrum. 

The  light  reflected  from  a  solution  of  fuchsine  at  normal  incidence  is 
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coloured  green,  thus  accounting  for  the  absence  of  the  green  in  the 
transmitted  spectrum. 

Kundt  has  made  observations  on  a  number  of  bodies  which  show 
anomalous  dispersion,  and  he  finds  it  in  all  bodies  which  have  what  is 
called  surface  colour,  i.e.  those  whose  colour,  as  seen  by  reflected  light, 
is  different  from  that  seen  by  transmitted  light.  As  a  result  of  his 
experiments,  he  found  that  if  we  go  up  the  spectrum  in  the  sense  of 
decreasing  wave-lengths  {i.e.  from  red  to  violet),  the  deviation  is  ab- 
normally increased  below  an  absorption  band,  and  diminished  above 
the  absorption  band.  Thus  in 
the  case  of  fuchsine,  which 
has  an  absorption  band  in  the 
green,  the  colours  red,  orange, 
and  yellow,  which  are  below 
the  band,  are  deviated  to  an 
abnormal  extent ;  and  the  blue 
and  violet  which  are  above 
the  absorption  band  are  less 
deviated  than  the  normal.  This 
is  shown  graphically  in  Fig. 
379.  The  dotted  curve  repre- 
sents the  proportion  of  light 
of  the  different  wave-lengths 
which  is  absorbed  and  has  a 
well-marked  maximum  in  the 
green.  The  full-line  curve  abcd  represents  the  deviation  produced  by 
a  given  prism  of  fuchsine.  The  yellow, and  red  as  shown  by  the  portion 
DC  of  the  curve,  are  deviated  more  than  the  violet,  as  shown  by  the 
portion  BA. 

390.  Colour  ppodueed  by  Absorption.— We  have  already  referred 
to  the  fact  that  non-luminous  bodies  are  seen  by  the  light  which  they 
scatter  at  their  surface.  The  light  is  usually  not  only  reflected  at  the 
surface,  but  penetrates  some  depth  below  the  surface,  where  it  is  reflected 
by  inequalities  in  the  substance  of  the  body.  This  internally  scattered 
light  then  reaches  the  eye,  after  traversing  a  certain  thickness  of  the 
substance  ;  and  hence  if  the  body  absorbs  any  given  coloured  light,  the 
reflected  light  will  be  of  the  tint  obtained  by  removing  light  of  this  colour 
from  white  light.  Thus  a  red  poppy  appears  red  because  the  petals 
exert  a  strong  selective  absorption  on  all  the  colours  except  red,  so  that 
light  which  has  penetrated  beneath  the  surface  of  the  petals,  and  is  then 
scattered  by  the  cells,  emerges  robbed  of  all  its  colours  except  red. 
The  fact  that  the  flower  absorbs  almost  completely  all  colours  except 
red  can  be  observed  by  holding  the  flower  in  different  parts  of  the 
spectrum.  In  the  red  it  will  appear  brilliantly  red,  and  as  it  is  moved 
towards  the  green  the  brilliancy  will  gradually  fade,  till,  when  it  is  in  the 
blue,  all  the  light  which  now  falls  on  it  will  be  absorbed,  so  that  none  is 
reflected  to  the  eye,  and  the  flower  will  appear  black. 

In  the  case  of  the  bodies  referred  to  in  the  previous  section  as  showing 
surface  colour,  light  of  a  particular  colour  seems  unable  to  penetrate  at 
all,  and  is  therefore  reflected,  so  that  the  transmitted  light  will  be  without 
this  colour.  Such  phenomena  are  shown  by  many  of  the  aniline  colours, 
and  by  some  metals,  such  as  gold  and  copper.     Thus  in  the  case  of  gold 
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the  reflected  light  is  of  the  colour  ordinarily  associated  with  the  metal ;  a 
thin  film  of  gold  is,  however,  transparent,  the  transmitted  light  being  green. 
891.  Distribution  of  Energy  in  the  Spectrum.— A  black  body 
appears  such  because  it  absorbs  light  of  all  wave-lengths,  and  although 
even  lamp-black  reflects  a  little  light,  yet  it  absorbs  such  a  great  pro- 
portion of  the  incident  light,  that  for  most  purposes  it  may  be  taken  as 
absorbing  the  whole  of  the  incident  light.  If,  then,  a  beam  of  light  is 
incident  on  a  surface  coated  with  lamp-black,  the  light  will  neither  be 
reflected  nor  transmitted.  The  energy  of  the  incident  light-waves  will 
be  transferred  to  the  absorbing  body,  where  it  will  appear  as  heat,  so 
that  the  body  coated  with  lamp-black  will  become  heated  ;  and  if  we 
measure  the  quantity  of  heat  it  receives  in  a  given  time,  when  absorbing 
a  given  quantity  of  light,  the  energy  corresponding  to  this  incident  light 
can  be  calculated.  Hence  by  measuring  the  heat  received  by  a  black 
body  when  placed  in  different  portions  of  a  spectrum,  the  relative  energy 
of  the  light  of  the  various  wave-lengths  present  m  the  spectrum  can  be 

determined,  the  instruments  used 
for  this  measurement  being  the 
ones  described  in  §  244. 

In  order  to  carry  out  this 
experiment,  Langley  uses  a  rock- 
salt  prism  to  produce  the  disper- 
sion, since  this  substance  is  not 
only  transparent  to  the  light  rays, 
but  also  to  heat  rays.  In  order 
to  measure  the  energy  in  different 
portions,  he  uses  a  bolometer,  the 
receiving  surface  of  which  consists 
of  a  very  thin  and  narrow  strip  of 
blackened  platinum. 

The  results  obtained  in  the 
case  of  the  solar  spectrum  are 
shown  in  Fig.  380,  in  which  the 
ordinates  represent  the  energy  of 
the  light  of  the  various  wave- 
lengths. The  part  of  the  curve 
between  a  and  b  corresponds  to 
the  visible  spectrum.  It  will  be 
seen  from  this  figure  that  the 
spectrum  extends  far  below  the 
extremity  of  the  visible  red. 
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Langley  has  also  observed,  by  the  same  method,  the  radiation  from 
bodies  heated  to  temperatures  below  that  at  which  they  emit  visible  rays, 
and  some  of  his  results  for  blackened  copper  heated  to  various  tempera- 
tures are  shown  in  Fig.  381,  together  with  the  solar  spectrum  for  com- 
parison. In  this  figure  the  abscissae  represent  the  deviation  produced 
by  the  rock-salt  prism,  and  not  wave-lengths,  as  in  Fig.  380.  It  will 
be  observed  that,  as  the  temperature  of  the  blackened  copper  is  raised, 
radiation  of  smaller  and  smaller  wave-length  appears  ;  and  although  the 
energy  corresponding  to  each  wave-length  increases,  the  increase  is  not 
the  same  for  all,  the  maximum  of  the  curve  being  displaced  towards  the 
smaller  wave-lengths. 
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Since  when  the  copper  is  heated  to  a  sufficiently  high  temperature  it 
emits  white  light,  we  see  that,  starting  at  a  low  temperature,  the  radiation 
emitted  is  of  comparatively  great  wave-length  only,  but  as  the  temperature 
rises  the  body  emits  rays  of  smaller  wave-length,  till  finally  even  violet 
light  is  emitted.  We  see,  therefore,  that  there  is  no  physical  difference, 
except  that  of  the  wave-length,  between  the  radiation  given  out  by  a  hot 
kettle,  which  we  call  radiant  heat,  and  that  given  out  by  a  gas  flame, 
which  we  call  light.  Hence  the  arbitrary  distinction  l^etween  heat- 
rays  and  light-rays,  based  on  the  fact  that,  although  both  are  simply 
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wave-motions  in  the  ether,  we  perceive  them  with  different  senses,  is 
misleading. 

The  depressions  in  the  energy  curve  of  the  solar  spectrum  in  the  infra- 
red, indicating  as  they  do  the  partial  absence  of  radiation  of  certain  wave- 
lengths, show  that  even  in  this  region  there  are  dark  bands  in  the  solar 
spectrum.  These  bands  in  the  infra-red  are  in  a  great  measure  due  to 
absorption  within  the  earth's  atmosphere. 

Not  only  does  the  solar  spectrum  extend  far  beyond  the  visible 
spectrum  in  the  direction  of  increasing  wave-lengths,  but  it  also  extends 
beyond  the  violet.  We  shall  see  later  on  how  this  ultra-violet  portion  of 
the  spectrum  may  be  examined. 

392.  Fluoreseenee.  — If  a  solution  of  chlorophyll  (the  colouring- 
matter  of  green  plants)  is  placed  in  a  dark  room,  and  a  beam  of  white 
light  is  allowed  to  fall  on  it,  the  portions  of  the  solution  on  which  the 
light  first  falls  become  luminous,  emitting  in  all  directions  a  red  light. 
This  phenomenon  is  called  fluorescence,  the  name  being  derived  from 
fluor-spar,  a  body  which  also  exhibits  the  phenomenon.  The  fluorescence 
is  most  brilliant  at'  the  surface  of  incidence  of  the  white  light,  the  bril- 
liancy gradually  decreasing  with  the  thickness  of  the  solution  through 
which  the  light  has  passed.     The  same  phenomenon  is  exhibited  by 
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paraffin  oil,  solutions  of  quinine,  and  of  some  aniline  colours,  such  as 
eosin  (red  ink),  fluorescine,  also  by  some  salts,  such  as  barium  or 
potassium  platino-cyanide. 

If  a  fluorescent  body,  instead  of  being  placed  in  white  light,  is  exposed 
to  light  of  different  colours,  it  is  found  that  the  fluorescence  only  occurs 
with  certain  kinds  of  light.  Thus  if  a  test-tube  containing  a  solution  of 
sulphate  of  quinine  is  held  in  different  parts  of  the  spectrum,  it  presents 
a  very  different  appearance  in  some  parts  from,  say,  the  same  test-tube 
when  filled  with  water.  In  the  red  the  solution  of  quinine  looks  red,  in 
the  yellow  and  green  it  looks  yellow  and  green  respectively,  but  in  the 
blue  and  violet  a  marked  change  is  apparent,  as  it  begins  to  show  the 
pale  blue  fluorescent  colour  which  it  exhibits  in  white  light.  This 
fluorescence  increases  towards  the  violet  end  of  the  spectrum,  and  is 
visible  even  when  the  test-tube  is  held  beyond  the  limits  of  the  visible 
spectrum,  so  that  the  ultra-violet  rays  are  capable  of  exciting  fluorescence 
in  this  substance. 

If  a  solution  of  chlorophyll  is  treated  in  the  same  way,  it  will  be  found 
to  glow  even  in  the  red  with  a  deep  red.  As  the  solution  is  moved  up 
the  spectrum,  it  continues  to  exhibit  the  red  fluorescent  light,  although 
in  the  violet  the  fluorescent  colour  is  brownish,  due  to  the  presence  of 
some  green  light  as  well  as  the  red. 

If  the  light  emitted  by  a  fluorescent  body  is  examined  spectroscopi- 
cally,  it  is  found  not  to  be  monochromatic,  but  to  contain  light  of  various 
colours  ;  the  wave-length  of  these  colours  is,  however,  always  greater 
than  the  wave-length  of  the  light  which  causes  the  fluorescence.  Thus 
fluorescent  bodies  possess  the  property  of  absorbing  light  of  certain 
wave-lengths  ;  quinine  absorbs  most  of  the  ultra-violet  light,  chlorophyll 
has  a  marked  absorption  band  in  the  red,  as  well  as  others  in  the  yellow, 
green,  and  blue,  and  of  converting  this  absorbed  light  into  light  of 
greater  wave-length.  For  instance,  to  the  eye  a  beam  of  sunlight  does 
not  seem  reduced  in  intensity  by  passage  through  a  moderate  thickness 
of  a  solution  of  quinine,  but  it  has  been  deprived  almost  entirely  of  its 
ultra-violet  rays,  and  the  quinine  has  converted  these  rays  into  blue  and 
violet  rays  which  are  visible  to  the  eye. 

Fluorescence  has  been  used  to  map  the  solar  spectrum  beyond  the 
violet,  for  when  the  spectrum  is  thrown  on  a  fluorescent  substance  the 
fluorescent  glow  will  appear  extending  beyond  the  violet  and  is  traversed 
by  dark  absorption  bands  which  are  similar  to  the  Fraunhofer  bands  in 
the  visible  part  of  the  spectrum. 

393.  Phosphorescence.— In  the  case  of  the  fluorescent  bodies  just 
considered,  the  emission  of  the  fluorescent  light  ceases  immediately  the 
incident  light  is  cut  off.  Some  substances,  particularly  the  sulphides  of 
calcium,  barium,  and  strontium,  continue  to  emit  light  after  the  incident 
light  has  been  cut  off,  so  that  after  exposure  to  light  they  shine  in  the 
dark.  This  phenomenon  is  called  phosphorescence^  a  name  which  is 
rather  misleading,  since  the  glow  exhibited  by  phosphorus  is  due  to  slow 
chemical  action,  while  the  glow  of  a  phosphorescent  substance  is  not  due 
to  chemical  action,  and  is  really  fluorescence  which  persists  after  the 
source  of  illumination  is  removed.  Phosphorescence  is  exhibited  by  a 
great  number  of  bodies,  but  in  most  cases  it  lasts  for  such  a  short  time 
after  the  incident  light  has  been  cut  off  as  to  require  special  means  for 
its  detection. 
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394.  Calorescenee.— The  converse  action  to  that  which  occurs  in  the 
case  of  fluorescence,  i.e.  the  absorption  by  a  body  of  radiation  of  one 
wave-length  and  its  emission  as  radiation  of  shorter  wave-length,  is 
called  calorescenee,  and  was  exhibited  by  Tyndall  by  focussing  the  infra- 
red rays  from  an  electric  arc,  the  luminous  rays  being  removed  by 
transmission  through  a  solution  of  iodine,  on  a  strip  of  platinum 
foil,  when  the  platinum  was  heated  to  incandescence  and  emitted  visible 
radiation. 

395.  Chemical  Action.— When  light  is  absorbed  by  a  body  the 
energy  of  the  absorbed  radiation  is  taken  up  by  the  body,  and  we  have 
already  considered  some  of  the  forms  under  which  this  absorbed  energy 
can  exist,  namely,  it  can  be  converted  into  heat  and  warm  the  body,  or 
it  can  produce  by  fluorescence  or  phosphorescence  light  of  different 
charaqter  from  the  incident  radiation,  and  be  again  radiated  as  a 
vibratory  motion.  We  have  now  to  consider  a  third  way  in  which  the 
energy  of  absorbed  light  may  be  used,  namely,  in  doing  chemical  work. 
Thus  a  mixture  of  chlorine  and  hydrogen  gases  will  keep  indefinitely  in 
the  dark,  but  as  soon  as  the  mixture  is  exposed  to  sunlight  the  two  gases 
combine  with  explosive  violence. 


Another  well-known  case  where  light  produces  chemical  change  is 
that  of  silver  chloride,  which,  under  the  influence  of  light  (sunlight), 
becomes  blackened  owing  to  the  reduction  of  the  silver.  This  provoca- 
tion of  chemical  change  by  light  is,  of  course,  the  cause  of  all  photographic 
action. 

Light  of  all  colours  is  not  equally  active  in  promoting  chemical  change, 
and  in  Fig.  382  the  relative  intensity  with  which  light  of  different  colours 
of  the  solar  spectrum  act  in  promoting  chemical  change  is  shown  by 
means  of  a  curve.  The  exact  position  of  the  maximum,  however,  depends 
to  a  certain  extent  on  the  nature  of  the  chemical  change  produced.  The 
spectrum  must  be  produced  by  means  of  a  quartz  prism  and  lenses,  for 
glass  exerts  a  powerful  absorption  on  the  ultra-violet  rays.  It  will  be 
seen  that  the  rays  that  are  chiefly  efficacious  are  those  in  the  extreme 
violet  and  in  the  ultra-violet.  For  this  reason  the  ultra-violet  rays 
are  often  called  chemical  rays,  but  it  must  be  remembered  they  only 
differ  from  the  visible  and  heat  rays  in   their  wave-length,  and  that 
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chemical  action  is  not  confined  to  these  rays,  but  is  only  more  strongly 
exhibited  by  them  than  by  rays  of  greater  wave-length. 

In  Book  V.  Chapter  xix.  we  shall  deal  with  many  phenomena  inti- 
mately related  to  those  considered  in  some  of  the  preceding  sections. 

396.  Extent  of  the  Light  and  Heat  Speetpum.— It  is  of  some 
interest  to  briefly  collect  a  few  data  as  to  the  range  of  wave-lengths  which 
have  been  measured  in  the  case  of  light  or  heat  radiation. 

In  the  following  table  the  approximate  wave-lengths  of  a  few  interest- 
ing kinds  of  radiation  are  given  : — 

Cm. 

Smallest  wave-length  measured ooooi 

Maximum  of  chemical  action  in  solar  spectrum.     Ex- 
tremity of  visible  spectrum 00004 

D  line 000059 

Extremity  of  visible  spectrum 00007 

Maximum  energy  in  solar  spectnim 00008 

Largest  wave-length  measured 0025 

Smallest  measured  electrical  oscillation        .        .        .6 


CHAPTER   IX 
COLOUR    SENSATIONS 

397.  Sensations  produced  by  Light.— We  have  up  to  the  present 
considered  the  subject  of  light  in  its  objective  aspect  only,  and  must  now 
proceed  to  examine  the  subjective  sensations  produced  when  light-waves 
of  various  kinds  enter  the  eye.  When  dealing  with  the  subject  of 
audition,  we  saw  that  the  nature  of  the  sensation  produced  depends  on 
the  intensity,  the  frequency,  and  the  timbre  of  the  note.  The  timbre, 
however,  is  really  included  in  the  first  two,  for  it  depends  on  the  fre- 
quency and  intensity  of  the  various  simple  tones  which  build  up  the 
note.  In  the  same  way,  the  sensation  experienced  when  light  enters  the 
eye  depends  on  the  frequency  and  intensity  of  the  various  simple  coloured 
lights  which  build  up  the  resultant  colour.  As  we  shall,  however,  find, 
the  eye  possesses  much  less  analysing  power  than  the  ear,  for  while  the 
ear  which  receives  a  note  of  given  composition  can  always  distinguish 
any  other  note  of  which  the  composition  is  different,  this  is  not  the  case 
with  the  eye.  Thus  by  allowing  light  of  only  three  selected  frequencies 
to  enter  the  eye,  a  sensation  is  produced  which  is  quite  undistinguishable 
from  the  sensation  produced  when  white  light  enters  the  eye,  although, 
as  we  have  seen,  white  light  consists  of  light  of  all  frequencies  between 
very  considerable  limits.  Thus  while  in  acoustics  like  sensations  are 
produced  by  like  causes,  in  optics  this  is  not  necessarily  true,  and  the 
same  sensation  may  be  produced  by  entirely  different  causes. 

398.  Colour  Constants.— We  shall  in  the  following  pages  use  the 
word  colour  in  a  rather  different  sense  to  that  hitherto  employed.  Up 
to  now,  by  the  colour  of  light  we  have  meant  the  frequency  of  the  ether 
vibrations,  and  so  have  used  it  in  the  sense  of  pitch  in  acoustics.  Now, 
however,  we  shall  use  the  word  colour  to  designate  the  sensation  pro- 
duced in  the  eye,  although  where  confusion  is  likely  to  occur  the 
expression  colour  sefisation  will  be  employed. 

As  we  shall  see  later,  the  colour  sensation  produced  in  different 
persons  by  the  same  quality  of  light  may  vary  considerably,  and  so  we 
have  to  consider  the  sensation  which  is  felt  by  the  majority  of  people  ;  in 
other  words,  we  shall  deal  with  the  normal  eye. 

In  order  to  specify  a  colour  it  is  necessary  to  know  three  things  about 
it.  In  the  first  place,  we  require  to  know  the  frequency  of  the  various 
vibratory  motions  which  constitute  the  light  which  enters  the  eye,  or,  as 
it  is  sometimes  called,  the  hue  oL  the  light.  In  the  second  place,  we 
require  to  know  the  brjghfnp^s  or  himinof^i^^y  of  the  colour.  In  the  third 
place,  we  require  to  know  whether  the  light  considered  is  mixed  with 
any  white  light,  and  if  so,  to  what  extent.  If  a  light  is  free  from  admixed 
white  light  it  is  said  to  be  pure.     Thus  by  allowing  monochromatic 

559 


56o 


Light 


(§399 


Z>-light  to  fall  on  a  white  card,  the  sensation  is  that  of  orange-yellow  and 
the  colour  is  pure.  If,  however,  the  card  is  simultaneously  illuminated 
by  white  light,  the  sensation  produced  is  altered  and  the  colour  is  no 
longer  pure. 

399.  Luminosity. — In  order  to  be  able  to  measure  the  luminosity  of 
a  colour,  we  must  have  a  standard  or  unit  of  luminosity.  Two  cases  have 
to  be  considered,  namely,  when  we  are  dealing  with  the  luminosities  of 
different  coloured  lights,  and  when  we  are  dealing  with  the  luminosities  of 
the  colours  seen  when  different  pigments  are  illuminated  by  white  light. 

When  dealing  with  lights  of  different  colours,  the  unit  taken  is  some 
of  the  white  light  produced  by  the  source  which  is  employed  to  give  the 
coloured  light.  In  the  case  of  pigments,  the  unit  is  the  luminosity  of  a 
white  surface  which  is  illuminated  by  the  same  light  as  that  which  falls 
on  the  pigment. 

As  a  source  of  white  light  which  may  be  employed  in  colour  measure- 
ments. Sir  William 
Abney  has  found  that 
the  light  given  by  the 
crater  of  the  electric 
arc  (§  499)  is  by  far 
the  most  steady  and 
uniform  in  quality. 
D  The  arrangement  he 
has  employed  in  his 
experiments  on  colour 
is  shown  in  plan  in 
Fig.  383.  An  image 
of  the  crater  of  an 
arc,  E,  is  thrown,  by 
means  of  a  lens,  L„ 
on  the  slit  of  a  colli- 
mator. The  parallel 
beam  of  light  thus 
produced  falls  on  the 
prisms  Pj  and  Pg, 
and  is  thus  split  up, 
the  different  coloured 
rays  being  brought 
to  a  focus  by  the  lens 
L2  between  V  and  R. 
If  a  screen  is  placed 
at  A,  a  pure  spectrum 
will  be  formed  on  it. 
If  the  screen  is  not  there,  the  lens  Lg  will  cause  the  light  of  all  the  various 
colours  to  be  superposed  over  a  small  patch  on  a  screen  at  B,  and  so 
will  reproduce  white  light.  If,  however,  there  is  a  screen  at  a  in  which 
there  are  one  or  more  slits  of  which  the  positions  can  be  varied,  then  it 
is  only  the  light  of  the  wave-lengths  corresponding  to  the  positions  of 
these  slits  in  the  spectrum  which  will  be  thrown  by  the  lens  L3  on  the 
patch  B.  Hence  by  varying  the  positions  and  sizes  of  these  slits,  different 
colour  mixtures  can  be  obtained.  Some  of  the  white  light  is  reflected 
from  the  first  prism  along  R,  and  by  means  of  a  lens  and  a  mirror  this 
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light  is  caused  to  form  a  white  patch  on  the  screen  at  C,  and  this  acts  as 
a  reference  white  when  measuring  luminosities.  The  intensity  of  the 
white  light  can  be  reduced  by  means  of  a  set  of  rotating  sectors  placed 
at  D,  which  are  so  arranged  that  the  proportion  of  opaque  sector  to 
transparent  sector  can  be  adjusted  while  the  instrument  is  rotating. 

In  order  to  determine  the  luminosity  of  the  different  parts  of  the  arc- 
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Fig.  384. 

light  spectrum  a  single  slit  is  employed,  so  that  the  patch  B  is  illuminated 
by  light  of  one  wave-length,  and  the  intensity  of  the  white  light  is  varied 
till  the  two  patches  appear  of  equal  brightness.  By  making  this  com- 
parison all  along  the  spectrum,  and  plotting  the  luminosities  obtained  as 
ordinates,  Abney  has  obtained  the  curve  shown  in  Fig.  384.  The  full- 
line  curve  represents  the  luminosity  for  a  normal  eye,  and  it  will  be  seen 
that  there  is  a  very  marked  maximum  in 
the  yellow,  and  that  the  luminosity  of  the 
violet  end  of  the  spectrum  is  very  small. 
The  dotted  curve  represents  the  luminosity 
as  measured  by  a  red  colour-blind  ob- 
server, and  we  shall  return  to  this  subject 
later. 

If  the  luminosity  of  two  coloured  lights 
is  measured  separately  by  placing  a  slit  at 
the  appropriate  place  in  the  spectrum,  and 
then  two  slits  are  placed  so  as  to  allow  light 
of  the  two  colours  to  fall  on  the  screen 
simultaneously,  and  the  luminosity  of  the  two  combined  measured,  it  is 
found  to  be  equal  to  the  sum  of  the  luminosities  of  the  two  separate 
components.  The  same  result  is  obtained  with  three  or  more  different 
coloured  lights,  so  that  the  luminosity  of  such  coloured  lights  is  additive. 

In  order  to  measure  the  luminosity  of  the  light  reflected  from  various 
pigments,  the  arrangement  shown  in  Fig.  385  is  employed.     The  central 
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portion,  A,  is  covered  with  the  pigment,  and  the  proportion  of  the  black 
and  white  sectors  C  and  B  can  be  varied  by  slipping  one  over  the  other. 
This  card  is  mounted  on  an  axle  and  rapidly  rotated,  and  the  width  of 
the  while  sectors  is  altered  till,  when  illuminated  with  any  given  coloured 
light,  the  luminosity  of  the  whole  disc  appears  the  same.  The  ratio  of 
the  white  sectors  to  the  whole  circle  then  gives  the  luminosity  of  the 
pigment  when  illuminated  by  the  given  coloured  light. 

400.  Colour  Mixtures.— The  apparatus  shown  in  Fig.  383  can  be 
used  for  studying  the  colour  sensation  produced  by  mixing  light  of 
various  wave-lengths.  For  by  placing  slits  in  various  parts  of  the 
spectrum  the  patch  B  will  be  illuminated  by  the  mixture  of  the  colours 
corresponding  to  the  positions  of  the  slits.  It  is  found  that,  if  the  posi- 
tions of  three  slits  be  suitably  chosen,  any  colour  whatever  can  be 
matched  by  the  mixture  of  light  of  these  three  wave-lengths  taken  in 
various  proportions. 

The  three  primary  colours,  by  mixing  which  all  the  various  colour 
sensations  can  be  obtained,  are  blue  about  half-way  between  the  Fraun- 
hofer  lines  F  and  G,  green  between  E  and  F,  and  red  between  B  and  c* 

If  the  luminosities  of  the  three  primaries  taken  are  blue  3.0,  green 
54.7,  and  red  42.3,  the  mixture  produces  the  same  sensation  as  white 
light  straight  from  the  arc. 

401.  Thfl__Young-Helmholtz  Theory  of  Colour.— From  the  fact 
that  any  colour  sensation  could  be  produced  by  the  liiixture,  in  suitable 
proportions,  of  light  of  three  given  wave-lengths,  Thomas  Young  was  led 
to  suppose  that  there  existed  three  primary  colour  sensations,  and 
Helmholtz  has  supposed  that  the  reason  for  this  is  that  the  eye  is 
furnished  wiih  three  sets  of  nerves,  one  set  which,  when  excited,  gives  the 
sensation  of  red,  another  of  green,  and  the  third  of  blue.  When  more 
than  one  set  of  nerves  is  excited,  then  a  mixed  sensation  is  produced,  the 
character  of  which  depends  on  the  degree  to  which  each  set  of  nerves 
has  been  excited. 

According  to  the  Young-Helmholtz  theory  of  vision  it  is  supposed 
that  each  set  of  nerves,  the  red  say,  transmits  the  sensation  of  red  to  the 
brain,  whatever  the  manner  in  which  they  may  have  been  stimulated. 
Thus  the  red  nerves  are  affected  not  only  by  red  light  but  also,  to  a 
smaller  extent,  by  light  of  other  wave-lengths  ;  the  impression  produced 
on  the  brain  is,  however,  always  that  of  red  light. 

It  has  been  found  possible,  by  studying  the  colour  sensations  of 
normal-eyed  and  of  colour-blind  persons,  to  draw  three  curves  showing 
the  sensitiveness  of  the  three  primary  sets  of  nerves  to  stimulation  by 
light  of  different  wave-lengths.  Such  a  curve  was  originally  obtained  by 
Koenig,  and  in  Fig.  386  are  shown  a  set  of  such  curves  obtained  by 
Abney  using  the  apparatus  described  in  §  399.  The  scales  of  the  curves 
are  so  chosen  that  when  the  ordinates  intercepted  on  all  three  curves  are 
equal,  the  lights  of  wave-lengths  corresponding  to  the  abscissae  produce 
the  sensation  of  white  in  the  case  of  a  normal  eye. 

It  will  be  noticed  that  the  sensation  of  red  can  be  stimulated  by  light 
of  all  wave-lengths  between  H  (violet)  and  below  B  in  the  red.  The 
sensation  of  green  is  stimulated  by  light  of  wave-length  between  a  little 

1  The  red  lithium,  green  magfnesium  {b),  and  blue  lithium  lines  very  neaily  cor- 
respond to  the  three  primary  colours. 
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below  G  (blue)  and  c  (orange-red).  The  sensation  of  blue  is  stimulated 
by  light  of  all  wave-lengths  between  the  extreme  violet  end  of  the 
spectrum  and  a  little  above  D  (orange-yellow).  In  the  case  of  light  of 
longer  wave-length  than  c  the  red  sensation  is  exclusively  stimulated, 
and  so  the  eye  perceives  no  difference  in  colour  for  light  of  all  wave- 
lengths greater  than  670  x  10""^  cm.  In  the  same  way  no  differences  in 
colour  are  perceived  for  light  having  wave-lengths  less  than  360x10"^ 
cm.,  for  the  blue  sensation  is  alone  stimulated.  For  light  of  all  inter- 
mediate wave-lengths  either  two  or  three  of  the  sensations  are  simul- 
taneously stimulated. 

The  above  theory  as  to  three  sets  of  colour  nerves  accounts  satis- 
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factorily  for  the  abnormal  colour  sensations  of  colour-blind  persons. 
Thus  a  colour-blind  person  is  one  in  which  one  (very  rarely  two)  of  the 
sets  of  colour  nerves  is  missing.  Thus  a  red  colour-blind  person  is  one 
in  which  the  red  nerves  are  insensitive.  Hence  such  a  person  will  only 
possess  the  violet  and  green  sensations,  and  it  will  at  once  be  perceived 
why  the  luminosity  curve  (Fig.  384)  obtained  by  such  an  observer  falls  so 
much  below  the  normal  at  the  red  end  of  the  spectrum,  for  there  the 
green  and  violet  sensations  are  very  weak. 

In  the  case  of  a  green  colour-blind  person,  the  green  sensation  is 
absent,  and  hence  the  curves  in  Fig.  386  show  that  for  green  light,  about 
half-way  between  E  and  F,  the  two  remaining  sensations  are  equally 
stimulated.  Now  equal  stimulation  of  all  three  sensations  corresponds, 
in  the  normal  eye,  to  white,  and  in  the  green  colour-blind,  in  the  same 
way,  equal  stimulation  of  the  blue  and  red  sensations  also  corresponds 
to  the  sensation  produced  by  white.  Hence  when  green  light  enters 
the  eye  of  a  green  colour-blind  person  the  impression  produced  is  the 
same  as  that  produced  by  white  light.     This  fact  is  brought  out  very 
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clearly  if  such  a  colour-blind  person  is  shown  a  spectrum,  for  he  will  say 
that  he  sees  red  at  one  end  and  violet  at  the  other,  with  a  white  band 
between. 

In  the  case  of  a  red  colour-blind  person  the  blue  and  green  sensations 
are  equally  stimulated  at  the  point  where  the  blue  and  green  curves 
intersect,  that  is  in  the  bluish-green,  and  hence  to  such  a  colour-blind 
person  this  portion  of  the  spectrum  appears  white.  With  red  colour- 
blindness the  red  end  of  the  spectrum  is  much  curtailed,  as  will  be  seen 
from  a  study  of  Figs.  384  and  386. 

402.  Complementary  Colours.— Two  colours  are  said  to  be  com- 
plementary when,  if  combined,  they  produce  the  sensation  of  white. 

The  complementary  colours  of  the  spectrum  colours  can  be  obtained 
by  stopping  the  light  of  any  given  wave-length  by  means  of  an  opaque 
rod  and  allowing  the  remaining  colours  to  be  combined  by  the  lens  L3 
(Fig.  383)  on  the  screen  at  B.  Then  the  colour  seen  at  B  will  be  the 
complementary  of  that  which  is  removed  from  the  spectrum  by  the 
interposition  of  the  rod. 

Since  not  only  all  the  spectrum  colours,  but  also  the  three  primary 
colours  taken  in  their  proper  proportions,  produce  the  sensation  of  white, 
if  one  of  the  slits  in  the  latter  case  is  closed  the  colour  produced  by  the 
mixture  of  the  remaining  two  will  be  complementary  to  the  missing 
colour. 

It  is  not  necessary  that  either  of  the  two  complementaries  should  be 
a  compound  colour,  for  if  a  slit  be  placed  in  the  green  between  F  and  E, 
and  another  in  the  orange  between  D  and  c,  the  mixture  of  the  two  simple 
colours  transmitted  will  produce  the  sensation  of  white,  and  hence  these 
two  colours  are  complementary.  The  reason  for  the  production  of  the 
sensation  of  white  by  the  mixture  of  the  above  two  colours  can  be  seen 
by  a  study  of  the  curves  in  Fig.  386.  For  it  will  be  seen  that  the  sum  of 
the  ordinates  of  the  red  and  green  curves,  where  cut  by  the  dotted  lines 
M,  I,  2,  3  and  N,  4,  5,  are  each  equal  to  the  ordinate,  M3,  of  the  blue 
curve.  Hence  the  combined  effect  of  these  two  lights  is  to  excite  all 
three  primary  sensations  to  an  equal  extent,  that  is,  to  produce  the 
sensation  of  white. 

Although  a  mixture  of  blue  and  yellow  light  produces  the  sensation 
of  white,  it  is  otherwise  if  we  mix  blue  and  yellow  pigments,  for  in  this 
case  the  result  is  a  pigment  which,  when  illuminated  by  white  light, 
produces  the  sensation  of  green.  The  reason  for  this  is  that  in  the  case 
of  pigments  the  light  which  reaches  the  eye  is  white  light  which  has 
been  deprived  of  some  of  its  components  by  absorption  within  the  pig- 
ment. Thus  a  blue  pigment  will  absorb  all  the  colours  except  the  blue 
and  green,  while  a  yellow  pigment  will  absorb  all  but  the  red,  yellow, 
and  green.  Now  suppose  we  have  a  mixture  of  fine  yellow  and  blue 
pigment  particles  illuminated  by  white  light,  the  blue  particles  will 
absorb  all  the  components  of  the  white  light  except  the  blue  and  green, 
but  will  transmit  these  two  colours.  The  yellow  particles  will  absorb 
the  blue  but  will  also  transmit  the  green.  Thus  all  the  components  of 
the  white  light  will  be  absorbed,  by  one  or  other  of  the  two  kinds  of 
particles,  except  the  green,  and  hence  all  the  light  which  is  transmitted 
or  reflected  from  the  pigment  will  be  green.  The  truth  of  this  explana- 
tion can  be  proved  by  painting  a  card  with  yellow  pigment  and  holding 
it  in  a  beam  of  light  which  has  passed  through  a  blue  solution.     Blue 
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and  green  light  will  now  fall  on  the  yellow  pigment,  and  of  this  the  blue 
will  be  absorbed  and  the  green  will  be  reflected,  so  that  the  card  appears 
green.  In  the  same  way  a  card  painted  blue,  when  illuminated  by  light 
obtained  by  passing  white  light  through  a  yellow  solution,  will  also 
appear  green,  for  of  the  incident  yellow  and  green  light  the  yellow  will 
be  absorbed  by  the  pigment. 

Experiments  with  pigments  led  to  the  conclusion  that  red,  yellow, 
and  blue  were  the  three  primary  colours,  for  the  red  pigment  will  absorb 
the  green  which  is  transmitted  by  the  other  two,  and  so  a  neutral  tint 
is  produced.  Thus  when  using  pigments  to  examine  the  phenomena  of 
colour  great  care  must  be  taken,  for  in  no  case  are  pigment  colours,  even 
approximately,  monochromatic  ;  and  it  must  always  be  remembered  that 
the  colour  of  a  pigment  is  obtained  by  the  absorption  of  light  of  certain 
wave-lengths  from  the  incident  light. 


CHAPTER   X 
POLARISATION  AND  DOUBLE  REFRACTION 

408.  Light  transmitted  by  Tourmaline— Polarisation.— We  have 
supposed  that  light  is  due  to  a  wave-motion  in  the  ether,  but  have  not 
yet  considered  whether  the  waves  are  longitudinal,  such  as  is  the  case 
with  sound-waves,  or  are  transverse,  t\g.  whether  the  displacement, 
whatever  its  nature  may  be,  which  causes  the  sensation  of  light  (and 
also,  of  course,  of  radiant  heat)  takes  place  normally  to  the  wave-front 
or  parallel  to  the  wave-froni.  This  question  can  be  answered  at  once 
by  means  of  an  experiment  made  with  two  crystals  of  tourmaline. 

If  we  take  a  slice  of  a  crystal  of  tourmaline  cut  parallel  to  the 
crystallographic  axis,  and  pass  a  ray  of  light  through  it,  part  of  the 
light  will  pass  through,  and  will,  with  most  specimens  of  tourmaline, 
be  coloured  greenish  owing  to  selective  absorption  within  the  crystal, 
otherwise  to  the  eye  the  character  of  the  light  appears  unaltered,  and 
remains  of  the  same  intensity  if  the  tourmaline  plate  is  rotated.  If  the 
light  which  has  passed  through  one  tourmaline  plate  is  allowed  to  fall  on 
another,  placed  with  its  axis  parallel  to  the  first,  the  light  will  pass 
through  the  two;  the  only  visible  effect  will  be  to  slightly  darken  the 
greenish  tint,  the  intensity  being  very  slightly  diminished  by  the  second 
plate.  If,  however,  the  second  plate  is  gradually  rotated  round  an  axis 
parallel  to  the  light,  so  that  the  axes  of  the  two  crystals  are  inclined  at  a 
finite  angle  to  one  another,  the  intensity  of  the  transmitted  light  will 
gradually  diminish,  till,  when  the  axes  are  at  right  angles,  none  of  the 
light  which  has  passed  through  the  first  plate  will  pass  through  the  second. 

Hence  the  light  which  has  passed  through  a  plate  of  tourmaline  has 
acquired  properties  which  it  did  not  before  possess,  in  that  it  can  no 
longer  pass  through  a  second  plate  of  that  substance  when  this  plate  is 
turned  so  that  its  axis  is  perpendicular  to  the  axis  of  the  first  plate. 

In  order  to  see  to  what  conclusions  this  experiment  leads,  let  us 
consider  an  analogous  problem.  If  we  have  a  stretched  string,  we  have 
seen  that  it  is  capable  of  two  distinct  modes  of  vibration,  namely,  a 
longitudinal  vibration,  in  which  the  particles  of  the  string  move  back- 
wards and  forwards  in  the  direction  of  the  length  of  the  string,  and  a 
transverse  vibration,  in  which  the  particles  move  in  planes  perpendicular 
to  the  length  of  the  string.  In  the  case  of  the  string  vibrating  longi- 
tudinally, the  appearance  of  the  string  is  the  same  on  all  sides,  ue.  it 
remains  stretched  straight  between  its  extremities.  When  it  is  vibrating 
transversely,  however,  its  appearance  is  ordinarily  different  on  different 
sides,  since  it  vibrates  in  a  single  plane.  Hence  a  string  vibrating 
transversely  has  definite  sides,  so  that,  to  define  its  motion  with  reference 
to  the  surrounding  medium,  we  must  state  the  plane,  passing  through 
the  undisturbed  position  of  the  string,  in  which  the  vibration  takes  place. 
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Another  kind  of  transverse  vibration  of  which  a  string  is  capable  is  that 
in  which  each  particle  describes  a  circle  in  a  plane  at  right  angles  to  the 
undisturbed  position  of  the  string.  Suppose,  then,  that  we  cause  a  string 
to  vibrate  in  this  manner  by  attaching  one  end  to  a  hook  fixed  at  a  little 
way  from  the  centre  of  a  rapidly  rotating  disc  A  (Fig.  387).  The  string 
will  appear  to  swell  out  into 

something  like  the   shape  F  D 

shown  by  the  dotted  lines. 
If  now  the  string  is  passed 
through  a  narrow  vertical 
slit  D,  since  the  motion  of 
the  string  can  then  only 
take  place  up  and  down 
this  slit,  beyond  D  the 
motion  will  consist  of  trans- 
verse vibrations  executed  in 


B 


A 


Fig.  387. 


a  plane  passing  through  the  undisturbed 
position  of  the  string  and  the  slit,  and  by  rotating  the  slit  the  plane  in 
which  the  vibrations  are  taking  place  will  also  be  rotated.  Next,  if  a 
second  slit  is  placed  at  F,  and  this  slit  is  parallel  to  the  first,  the  motion 
of  the  string,  being  parallel  to.  this  slit,  will  be  unaffected.  If,  how- 
ever, the  first  slit  remaining  vertical,  the  second  slit  F  is  turned  out 
of  the  vertical,  it  will  begin  to  interfere  with  the  vibration  of  the  cord, 
and  when  it  is  horizontal  it  will  no  longer  allow  any  of  the  motion  of  the 
cord,  which  is  in  a  vertical  plane,  to  pass,  and  hence  the  portion  of  the 
cord  between  the  second  slit  and  B  will  remain  at  rest. 

The  experiment  with  the  crossed  tourmalines  gives  just  such  a  result 
as  the  above,  and  so  we  conclude  that  the  reason  the  light  will  not  pass 
through  the  second  tourmaline,  when  the  axes  are  at  right  angles,  is  that 
during  its  passage  through  the  first  the  light  vibrations  have  acquired 
sides,  or,  in  other  words,  they  now  occur  in  one  plane,  so  that  they  are 
stopped  by  the  second  tourmaline,  just  as  the  transverse  vibrations  of  the 
cord  are  stopped  by  the  second  slit  after  they  have  been  confined  to  one 
plane  by  the  first. 

Since  no  such  action  could  take  place  with  the  cord  vibrating  longi- 
tudinally, we  conclude  that  the  light  vibrations  are  transverse. 

Ordinary  light,  then,  consists  of  transverse  vibrations,  and  since  when 
a  single  tourmaline  is  used  the  intensity  of  the  transmitted  light  does  not 
change  as  the  tourmaline  turns,  the 
vibrations  must  take  place  in  all 
directions  at  right  angles  to  the 
direction  of  the  ray.  After  the 
passage  of  the  light  through  the 
tourmaline,  however,  the  transverse 
vibrations  all  take  place  parallel  to 
some  definite  direction,  and  the  ray 
\s  S2i\d  to  h%  plane  polarised.  Thus 
when  a  ray  of  light  lO  (Fig.  388) 
passes  through  the  tourmaline  plate 
AB,  which  is  cut  so  that  the  axis  of 
the    crystal  is   parallel  to  ab,  the 

transmitted    light    is    plane    polarised,    i.e.    the   vibrations    take 
in  one  plane.      As  has  been    mentioned   in   §    369,   we  do  not 


place 
know 
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for  certain  what  is  the  nature  of  the  wave-motion  in  the  ether  which 
we  call  light,  and  we  cannot  say  whether  the  vibrations  take  place  in 
the  plane  containing  the  axis  of  the  crystal  and  the  ray,  or  in  the  plane 
at  right  angles.  Fresnel  assumed  in  his  theory  that  the  vibrations  take 
place  in  the  plane  containing  the  ray  and  parallel  to  the  axis,  as  shown 
by  the  small  double-headed  arrows  in  the  figure.  M'Cullagh,  on  the 
other  hand,  considered  that  the  vibrations  take  place  in  planes  at  right 
angles  to  the  axis.  For  the  purpose  of  explaining  the  phenomena  we 
shall  adopt  Fresnel's  hypothesis,  merely  remarking  that  according  to 
the  electro-magnetic  theory  of  light  there  is  something  going  on  in 
both  planes,  in  one  an  electric  vibration,  and  in  the  other  a  magnetic 
vibration. 

Hence  we  assume  that  the  vibrations  in  the  ether  which  produce 
light  take  place  in  the  plane  abdc  containing  the  axis.  The  plane 
FEHG,  drawn  through  the  direction  of  the  ray  and  at  right  angles  to 
.the  direction  of  vibration  of  the  ether  particles,  is  called  the  plane  of 
polarisation. 

Ordinary  light  is  light  in  which  at  any  instant  the  ether  particles 
at  a  given  point  are  vibrating  in  straight  lines,  but  such  that  the  direction 
of  the  vibrations  changes  from  time  to  time.  Since  interference  can 
be  observed  between  rays  which  have  traversed  paths  which  differ  by 
400,000  wave-lengths,  it  follows  that  during  the  time  taken  for  this 
number  of  vibrations,  i.e.  lO""  second,  the  direction  of  the  plane  of 
polarisation  does  not  appreciably  change.  A  much  slower  change  than 
this  would,  however,  be  imperceptible,  since  the  eye  is  unable  to  ap- 
preciate periodic  changes  which  take  place  in  a  time  less  than  .05  of  a 
second. 

404.  Double  Refraction. — In  treating  of  the  refraction  of  light  we 
have  hitherto  assumed  that  the  media  between  which  the  light  passes 
are  both  isotropic.  We  have  now  to  consider  the  refraction  of  light 
when  one  of  the  media  is  aelotropic. 

An  lelotropic  body  which  is  transparent  to  light  is  the  crystalline 
calcium  carbonate,  called  Iceland  spar,  thj^  spb'^fanrp  pn«;«;f;c;<;ing  Hiffe- 

r^^ntj-UT^/gir^l  prnpprtips  ip  Hiffprpnt  rljjr^^(;tiQp«t.       It  crystallises  in  varioUS 

forms,  but  they  all  split  most  readily  along  certain  planes  which  are 

always  inclined  to  each  other  at  fixed  angles,  so  that  by  cleavage  the 

crystals  can  always   be   reduced   to  the  rhombo- 

AT  A      hedral  form  shown  in  Fig.  389.    The  rhombohedron 

/  \ /'    \  is  bounded  by  six  parallelograms,  each  of  which 

/      1^        '^      7  ^^^  ^^°  acute  angles  of  78°   5'  and   two   obtuse 
/      /    ^^x^  /       /    angles  of  101°  55'.     Two  of  the  solid  angles,  A  and 

*  \    / *^\     /     ^  l^^S-  389),  are  formed  by  three  obtuse  angles, 

\  /  \  /       the   remaining    six   being   formed   by   one   obtuse 

^ -^        and  two  acute  angles.    A  line  drawn  through  either 

Fig.  389.  A  or  B,  so  as  to  be  equally  inclined  to  the  three 

sides  or  sdges  which  meet  at  the  corner,  is  called 
the  axis  of  the  crystal.  We  shall  find  that  the  axis  has  very  distinct 
and  special  optical  properties,  and  since  these  properties  are  unaltered 
if  the  length,  breadth,  or  thickness  of  the  crystal  are  altered,  as  far  as 
such  optical  properties  are  concerned,  the  axis  must  be  looked  upon  as 
simply  a  direction  in  the  crystal,  so  that  all  lines  parallel  to  the  crystallo- 
graphic  axis  are  optical  axes. 
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If  a  ray  of  light  is  incident  normally  on  one  of  the  faces  of  a  rhombo- 
hedron  of  Iceland  spar,  part  of  the  light  will  pass  straight  through  along 
poo'  (Fig.  390),  just  as  would  happen  in  the  case  of  an  isotropic  body. 
Part  of  the  light  will,  however,  be  refracted  and  travel  along  pee'. 
Hence  in  this  case  there  are  two 
refracted  rays  corresponding  to  a 
single  incident  ray.  This  phenome- 
non is  spoken  of  as  double  refraction^ 

If  the  Iceland  spar  is  turned 
round  the  line  PO  as  an  axis,  and 
the  transmitted  light  is  received  on  a 
screen,  the  spot  of  light  correspond- 
ing to  the  refracted  ray  POO'  will  ^Y\g.  390. 
remain  stationary,  while  that  due  to 
the  ray  pee'  will  rotate  round  the  other  as  a  centre,  the  line  joining  the 
two  images  being  always  parallel  to  the  shorter  diagonal  of  the  parallelo- 
gram^ which  cons 
incident  normally. 

If  the  angle  of  incidence  is  not  zero,  then  in  general  there  will  be  two 
refracted  rays,  but  while  one  of  them  obeys  Snell's  law-in  that  the  ratiQ 
of  the  sine  of  the  angle  of  incidence  to.  the  sine  of  the-ajiffl^-ofl4:effacti<aiL 
is"cQn5antpwBafever  the  direction  of  the  incident  ray,  for  the  other  ray 
this  ratio  is  different  for  rays  incident  in  different  directions. 

The  refracted  ray  PO,  which  obeys  the  ordinary  law  of  refraction,  is 
called  the  ordinary  ray,  while  the  other  ray  PE,  which  does  not  obey  this 
law,  is  called  the  extraordinary  ray. 

If  the  light  which  has  been  transmitted  through  the  crystal  of  Iceland 
spar  is  allowed  to  fall  on  a  plate  of  tourmaline,  and  if  this  plate  is 
rotated,  it  will  be  found  that  in  some  positions  only  the  ordinary  ray 
is  transmitted,  and  in  others  only  the  extraordinary  ray.  Since  the 
positions  for  which  the  ordinai^y  ray  is  extinguished  are  at  right  angles 
to  the  positions  in  which  the  extraordinary  ray  is  extinguished,  this 
experiment  shows  that  both  the  ordinary  and  the  extraordinary  rays  are 
plane  polarised,  and  that  the  planes  of  polarisation  are  at  right  angles 
to  one  another. 

If  in  the  case  of  a  doubly  refracting  crystal  a  plane  be  drawn 
perpendicular  to  the  face  on  which  the  light  is  incident,  and  so  as  to 
contain  the  optic  axis,  this  plane  is  called  the  principal  plane  for  the 
given  face. 

When  the  axis  of  the  tourmaline  plate  is  parallel  to  the  principal 
plane  of  the  spar,  the  ordinary  ray  is  cut  off  by  the  tourmaline,  which 
shows  that  the  ordinary  ray  is  polarised  in  a  plane  parallel  to  the  axis 
of  the  tourmaline,  i.e.  parallel  to  the  principal  plane  of  the  spar.  When 
the  axis  of  the  tourmaline  is  at  right  angles  to  the  principal  plane  the 
extraordinary  ray  is  cut  off,  so  that  this  ray  is  polarised  in  a  plane 
perpendicular  to  the  principal  plane. 

Thus  suppose  abct:>  (Fig.  391)  represents  the  cross  section,  taken 
perpendicular  to  the  faces  AD  and  BC,  of  a  plate  of  Iceland  spar  cut 
through  the  corners  of  the  rhombohedron,  so  that  the  line  AX,  or  any 

1  This  is  only  true  if  the  edges  of  the  face  are  all  of  equal  length.  If  this  condition 
is  not  fulfilled,  such  an  equilateral  parallelogram  must  be  marked  out  on  the  face. 
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Fig.  391. 


line  parallel  to  this  line,  is  the  optic  axis,  the  plane  of  the  paper  will  be 
the  principal  plane.of;0»e  plate  for  light  incident  on  the  faces  ad  or  BC, 

since  it  is  perpendicular  to 
these  faces  and  also  contains 
the  axis.  Then  the  plane  of 
the  paper  is  the  plane  of 
polarisation  for  the  ordinary 
ray,  so  that  in  this  ray  the 
ether  vibrations  take  place 
along  straight  lines  perpen- 
dicular to  the  plane  of  the 
paper,  while  the  extraordi- 
nary ray  is  polarised  in  a 
plane  at  right  angles  to  the 
paper,  and  the  vibrations  take 
place  in  the  plane  of  the 
paper.  The  directions  of  the 
two  rays  for  various  angles 
of  incidence  are  shown  in 
the  figure. 

When  the  refracted  ray  is  parallel  to  the  axis,  as  at  PjN,  there  is  only 
a  single  refracted  ray,  and  this  ray  obeys  Snell's  law,  i.e.  the  extraordi- 
nary ray  for  this  angle  of  incidence  coincides  with  the  ordinary  ray. 

If  ABC  (Fig.  392)  represents  a  section  of  a  prism  of  Iceland  spar  cut 
so  that  the  refracting  edge  is  parallel  to  the  optic  axis,  the  plane  of  the 
paper  is  peipendicular  to  the  principal  plane,  and  hence  the  ordinary 
ray  POO'  is  polarised  in  a  plane  perpendicular  to  the  paper,  and  the 

extraordinary  ray  is  polarised  in 
the  plane  of  the  paper."  By 
setting  the  prism  so  that  first 
the  ordinary  and  then  the  extra- 
ordinary ray  is  at  minimum  de- 
viation, the  refractive  index  for 
the  ordinary  ray  (a  constant)  can 
be  determined,  as  also  the  refrac- 
tive index  for  the  extraordinary 
ray  in  a  plane  at  right  angles  to 
the  axis.  The  refractive  index 
for  the  D  line  for  the  ordinary 
ray  is    1.658,  while  that  for  the 


Fig.   39a. 


extraordinary  ray  in  a  plane  perpendicular  to  the  axis,  i.e.  in  a  plane  at 
right  angles  to  the  principal  plane,  is  1.486. 

Let  ABCD  (Fig.  393)  represent  the  face  of  a  section  of  a  crystal  of 
Iceland  spar  cut  parallel  to  the  optic  axis  xx',  then  if  a  ray  of  ordinary 
light  is  incident  normally  at  o,  it  will  be  split  up  by  its  passage  through 
the  crystal  into  two  rays  of  equal  intensity ;  one  of  these,  the  ordinary, 
is  polarised  in  a  plane  perpendicular  to  the  paper  passing  through  xx' 
(the  principal  plane,  since  it  is  perpendicular  to  the  face  ABCD,  and  con- 
tains the  axis  xx'),  and  the  other,  the  extraordinary,  polarised  in  a  plane 
perpendicular  to  the  paper  and  passing  through  yy'. 

Next  suppose  that,  in  place  of  the  incident  light  being  unpolarised 
light,  we  use  plane  polarised  light,  say  by  allowing  the  light  to  pass 
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through  a  tourmahne  plate.  If  the  axis  of  the  tourmaline  is  parallel  to 
XX',  the  incident  light  is  polarised  in  the  plane  passing  through  yy'  and 
the  vibrations  of  the  ether  take  place  parallel  to  xx'.  Now  the  vibrations 
of  the  ordinary  ray  take  place  parallel  to  yy',  since  the  ordinary  ray 
is  polarised  in  the  plane  xx',  so  that  the 
motion  of  the  ether  particles  in  the  incident 
light  is  at  right  angles  to  the  direction  of 
motion  of  the  ether  particles  in  the  ordinary 
ray.  Hence  the  motion  of  the  incident 
waves  has  no  component  in  the  direction  in 
which  the  vibrations  of  the  ordinary  ray 
take  place,  and  so  cannot  give  rise  to  such 
vibrations.  There  will  therefore  be  no  ordi- 
nary ray  when  the  incident  ray  is  polarised 
in  the  plane  yy'.  In  the  same  way,  there 
will  be  no  extraordinary  ray  when  the  inci- 
dent ray  is  polarised  in  the  plane  xx'. 

Next  suppose  that  the  incident  light  is 
polarised  in  some  intermediate  direction,  say 
parallel  to  the  plane  zz',  which  makes  an 
angle  a  with  the  optic  axis  xx',  the  ether  vibrations  taking  place  along  vv', 
which  is  inclined  at  an  angle  90°  -  a  to  the  optic  axis.  The  incident  vibra- 
tion will  now  have  a  component  along  both  xx'  and  yy',  so  that  there  will 
be  both  an  ordinary  and  an  extraordinary  ray.  In  order  to  find  the  rela- 
tive intensities  of  these  rays,  we  may  resolve  the  incident  vibration  along 
xx'  and  yy'.  Since  the  motion  of  the  ether  particles  is  along  vv',  if  a  is 
the  amplitude  of  the  incident  vibration,  the  amplitude  of  the  vibration 
parallel  to  xx'  will  be  A  cos  vox'  =  A  cos  (90°-a)  =  A  sin  a,  while  the 
amplitude  of  the  vibration  parallel  to  yy'  will  be  A  cos  VOY=A  cos  a. 

Thus,  since  the  energy  of  a  vibratory  motion  is  proportional  to  the 
square  of  the  amphtude,  we  have  that  the  intensity  of  the  incident  light 
is  A^,  that  of  the  ordinary  ray  A^  cos  ^a,  and  that  of  the  extraordinary  ray 
is  A^  sin  ^a.     Since 


^2  cos  2a -1-^2  sin  2a  =  ^2(cos  2a  +  sin  ^a) 


#• 


we  see  that  the  sum  of  the  intensities  of  the  ordinary  and  the  extra- 
ordinary rays  is  equal  to  the  intensity  of  the  incident  light. 

If  a  ray  of  light  is  allowed  to  pass  through  two  plates  of  Iceland  spar 
it  will  easily  be  seen,  from  what  has  already  been  said,  that  if  the  prin- 
cipal planes  of  the  two  plates  are  parallel  there  will  be  one  ordinary  ray 
and  one  extraordinary,  the  ordinary  ray  in  one  crystal  becoming  the 
ordinary  ray  in  the  other,  &c.  If  the  principal  planes  are  at  right  angles, 
the  ordinary  ray  in  one  crystal  will  become  the  extraordinary  ray  in 
the  other,  there  being,  as  before,  only  two  rays.  When,  however,  the 
principal  planes  are  inclined  at  an  angle  between  0°  and  90°,  there  will  be 
four  transmitted  rays,  since  the  ordinary  and  extraordinary  rays  in  the 
first  plate  will  each  give  rise  to  an  ordinary  and  an  extraordinary  ray  in 
the  second  plate,  the  intensities  of  the  rays  varying  with  the  angle 
between  the  principal  planes. 

Double  refraction  is  exhibited  by  all  crystalline  bodies  except  those 
which  crystallise  in  the  cubic  system.     In  every  case  the  ordinary  and 
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extraordinary  rays  are  plane  polarised  in  planes  at  right  angles  to  one 
another.  In  the  case  of  tourmaline,  the  incident  light  is  split  up  into  an 
ordinary  and  an  extraordinary  ray,  but  this  substance  exerts  a  powerful 
selective  absorption  on  light  polarised  in  a  plane  containing  the  axis,  x>. 
the  ordinary  ray,  so  that  with  moderate  thicknesses  of  the  crystal  only 
the  extraordinary  ray  can  pass. 

405.  Interference  of  Polarised  Light.— By  placing  two  plates  of 
tourmaline,  so  that  each  is  traversed  by  the  rays  passing  through  one  half 
of  Fresnel's  biprism,  the  interference  of  polarised  light  can  be  studied  in 
the  manner  described  in  §  376.  In  this  way  it  is  found  that  two  rays  of 
light  polarised  in  planes  at  right  angles  do  not  produce  interference 
under  conditions  in  which  two  rays  of  ordinary  light  would  interfere. 
Two  rays  polarised  in  the  same  plane  do,  however,  interfere  like  two 
rays  of  ordmary  light.  The  fact  that  rays  polarised  in  planes  at  right 
angles  do  not  interfere  is  a  further  proof  that  the  direction  of  vibration 
in  the  case  of  light  is  transverse  to  the  direction  of  propagation. 

406.*  Uniaxal  and  Biaxal  Crystals.— We  have,  when  speaking  of 
double  refraction  in  Iceland  spar,  mentioned  that  when  a  ray  of  light 
traverses  the  spar  parallel  to  the  optic  axis  there  is  only  a  single  refracted 
ray.  In  Iceland  spar  there  is  only  one  direction  in  which  this  takes 
place,  and  therefore  there  is  only  one  optic  axis.  Doubly  refracting 
crystals  which  have  only  one  optic  axis  are  called  uniaxal  crystals.  In 
other  crystals  there  are  two  axes  along  which  there  is  only  a  single 
refracted  ray,  and  these  are  called  biaxal  crystals. 

407.*  Wave-Surface  in  Uniaxal  Crystals.— If  we  have  a  disturb- 
ance produced  at  a  point  within  an  isotropic  medium,  the  wave-surface 
at  any  moment  will  be  a  sphere  with  the  point  of  disturbance  as  the 
centre,  for  the  velocity  of  light  being  the  same  in  all  directions,  the 
disturbance  which  originates  at  any  point  will  in  a  given  time  spread  to 
an  equal  distance  in  all  directions.  If,  however,  the  body  is  not  isotropic, 
and  the  velocity  of  light  is  different  in  different  directions,  the  disturbance 
will,  in  a  given  time,  travel  further  in  some  directions  than  in  others, 
and  so  the  wave-surface  will  no  longer  be  a  sphere. 

Now,  in  the  case  of  a  crystal,  the  velocity  with  which  light  travels  is 
not  the  same  in  all  directions  ;  and  since  there  are  in  general  two  re- 
fracted rays  there  must  be  two  wave-fronts.  For  the  ordinary  ray  the 
refractive  index  is  constant,  and  therefore  the  velocity  of  the  ordinary 
ray  in  the  crystal  is  constant,  for  we  have  seen  in  §  369 
that  the  refractive  index  is  equal  to  the  ratio  of  the 
velocities  in  the  two  media  (air-cr>'stal).  As  the  refrac- 
tive index  for  the  extraordinary  ray  varies  with  the 
direction  of  the  ray  within  the  crystal,  the  velocity 
with  which  the  extraordinary  ray  travels  must  depend 
on  the  direction  of  the  ray  in  the  crystal.  The  velocity 
in  the  case  of  the  ordinary  ray  being  constant,  just  as  in 
isotropic  bodies,  the  ordinary  wave-surface  must  be  a 
sphere.  Huyghens,  who  first  considered  the  subject, 
assumed  that  in  uniaxal  crystals  the  extraordinary  wave- 
surface  was  a  spheroid  or  ellipsoid  of  revolution^  that  is, 
the  figure  obtained  by  rotating  an  ellipse  about  one  of  its  diameters, 
AB  or  CD  (Fig.  394),  and  then  verified  the  accuracy  of  this  assumption 
experimentally.     The  axis  about  which  the  ellipse  is  rotated  to  form  the 
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Fig.  395- 


extraordinary  wave-surface  coincides  with  the  optic  axis  of  the  crystal. 
Hence  the  complete  wave-surface  for  a  disturbance  originating  at  a 
point  within  a  uniaxal  crystal  consists  of  a  sphere  and  a  spheroid,  both 
having  their  centres  at  the  point ;  the  axis  of  the  spheroid  being  parallel 
to  the  optic  axis  of  the  crystal.  Further,  since  when  the  ray  travels  in 
the  crystal  in  a  direction  parallel  to  the  optic  axis,  there  is  only  one 
refracted  ray,  i.e.  the  ordinary  and  extraordinary  rays  travel  with  the 
same  velocity,  the  sphere  and  spheroid  must  touch  one  another  at 
points  on  the  optic  axis. 

Two  cases,  however,  may  arise.  In  the  first  place,  the  extraordinary 
ray  may  be  more  refracted  than  the  ordinary  ray,  so  that  the  velocity  of 
the  extraordinary  ray 
is  less  than  that  of  the 
ordinary  ray.  In  this 
case,  Fig.  395  (a),  the 
spheroid  lies  within 
the  sphere,  touching 
it  on  the  optic  axis 
XX.  In  the  other 
case  the  velocity  of 
the  extraordinary  ray 
may  be  greater  than 
that  of  the  ordinary 
ray,  so  that  the  sphe- 
roid lies  outside  the  sphere,  Fig.  395  (^),  again  touching  the  circle  on 
the  optic  axis  XX'. 

Uniaxal  crystals  in  which  the  wave-surface  is  like  Fig.  395  («),  and  in 
which,  except  along  the  optic  axis,  the  ordinary  ray  travels  faster  than 
the  extraordinary  ray,  are  called  positive  crystals.  Quartz  and  ice  are ' 
positive  crystals. 

Uniaxal  crystals,  in  which  the  wave-surface  is  like  Fig.  395  {b\  are^ 
called  negative  crystals,  and  to  this  class  belong  Iceland  spar  and. 
tourmaline. 

408.*  Huygrhens's  Construction  for  the  Directions  of  the  Re- 
fracted Rays  in  a  Uniaxal  Crystal.— Suppose  we  require  to  find  the 
directions  of  the  refracted  rays  in  the  case  of  Iceland  spar.  The  spar, 
being  a  negative  crystal,  the  wave-surface  is  like  Fig.  395  {b). 

Let  IQ  or  I'p  (Fig.  396)  be  the  direction  of  the  light  incident  on  the 
face  of  the  crystal,  and  let  the  optic  axis  XQ  lie  in  the  plane  of  the  paper, 
so  that  the  paper  is  the  principal  plane  for  the  face.  Then  QM  is  a  wave- 
front  of  the  incident  wave. 

When  the  wave  reaches  Q,  we  may  consider  that  this  point  becomes  a 
centre  of  disturbance  within  the  crystal.  If  it  takes  the  wave  a  time  /  to 
travel  from  M  to  P,  and  we  describe  the  wave-surfaces  in  the  crystal 
about  the  point  Q  for  a  time  /  after  the  disturbance  reaches  Q,  these 
wave-surfaces  will  represent  the  positions  of  the  wave  in  the  crystal  when 
the  wave  in  the  air  reaches  P.  Hence,  if  from  P  we  draw  PO  and  pe 
tangents  to  the  ordinary  and  extraordinary  wave-surfaces  respectively, 
PO  will  represent  the  ordinary  wave-front  in  the  crystal  and  PE  the 
extraordinary  wave-front,  and  the  line  QO  will  represent  the  direction  of 
the  ordinary  ray  and  QE  the  direction  of  the  extraordinary  ray. 

If  the  plane  of  the  paper  had  not  been  a  principal  plane,  we  should 
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Fig.  396. 


have  had  to  draw  through  P  a  plane  perpendicular  to  the  plane  of  inci- 
dence to  touch  the  spheroid,  and  it  would  not  have  touched  it  at  a  point 
in  the  plane  of  the  paper;   so  that   the  extraordinary  ray  would  not 

be  in  the  plane  of  incidence, 
and  thus  would  not  have  obeyed 
the  first  law  of  refraction  as 
given  in  §  344.  In  ciystalline 
media  the  rays  are  not  in 
general  at  right  angles  to  the 
wave-fronts,  as  is  always  the 
case  in  isotropic  media. 

Two  particular  cases  are 
worth  examining :  first,  when 
the  optic  axis  is  parallel  to  the 
face  of  the  crystal  and  per- 
pendicular to  the  plane  of  in- 
cidence ;  and  second,  when  the 
optic  axis  is  parallel  to  the  face 
and  also  parallel  to  the  plane 
of  incidence. 

in  the  first  case  (Fig.  397) 
the  optic  axis  is  perpendicular 
to  the  plane  of  the  paper,  and  hence  the  sections  of  the  wave-surfaces 
consist  of  two  circles,  the  inner  one,  since  the  crystal  is  negative,  corre- 
sponding to  the  ordinary  ray.  The  reason  the  section  of  the  extra- 
ordinary wave-surface   is    a    circle    is    that    this    surface    is  obtained 

by  rotating  an  ellipse 
1'^^  M  about  the  optic  axis,  so 

that  all  sections  per- 
pendicular to  the  axis 
must  be  circles. 

If  a  is  the  velocity 
of  the  ordinary  ray  and 
b  the  velocity  of  the 
extraordinary  ray  in  a 
plane  at  right  angles 
to  the  oplic  axis,  the 
radius  of  the  spherical 
wave  -  surface  in  the 
crystal  being  taken  as 
Uy  the  major  axis  of 
the  spheroid  will  be  b. 

__  Hence  in   Fig.    397   if 

QO  is  a,  QE  will  be  equal  to  ^.  If  the  velocity  of  light  in  air  is  r,  the 
refractive  index  for  the  ordinary  ray  is  c]a^  and  that  for  the  extraordinary 
ray  in  a  plane  at  right  angles  to  the  optic  axis  is  c\b.  Now  b  or  QE  is 
constant  for  all  angles  of  incidence  in  a  plane  at  right  angles  to  the 
optic  axis,  and  hence  the  extraordinary  refractive  index  is  constant  in 
this  plane,  and  the  extraordinary  ray  obeys  the  ordinary  laws  of  refrac- 
tion. By  cutting  a  prism  of  Iceland  spar  with  its  refracting  edge  parallel 
to  the  optic  axis  two  refracted  rays  will  be  obtained,  and  the  refractive 
index  {c\a  and  clb)  corresponding  to  each  of  these  can  be  measured. 


Fig.  397. 
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In  this  way  it  can  be  proved  that  the  extraordinary  refractive  index 
{c\b)  in  a  plane  at  right  angles  to  the  optic  axis  is  constant.  Hence  b  or 
QE  must  be  constant,  and  so  it  is  proved  that  the  section  of  the  extra- 
ordinary wave-surface  perpendicular  to  the  axis  is  a  circle. 

The  construction  for  finding  the  directions  of  the  refracted  rays  when 
the  optic  axis  is  parallel  to  the 
face  of  the  crystal,  and  in  the 
plane  of  incidence,  is  shown  in 
Fig.  398. 

409.  Nieol's  Prism.— As  a 
means  of  obtaining  plane  polar- 
ised   light,  a   tourmaline    plate 
is,  for  many  purposes,  unsuited, 
for,  as  has  been  mentioned,  the 
light  transmitted  by  tourmaline 
is  coloured  green.     Since,  when 
a  beam  of  light  is  passed  through 
a  crystal  of  Iceland  spar,  two 
refracted    beams   are   obtained, 
each  of  which  is  plane  polarised, 
but  in  planes  at  right  angles,  if 
by    any    means    we    could    in- 
tercept one   of  these   refracted  ^^^-  398- 
beams,  the  other  would  give  us  plane  polarised  light.     Since  the  angular 
separation  between  the  ordinary  and  extraordinary  rays  is  not  very  great, 
it  is  not  possible  to  stop  one  of  the  beams  with  a  screen,  unless  only 
a  very  narrow  beam  is  employed,  or  we  use  a  very  thick  crystal. 

The  most  convenient  method  of  getting  rid  of  one  of  the  rays  is  to 
make  use  of  total  internal  reflection  for 
this  purpose.  A  rhomb  of  Iceland  spar 
is  taken  and  cut  in  two  by  a  plane,  AC 
(Fig.  399),  perpendicular  to  the  princi- 
pal plane  for  the  face  AB.  The  two 
surfaces  are  then  polished  and  cemented 
together  in  their  original  position  by 
means  of  a  thin  film  of  Canada  balsam. 

Now  the  refractive  index  of  Canada 
balsam  (1.55)  is  greater  than  the  mini- 
mum value  for  the  extraordinary  ray 
(1.486)  in  Iceland  spar,  and  less  than 
that  for  the  ordinary  ray  (1.658).  As 
total  reflection  can  only  occur  when 
light  is  passing  from  a  medium  of 
greater  to.  one  of  less  refractive  index, 
we  can  never  get  total  reflection  in  the 
case  of  the  extraordinary  ray  when 
passing  from  spar  to  balsam,  so  long 
as  the  ray  passes  in  such  a  direction 
that  the  refractive  index  is  less  than 
1.55.'  In  the  case  of  the  ordinary  ray, 
however,  if  the  incidence  is  sufficiently  oblique  we  shall  obtain  total 
reflection.     Hence  if  the  plane  AC  is  suitably  inclined,  the  ordinary  ray. 


Fig.  399. 
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PO,  will  be  incident  on  the  surface  AC  at  an  angle  greater  than  the 
critical  angle,  and  will  therefore  be  totally  reflected  along  00',  while  the 
extraordinary  ray,  pee',  will  pass  through  the  prism. 

The  light  transmitted  by  such  a  rhomb  of  Iceland  spar,  which  is 
called  a  Nicol's  prism,  will  therefore  be  plane  polarised,  and  since  it  is 
the  extraordinary  ray  which  is  transmitted,  the  plane  of  polarisation  is 
perpendicular  to  the  principal  plane,  i.e.  is  a  plane  perpendicular  to  the 
paper  in  Fig.  399. 

A  Nicol's  prism  may  be  used,  not  only  for  producing  plane  polarised 
light,  when  it  is  called  a  polariser,  but  also  for  detecting  whether  light  is 
plane  polarised,  and,  if  so,  determining  the  plane  in  which  it  is  polarised, 
when  it  is  said  to  be  used  as  an  analyser. 

If  the  light  incident  on  the  Nicol  is  unpolarised,  then  the  intensity  of 
the  transmitted  light  will  remain  the  same  when  the  Nicol  is  rotated 
round  the  light  ray  as  an  axis,  the  intensity  of  the  transmitted  light  being 
practically  half  that  of  the  incident  light.  There  is,  however,  a  very 
slight  loss  due  to  reflection  at  E  and  P  (Fig.  399),  and  where  the  ray 
leaves  the  crystal. 

If  the  incident  light  is  plane  polarised,  the  intensity  of  the  transmitted 
light  varies  as  the  analyser  is  rotated.  When  the  principal  plane  of  the 
Nicol  is  parallel  to  the  plane  of  polarisation  of  the  incident  ray,  then 
(§  404)  there  will  be  only  an  ordinary  ray  in  the  spar,  and  this  ray  is  totally 
reflected,  so  that  no  light  will  be  transmitted.  When  the  principal  plane 
of  the  Nicol  is  perpendicular  to  the  plane  of  polarisation  of  the  incident 
light,  only  an  extraordinary  ray  will  be  produced  in  the  spar,  and  this 
will  be  transmitted  undiminished,  so  that  in  this  case  the  intensity  of  the 
transmitted  light  is  ec^ual  to  that  of  the  incident  light.  If  the  principal 
plane  of  the  Nicol  is  mclined  at  an  angle  a  to  the  plane  of  polarisation. 
It  can  be  shown,  exactly  as  in  §  404,  that  the  intensity  of  the  extraordinary 
ray,  and  hence  that  of  the  transmitted  light,  is  /  sin-  a,  where  /  is  the 
intensity  of  the  incident  light.  Thus  when  tt=o  or  180°  the  intensity 
of  the  transmitted  light  is  zero,  and  when  a  =  90°  or  270°  the  intensity  of 
the  transmitted  light  is  /. 

410.  Polarisation  by  Reflection.— If  the  light  reflected  from  a  non- 
metallic  surface,  such  as  glass,  is  examined  with  an  analysing  Nicol, 
it  will  be  found  that  as  the  Nicol  is  rotated  the  intensity  of  the  trans- 
mitted light  varies.  For  a  certain  angle  of  incidence  there  is  no  light 
transmitted  by  the  Nicol  when  its  principal  plane  is  parallel  to  the  plane 
of  incidence  of  the  reflected  light,  while  when  the  principal  plane  of  the 
Nicol  is  perpendicular  to  the  plane  of  incidence,  the  transmitted  light  is 
equal  in  intensity  to  the  reflected  light  before  it  passes  through  the 
Nicol.  This  shows  that,  for  this  angle  of  incidence,  the  reflected  ray  is 
completely  plane  polarised  in  the  plane  of  incidence.  For  all  other 
angles  of  incidence  the  reflected  ray  is  only  partly  polarised,  i.e.  consists 
of  a  mixture  of  ordinary  unpolarised  light  with  light  which  is  polarised 
in  the  plane  of  incidence.  The  angle  of  incidence,  for  which  the  reflected 
beam  is  completely  plane  polarised,  is  called  the  polarising  angle  for  the 
reflecting  substance. 

If,  instead  of  consisting  of  ordinary  light,  the  incident  ray  is  plane 
polarised,  and  is  incident  at  the  polarising  angle,  then  when  the  incident 
ray  is  polarised  in  the  plane  of  incidence,  i.e.  the  vibrations  of  the  ether 
are   taking   place   perpendicular   to  the   plane   of  incidence,  the   light 
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will  be  reflected.     If,  however,  the  incident  ray  is  polarised  in  a  plane . 
perpendicular  to  the  plane  of  incidence,  so  that  the  ether  vibrations  take 
place  in  this  plane,  none  of  the  light  will  be  reflected,  but  it  will  all  be 
refracted  into  the  reflecting  substance. 

If  the  incident  light  is  polarised  in  intermediate  planes,  the  reflected 
light  will  gradually  increase  in  intensity  as  the  plane  of  polarisation 
changes  from  the  position  in  which  it  is  perpendicular  to  the  plane  of 
incidence,  to  that  in  which  it  is  parallel  to  the  plane  of  incidence. 

Owing  to  polarisation  by  reflection  a  glass  plate  can  be  used  both  as^ 
a  polariser  and  as  an  analyser. 

Suppose  a  ray  of  light  10  (Fig.  400)  is  incident  on  a  plate  of  glass  A, 
at  the  polarising  angle  </>,  which  for  ordinary  glass  is  about  56°.  The 
reflected  ray,  OP,  will  be  polarised  in 
the  plane  of  incidence,  that  is,  in  the 
plane  of  the  paper.  If  this  reflected 
ray  is  received  on  a  second  glass 
mirror,  B,  also  at  the  polarising  angle, 
then  if  the  plane  of  incidence  on  b  is 
parallel  to  the  plane  of  incidence  on 
A,  as  is  shown  at  {a)  and  {b\  the 
polarised  light  will  be  reflected  along 
PR.  If  now  the  mirror  B  is  rotated 
round  an  axis  parallel  to  OP,  the 
angle  of  incidence  will  remain  the 
same,  viz.  equal  to  the  polarising 
angle,but  the  mtensityof  the  reflected 
ray  will  diminish  until,  when  the 
plane  of  incidence,  which  is  of  course 
the  plane  passing  through  P  and  O,  and  containing  the  normal  PN',  is 
perpendicular  to  the  plane  of  the  paper,  there  will  be  no  reflected  ray. 
Of  course  the  reflected  ray  will  again  be  of  maximum  intensity  when  the 
mirror  has  been  turned  through  180°  into  the  position  b',  and  zero  when 
it  has  been  turned  through  270°.  Thus  the  one  glass  plate,  A,  has  acted 
as  a  polariser,  and  the  other,  B,  as  an 
analyser.  This  is  the  principle  of  Biot's 
and  of  Norrenberg's  polariscopes. 

411.  Brewster's  Law.— Sir  David  Brew- 
ster, having  made  an  extensive  series  of 
experiments  on  the  angle  of  polarisation  for 
different  substances,  found  that  the  tangent 
of  the  angle  of  polarisation  is  equal  to  the 
refractive  index  of  the  substance,^  or  if  ^  is 
the  angle  of  polarisation  and  /*  the  refractive 

index  .        , 

A*=tan  </). 


Fig.  400. 


Fig. 
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The   geometrical   interpretation  of  Brewster's  law  is  very  interesting. 
Let  10  (Fig.  401)  be  a  ray  of  light  incident  on  a  reflecting  surface  at  the 

^  More  recent  observations  by  Jamin  have  shown  that  Brewster's  law  is  only 
exact  for  substances  for  which  y.  is  about  1.46.  For  substances  of  refractive  index 
differing  much  from  this  value,  the  reflected  beam  is  never  entirely //a«^  polarised, 
but  for  an  angle  of  incidence  given  by  the  relation  tan  <^  —  it.  the  quantity  of  plane 
polarised  light  is  a  maximum. 
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polarising  angle  <^,  and  OR  and  OP  be  the  directions  of  the  reflected  and 
refracted  rays  respectively.  If  ^  is  the  angle  of  refraction  n'op,  we  have 
the  following  relations  : — 

sin  <f) 

sin  /8 


By  Snell's  law 


By  the  law  of  reflection  the  angle  NOR-«<^ 

But  by  Brewster's  law 

,     sin  d> 

tan  <^  = t'*/** 

cos  ^ 

sin  <j>_sin  A 
cos  0  "  sin  ^ 

or  sin  /3=cos  <f>. 

But  sin)8=cos(9o'-/3). 

cos  (90°  -  /?) = cos  <^ 

or  9o'-/J=<^. 

Hence  the  angle  POB,  which  is  equal  to  90* -)9,  is  equal  to  <^,  or  to 
the  angle  NOU.  Adding  the  angle  ROB  to  each,  we  get  that  the  angle 
POR  is  equal  to  the  angle  BON.  Hence,  since  the  angle  BON  is  a  right 
angle,  the  angle  POR  must  also  be  a  right  angle  ;  that  is,  when  the  angle 
of  incidence  is  the  polarising  angle,  the  reflected  ray  OR  is  at  right  angles 
to  the  refracted  ray  OP. 

Since  the  angle  of  polarisation  depends  on  the  refractive  index,  and 
this  differs  for  light  of  different  colours,  the  angle  of  polarisation  will  be 
different  for  different  colours. 

When  the  incident  ray  is  plane  polarised  in  the  plane  of  incidence, 
the  vibrations  of  the  ether  particles  take  place  in  straight  lines  parallel  to 


(6)  ^P 


Fig.  402. 


the  reflecting  surface  as  shown  at  (a),  Fig.  402,  and  the  vibrations  in  the 
reflected  beam  are  also  parallel  to  the  reflecting  surface,  and  to  those  in 
the  incident  ray. 

When  the  incident  ray  is  polarised  perpendicular  to  the  plane  of 
incidence,  the  vibrations  of  the  ether  particles  take  place  in  the  directions 
shown  by  the  cross  lines  at  (d),  Fig.  402.  Since  the  reflected  ray  Ok'  is 
very  nearly  at  right  angles  to  the  incident  ray,  the  lines  along  which 
the  ether  particles  vibrate  in  the  incident  ray  are  very  nearly  parallel  to 
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the  direction  of  the  reflected  ray,  and  we  should  therefore  expect  that 
they  would  not  produce  any  transverse  disturbance  along  OR' ;  in  other 
words,  that  there  would  be  no  reflected  ray. 

412*.  Polarisation  produced  by  Crystalline  Media.— Suppose 
O,  Fig.  403  (a),  to  represent  the  undisturbed  position  of  a  particle  in  an 
isotropic  medium,  and  that  the  particle  is  displaced  to  a  position  P.  Since 
the  medium  is  by  supposition  isotropic,  the  elasticity  must  be  the  same 
in  all  directions. 

Hence  if  OX,  OY  are  two  axes  of  reference,  the  elasticity,  <?,  of  the 
medium  must  be  the  same  along  OX  as  along  OY.  Since  the  elasticity  is 
equal  to  stress jstrain^xh^  stress  or  restoring  force  called  into  play  by  a  strain 
or  displacement  d  in  any  given  direction  must  be  ed.  Hence  the  restoring 
force  in  the  direction  PN  is  ^.PN,  and  that  in  the  direction  pm  is  ^.PM. 
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Fig.  403. 


The  resultant  of  these  two  forces  will  therefore,  by  the  parallelogram  of 
forces  (§  66),  lie  along  PO  ;  that  is,  in  the  case  of  an  isotropic  body  the 
restoring  force  acts  along  the  direction  of  the  displacement,  and  the 
particle  P  when  released  will  vibrate  along  the  line  POP'. 

In  the  case,  however,  of  a  crystal,  where  the  elasticity  is  different  in 
different  directions,  this  will  not  be  the  case.  For  suppose  that  the 
elasticity  {E)  in  the  direction  ox,  Fig.  403  {b),  is  greater  than  that  {e)  in 
the  direction  OY.  Then  when  the  particle  is  displaced  to  P  the  restoring 
force  along  PN  will  be  E.vn,  and  that  along  PM  will  be  ^.PM.  To  find 
the  direction  of  the  resultant  force  acting  on  P  we  draw  a  parallelogram 
(rectangle  in  this  case,  since  the  two  components  are  at  right  angles),  of 
which  the  sides  are  proportional  to  the  two  restoring  forces.     Hence  if 

—  ^  MQ     ^.PN 

MQ  IS  taken  such  that  MQ  =  — pn,  then  "=  =  ' 

e  PM       <?.PM 


,  and  the  diagonal  PQ 


will  represent  the  direction  of  the  restoring  force  acting  on  P.  Since  this 
force  does  not  act  through  o,  the  particle,  when  set  free,  will  not  vibrate 
backwards  and  forwards  through  o,  as  it  did  in  the  case  of  the  isotropic 
body,  but  will  have  its  direction  of  motion  gradually  changed,  till  it  finally 
takes  place  backwards  and  forwards  along  xx'. 

If  the  displacement  takes  place  either  along  OX  or  OY,  the  restoring 
force  acts  through  O  and  the  particle  will  continue  to  vibrate  along  xx'  or 
YY',  as  the  case  may  be.     We  can  thus  understand  how  it  is  that,  if  in 
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a  crystal  the  ether  has  different  elasticities  in  different  directions,  the 
vibrations  always  take  place  in  two  planes  that  are  at  right  angles  to  one 
another. 

413.  Double  Refraction  produced  in  Isotropic  Bodies  by 
Strain. — It  is  possible  to  render  an  isotropic  body  temporarily  doubly 
refracting  by  subjecting  it  to  a  stress.  This  phenomenon  can  be  exa- 
mined by  means  of  a  bar  of  glass  ab  (Fig. 
404)  which  is  held  in  a  metal  frame,  so  that 
by  screwing  down  the  screw  c  the  bar  can 
be  bent.  If  the  bar  is  placed  between  crossed 
Nicols,  so  that  the  length  of  the  bar  is 
inclined  at  45°  to  the  principal  planes  of  the 
Nicols,  it  will  produce  no  effect  so  long  as 

Fig.  404-  it  is  unstrained.     On  bending  the  bar,  how- 

ever, the  light  which  passes  through  the 
parts  of  the  bar  above  and  below  the  median  line  will  be  able  to  pass 
through  the  analysing  Nicol,  while  the  central  line,  shown  dotted  in  the 
figure,  remains  dark  as  before. 

When  the  bar  is  bent,  the  part  above  the  dotted  line  is  compressed 
and  the  part  below  is  extencied,  while  the  central  part  is  unstrained. 
Since  the  central  part  is  unstrained,  it  produces  no  effect  on  the  plane  of 
polarisation  of  the  light  which  passes  through  it,  and  this  light  is  entirely 
cut  off  by  the  analyser.  The  strained  parts,  on  the  other  hand,  have 
become  doubly  refracting,  and  the  incident  plane  polarised  light  is 
partly  decomposed  into  light  polarised  parallel  and  at  right  angles  to 
the  length  of  the  bar,  that  is,  at  45°  to  the  principal  plane  of  the  analyser, 
and  so  will  be  able  to  pass  through. 

This  method  of  placing  a  body  between  crossed  Nicols,  and  seeing 
whether  any  light  is  then  able  to  traverse  the  analyser,  is  a  very 
delicate  method  of  testing  whether  a  transparent  body  is  in  a  state  of 
strain,  and  we  shall  see  that  under  certain  conditions  even  liquids  may 
become  doubly  refracting  due  to  strain. 

414,  Rotation  of  the  Plane  of  Polarisation.— If  two  Nicol's  prisms 
p  and  A  (Fig.  405)  are  placed  in  line,  the  one,  P,  to  act  as  a  polariser,  and 

^  the  other.  A,  to  act  as  an  ana- 

»  **  I  lyser,  and  if  A  is  rotated  till  its 

Q  I  principal  plane  is  at  right  angles 

^  I        't  to  that  of  P,  on  allowing  a  beam 

/        "^AA    °^  parallel  monochromatic  light 
\  I     ^\^       ^o  fall  on  p,  none  of  this  light 

I  will  pass   A,   for  the   light   will 

be  plane  polarised   in  a  plane 
at    right    angles    to    the    prin- 
"  *^  cipal    plane    of  P,  and    hence 

when  it  falls  on  A  there  will  only  be  an  ordinary  ray,  since  the 
incident  light  is  polarised  in  the  principal  plane  of  this  Nicol ;  and 
as  this  ray  is  stopped  by  total  reflection,  no  light  will  be  transmitted 
through  A.  If  now  a  plate  of  quartz,  Q,  cut  with  the  faces  perpen- 
dicular to  the  optic  axis,  is  placed  between  the  Nicols,  so  that  the 
light  traverses  the  plate  parallel  to  the  axis,  it  will  in  general  be 
found  that  some  light  is  now  transmitted  by  the  analysing  Nicol  A.  By 
rotating  the  analysing  Nicol  a  position  can,  however,  be  found  such  that 
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no  light  is  again  transmitted,  and  rotating  the  quartz  plate  round  its  axis 
produces  no  change.  This  experiment  shows,  in  the  first  place,  that 
when  plane  polarised  light  is  passed  through  a  plate  of  quartz  parallel  to 
the  axis  it  remains  plane  polarised  ;  and,  in  the  second  place,  that  the 
plane  in  which  the  light  is  polarised  is  rotated  by  the  passage  through 
the  quartz.  A  body,  such  as  quartz,  which  has  this  property  of  rotating 
the  plane  of  polarisation  of  plane  polarised  light,  is  said  to  be  optically 
active. 

The  amount  of  the  rotation  is  proportional  to  the  thickness  of  the 
substance  traversed  by  the  light,  and  varies  with  the  wave-length  of  the 
light  and  the  nature  and  temperature  of  the  substance.  While  some 
bodies  rotate  the  plane  of  polarisation  in  one  direction,  others  rotate  it  in 
the  reverse  direction.  If,  looking  in  the  direction  in  which  the  light  is 
travelling,  the  plane  of  polarisation  is  rotated  in  the  same  direction  as 
that  in  which  the  hands  of  a  clock  appear  to  move  when  we  look  at  the 
face,  the  rotation  is  said  to  be  right-handed  or  positive  ;  if  the  rotation " 
takes  place  in  the  opposite  direction,  it  is  said  to  be  left-handed  or 
negative. 

The  rotation  in  some  samples  of  quartz  is  to  the  right,  and  in  others 
to  the  left,  the  amount  of  the  rotation  produced  by  equal  thicknesses 
being  the  same  in  both  cases.  Some  liquids,  such  as  turpentine,  are  also 
optically  active,  as  well  as  solutions  of  some  substances  such  as  sugar 
and  quinine. 

The  rotation  varies  very  nearly  inversely  as  the  square  of  the  wave- 
length, so  that,  if  white  light  is  used,  when  the  analysing  Nicol  is  set  to 
extinguish  light  of  any  given  wave-length,  the  light  of  the  other  wave- 
lengths will  be  transmitted.  If  the  transmitted  light  is  examined  by 
means  of  a  spectroscope,  the  spectrum  will  be  seen  crossed  by  a  dark 
band  corresponding  to  the  position  of  the  light  which  has  been  inter- 
cepted by  the  analyser. 

In  the  case  of  a  solution  of  an  active  substance  in  an  inactive  solvent, 
the  rotation  is  proportional  to  the  quantity  of  the  substance  present  in 
the  solution.  If  a  is  the  rotation  produced  at  any  given  temperature  for 
light  of  a  given  colour  by  a  length  /,  expressed  in  decimetres^  of  a  solution 
containing  x  grams  of  the  active  substance  in  one  cubic  centimetre  of  the 
solution,  the  quantity  (x\lx  is  called  the  specific  rotation  of  the  substance 
at  the  given  temperature  and  for  the  given-coloured  light. 

415.  Connection  between  Optical  Activity  and  Chemical  and 
Physical  Nature. — We  have  mentioned  in  the  previous  section  that 
some  samples  of  quartz  rotate  the  plane  of  polarisation  to  the  right  and 
some  to  the  left.'  It  is  found  that  this  difference  in  their  optical  be- 
haviour, exhibited  by  different  specimens  of  quartz,  is  connected  with  a 
difference  in  their  crystalline  form.  Thus  the  ordinary  form  of  a  quartz 
crystal  is  a  six-sided  prism  topped  by  a  six-sided  pyramid.  The  alternate 
solid  angles  where  two  pyramid  faces  meet  two  faces  of  the  prism  are, 
however,  often  bevelled  off  by  small  secondary  faces  or  facets  which  are 
inclined  to  the  main  faces.  In  any  given  crystal,  these  facets  all  appear 
to  slope  towards  the  right  or  towards  the  left  when  the  crystal  is  held 
with  the  pyramid  uppermost.  When  they  slope  towards  the  right,  the 
specimen  rotates  the  plane  of  polarisation  to  the  right,  and  vice  versa. 
A  similar  result  was  obtained  by  Pasteur  with  reference  to  the  double 
racemate  of  sodium  and  ammonium. 
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Of  amorphous  bodies  which  exhibit  optical  activity,  with  the  excep- 
tion of  one  or  two  very  httle-known  compounds  containing  nitrogen,  it  is 
found  that  they  are  not  only  all  compounds  of  carbon,  but  that  in  every 
case  one  or  more  of  the  carbon  atoms  has  its  valency  satisfied  by  four 
different  atoms  or  radicals,  which  fact  is  generally  expressed  by  saying 
that  these  bodies  contain  one  or  more  asymmetrical  carbon  atoms. 
There  also  exists  in  every  case  a  twin  substance,  or  isomer,  which  has 
the  same  composition  but  which  rotates  the  plane  of  polarisation  in  the 
opposite  direction.  If  the  substance  contains  only  one  asymmetrical 
carbon  atom,  the  rotation  produced  by  the  isomers  are  equal  and  oppo- 
site. Thus  in  the  case  of  tartaric  acid  there  is  a  dextro-tartaric  acid 
which  rotates  the  plane  of  polarisation  to  the  right,  and  a  levo-tartaric 
acid  which  rotates  it  to  the  left,  and  finally,  in  many  reactions  an  inactive 
tartaric  acid  is  produced.  Pasteur  has,  however,  shown  by  certain  pro^ 
cesses  which  only  affect  the  dextro  acid  and  not  the  levo,  that  this 
inactive  acid  consists  of  an  equi-molecular  mixture  of  the  dextro  and 
levo  acids. 

416.  Use  of  Optical  Rotation  to  Estimate  Sugar— Sacchari- 
metry. — Cane  sugar  being  an  optically  active  substance,  if  we  measure 
the  rotation  produced  by  a  known  length  of  a  solution  of  this  substance, 
we  can  calculate  from  the  specific  rotation  the  quantity  of  sugar  contained 
in  the  solution. 

If  the  solution  contains  not  only  the  dextro-rotary  cane  sugar  but 
also  the  levo-rotary  levulose,  after  determining  the  rotation  produced  by 
the  mixture,  the  cane  sugar  is  converted  into  levulose  by  acting  on  the 
solution  by  means  of  hydrochloric  acid,  and  then  the  rotation  is  again 
determined.  The  change  in  the  rotation  gives  a  means  of  calculating 
the  quantity  of  cane  sugar  in  the  original  solution. 


BOOK  V 

MAGNETISM   A^sD    ELECTRICITY 

PART    I— MAGNETISM 

CHAPTER   I 
MAGNETS  AND  MAGNETIC  FIELDS 

417.  The  Loadstone. — It  was  known  to  the  ancients  that  certain 
ores  of  iron  possess  the  property  of  attracting  to  themselves  and  retain- 
ing small  particles  of  iron.  This  property  was  exhibited  in  a  marked 
degree  by  some  of  the  ores  which  came  from  a  place  in  Asia  Minor  called 
Magnesia,  and  hence  the  ores  which  exhibited  this  property  were  called 
magnetic  stones.  All  the  phenomena  connected  with  the  properties  of 
such  magnetic  stones,  or  magnets  as  they  are  now  called,  are  referred  to 
as  magnetic  phenomena,  and  the  branch  of  physics  dealing  with  this 
subject  is  called  magnetism.  The  loadstone  consists  of  equivalent  pro- 
portions of  the  two  oxides  of  iron,  FeO,  FegOg. 

If  a  natural  magnet,  as  a  loadstone  is  often  called,  be  dipped  in 
iron  filings,  the  filings  will  be  found  to  adhere  to  the  magnet  in  very 
characteristic  tufts  ;  these  tufts  are  not  uniformly  distributed  over  the 
surface,  but  are  much  more  marked  at  some  parts  of  the  surface,  chiefly 
projecting  corners,  than  at  others. 

418.  Artifleial  Magnets. — In  addition  to  the  loadstone,  there  are 
other  bodies  which  exhibit  magnetic  properties  ;  chief  among  these  are 
bars  of  hard  steel  which  have  been  treated  in  a  manner  which  we  shall 
consider  in  detail  in  a  subsequent  section.  Such  a  bar  of  steel  is  called 
an  artificial  magnet,  but  since  we  shall  be  dealing  with  artificial  magnets 
exclusively  we  shall  in  future  term  it  a  magnet,  and  when  it  is  dipped  in 
iron  filings  it  attracts  them  and  forms  tutts,  but  these  tufts  are  almost 
exclusively  confined  to  the  two  ends  of  the  bar.  The  ends  of  the  magnet 
where  the  power  of  attracting  iron  filings  seems  to  be  situated  are  called 
the  poles  of  the  magnet. 

Another  fundamental  property  of  a  magnet  which  also  was  known,  at 
any  rate  to  the  Chinese,  long  ago  is  that  when  a  magnet  is  suspended  or 
pivoted  so  that  it  can  turn  freely  about  a  vertical  axis,  it  will  set  itself  in 
a  definite  direction,  which  is  very  nearly  parallel  to  the  meridian,  that  is, 
it  sets  itself  in  the  north  and  south  direction.  It  is  found  that  it  is  always 
the  same  end  of  any  given  magnet  that  points  towards  the  north  pole, 
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and  hence  this  pole  of  the  magnet  is  called  the  north-seeking  pole,  or 
simply  the  north  pole,  while  the  other  pole  is  called  the  south-seeking 
pole,  or  south  pole.  The  fact  that  we  are  able  in  this  way  to  distinguish 
the  two  poles  of  a  magnet  shows  that  there  must  be  some  difference 
between  the  two  poles. 

419.  Magnetic  Attraction  and  Repulsion.— If  a  magnet  is  sus- 
pended by  a  fine  thread,  or  pivoted  on  a  point,  so  that  it  can  turn  freely 
m  a  horizontal  plane,  then,  as  we  have  already  said,  it  will  set  itself  in  a 
direction  which,  in  the  absence  of  any  disturbing  force  due  to  other 
magnetic  causes,  will  be  very  nearly  due  north  and  south.  If  in  these 
circumstances  the  north  pole  of  another  magnet  is  brought  near  the  north 
pole  of  the  suspended  ma^et,  this  latter  will  be  repelled.  If,  however,  the 
south  pole  of  the  magnet  is  brought  near  the  north  pole  of  tlie  suspended 
magnet,  this  pole  will  be  attracted.  In  this  way  we  may  verify  the 
following  general  law :  Two  poles  of  similar  name  repel  one  another, 
while  two  poles  of  different  name  attract  one  another. 

This  gives  us  a  ready  means  of  ascertaining  which  pole  of  a  magnet 
is  the  north  pole  ;  for  we  have  only  to  bring  one  of  the  poles  near  the 
north  pole  of  a  suspended  or  pivoted  magnet,  such  as  a  compass-needle, 
when,  if  the  north  pole  of  the  compass-needle  is  repelled,  we  know  that 
the  pole  of  the  other  magnet  must  be  a  north  pole. 

420.  Permanent  and  Temporary  Magnetism.— If  a  bar  of  soft 
iron  is  dipped  into  iron  filings,  or  is  suspended  so  as  to  be  able  to  rotate, 
it  will  neither  attract  the  filings  nor  will  it  set  itself  in  the  north  and 
south  direction,  in  fact  it  is  not  a  magnet.  If,  however,  a  magnet  is 
brought  near  one  end  of  the  bar  of  soft  iron  and  the  other  end  is  then 
dipped  in  iron  filings,  it  will  now  attract  the  filings,  forming  tufts  in  the 
same  way  as  a  magnet  does.  If  the  magnet  is  now  removed,  the  iron  at 
once  loses  its  power  of  attracting  the  filings.  We  thus  see  that,  in  addition 
to  the  permanent  magnetism  exhibited  by  a  steel  magnet,  we  have  tem- 
porary magnetism  induced  in  a  bar  of  soft  iron  when  it  is  in  the  neigh- 
bourhood of  a  magnet.  Other  substances  besides  soft  iron  possess  the 
property  of  acquiring  temporary  magnetism,  though  to  a  much  smaller 
degree  than  in  the  case  of  iron.  Such  a  body  is  called  a  magnetic  body^ 
while  a  body,  such  as  a  piece  of  hard  steel,  which  is  permanently  mag- 
netised is  called  a  magnet. 

If  an  unmagnetised  piece  of  steel  is  brought  near  a  magnet  it  will 
become  magnetised,  as  did  the  piece  of  soft  iron  under  the  same  con- 
ditions ;  on  the  removal  of  the  magnet  the  steel  will,  however,  not  lose  its 
magnetism  but  will  have  become  a  permanent  magnet.  This  difference 
between  the  behaviour  of  steel  and  soft  iron  is  referred  to  as  being  due  to 
the  superior  coercive  power  of  the  steel.  We  shall  return  to  this  subject 
in  a  future  section. 

Magnets  are  made  in  many  different  shapes,  according  to  the  purpose 
for  which  they  are  intended.  The  two  commonest  shapes  are  a  straight 
bar  of  which  the  section  is  either  a  rectangle  or  a  circle,  such  a  magnet 
being  called  a  bar  magnet,  while  the  other  form  would  be  derived  from  a 
bar  magnet  by  bending  it  round  in  the  form  of  a  horse-shoe,  so  that  the 
north  and  south  poles  are  brought  near  together ;  such  a  magnet  is  called 
a  horse-shoe  magnet.  Other  special  forms  of  magnets  we  shall  consider 
when  dealing  with  the  instruments  in  which  they  are  used. 

421.  Magnetic  Lines  of  Force. — We  have  seen  that  a  magnet  is 
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capable  of  exerting  a  force  on  another  magnet,  even  when  they  are 
separated  by  some  distance,  so  that  the  space  surrounding  a  magnet 
possesses  some  properties,  due  to  the  presence  of  the  magnet,  which  it 
does  not  possess  when  the  magnet  is  not  present.  We  therefore  say  that 
a  magnet  is  surrounded  by  a  magnetic  field  of  force,  for  in  the  space  con- 
sidered magnetic  forces  are  brought  into  play. 

If  a  small  compass-needle  is  brought  within  the  field  of  force  of  a 
magnet  it  will  set  itself  at  each  point  in  a  definite  direction.  If  lines  are 
drawn  so  that  they  are  everywhere  in  the  direction  in  which  a  compass- 
needle  would  set  itself  under  the  influence  of  the  magnet,  these  curves 
are  called  the  lines  of  force  of  the  field  of  force  of  the  magnet,  or,  more 
shortly,  the  lines  of  force  of  the  magnet. 

When  a  small  pivoted  compass-needle  is  placed  in  the  neighbourhood 
of  a  magnet  both  its  poles  will  be  acted  on  by  the  two  poles  of  the 
magnet.  Thus  the  north  pole  of  the  needle  will  be  attracted  by  the  south 
pole  of  the  magnet  and  repelled  by  the  north  pole,  while  the  south  pole  of 
the  needle  will  be  attracted  by  the  north  pole  of  the  magnet  and  repelled 
by  the  south  pole.  The  needle  will  therefore  set  itself  in  such  a  direction 
that  these  four  forces  will  have  no  resultant  moment  round  the  pivot 
about  which  the  needle  can  turn.  Hence  the  resultant  of  all  four  forces 
must  have  no  moment  round  the  pivot  (§  73). 

Let  NS  (Fig.  406)  be  the  magnet  and  sn  the  needle  in  its  position  of 
equilibrium  under  the  influence  of  NS.     Then  the  forces  acting  on  the 


Fig.  406. 


needle  are  along  ja,  jb,  «C,  «d.  If  the  length  of  the  needle  is  sufficiently 
small  the  two  forces  ja  and  ?zc  are  parallel  and  equal  and  opposite,  for 
the  points  n  and  s  may  be  taken  as  at  the  same  distance  from  N.  In  the 
same  way  the  two  forces  s^  and  «D  are  equal  and  opposite.  Hence  the 
resultant  jr  is  parallel  to  the  resultant  «r'.  Therefore  if  these  two 
resultants  are  not  to  have  a  couple  about  the  pivot  of  the  needle  K,  they 
must  both  act  in  a  direction  passing  through  K,  that  is,  the  line  joining 
the  poles  of  the  needle  must  be  parallel  to  the  resultant  force  acting  on 
a  magnetic  pole  placed  at  the  point  K.    Hence  the  direction  of  the  hne  of 
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force  at  any  point  represents  the  direction  of  the  resultant  magnetic  force 
due  to  the  action  of  the  two  poles  of  the  magnet. 

The  form  of  the  lines  of  force  can  be  most  easily  obtained  by  making 
use  of  the  magnetism  induced  in  iron  filings  when  they  are  placed  near 
the  magnet^  for  each  filing  becomes  magnetised  and  tends  to  set  itself 


Fig.  407. 

parallel  to  the  lines  of  force.  Hence  if  iron  filings  are  scattered  over  a 
sheet  of  smooth  paper  or  glass  laid  over  the  magnet,  and  then  the  paper 
or  glass  is  lightly  tapped,  so  as  to  facilitate  the  turning  of  the  filings  into 
the  position  in  which  their  length  is  parallel  to  the  lines  of  force,  the  form 
of  these  latter  can  at  once  be  obtained.  The  curves  shown  in  Fig.  407, 
which  represent  the  lines  of  force  of  a  bar  magnet,  have  been  obtained  in 
this  way. 

Since  a  force  must  have  not  only  direction  but  also  sense,  we  have  to 


adopt  some  convention  as  to  the  sense  in  which  the  lines  of  force  are 
taken  to  act,  for  while  a  north  pole  would  be  acted  on  by  a  force  tending 
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to  move  it  along  a  line  of  force  in  one  direction,  a  south  pole  would  be 
acted  on  by  a  force  in  the  opposite  direction.  We  shall  take  the  direc- 
tion in  which  the  force  would  tend  to  move  a  north  pole  to  be  the  positive 
direction  of  the  line  of  force,  so  that  the  lines  of  force  will  run  from  the 
north  pole  of  the  magnet  to  the  south. 

Each  line  of  force  will  therefore  start  from  a  north  pole  and  end  at  a 
south  pole.  If  now  the  lines  of  force  between  a  north  pole  of  one  magnet 
and  the  south  pole  of  another  are  obtained  it  will  be  found  they  have  the 
general  form  shown  in  Fig.  408.  Here  it  will  be  seen  that  some  of  the 
lines  of  force  run  from  the  north  pole  of  one  magnet  to  the  south  pole  of 
the  other.     Hence  if  the  lines  of  fo^c^'were  physical  realities,  and  there 


Fig.  409. 

existed  a  tension  along  each  line,  the  two  poles  in  Fig.  408  would  be 
drawn  together  by  this  tension.  The  attraction  between  two  unlike  poles 
can  therefore  be  referred  to  the  existence  of  a  tension  existing  along  the 
lines  of  force.  Since  in  the  case  of  a  single  magnet  the  lines  of  force  do 
not  all  stretch  straight  from  one  pole  to  the  other,  but  are  spread  out,  we 
must  further  suppose  that  each  line  of  force  exerts  a  repellent  force  on  the 
neighbouring  lines  of  force. . 

In  the  case  when  the  two  poles  are  of  the  same  kind,  the  lines  of  force 
have  the  form  shown  in  Fig.  409,  and  the  repulsive  force  exerted  by  the 
lines  of  force  one  on  the  other  tends  to  force  the  two  poles  apart,  thus 
producing  the  repulsion  that  takes  place  between  two  poles  of  the 
same  kind. 

422.  Fields  of  Magnetic  Force.— The  region  of  space  surrounding 
a  magnet  in  which  magnetic  phenomena  are  exhibited  is  called  a 
magnetic  field,  the  lines  of  force  showing  the  direction  in  which  the 
magnetic  forces  act.  The  fact  that  a  suspended  or  pivoted  magnetic 
needle,  even  when  no  magnet  is  in  the  neighbourhood,  sets  itself  in 
a  definite  direction,  shows  that  the  space  on  the  surface  of  the  earth 
must  be  a  magnetic  field,  and  we  shall  find  later  on  that  there  are 
other  ways  of  producing  magnetic  fields  besides  placing  a  magnet  in 
the  neighbourhood. 
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A  magnetic  field  in  which  the  lines  of  force  are  all  parallel  is  called 
a  uniform  field  of  force.  In  the  absence  of  magnets  or  of  magnetic 
bodies  the  field  due  to  the  earth's  magnetism,  over  any  moderate  area, 
is  practically  uniform. 

If  a  magnet  is  placed  in  a  uniform  field,  the  lines  of  force  of  the  field 

will  be  distorted  by  the 
lines  offeree  of  the  mag- 
net in  such  a  way  that 
they  are  everywhere  par- 
allel to  the  direction  of 
the  resultant  magnetic 
force  due  to  the  original 
field  and  to  the  magnet 
In  Fig.  410  the  direc- 
tions of  the  lines  of  force 
due  to  the  disturbance 
of  a  uniform  field  by  the 
magnet  NS  are  shown, 
the  arrow  representing 
the  direction  of  the  lines 
of  force  in  the  undis- 
turbed field.  It  will  be 
observed  how  some  of 
the  lines  of  force  due  to 
the  field  enter  the  south  pole  of  the  magnet,  while  some  of  the  lines 
of  force  which  leave  the  north  pole  of  the  magnet  do  not  return  to  the 
south  pole,  but  pass  oflf  to  replace  the  lines  of  the  external  field  which 
have  been  absorbed  by  the  magnet.     The  tension  of  the  lines  of  force 

which,  while  they  begin 
or  end  in  the  magnet, 
pass  oflf  to  the  field,  will 
tend  to  turn  the  magnet 
in  the  anti  -  clockwise 
direction.  Also,  the 
repulsion  between  the 
lines  of  force  of  the 
magnet  and  of  the  field 
in  the  regions  such  as 
a,  a\  will  tend  to  turn 
the  magnet  in  the  same 
direction.  Hence  it  can 
be  seen  how  it  is  that 
a  magnet  tends  to  set 
itself  with  the  axis,  that 
is,  the  line  joining  the 
two  poles,  parallel  to 
the  lines  of  force  of  the  magnetic  field  in  which  it  is  placed.  The  turn- 
ing effect  produced  by  one  magnet  on  another  is  also  illustrated  in  Fig. 
411.  Some  of  the  lines  of  force  which  leave  the  north  pole  of  the 
magnet  NS  enter  the  south  pole  of  the  magnet  «j,  while  some  of  those 
which  leave  the  pole  n  enter  the  pole  S,  and  the  tension  along  these 
lines  tends  to  turn  the  magnets  into  the  position  in  which  their  axes 
are  parallel  and  their  poles  are  pointing  in  opposite  directions. 


Fig.  411. 
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place  a  cylinder  of  soft  iron  in  a  uni- 


FiG.  412. 


If,  instead  of  a  magnet,  we 
form  magnetic  field,  the  lines  of 
force  will  crowd  together,  en- 
tering the  iron  at  one  end  and 
leaving  it  at  the  other  end  in 
the  manner  shown  in  Fig.  412. 
Since  the  point  where  the 
lines  of  force  enter  a  magnetic 
body  is  a  south  pole,  while  the 
point  where  the  lines  leave  it 
is  a  north  pole,  it  is  evident 
that  the  end  n  of  the  iron 
cylinder  becomes  under  the 
influence  of  the  field,  a  north 
pole,  while  the  end  s  becomes 
a  south  pole. 

It  would  thus  appear  that  the  lines  of  force  of  the  field  prefer  passing 
through  the  iron  to  passing  through  the  surrounding  air,  for  they  crowd 
into  the  iron.  This  crowding  of  the  lines  of  force  into  the  iron  is  also 
illustrated  in  Fig.  413,  which  represents  the  lines  of  force  of  a  uniform 
field  disturbed  by  a  hollow  iron  cylinder.  It  will  be  noticed  that  the 
filings  within  the  cylinder  are  not  oriented  in  any  definite  direction. 
This  indicates  that  none  of 
the  lines  of  force  cross  the 
air  within  the  cylinder,  so 
that  the  soft  iron  has  shielded 
the  space  within  from  the 
effects  of  the  magnetic  field. 

423.  Moleeular  Mag- 
nets.—If  a  long  thin  bar 
magnet  is  tested  by  plunging 
it  in  iron  filings,  these  will  be 
found  to  attach  themselves 
almost  exclusively  at  the  ends 
or  poles.  Also,  if  the  direc- 
tions of  the  lines  of  force  for 
the  magnet  are  drawn,  it  will 
be  founcf  that  almost  all  the 
lines  of  force  leave  the  mag- 
net near  one  end  and  enter 
it  near  the  other.  If  now 
the  magnet  is  broken  in  two 
parts  and  each  of  these  is 

again  tested,  it  will  be  found  that  each  is  a  perfect  magnet,  having  a 
north  and  a  south  pole.  Hence,  although  the  part  of  the  bar  which  was 
originally  a  north  pole  is  one  still,  the  other  end  of  the  half  bar,  which  in 
the  whole  magnet  did  not  exhibit  the  properties  of  a  pole,  is  now  a  south 
pole,  while  the  portion  of  the  other  half,  which  in  the  whole  magnet  was 
not  a  pole,  is  now  a  north  pole. 

If  now  the  broken  magnet  is  put  together  in  the  position  which  it 
occupied  before  it  was  broken  and  is  again  tested  with  filings,  and  the 
lines  of  force  are  drawn,  it  will  be  found  that  again  the  centre  hardly 
exhibits  any  signs  of  poles,  that  is,  the  filings  will  not  adhere  to  any 


Fig.  413. 
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great  extent  at  the  centre,  nor  will  the  lines  of  force  enter  or  leave  the 
reunited  magnet  at  the  centre.  The  reason  for  this  is  evidently  that  the 
effects  of  the  north  pole  which  exists  at  one  side  of  the  break  is  neutral- 
ised by  the  south  pole  which  exists  at  the  other  side,  all  the  lines  of 
force  which  leave  the  porth  pole  entering  the  neighbouring  south  pole, 
and  none  straying  out  into  the  surrounding  air.  If  each  of  the  halves  is 
again  broken  into  two  it  will  be  found  in  the  same  way  that  they  are  each 
a  complete  magnet,  with  a  north  and  a  south  pole.      In  Fitr.  iu  is  given 


f  IG.   414. 


the  iron-filing  picture  of  the  lines  of  force  of. a  magnet  which  has  been 
broken  into  four  pieces,  the  pieces  having  been  placed  at  a  little  distance 
from  one  another.  Fig.  415  gives  the  corresponding  picture  in  the  case 
when  the  pieces  arc  placed  close  together.     Proceedmg  in  this  way,  it 

is  found  that,  however 
small  the  subdivisions 
into  which  the  magnet  is 
broken,  the  parts  are 
each  a  complete  magnet, 
having  a  north  and  a 
south  pole.  Hence  we 
are  led  to  the  idea  of 
molecular  magnets,  that 
is,  that  the  molecules  of  a 
substance  such  as  steel 
are  all  small  magnets.  In 
the  unmagnetised  state 
we  may  suppose  that  the 
molecular  magnets  have 
their  axes  pointing  in  all  directions,  so  that  the  north  pole  of  one 
is  neutralised  by  the  south  pole  of  one  of  the  neighbouring  molecules. 
Fig.  416  represents  the  filing  figure  for  a  number  of  small  magnets 
arranged  with  their  axes  turned  in  all  directions,  and  it  will  be  observed 
that  the  filings  surrounding  the  magnets  are  very  little  affected.  In  a 
magnetised  bar  of  steel,  however,  a  great  proportion  of  the  small 
magnets  are  turned  with  their  north  poles  pointing  in  one  direction, 
and  the  greater  the  proportion  of  the  molecular  magnets  which  are 
turned  in  this  direction,  the  stronger  is  the  magnetisation  of  the  bar. 
This  is  illustrated  in  Fig.  417,  which  gives  the  filing  picture  for  the  same 


Fig.  415. 
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magnets  as  in  Fig   416.  but  now  they  are  all  arranged  with  their  axes 
pointing  in  one  direction. 

The  fact  that  in  a  magnet  the  magnetic  force  is  restricted  to  near  the 


ends  or  poles  is  easily  explained  on  this  hypothesis,  for  in  the  case  of  the 
molecular  magnets  in  a  magnetised  bar  it  is  evident  that,  except  at  the 
ends  of  the  bar,  the  north  pole  of  each  small  magnet  will  be  very  near 
the  south  pole  of  the  next  magnet,  and  hence  these  two  will  neutralise 
each  other^s  effects  on  all  external  points.  At  the  two  ends,  however, 
this  neutralisation  will  not  occur,  and  at  one  end  the  north  poles  will 
combine  to  form  the  north 
pole  of  the  magnet,  and  at 
the  other  end  the  south  poles 
will  combine  to  form  the  south 
pole. 

If  further  we  suppose  that, 
in  the  case  of  steel,  the  mole- 
cular magnets  having  been 
once  set  in  one  direction  they 
will  remain  in  this  direction, 
while  in  the  case  of  soft  iron, 
although  under  the  influence 
of  a  magnetising  force  the 
molecular  magnets  can  be 
turned  so  that  they  lie  in  one  direction,  yet  when  the  magnetising  force 
is  removed,  the  molecular  magnets  do  not  remain  in  their  regular 
arrangement,  but  ai^ain  turn  in  all  directions,  the  difference  in  the 
behaviour  of  steel  and  iron  can  at  once  be  accounted  for.  We  shall 
in  a  subsequent  section  return  to  this  subject,  and  show  how  this  hypo- 
thesis of  molecular  magnets  is  capable  of  explaining  the  magnetisation 
of  iron,  even  when  considered  in  greater  detail. 

424.  Coulomb's  Law. — Although,  as  we  have  seen  when  considering 
the  effects  of  breaking  a  magnet  in  bits,  we  are  unable  to  obtain  either 
a  north  pole  or  a  south  pole  alone,  yet,  if  we  have  a  very  long  magnet, 


Fig.  417. 
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in  the  space  surrounding  one  of  the  poles  the  magnetic  forces  are  practi- 
cally due  to  that  pole  alone,  for  the  other  pole  is  at  such  a  great  distance 
that  it  produces  very  little  effect.  Hence  we  can  in  this  way  get  what  is 
practically  a  single  pole,  and  it  is  very  convenient  in  conside.ing  the 
subject  to  speak  of  a  single  pole,  and  of  the  forces  which  act  on  such 
a  single  pole. 

Coulomb  examined  the  laws  governing  the  attraction  and  repulsion 
between  magnetic  poles  by  suspending  a  long  thin  magnet  by  means  of 
a  wire,  the  upper  end  being  attached  to  a  divided  head,  so  that  the  angle 
through  which  the  top  of  the  wire  was  turned  could  be  read  off.  A 
second  long  thin  magnet  was  placed  with  its  axis  vertical,  and  one  of  its 
poles  in  the  same  horizontal  plane  as  the  suspended  magnet.  The  force 
with  which  the  pole  of  the  fixed  magnet  repels  or  attracts  one  of  the 
poles  of  the  suspended  magnet,  when  at  different  distances,  was  measured 
by  finding  the  angle  through  which  the  torsion  head  had  to  be  turned  to 
keep  the  poles  at  the  given  distance  apart  (see  §§  109,  174). 

From  the  results  of  this  series  of  experiments,  carried  on  by  means 
of  the  torsion  balance.  Coulomb  found  that  the  force  exerted  between 
two  poles  was  proportional  to  the  product  of  the  strengths  of  the  poles, 
and  inversely  proportional  to  the  sauare  of  the  distance  between  the 
poles.  We  shall  see  later  that  the  force  also  depends  on  the  nature  of 
the  medium  between  the  poles  ;  if,  however,  we  suppose  the  intervening 
medium  always  to  be  air,  then  the  force  F^  exerted  between  two  poles  of 
strength  m  and  m\  is,  according  to  Coulomb's  law,  given  by  the  equation 

F^  -^'  ^» 

where  r  is  the  distance  between  the  poles,  and  k\s2i  constant. 

425.  The  Unit  Magrnetic  Pole.— Coulomb's  law  gives  us  a  means 
not  only  of  measuring  the  strength  of  magnetic  poles,  but  also  of  defining 
the  unit  pole.  If  we  take  two  poles  of  the  same  strength  w,  and  place 
them  at  unit  distance  apart  in  air,  then  the  force  exerted  between  them 
will  be  given  by  F=m}k.  If  further  we  choose  m  in  such  a  way  that  the 
repulsion  between  the  two  poles  is  the  unit  of  force,  we  have  m'^k—\. 
If  we  define  our  unit  pole  as  such  that  when  two  unit  poles  are  placed 
at  a  distance  apart  of  one  centimetre  in  air  they  repel  each  other  with 
the  force  of  one  dyne,  then  k  will  be  equal  to  i,  and  Coulomb's  law  may 
be  expressed  symbolically  by  the  equation 

„    mm' 

426.  Magnetic  Moment. — Although  it  is  convenient  for  the  theo- 
retical discussion  of  the  subject  to  speak  of  a  single  magnetic  pole,  yet 
in  practice  such  a  thing  does  not  exist,  and  as  the  forces  in  play  between 
two  magnetic  poles  can  only  be  measured  by  determining  the  force  acting 
on  a  magnet,  which  must  of  necessity  possess  both  a  north  and  a  south 
pole,  it  is  convenient  to  have  some  quantity  which  shall  include  the  effect 
of  the  two  poles.  Such  a  quantity  is  the  product  of  the  strength  of  either 
pole  of  the  magnet  into  the  distance  between  the  poles,  and  is  called  the 
moment  of  the  magnet.  The  reason  why  this  quantity  is  of  importance 
will  be  at  once  apparent  if  we  consider  that   since  the  two  poles  of  a 
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magnet  always  act  in  opposition,  the  greater  will  be  the  combined  effect 
the  greater  the  distance  between  them,  for  then  the  magnetic  effect  of 
one  pole  will  be  less  neutralised  by  that  due  to  the  other. 

427.  Strength  of  a  Magnetic  Field.— Now  that  we  have  defined 
the  unit  magnetic  pole,  we  are  in  a  position  to  define  the  strength  of  the 
unit  magnetic  field.  The  strength  of  a  magnetic  field  is  the  force  with 
which  a  unit  pole  would  be  acted  upon  by  the  field  when  placed  at  the 
given  point.  Thus  if  the  strength  of  a  magnetic  field  at  a  given  point  is 
//,  a  unit  north  pole  when  placed  at  the  point  will  be  acted  upon  by  a 
force  of  H  dynes  in  the  direction  of  the  lines  of  force  at  the  point.  If 
the  strength  of  the  pole  is  m,  then  it  will  be  acted  on  by  a  force  oi  mH 
dynes  in  the  direction  of  the  lines  of  force. 

428.  Couple  Acting  on  a  Magnet  in  a  Magnetic  Field.— Sup- 
pose that  a  magnet  NS  (Fig.  418)  is  placed  in  a  uniform  field,  that  is,  a 
field  in  which  the  lines  of  force  are  everywhere 
parallel,  and  of  which  the  strength  {H')  is  every- 
where the  same.  If  y'oy  is  the  direction  of  the 
field,  the  magnet  will  be  acted  upon  by  a  couple 
tending  to  turn  it  round  in  the  clockwise  direc- 
tion. If  the  strength  of  each  pole  of  the  magnet 
is  ;«,  the  pole  N  will  be  acted  upon  by  a  force 

mn  in  the  direction  NH.  The  moment  of  this 
force  about  the  point  O  is  ?«H.  NL,  where  NL  is 
the  perpendicular  from  N  to  the  line  YOY'  (§  68). 
In  the  same  way  the  force  acting  on  the  south 
pole,  S,  will  be  equal  to  a  force  of  m\\  in  the 

direction  Sh',  and  the  turning  moment  of  this 
force  about  the  point  O  will  be  equal  to  /«h  .  SK. 
Since  O  is  the  centre  of  the  magnet,  ON  is  equal 
to  OS,  and  the  angle_NOL  is  equal  to  the  angle 

SOK,  and  therefore  NL  is  equal  to  KS. 
— >  — ♦■ 

Since  the  forces  NH  and  SH'  are  equal  and 
opposite  parallel  forces,  they  constitute  a  couple  (§  70),  and  the  turning 
moment  of  this  couple  is  equal  to  the  product  of  one  of  the  forces  into  the 
perpendicular  distance  between  the  lines  of  action  of  the  parallel  forces. 
Hence  the  turning  moment  is  equal  to  mH{^\.  -f  KS).  Now  if  Q  is  the  angle, 
NOL,  between  the  axis  of  the  magnet  and  the  direction  of  the  field,  and 
/  is  the  length  of  the  magnet,  so  that  NO  is  equal  to  //2,  we  have 

NL=ON  sin  ^  =  //2.sin  Q, 

In  the  same  way,  KS  =  OS  sin  ^=//2.  sin  Q.  Hence  (nl  +  ks)  is  equal  to 
/  sin  Q.    Thus  the  turning  moment  exerted  by  the  field  on  the  magnet  is 

uiHl  sin  B. 

But  the  product  of  the  strength  of  one  pole  of  a  magnet  into  the  distance 
between  the  poles  is  the  magnetic  moment  of  the  magnet.  Hence,  MM 
is  the  magnetic  moment  of  the  magnet,  M=ml^  and  the  turning  couple 
due  to  the  action  of  the  field  on  the  magnet  is  MH  sin  Q. 

The  above  expression  will  allow  us  to  measure  either  M  or  //,  if  we 

%  P 
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know  the  other  and  can  measure  the  couple  acting  on  the  magnet  when 
it  is  turned  so  that  its  axis  makes  a  known  angle.  6.  with  the  direction  of 
the  field. 

Since  the  forces  acting  on  the  two  poles  of  a  magnet  when  it  is  placed 
in  a  uniform  field  constitute  a  couple,  they  have  no  resultant  tending  to 
produce  a  motion  of  translation  in  the  magnet.  This  is  proved  ex- 
perimentally by  floating  a  magnet  on  a  disc  of  cork,  when  the  magnet 
turns  and  sets  itself  approximately  north  and  south,  but  does  not  move 
off  in  any  direction. 

429.  Couple  due  to  the  Action  of  one  Ma^rnet  on  Another.— 
Let  ns  (Fig.  419)  be  a  small  magnet  placed  with  its  centre  on  the  pro- 


FiG.  419. 


longation  of  the  axis  of  another  magnet,  NS,  so  that  the  axes  of  the  two 
magnets  are  at  right  angles  to  one  another.  Then  the  north  pole  N  of 
the  one  magnet  will  repel  the  north  pole  n  of  the  other  and  attract  the 
south  pole  J,  while  the  south  pole  of  the  first  magnet  will  attract  n  and 
repel  s ;  but  since  the  pole  N  is  nearer  than  the  pole  S,  the  resultant 
action  of  the  two  will  be  a  force  acting  on  «j,  tending  to  turn  it  in  the 
anti-clockwise  direction.  Let  m  be  the  strength  of  one  of  the  poles  of 
NS,  and  w'  the  strength  of  one  of  the  poles  of  «j,  and  let  2/  be  the  length 
of  ns  and  2L  that  of  NS.     Then  the  repulsion  between  N  and  n  is  equal  to 

^^!^,  where  r^  is  the  distance  from  N  to  n.     The  turning  moment  of  this 

^i  ,    

force  about  the  point  O  will  be  equal  to  ^^  x  OF,  where  OF  is  drawn 

perpendicular  to  N«.  But  if  the  distance  OP,  between  the  centres  of  the 
two  magnets  is  called  ZP,  since  the  triangles  «0F  and  «0N  are  similar, 

21=2^.    Hence  ,  , 

Vn    ^n  -_(/>-/.)/_       ^D-L)l 

So  that  the  turning  moment  is 

mm'l{D-L) 
{P  +  {D-Lf]\' 

The  turning  moment  due  to  the  action  of  N  on  j  will  be  the  same  as  that 
due  to  N  on  n.    Thus  the  total  turning  moment  due  to  the  pole  N  will  be 

imm'l{p  -  L) 
In  the  same  way  the  turning  moment  due  to  the  pole  S  will  be  obtained 
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by  writing  D-\-L  for  D-L  in  the  above  expression,  and  since  this 
moment  acts  in  the  opposite  direction  to  that  due  to  the  pole  N,  the  total 
turning  moment  due  to  the  two  poles  will  be 

2mm'l{D-L)  _  '2mm'l{D+L)    ^j-J- 

If  the  length  of  the  magnet  ns  is  so  small,  compared  with  the  distance  D, 
that  the  term  P  can  be  neglected  in  comparison  with  {D  —  Lf,  the  above 
expression  reduces  to 

imm'l  _   iinm'l 
{D-Lf     {D  +  LY* 

2m?n'l{{D  +  Lf-{D-LY} 
or  ^^2  _  jiyi  > 

Zmm'lDL 
or  {D'^-Df 

If,  further,  the  distance  between  the  two  magnets  is  so  great  compared 
with  the  length  of  either  that  we  may  also  neglect  L^  compared  to  Z^^, 
the  expression  for  the  turning  moment  acting  on  the  needle  ns  reduces  to 

Zmm'lL 

Now  2m L  is  the  magnetic  moment,  3/,  of  the  magnet  NS,  while  2m' I 
is  the  magnetic  moment,  M\  of  the  magnet  ?is.  Hence  the  turning 
moment  may  be  written 

2MM' 

Z>3     • 

Next,  suppose  that  the  needle  fiSy  instead  of  being  placed  with  its  axis 
perpendicular  to  the  axis  of  NS,  is  placed  so  that  its  axis  makes  an  angle 
6  with  the  line  drawn  through  its  centre  perpendicular  to  the  axis  of  NS 
(Fig.  420).     If  we  suppose  that  the  magnets  are  both  small  compared  to 


N 1 


Fig.  420. 


the  distance  between  them,  the  turning  moment  will  be  less  than  before 
in  the  ratio  of  i  to  cos  9.  For  we  have  now  practically  to  do  with  a  needle 
of  which  the  strength  of  the  poles,  ;;/',  is  the  same  as  before,  but  the 
distance  between  the  poles  is  now  equal  to  EG,  where  E  and  G  are  the 
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feet  of  the  perpendiculars  drawn  from  n  and  s  on  the  line  which  passes 
through  o,  and  is  perpendicular  to  the  axis  of  the  magnet  ns.  But 
OE  =  o«.  cos  ^,  hence  the  moment  of  this  imaginary  magnet  is  M*  cos  B. 
Thus  the  turning  moment  due  to  NS  is  now  equal  to 

2MM'  cos  0 

This  position  of  two  magnets,  in  which  the  axis  of  one  is  at  right 
angles,  or  at  any  rate  very  nearly  at  right  angles  to  the  axis  of  the  other, 
is  called  the  "A  tangential  position  of  Gauss." 

The  above  formula  shows  that  when  ^  is  a  right  angle,  so  that  the 
axes  of  the  two  magnets  lie  in  the  same  straight  line,  cos  6  being  zero, 

there  will  be  no  turning 
N  couple  due  to  the  action 
of  one  magnet  on  the 
other ;  this  is  also  evi- 
dent from  a  considera- 
tion of  the  direction  of 
the  lines  of  force  of  the 
magnet  NS,  which  at  o 
are  parallel  to  the  axis 

of  NS. 

We  have  now  to  con- 
Fic.  491.  sider  the  case  when  the 

magnet,  NS,  is  placed 
with  its  centre  on  the  prolongation  of  the  axis  of  ns  and  at  right  angles 
to  this  line  as  shown  in  Fig.  421.  This  is  called  the  "B  tangential 
position  of  Gauss."    Using  the  same  notation  as  before,  the  force  exerted 

by  N  on  J  is  equal  to  — j-  along  jn.  The  turning  moment  of  this  force 
about  O  is  —7^^  OF.     Since  the  triangles  OFs  and  npj  are  similar, 


OF     NP 
57     n7 


orOF=^.     But 


f^=^NP^+Ps*^NI^-\'{OP-  Osf 

Hence  the  turning  moment  due  to  the  action  of  n  on  J  is 

mm'lL 

This  will  also  express  the  turning  moment  due  to  the  action  of  S  on  j, 
while  the  moments  due  to  the  action  of  N  and  S  on  «  are  obtained  by 
changing  D-/  into  D  +  /  in  this  expression.  In  this  case,  however,  it 
will  be  at  once  seen  that  the  turning  moments  due  to  the  action  of  the 
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poles  N  and  s  on  the  two  poles  n  and  s  of  the  needle  are  in  the  same 
direction.     Hence  the  total  turning  moment  is 

imm'lL  2mm'lL 

MM'  .  MM' 

or  ^.rn.  .  fr^ rN9.s  + 


If  now  we  proceed  to  take  the  needle  short  in  comparison  to  the 
distance,  D,  between  the  magnets,  this  expression  reduces  to 

MM' 

While  if  L^  may  also  be  neglected  compared  with  D^,  the  turning 
moment  reduces  to 

'      MM' 
DZ    • 

As  before,  if  the  axis  of  the  needle,  ns^  makes  an  angle  Q  with  the 
line  OP,-  the  turning  couple  will  be 

MM'         . 
-^-  cos  6, 

Again,  this  is  zero  when  6= go",  i.e.  when  the  two  magnets  are 
parallel,  and  as  the  lines  of  force  of  the  magnet  NS  at  the  point  O  are 
parallel  to  the  axis  of  NS,  this  is  as  it  ought  to  be. 

These  expressions  may  be  used  to  test  the  correctness  of  Coulomb's 
law,  which  we  have  employed  in  obtaining  them,  for  if  the  needle  ns  is 
suspended  by  a  wire  or  by  a  bifilar  suspension  (§  119),  then  by  turning 
the  upper  end  of  the  wire,  or  of  the  bifilars,  till  the  axis  of  the  magnet  ?is 
comes  into  the  position  considered,  we  can,  as  has  been  explained  in  §  109, 
measure  the  couple  which  is  acting  on  ns  when  the  magnets  are  at  a 
given  distance,  D,  apart.  Then  by  varying  D  we  can  test  whether  the 
couple  varies  inversely  as  D^  We  may  also  see  if,  for  a  given  value  of  D, 
the  couple,  when  the  magnets  are  in  the  A  position,  is  twice  as  great  as 
the  couple  when  they  are  in  the  B  position. 

Also  by  using  two  magnets,  of  which  the  moments  are  M  and  m",  we 
may  measure  the  couple  they  exert  when  used  separately  at  a  distance  D. 
We  may  then  use  them  both  simultaneously,  placed  at  the  distance  D,  one 
on  either  side  of  the  needle,  and  show  that  the  couples  produced  when 
they  act  so  as  to  oppose  each  other,  and  also  w;hen  they  act  to  assist 
each  other,  and  the  couples  which  they  each  produce  separately  are  in 
the  ratio  of  M  -  m"  :  M  +  m"  :  M  :  m". 

This  method  of  testing  the  truth  of  Coulomb's  law  can  be  made  more 
accurate  than  can  the  method  with  the  torsion  balance,  where  the  effect 
of  the  one  pole  is  often  modified  by  that  of  the  other. 
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430*.  Time  of  Vibration  of  a  Magnet  when  Suspended  in  a 

Magnetic  Field. — We  have  seen  in   §  428  that  if  a  magnet   NS  (Fig. 

422)  of  which  the  moment  is  J/,  is  suspended  in  a  magnetic 

B  field  of  strength  //,  and  if  the  axis  of  the  magnet  makes 

an  angle  6  with  the  direction  ab  of  the  field,  the  couple 
acting  on  the  magnet,  and  tending  to  turn  it  into  the  direc- 
tion AB,  is  MM  sin  6.  Thus  if  the  magnet  lies  with  its 
axis  parallel  to  the  direction  of  the  field,  and  with  its  north 
pole  pointing  in  the  positive  direction,  it  will  be  in  stable 
equilibrium,  and  when  it  is  displaced  from  this  position 
c  through  an  angle  ^,  the  couple  tending  to  restore  it  to  its 
undisturbed  position  will  be  MH  sin  6.  Hence  if  the 
magnet  is  displaced  and  then  set  free,  it  will,  under  the 
influence  of  this  couple,  move  back  towards  its  position 
of  equilibrium.  It  will,  during  this  motion,  gain  kinetic 
energy,  so  that  it  will  pass  through  its  equilibrium  position  and  be 
displaced  on  the  other  side,  and  so  on  ;  in  fact,  it  will  execute  oscilla- 
tions about  its  position  of  equilibrium. 

Now  in  §  112  we  found  that  when  a  simple  pendulum  is  displaced 
from  its  position  of  rest,  the  force  tending  to  bring  it  back  to  that  position 
was  given  by  mgsxn  0^  where  m  is  the  mass  of 
the  bob.  The  similarity  between  this  expres- 
sion and  that  obtained  in  the  case  of  the  mag- 
net is  obvious,  and  we  can  at  once  see  that  if  the 
simple  pendulum  performs  isochronous  vibra- 
tions, the  suspended  magnet  will  do  so  also. 
As  we  have  already  seen,  the  pendulum  only 
performs  isochronous  oscillations  when  the  maxi- 
mum displacement  (6)  is  small,  so  that  we  may 
at  once  infer  that  the  same  will  be  the  case 
with  the  suspended  magnet. 

In  order  to  find  an  expression  for  the  periodic 
time  7"of  the  oscillations  performed  by  the  mag- 
net, let  AB  (Fig.  423)  represent  the  position  of 
equilibrium  of  the  magnet,  and  NS  the  position 
of  the  magnet  when  at  its  maximum  elongation. 
Now  for  small  displacements  (d)  the  restor- 
ing force  will  be  equal  to  MNO,  since,  as  was 
shown  in  §  14  for  small  values  of  0,  sin  6  may 
be  taken  as  equal  to  0.  Hence,  for  vibrations 
of  small  amplitude,  the  restoring  force  is  pro- 
portional to  the  displacement,  and  therefore  the 
magnet  will  execute  a  simple  harmonic  motion 
(§  50)-  Now  in  §  51  we  have  shown  that  in  a 
S.H.M.  the  maximum  linear  velocity,  that  is,  the  velocity  when  the  body 
is  passing  through  its  position  of  rest,  is  equal  to  27ral7\  where  a  is  the 
amplitude  of  the  vibration  and  T  is  the  period.  Hence  the  kinetic 
energy  of  a  particle  of  mass  w',  when  passing  through  its  position  of 
rest,  is  2Tt^a^m'll\ 
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Now  the  amplitude  (rt')  of  a  particle  at  a  distance  r  from  the  point  O, 
about  which  the  magnet  rotates,  is  given  by 

d         r      ir 


(AS)     OA      I' 

where  {AS)  stands  for  the  arc  AS,  and  /  is  the  length  of  the  magnet. 

Therefore  the  kinetic  energy  of  this  particle,  when  passing  through  its 
position  of  rest,  is 

87r2(^5)VW 

Thus  the  total  kinetic  energy  of  all  the  particles  which  build  up  the 
magnet  is 

where  K  is  the  moment  of  inertia  (§  85)  of  the  magnet  about  an  axis 
through  O. 

Now  when  the  magnet  is  at  its  extreme  elongation  the  energy  is 
entirely  potential.  This  potential  energy  is  equal  to  the  work  which  has 
to  be  done  to  move  the  poles  N  and  S  into  their  new  positions  against 
the  action  of  the  field.  Considering  the  pole  S,  we  might  take  it  from 
A  to  S  along  the  paths  AC,  CS,  where  SC  is  perpendicular  to  AB,  and  there- 
fore also  perpendicular  to  the  lines  of  force  of  the  field.  During  the 
portion  CS  of  the  path,  since  the  direction  of  motion  is  perpendicular  to 
the  force,  no  work  is  done.  During  the  passage  from  a  to  C,  since  the 
force  acting  on  the  pole  is  mH^  where  m  is  the  strength  of  the  pole,  the 

work  done  is  niH.hC.     Hence  the  potential  energy  due  to  both  poles 
when  the  magnet  is  at  NS  is 

2mH.  'AC. 

Now  the  triangles  ACS  and  abs  are  similar.     Therefore 

AC_'AS 

'as    AB 
Thus  the  potential  energy  is 

2mH,AS^ 


Equating  the  potential  energy  at  the  extreme  elongation,  when  the 
kinetic  energy  is  zero,  to  the  kinetic  energy  when  the  magnet  is  passing 
through  its  position  of  rest,  and  therefore  its  potential  energy  is  zero, 

we  get  

2mI/AS^_S7r\ASyK 
I        -       T^p      ' 

Now  if  the  amplitude,  9,  of  the  vibrations  is  small,  the  chord  AS  may 
be  taken  as  equal  to  the  arc  (as).     Then 
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Bai  mt'=Af.    Hence 


or 


^  "Am* 


-^"\/j^ 


431.  Measurement  of  the  Strengrth  of  a  Magrnetle  Field.— We 
have  seen  in  the  last  section  that  if  a  magnet,  of  which  the  moment  is  Af 
and  the  moment  of  inertia  is  A',  vibrates  in  a  magnetic  field  of  strength 
//,  the  periodic  time  T  of  the  vibrations  is  given  by 


r=27r 


Af// 


Hence,  if  we  measure  7\  and  know  A'  and  Af,  we  can  calculate  //.  The 
moment  of  inertia  A'  can  either  be  calculated,  if  the  magnet  is  of  a  simple 
and  regular  shape,  or  it  can  be  determined  experimentally.  Hence  we 
have  only  Af  and  //  to  determine,  so  that  if  by  any  other  experiment  we 
can  get  a  second  relation  between  Af  and  //,  say  their  ratio,  we  could 
calculate  both  of  them. 

Now  we  have  obtained  in  §  429  expressions  for  the  couple  caused  by 
the  action  of  one  magnet  on  another  when  they  are  placed  in  certain 
relative  positions.     Suppose  now  a  magnetised  needle  ns  (Fig.  424)  is 


N 


Pig.  424. 
suspended  by  a  fine  thread  in  the  given  magnetic  field,  then  it  will  set 

itself  parallel  to  the  direction,  BA,  of  the  field.  If  now  we  place  the 
magnet,  of  which  we  have  observed  the  period  of  vibration,  in  the  position 
NS,  it  will  exert  a  couple  on  the  needle,  which,  if  the  distance  OP  is  great 

2AfAf' 
compared  to  the  sizes  of  the  magnets,  is  equal  to     ^    ,  and  hence  the 

needle  will  be  turned  into  some  such  position  as  that  shown  in  the  figure, 
and  will  finally  come  to  rest  when  the  deflecting  couple,  due  to  NS,  is 

equal  to  the  couple,  tending  to  bring  it  back  into  the  direction  BA,  due  to 
the  field. 

If  ^  is  the  angle  which  the  axis  of  the  needle  makes  with  the  lines  of 
force  of  the  field  when  it  comes  to  rest  under  the  combined  influence  of 
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the  magnet  ns  and  of  the  field,  the  couple  acting  in  the  clockwise  direc- 

2MM' 
tion  due  to  the  magnet  is  — jy^  cos  d,  while  the  couple  acting  in  the 

opposite  direction  due  to  the  field  is  M'H  sin  $.  When  there  is  equi- 
librium these  must  be  equal,  and  hence 

,-^3     cos  d=M'Hs\n  6, 

M    D^  sin  Q    D\      ^ 
or  -=>= ^= —  tan  Q. 

H     2  cos  6      2 

If  then  we  measure  the  distance  between  the  centres  of  the  magnet 

M 
and  needle  and  the  deflection,  we  can  calculate  the  ratio  -73.     But  we 

have  already  seen  that  the  vibration  experiment  gives  us  the  value  of  the 
product  J///,  and  hence  by  simple  algebra  the  values  of  the  two  quantities 
M  and  H  can  be  calculated.  Therefore  by  measuring  the  periodic  time 
of  a  magnet  of  known  moment  of  inertia,  when  suspended  in  a  given 
magnetic  field,  and  then  determining  the  angle  through  which  a  needle, 
suspended  in  the  same  field,  is  deflected  by  this  magnet  when  placed  at 
a  known  distance,  we  can  obtain  both  the  strength  of  the  field  and  the 
magnetic  moment  of  the  magnet.  Of  course,  when  performmg  the  deflec- 
tion experiment,  the  magnet  NS  might  be  placed  in  the  "  B  position,"  in 

which  case  -jy—D^  tan  Q, 


CHAPTER   II 
TERRESTRIAL    MAGNETISM 

432.  The  Magrnetic  Elements.— The  most  important  magnetic  field 
with  which  we  have  to  do  is  that  due  to  the  magnetic  state  of  the  earth. 
In  order  to  be  able  to  state  the  condition  of  the  magnetic  field  of  the 
earth,  or  as  we  may  say  for  short  the  earth's  field,  at  any  point  we  require 
to  know  two  things,  (i)  the  direction  of  the  lines  of  force  of  the  field,  and 
(2)  the  strength  of  the  field.  That  is,  we  want  the  direction  in  which  a 
single  unit  north  pole  would  tend  to  move  under  the  influence  of  the  field, 
and  also  the  force  which  would  act  upon  it.  We  have  hitherto  supposed 
that  the  directions  of  the  lines  of  force  of  the  magnetic  fields  with  which 
we  have  been  dealing  were  horizontal,  so  that  a  magnetised  needle, 
which  was  suspended  or  pivoted,  so  as  to  turn  about  a  vertical  axis,  was 
able  to  set  itself  parallel  to  the  lines  of  force  of  the  field.  If  a  long  thin 
unmagnetised  bar  of  steel  is  suspended  by  a  fine  thread  so  that  it  hangs 
in  a  horizontal  position,  and  is  then  magnetised,  it  will  set  itself  in  an 
approximately  north  and  south  position,  but  will  no  longer  be  horizontal. 
In  this  part  of  the  globe  the  nnrth  f^pH  ^m11  Hip  Hnu/mi^arHg  This 
indicates  that  in  these  parts  the  linei  of  force  of  the  earth's  field  are  not 
horizontal,  but  are  inclined  downwards. 

For  most  purposes  it  is  convenient  to  suppose  the  earth's  field  resolved 
into  two  ^components,  one  of  which  is  hotiaantal  and  the  other  vejiical. 
Since  a  magnetic  field  is  of  the  nature  of  a  force,  having  magnitude  or 
strength  and  direction,  the  field  may  be  resolved  into  two  component 
fields,  just  as  a  force  in  §  67  is  resolved  into  two  component  forces. 

In  order  to  define  each  of  th^e  components,  we  require  of  course  to 
know  its  direction  and  its  strengtn.  In  the  case  of  the  horizontal  com- 
ponent its  strength  is  called  the  horizontal  force,  and  is  generally  indicated 
by  the  letter  i^.  Since  by  supposition  this  component  is  horizontal,  in 
order  to  define  its  direction  we  only  require  to  know  the  angle  which  it 
makes  with  some  fixed  direction.  The  fixed  direction  chosen  is  the 
prppffrr^pjiiral  meric]i.-in.  and  the  ^^^\^  whirh  the,  hnrizonf^l  fpfge  makes 
with  the  geographical  rr^eridian  is  called  the  derlina(iati^^c\x  sometimes 
the  variation. 

The  vertical  component  of  the  earth's  field  is  called  the  vertical  force, 
and  is  generally  indicated  by  the  letter  V ;  its  direction  is  along  the 
vertical,  i.e.  the  radius  of  the  earth  at  the  point  considered. 

The  actual  strength  of  the  earth's  field,  which  is  of  course  the  resultant 
of  H  and  F,  is  called  the  total  force.  The  angle  between^Lha-4ifles  of 
force  of  the  earth's  field  and  the  horizontal  is  c^Ied  the-<^)^.  Hence  the 
dip]? also  the  angTe^BeTween  ihe^direction  oT'the  horizontal  component 
and  that  of  the  total  force  or  actual  field.    The  three  magnetic  forces,  the 
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total  force  and  its  two  components,  H  and  F,  must  of  course  lie  in  the 
same  vertical  plane,  the  angle  which  this  plane  makes  with  a  vertical 
plane  containing  the  place  considered  and  the  axis  about  which  the  earth 
turns,  that  is,  the  meridian  plane,  is  equal  to  the  -,  ^  yy. ^• 

declination.  0  ?  "         ^ 

If  the  plane  of  the  paper  is  taken  as  the  vertical       k— ttt^ 
plane  in  which  the  total  force  and  its  components 

lie,  and  OA,  OB,  and  OC  (Fig.  425)  represent  in 
magnitude  and  direction  the  horizontal  and  vertical 
components  and  the  total  force,  then  the  angle 
AOC  or  Q  will  be  the  dip.     Hence  if  the  total  force, 

OC,  is  called  /,  we  have  from  the  triangle  AOC — 

-^=cos  {j. 
Also  from  the  triangle  BOC,  since  the  angle  BOC  is  90°  -  ^, 


Fig.  425 


and  finally 


-^=cos  BOC = sin  Qy 


the  horizontal 

N 


These  three  expressions  permit  of  our  obtaining  V  and  /  if  we  know 
the  horizontal  component,  //,  and  the  dip,  ^,  or  if  we  know  V  and  H  we 
can  obtain  /  and  ^. 

Hence  it  is  evident  that  if  we  know  the  declination, 
component,  and  the  dip,  we  can  deduce  the  direction  and 
strength  of  the  earth's  field.     Since  it  is  generally  most 
convenient  to  measure  these  three  quantities,  they  are 
called  the  magnetic  elements. 

It  is  sometimes  convenient  to  be  able  to  express  the 
direction  and  magnitude  of  the  earth's  field  by  three 
quantities  which  are  all  of  the  same  nature,  and  not,  as 
we  have  done  above,  by  means  of  a  force  and  two 
angles.  Suppose  we  resolve  the  horizontal  component 
along  a  line  which  points  to  the  true  or  geographical 
north,  and  along  a  line  true  west.  If  X  is  the  nor- 
therly component  and  V  the  westerly  component,  then  it  is  at  once 
evident,  from  Fig.  426,  that  if  8  is  the  declination, 


y 
x' 


tan  S. 


Hence,  if  we  know  X  and  K,  we  can  calculate  //and  8.  Thus  the  values 
of  the  three  components  of  the  force,  Xy  V,  and  F,  are  sufficient  to  com- 
pletely define  its  value  both  in  magnitude  and  direction. 

Before  proceeding  to  consider  the  general  form  of  the  earth's  field  as 
deduced  from  a  study  of  the  measurements  which  have  been  made  of  the 
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magnetic  elements  at  different  parts  of  the  earth's  surface,  it  will  be  useful 
to  briefly  consider  the  methods  employed  to  measure  the  magnetic 
elements  at  any  given  place. 

433.  Measurement  of  the  Declination.— The  declination  is  the 
angle  between  the  geographical  meridian  and  the  direction  of  the  hori- 
zontal component.  Thus,  since  a  magnet  when  suspended  by  a  fine 
thread,  so  as  to  turn  freely  about  a  vertical  axis,  will  set  itself  parallel 
to  the  direction  of  the  lines  of  force  of  the  horizontal  component,  the 
declination  can  be  obtained  by  measurinp^  the  angle  between  the  axis  of 
such  a  suspended  magnet  and  the  meridian. 

The  practical  difficulty  in  performing  the  experiment  lies  in  the  fact 
that  the  magnetic  axis  of  a  magnet  does  not  necessarily  coincide  with  its 
geometrical  axis. 

The  magnet  usually  employed  consists  of  a  hollow  steel  cylinder,  a 
(Fig.  427X  which  is  fixed  in  a  brass  collar  to  which  are  attached  two 

pegs,  B  and  c, 
either  of  which 
fits  into  a  clip  at- 
tached to  the  end 
of  a  fine  thread 
formed  of  unspun 
silk.  At  one  end 
of  the  hollow 
magnet  is  placed 
a  fine  scale,  s, 
engraved  on  a 
piece  of  glass, 
focal  length  of  this 


Fig.  437. 


while  at  the  other  end  is  placed  a  lens  L.  The 
lens  is  equal  to  the  length  of  the  cylinder,  so  that  the  rays  of  light 
proceeding  from  any  point  in  the  scale  s  leave  the  lens  as  a  parallel 
pencil.  The  line  joinmg  the  central  division  of  the  scale  and  the  optical 
centre  (§  351)  of  the  lens  is  taken  as  the  geometrical  axis  of  the  magnet. 
If  AB  (I.,  Fig.  428)  is  the  plan  of  a  magnetic  needle  suspended  by  a 
fine  thfead  attached  at  C,  and  of  which  the  magnetic  axis  is  ;/j,  then  it 
will  set  itself  with  the  magnetic  axis  in  the  magnetic  meridian  NS.  In 
this  case  the  geometrical  axis  of  the  needle  points  to  the  west  of  the 


n 

Fig.  428. 

{FrfH  iVatwH's  "  EUnuntary  Practical  Physics.'^ 

magnetic  meridian.  If  the  needle  is  reversed,  so  that  what  was  the  lower 
side  is  now  the  upper,  then,  as  is  shown  at  II.,  the  geometrical  axis  AB 
will  point  as  far  to  the  east  of  the  magnetic  meridian  as  it  did  before 
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to  the  west.  Hence  the  magnetic  meridian  is  half-way  between  the 
positions  of  the  geometrical  axis  before  and  after  the  reversal  of  the 
magnet. 

The  cylindrical  magnet  shown  in  Fig.  427  is  suspended  in  a  box  fixed 
to  the  centre  of  a  divided  circle,  while  an  arm  attached  to  the  circle 
carries  a  small  telescope,  in  the  eye-piece  of  which  are  two  intersecting 
cross-wires.  The  telescope  is  turned  till  the  centre  division  of  the  scale, 
S,  coincides  with  the  vertical  cross-wire,  first  when  the  magnet  is  suspended 
by  B,  and  then  when  it  is  reversed  and  is  suspended  by  C.  The  mean  of 
the  readings  on  the  divided  circle  corresponding  to  these  two  positions 
gives  the  reading  corresponding  to  the  magnetic  axis  of  the  magnet.  The 
reading  corresponding  to  the  geographical  meridian  is  obtained  either  by 
turning  the  telescope  io  view  some  object  the  bearing  of  which  is  known, 
or  by  observing  the  time  of  transit  of  a  star  or  the  sun  over  the  vertical 
cross-wire. 

434u  Determination  of  the  Dip  or  Inclination. — When  determin- 
ing the  declination  by  means  of  a  magnet  suspended  by  a  thread,  the 
effects  of  gravity  on  the  magnet  do  not  influence  the  observations,  for  the 
weight  of  the  magnet  will  have  no  effect  in  producing  a  rotation  about  the 
thread  as  an  axis. 

In  order  to  determine  the  dip,  however,  we  have  to  support  a  magnet 
so  that  it  can  turn  freely  about  a  horizontal  axis,  and  then  measure  the 
angle  which  its  magnetic  axis  makes  with  the  horizontal.  If  the  axis 
about  which  the  magnet  is  allowed  to  turn  passes  through  the  centre  of 
gravity  of  the  magnet,  the  weight  will  have  no  moment  round  this  axis, 
and  will  therefore  not  affect  the  position  of  the  magnet.  Since,  however, 
it  is  practically  impossible  to  secure  this  condition,  the  observations  have 
to  be  so  arranged  that  errors  due  to  small  departures  from  this  condition 
may  be  eliminated.  The  principle  is  similar  to  that  employed  in  the 
case  of  the  determination  of  the  declination,  viz.  to  take  readings  in  pairs, 
such  that  the  error  in  the  separate  readings  affects  the  result  in  the 
opposite  way,  and  hence  the  mean  of  the  two  readings  gives  the  true 
value. 

Suppose  AEBD  (Fig.  429)  is  the  needle,  the  axle  being  at  c,  while  the 
centre  of  gravity  is  at  G,  a  point  which  does  not  coincide  with  C.  We 
may  consider  the  effect  of  this 

displacement  of  the  centre  of  ^ 

gravity  as  split  up  into  two 
parts,    one    a    displacement 

along  the  axis  of  the  needle       ^^^^.^ .     ,  ^'*"*.*^o 

to  K,  and  the  other  a  dis-    A*^  vr — f>* ^>"D 

placement  at  right  angles  to 
the  axis  to  H. 

First  consider  the  displace- 
ment of  the  centre  of  gravity 
at  right  angles  to  the  axis  of 
the  needle,  i.e.  to  H.  If  the  end  A  is  dipping,  that  is,  in  the  northern 
hemisphere,  if  A  is  a  north  pole,  and  the  needle  is  placed  in  its  bear- 
ings, so  that  H  is  above  c,  the  effect  of  the  weight  of  the  needle  will 
be  to  increase  the  measured  dip,  while  if  the  needle  is  reversed  in  its 
bearings,  so  that  H  is  below  c,  the  weight  will  decrease  the  measured 
dip  by  the  same  amount.     Hence  the  mean  of  the  readings  obtained  will 


^-^^ 

^""""^"""-^^--^ 

^^^"^-^"^ 

^      ^^^''^^ 

Fig. 

429. 
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be  free  from  error  due  to  the  displacement  of  the  centre  of  gravity  at 
right  angles  to  the  axis. 

As  long  as  the  end  A  is  dipping,  the  displacement  of  the  centre  of 
gravity  along  the  axis  to  K  will  always  increase  the  measured  angle  of 
dip.  If,  however,  we  remagnetise  the  needle,  so  that  the  end  B  dips, 
then  the  displacement  of  the  centre  of  gravity  to  K  will  decrease  the 
measured  dip,  so  that  by  reversing  the  polarity  of  the  needle  this  error 
can  be  eliminated.    The  fact  that  the  magnetic  axis  of  the  needle  may 
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not  coincide  with  the  line  joining  AB  is  eliminated  by  the  reversal  of  the 
needle  when  eliminating  the  effect  of  the  displacement  of  the  centre  of 
gravity  perpendicular  to  the  axis,  for  the  same  reasons  as  in  the  case  of 
the  declination. 

In  order  to  measure  the  angle  of  dip,  the  needle  is  placed  with  its  axle 
resting  on  two  small  horizontal  agate  knife-edges,  K,  k'  (Fig.  430,  a)  so 
that  the  axle  is  at  the  centre  of  a  graduated  circle,  any  slight  want  of 
agreement  between  the  position  of  the  axle  and  the  centre  of  the  circle 
being  eliminated  by  reading  the  position  of  both  ends  of  the  needle  by 
means  of  the  two  microscopes,  M,  M'.     When  not  in  use  the  needle  is 
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raised  from  the  agates  by  means  of  two  V-shaped  supports,  ll',  which 
can  be  raised  by  turning  the  knob  E. 

The  only  remaining  source  of  error  which  may  occur,  owing  to  the 
imperfect  adjustment  of  the  instrument,  is  that  due  to  the  fact  that  the 
Hne  joining  the  zero  gradations  on  the  circle  may  not  be  truly  horizontal. 
The  error  due  to  this  cause  can  be  eliminated  by  taking  two  sets  of  read- 
ings with  the  instrument  turned  so  that  the  graduated  side  of  the  circle 
faces  first  east  and  then  west.  For  the  measured  dip  will  in  one  case  be 
greater  than  the  true  dip,  and  in  the  other  case  less  by  the  angle  which 
the  line  joining  the  zero  makes  with  the  horizontal. 

The  angle  between  the  magnetic  axis  of  the  needle  and  the  horizontal 
is  only  equal  to  the  dip  when  the  vertical  plane  in  which  the  needle  can 
turn  coincides  with  the  magnetic  meridian,  that  is,  when  the  axle  of  the 
needle  points  due  magnetic  east  and  west.  In  order  to  secure  this  condi- 
tion, the  circle  is  turned  till  the  needle  is  vertical.  The  needle  being 
vertical  shows  that  in  the  plane  in  which  it  can  move  there  is  no  horizontal 
component  of  the  earth's  magnetic  field.  Now  obviously  this  can  only 
occur  when  the  plane  in  which  the  needle  moves  is  at  right  angles  to  the 
direction  of  the  horizontal  component,  that  is,  at  right  angles  to  the  mag- 
netic meridian.  We  may  also  see  that  this  must  be  so  from  the  follow- 
ing reasoning  :  When  the  axle  about  which  the  needle  turns  is  parallel  to 
the  horizontal  component,  this  component  can  have  no  moment  tending 
to  produce  rotation  about  the  axle.  Hence,  when  the  plane  in  which 
the  needle  turns  is  at  right  angles  to  the  magnetic  meridian,  the  vertical 
component  is  the  only  one  which  has  a  directive  influence  on  the  needle, 
which  therefore  sets  itself  in  a  vertical  position.  The  position  of  the 
circle  when  the  needle  is  vertical  is  read  off  on  a  horizontal  divided  circle, 
FG,  attached  to  the  stand,  and  then  by.  means  of  this  same  horizontal 
circle  the  vertical  circle,  and  with  it  the  uprights  carrying  the  needle,  is 
turned  through  90°,  which  brings  its  plane  into  the  magrietic  meridian. 

435.  Measurement  of  the  Horizontal  Force.— In  order  to  measure 
the  horizontal  force,  the  usual  method  employed  is  that  given  in  §  431. 
The  magnet  shown  in  Fig.  427  is  first  allowed  to  oscillate,  and  its  period 
of  vibration  is  determined  ;  it  is  then  used  to  deflect  another  suspended 
magnet,  and  the  value  of  H  is  deducted  from  the  results  of  these  two 
experiments  by  the  method  given. 

The  moment  of  inertia  of  the  magnet  used  in  the  vibration  experiment 
is  obtained  by  taking  the  period  when  a  brass  cylinder,  the  moment  of 
inertia  of  which  can  be  calculated,  is  placed  in  the  tube  D  (Fig.  427), 
and  also  taking  the  period  without  this  brass  cylinder.  From  these 
two  observations  the  moment  of  inertia  of  the  magnet  and  its  appendages 
can  be  calculated. 

436.  Terrestrial  Magnetic  Lines.— The  magnetic  state  of  the  earth 
is  best  shown  by  constructing  magnetic  maps,  in  which  lines  are  drawn 
through  the  places  at  which  the  element  considered  has  the  same  value. 
In  the  case  of  declination,  lines  drawn  so  that  the  declination  is  the 
same  at  all  places  through  which  they  pass  are  called  Isogonal  Lines,  or 
Lines  of  equal  Variation  or  Declination. 

The  form  of  the  isogonals  for  the  year  1900  is  shown  in  Fig.  431,  which 
represents  the  earth  on  Mercator's  projection.  The  full  lines  indicate 
westerly  declination,  i.e.  the  north  end  of  the  needle  points  to  the  west 
of  true  north,  while  the  dotted  curves  indicate  easterly  declination. 
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The  thick  lines,  which  separate  the  regions  in  which  the  declination 
is  westerly  from  the  regions  in  which  it  is  easterly,  are  lines  where  the 
declination  is  zero,  and  therefore  the  compass-needle  points  due  north. 
These  lines  are  called  the  agomc  Hues. 

There  are  two  distinct  agonic  lines.  One  of  these  runs  down  the 
east  side  of  North  America,  cuts  off  a  part  of  South  America,  and  then 
passes  to  the  Antarctic  Ocean  ;  reappearing  on  the  other  side,  it  passes 
through  the  extreme  west  of  Australia,  through  the  Persian  Gulf,  near 
the  Crimea,  and  finally  enters  the  Arctic  Ocean  near  the  North  Cape, 
and  presumably  joins  the  other  branch  in  North  America.  The  other 
agonic  line  forms  an  oval  curve,  the  greater  part  of  which  lies  in  Siberia, 
and  is  known  as  the  Siberian  Oval. 

The  lines  of  equal  dip  are  called  isoclinal  lines ^2it\.^  their  form  for  the 
year  1900  is  shown  in  Fig.  432. 

It  will  be  seen  that  the  line  of  zero  dip,  or,  as  it  is  called,  the  magnetic 
equator,  forms  a  circle  which  agrees  approximately  with  the  geographical 
equator,  and  that  the  dip  increases  with  the  latitude,  the  north  pole  of 
the  needle  dipping  in  the  northern  hemisphere,  and  the  south  pole  in  the 
southern  hemisphere. 

At  two  points  on  the  earth's  surface  the  dip  is  90°,  i.e.  the  dipping- 
needle  is  vertical,  this  indicating  that  the  horizontal  component  is  zero, 
so  that  the  compass-needle,  which  indicates  the  direction  of  the  horizontal 
component,  will  not  set  itself  at  these  points  in  any  definite  direction. 
These  points  are  often  called  the  magnetic  poles.  The  north  magnetic 
pole  lies  in  lat.  70°  5'  N.  and  long.  96°  43'  W.,  while  the  south  magnetic 
pole  is  at  lat.  73°  30'  S.  and  long.  147°  30'  E. 

The  agonic  line  passes  through  the  magnetic  poles. 

The  lines  of  equal  horizontal  force  are  shown  in  Fig.  433,  and  it  will 
be  seen  that  the  horizontal  force  is  a  maximum  near  the  equator,  and  is 
zero  at  the  magnetic  poles. 

The  curves  of  equal  total  force  are  called  isodynamic  lines.  The 
total  force  is  not  a  maximum  at  the  magnetic  poles,  but  there  exist  in 
the  northern  hemisphere  two  points  at  which  the  total  force  is  a  maxi- 
mum, while  two  similar  points  exist  in  the  southern  hemisphere.  These 
points  of  maximum  force  are  called  magnetic  foci.  One  of  the  northern 
foci  is  situated  in  North  America  at  lat.  52°  N.  and  long.  90°  W.  The 
other  northern  focus  is  at  lat.  70°  N.  and  long.  1 15°  E.,  and  is  called  the 
Siberian  focus.  The  two  southern  foci  are  situated  much  nearer  together 
than  are  the  northern  ones,  their  positions  being  approximately  lat.  65"  S., 
long.  140°  E.,  and  lat.  50°  S.,  long.  130°  E. 

The  positions  of  the  terrestrial  lines  for  the  whole  globe  are  neces- 
sarily only  roughly  known,  for  there  are  very  large  tracks  where  few, 
if  any,  determinations  of  the  magnetic  elements  have  been  made.  In 
the  case  of  some  more  or  less  restricted  portions  of  the  earth,  such  as 
Great  Britain,  the  magnetic  elements  have  been  determined  with  great 
accuracy  at  a  large  number  of  places,  and  hence  the  terrestrial  lines  are 
known  with  some  accuracy.  In  Fig.  434  the  lines  of  equal  declination, 
dip,  and  horizontal  force  are  given  as  obtained  in  an  extensive  magnetic 
survey  conducted  by  Riicker  and  Thorpe.  These  lines  are  obtained  by 
combining  the  results  of  the  measurements  made  at  a  number  of  stations 
which  are  grouped  together  so  as  to  eliminate  the  effects  of  any  local 
abnormality  in  the  value  of  the  elements  at  any  one  point,  and  hence 
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they  give  what  may  be  considered  as  the  normal  distribution  of  the  lines. 
The  value  of  tlie  elements  at  any  given  spot  do  not,  however,  in  general 
agree  exactly  with  the  values  as  deduced  from  these  curves.  This  dif- 
ference is  due  to  the  fact  that  at  the  place  considered  there  may  exist 
slight  abnormalities,  owing  to  the  presence  of  magnetic  material  in  the 
neighbouring  portions  of  the  earth's  crust.  The  extent  to  which  these 
disturbing  causes  may  affect  the  even  trend  of  the  terrestrial  lines  is  well 
shown  in  Fig.  435,  which  gives  the  form  of  the  true  isogonal  lines,  that 
is,  the  lines  passing  through  the  places  at  which  the  actual  measured 
declination  is  the  same.  Here  the  effects  of  local  disturbances  have 
not  been  eliminated  by  lumping  the  stations  together  in  groups  so  as  to 
eliminate  the  effects  of  these  disturbances,  at  any  rate  when  they  do  not 
affect  any  large  area. 

From  the  amount  of  the  differences  between  the  values  of  the  elements 
as  obtained  from  the  smooth  curves  and  the  actual  measured  values,  an 
idea  of  the  position  and  extent  of  the  magnetic  masses  which  cause  these 
differences  has  been  made  by  Sir  Arthur  Kucker,  so  that  the  value  of  the 
magnetic  field  on  the  surface  of  the  earth  is  employed  to  get  an  idea  of 
the  geology  of  the  portions  of  the  earth's  crust  below  the  actual  surface 
layers. 

437.  Continuoiis  Magnetic  Records.— In  a  certain  number  of 
observatories  a  continuous  record  of  the  values  of  the  magnetic  elements 
is  kept  by  means  of  self-recording  instruments.  The  records  are  ob- 
tained by  means  of  the  trace  left  by  a  spot  of  light  reflected  from  a 
mirror  attached  to  a  magnet  on  a  sheet  of  photographic  paper,  which  is 
kept  in  uniform  movement  by  means  of  clockwork.  In  the  case  of  the 
declination,  the  mirror  is  simply  attached  to  a  magnet  which  is  suspended 
by  a  long  fine  thread,  so  that  it  can  turn  freely  alDout  a  vertical  axis,  and 
so,  by  always  setting  itself  in  the  magi.etic  meridian,  gives  a  record  of 
the  changes  that  take  place  in  the  position  of  this  meridian,  that  is, 
shows  the  changes  in  the  declination. 

The  changes  in  the  horizontal  force  are  recorded  by  means  of  a 
magnet  which  is  suspended  by  a  bifilar  suspension  (§  119).  The  top 
of  the  bifilar  is  turned  till  the  magnet  sets  itself  at  right  angles  to  the 
magnetic  meridian,  under  which  conditions  the  earth's  field  exerts  a 
turning  couple  on  the  magnet  equal  to  MH  {%  428),  this  couple  being 
balanced  by  the  couple  due  to  the  bifilar.  If  the  value  of  the  horizontal 
force  H  alters,  the  couple  due  to  the  magnetic  forces  alters  also  in  the 
same  proportion,  and  the  magnet  turns  about  a  vertical  axis  till  the 
couple  due  to  the  bifilar  becomes  equal  to  the  new  couple  due  to  the 
magnetic  forces.  Changes  in  the  declination  will,  however,  not  affect 
the  position  of  the  magnet,  since  it  is  at  right  angles  to  the  magnetic 
meridian- 

Since  no  satisfactory  way  of  recording  the  changes  that  take  place  in 
the  dip  has  been  devised,  it  is  usual  to  record  the  changes  in  the  vertical 
force.  For  this  purpose  a  magnet  is  balanced  on  knife  edges  in  such 
a  way  that  it  is  in  an  approximately  horizontal  position.  If,  say,  the 
vertical  force  decreases,  then  the  downward  force  acting  on  the  north 
pole  and  the  upward  force  acting  on  the  south  pole  both  decrease,  and 
hence  the  north  pole  of  the  balanced  magnet  rises  and  the  south  pole 
falls,  just  as  when,  in  a  balance,  the  load  of  one  pan  is  increased  and 
that  of  the  other  is  decreased.     The  motions  of  such  a  balanced  magnet 
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will  therefore  indicate  the  changes  that  take  place  in  the  vertical  force, 
and  since  the  magnet  with  the  bifilar  suspension  gives  the  changes  that 
take  place  in  the  horizontal  force,  the  changes  in  dip  and  in  the  total 
force  can  be  immediately  calculated  from  the  records  given  by  the  two 
instruments. 

438.  Diurnal  Rangre. — As  a  result  of  a  study  of  the  records  of  the 
magnetographs,  as  the  self-recording  magnetic  instruments  are  called, 
it  is  at  once  evident  that  the  values  of  the  magnetic  elements  undergo 
small  daily  changes  in  value,  the  magnitude  of  this  diurnal  range  de- 
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pending  on  the  position  of  the  place  and  the  time  of  year.  The  form 
of  the  diurnal  range  curves  for  Kew  for  the  summer  months  are  shown 
in  Fig.  436,  which  gives  the  variation  of  each  element  from  its  mean 
value  for  the  whole  twenty-four  hours.  When  the  curve  is  above  the 
zero  line  it  means  that  the  corresponding  element  is  greater  than  its 
mean  value. 

439.  Annual  and  Secular  Change.— In  addition  to  the  diurnal 
range,  the  magnetic  elements  undergo  a  periodic  change  of  which  the 
period  is  a  year,  which  is  called  the  annual  range. 

Slow  changes  of  which,  if  they  are  periodic,  the  period  must  be  many 
centuries,  also  take  place  in  the  values  of  the  elements,  and  these  are 
called  secular  changes.  In  Fig.  437  the  change  in  the  value  of  the  declina- 
tion at  London  during  the  last  three  hundred  years  is  shown  by  means 
of  a  curve.  It  will  be  seen  that  the  declination  attained  a  maximum 
westerly  value  in  18 10,  while  in  1660  the  declination  was  zero,  so  that  in 
that  year  the  agonic  line  passed  through  London. 

A  very  elegant  method  of  showing  the  changes  due  to  the  secular 
variation  has  been  introduced  by  L.  A.  Bauer.     If  we  suppose  a  magnet 
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suspended  in  such  a  way  that  it  is  free  to  set  itself  parallel  to  the  lines  of 
force  of  tlie  earth's  field,  then,  owing  to  secular  change  in  the  declination 
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and  in  the  dip,  the  north  pole  of  the  magnet  would  describe  a  curve  in 
space.  The  form  of  the  curve  in  the  case  of  a  magnet  in  London  is  shown 
in  Fig.  438.  From  this  curve,  and  similar  ones  drawn  for  other  places, 
Bauer  was  able  to  show  that  the  north  end  of  such  a  freely  suspended 
needle  describes  a  curve  such  that,  to  an  obseiver  situated  at  the  centre  of 
the  needle,  the  curve  is  described  in  the  same  direction  as  that  in  which 
the  hands  of  a  watch  move.     The  form  of  the  curve  given  in  Fig.  438 


Fig.  438. 


seems  also  to  indicate  that  the  curve  described  by  the  pole  of  the  needle 
will  be  closed,  the  time  taken  for  the  needle  to  complete  a  whole  cycle 
being  about  470  years. 

440.  Magnetic  Storms. — In  addition  to  the  regular  changes  in  the 
magnetic  elements  which  we  have  been  considering,  sudden  disturbances 
of  these  elements  sometimes  occur,  which  are  often,  especially  when  the 
phenomenon  called  the  aurora  borealis  is  seen,  of  considerable  magnitude. 
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The  character  of  such  magnetic  storms,  as  they  are  called,  is  shown  by 
the  copy  of  the  photographic  trace  of  the  self-recording  declination 
magnetograph  of  Greenwich  Observatory  during  a  magnetic  storm  and 
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also  during  an  ordinary  quiet  day,  reproduced  in  Fig.  439.  The  cause 
of  these  magnetic  storms  has  not  yet  been  discovered,  although  there 
seems  to  be  some  connection  between  them  and  the  condition  of  the 
sun,  for  whenever  there  are  a  large  number  of  spots  on  the  sun  there 
always  seem  to  be  a  number  of  magnetic  disturbances. 


PART    II— ELECTRO-STATICS 


CHAPTER    III 

ELECTRO-STATIC  ATTRACTION   AND   REPULSION- 
COULOMB'S  LAW 

441.  Fundamental  Experiment— Thales,  who  lived  about  600  B.c, 
discovered  that  amber  when  rubbed  acquires  the  property  of  attracting 
light  bodies,  such  as  pieces  of  pith  or  cork.  Towards  the  end  of  the 
sixteenth  century  Gilbert  showed  that  this  property  was  also  possessed 
by  other  bodies,  such  as  wax,  sulphur,  and  glass.  All  such  phenomena 
are  studied  in  the  science  of  electricity,  the  name  being  derived  from 
the  Greek  name  for  amber. 

A  body  which  has  acquired  this  property  of  attracting  other  bodies, 
the  attraction  considered  being  of  course  different  from  the  gravitational 
attraction  which  all  bodies  exert  one  on  the  other,  is  said  to  be  electrified, 
or  to  possess  electrification.  Electrification  in  the  sense  defined  above, 
unlike  mass,  is  not  a  fundamental  property  of  matter,  since  under 
ordinary  conditions  matter  is  unelectrified,  and  it  is  only  after  the 
electrification  has  been  produced  by  certain  causes,  which  we  shall 
examine  in  detail  later  on,  that  it  becomes  electrified. 

The  most  usual  manner  of  causing  the  electrification  of  a  body  is  that 
referred  to  above,  namely,  friction  with  a  suitable  rubber.  Thus  a  stick 
of  sealing-wax,  when  rubbed  with  a  dry  piece  of  flannel,  becomes  electrified, 
as  also  does  a  rod  of  glass  when  rubbed  with  silk. 

442.  Conductors  and  Non-Conduetors.~All  substances  may  be 
roughly  divided  into  two  classes,  called  conductors  and  non-conductors. 
In  a  conductor  the  electrification  spreads  all  over  the  body,  so  that  if 
one  point  of  the  body  is  by  any  means  electrified,  this  electrification 
immediately  spreads  all  over  the  body.  In  the  case  of  a  non-conductor, 
or  insulator,  as  such  bodies  are  also  called,  the  electrification  does  not 
spread  in  this  way,  but  remains  in  the  neighbourhood  of  the  point  where 
the  electrification  took  place. 

The  best  conductors  are'  the  metals  and  solutions  of  most  salts  in 
water,  while  the  best  non-conductors  are  ebonite,  glass,  shellac,  sulphur, 
paraffin,  sealing-wax,  and  silk.  There  is,  however,  no  hard  and  fast  line 
of  demarcation  between  the  two  classes,  for  such  bodies  as  dry  wood 
and  paper  have  intermediate  properties,  and  are  sometimes  called 
semi-conductors.  In  the  study  of  electricity  it  ispf  fnueh  -iiiiportance  to 
have  a  good  non-conductor,  for  by  this  means  we  are  able  to  support  a 
body  in  such  a  way  that  any  electrification  communicated  to  it  will  not 
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spread  to  neighbouring  bodies  through  the  support.  Although  no  body 
is  known  which  is  a  perfect  insulator,  yet  glass,  particularly  when  it  has 
been  boiled  in  water  and  is  then  kept  in  a  dry  atmosphere,  paraffin,  and 
fused  quartz  are  sufficiently  good  insulators  for  all  practical  purposes. 
When  a  body  is  supported  on  an  insulating  stand,  we  shall  speak  of  it  as 
being  insulated. 

443.  Two  Kinds  of  Electrification.— If  a  rod  of  sealing-wax  is 
electrified  by  rubbing  with  flannel,  and  is  then  suspended  by  an  insulating 
thread,  such  as  silk,  and  a  second  rod  of  sealing-wax  is  also  electrified 
in  the  same  way  and  brought  near  the  first,  they  will  repel  each  other. 
We  have  here  a  case  then  of  two  electrified  bodies  repelling  one  another. 
In  the  same  way,  if  two  rods  of  glass  are  electrified  by  being  rubbed  with 
silk,  and  one  of  them  is  suspended  by  the  silk  thread  and  the  other 
brought  near,  repulsion  will  take  place.  If,  however,  a  rod  of  sealing-wax, 
electrified  by  friction  with  flannel,  is  brought  near  the  glass  rod,  which 
has  been  electrified  by  friction  with  silk,  the  two  will  attract  one  another. 
We  thus  see  that  we  have  here  to  do  with  two  kinds  of  electrification,  in 
the  same  way  that  in  the  case  of  magnets  we  had  to  do  with  two  kinds 
of  poles.  The  kind  of  electrification  that  is  developed  in  glass  when  it 
is  rubbed  with  silk  is  distinguished  by  being  called  positive  electrification, 
while  the  kind  of  electrification  produced  in  sealing-wax  by  friction  with 
flannel  is  called  negative. 

We  may  then  state  the  law  of  electrical  attraction  and  repulsion  as 
follows  :  Bodies  electrified  in  the  same  manner  repel  one  another,  while 
bodies  electrified,  one  positively,  and  the 
other  negatively,  attract  one  another. 

Whenever  electrification  of  one  kind  is 
produced  in  any  way,  electrification  of  the 
opposite  kind  is  also  produced  at  the  same 
time.  Thus  in  the  case  of  the  glass  electri- 
fied by  friction  with  silk,  while  the  glass  will 
attract  a  negatively  electrified  rod  of  sealing- 
wax,  the  silk  used  to  rub  the  glass  will  repel 
the  sealing-wax,  thus  indicating  that  the  silk 
has  become  negatively  electrified. 

The  kind  of  electrification  developed  in  a 
body  depends  on  the  nature  of  the  body  with 
which  it  is  rubbed  ;  thus  while  glass  becomes 
positively  electrified  when  it  is  rubbed  with 
silk,  it  becomes  negatively  electrified  when  it 
is  rubbed  with  a  cat's  skin.  The  kind  of 
electrification  produced  is  also  dependent  on 
the  state  of  polish  of  the  surface,  on  the 
temperature,  &c. 

444.  The  Gold-Leaf  Electroscope.— In 
order  to  study  the  sign,  and  to  a  certain  extent 
the  magnitude  of  the  electrification  produced 
in  a  given  body,  the  instrument  shown  in  Fig.  440,  and  called  the  gold-leaf 
electroscope,  is  often  convenient.  It  consists  of  a  metal  box  with  a  window 
at  the  back  and  front.  A  metal  plate  A  is  supported  by  a  rod  of  fused 
quartz  or  sulphur  C,  and  has  attached  to  its  upper  end  a  narrow  strip  of 
gold-leaf  B.     The  metal  rod  D  which  passes  through  an  insulating  plug 
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in  the  outer  case  carries  a  spring  E  so  that  by  turning  the  rod  the  spring 
can  be  brought  into  contact  with  the  plate  a  and  the  electroscope  can  be 
charged.  When  D  is  put  into  conducting  communication  with  an 
electrified  body,  the  spring  E  being  in  contact  with  the  plate  A,  this  plate 
and  the  gold-leaf  B  both  become  charged  with  the  same  kind  of  electrifica- 
tion. Since  two  bodies  charged  with  the  same  kind  of  electrification 
repel  one  another,  the  gold-leaf  diverges  as  shown  in  the  figure,  the 
amount  of  the  divergence  measuring  the  amount  of  the  electrification 
communicated  to  the  electroscope. 

446.  Electrification  by  Induction. —  If  an  electrified  body  is 
brought  near  the  knob  of  a  gold-leaf  electroscope,  it  will  be  found  that 
the  leaf  diverges,  showing  that  the  electroscope  has  become  electrified 
before  the  electrified  body  has  come  into  conducting  communication 
with  the  knob.  On  the  removal  of  the  electrified  body  the  leaf  again 
collapses,  showing  that  it  has  lost  the  electrification  it  possessed  when 
the  electrified  body  was  near.  This  electrification,  caused  by  \\\^  proxi- 
mity of  a  charged  body,  is  said  to  be  produced  by  induction. 

If  the  inducing  body  is  charged  positively,  the  part  of  the  insulated 
body  nearest  to  the  inducing  charge  will  be  negatively  electrified,  while 
the  part  furthest  from  the  inducing  charge  will  be  positively  electrified. 
That  this  is  so  can  easily  be  shown  by  means  of  a  small  piece  of  metal 
attached  to  an  insulating  handle,  and  called  a  proof-plane,  which  is 
brought  into  contact  with  different  parts  of  the  body  on  which  the 
induced  charges  are  produced.  The  sign  of  the  charge  carried  away 
by  the  proof-plane,  after  contact  with  any  given  part  of  the  body,  can 
be  found  by  means  of  the  |fo!d-leaf  electroscope.  In  this  way  it  can 
be  shown  that  whenever  an  msulated  conductor  is  placed  in  the  neigh- 
bourhood of  a  charged  body,  the  conductor  will  become  electrified  by 
induction,  the  electrification  at  the  end  nearest  the  charged  body  being 
of  the  opposite  kind  to  that  of  the  charged  body,  while  the  electrification 
on  the  end  furthest  from  the  charged  body  is  of  the  same  kind  as  that 
of  the  inducing  charge.  If,  while  an  insulated  conductor  is  in  the  neigh- 
bourhood of  a  charged  body,  so  that  it  is  charged  by  induction,  it  is 
placed  in  conducting  communication  with  the  earth,  the  electrification 
of  the  same  kind  as  that  of  the  inducing  charge  will  be  destroyed.  If 
the  connection  with  earth  is  now  broken,  and  the  inducing  charge  is 
then  removed,  it  will  be  found  that  the  conductor  is  now  electrified  with 
the  opposite  kind  of  electrification  to  that  of  the  inducing  body.  In  the 
case  when  the  inducing  charge  is  removed  before  the  conductor  has 
been  put  to  earth,  the  reason  why,  on  the  removal  of  the  inducing 
charge,  the  conductor  was  unelectrified  was  that  the  two  kinds  of 
electrification,  produced  in  equal  quantities  by  the  induction,  neutralise 
each  other.  The  reason  the  electroscope  shown  in  Fig.  440  is  placed  in 
a  metal  box  is  to  shield  the  gold-leaf  from  the  direct  inductive  effect  of 
neighbouring  charges,  for  as  we  shall  see  later  a  conducting  sheet 
connected  to  earth  acts  as  a  screen.  We  shall  return  to  the  considera- 
tion of  the  subject  of  induction  after  we  have  dealt  with  the  quantitative 
measurement  of  electrification. 

446.  Coulomb's  Law. — By  means  of  the  torsion  balance,  Coulomb 
was  able  to  show  that  the  force  exerted  on  one  another  by  two  charged 
conductors  is  directly  proportional  to  the  product  of  their  charges,  and 
inversely  proportional  to  the  square  of  the  distance  between  the  bodies. 


§  446]  Coulomb's  Law  621 

Hence,  as  in  the  case  of  the  unit  magnetic  pole,  we  may  define  the 
unit  electrification  or  charge  as  such  that  if  two  small  bodies,  each 
charged  with  a  unit,  are  placed  at  one  centimetre  apart  in  air,  the  force 
they  will  exert  on  one  another  will  be  one  dyne.  The  reason  the  medium 
air  is  specified  is  that,  as  we  shall  see  later,  the  force  exerted  between 
two  charged  bodies  depends  on  the  nature  of  the  medium  which  fills 
the  space  between  them,  while  the  reason  the  bodies  on  which  the 
charges  are  supposed  to  exist  are  taken  as  small  is  that  if  the  bodies 
were  of  appreciable  magnitude  the  distribution  of  the  electrification 
would  be  altered  by  the  action  of  the  one  charge  on  the  other. 

Suppose  then  we  had  two  points,  charged  with  e  and  e'  units  of 
electricity  respectively,  placed  at  a  distance  r  apart  in  air,  the  force,  /% 
which  they  would  exert  one  on  the  other,  due  to  their  electrification,  will 
be  given  by  the  equation — 

The  force  will  be  an  attraction  if  the  charges  e  and  e'  are  of  opposite 
sign,  and  a  repulsion  if  they  are  of  the  same  sign.  In  the  case  of  the 
unit  of  electrification,  as  we  shall  see  later,  we  meet  with  a  case  where 
there  are  two  separate  relations  commonly  employed  to  connect  the 
quantity  to  be  measured  with  the  fundamental  units  (§  8).  Hence,  in 
order  to  distinguish  the  unit  as  defined  above,  which  depends  for  its 
definition  on  the  force  exerted  between  two  charged  bodies,  and  another 
unit  which  we  shall  consider  later,  and  which  depends  for  its  definition 
on  another  physical  property  of  a  charged  body,  the  unit  above  defined 
is  called  the  electro-static  unit  of  quantity  of  electricity  or  charge. 


CHAPTER   IV 
THE   ELECTRICAL  FIELD 

447.  Electrical  Lines  of  Force.— If  a  small  body,  charged  with 
the  unit  positive  charge,  is  brought  into  the  neighbourhood  of  a  charged 
body,  this  unit  charge  will  be  acted  upon  by  an  electrical  force,  which 
at  every  point  of  the  space  surrounding  the  charged  body  will  have  a 
definite  magnitude  and  direction.  As  in  the  case  of  magnetism,  a  line, 
such  that  its  direction  at  every  point  is  the  same  as  the  direction  of 
the  force  acting  on  the  unit  charge  when  placed  at  the  point,  is  called 
a  line  of  force.  The  direction  in  which  a  line  of  force  is  supposed  to 
lun  is  the  direction  in  which  a  small  positively  electrified  body  would 
tend  to  move.  Hence  a  line  of  force  will  always  start  from  a  body 
which  is  positively  electrified  and  end  on  a  body  which  is  negatively 
electrified. 

If  we  take  an  area  on  the  surface  of  a  positively  electrified  body, 
such  that  this  portion  of  the  surface  contains  a  unit  of  electricity,  and, 
starting  from  all  points  on  the  curve  bounding  this  area,  draw  the  lines 
of  force,  these  lines  of  force  will  enclose  a  tube-shaped  space  which  is 
called  a  tube  of  force.  Since  each  of  the  lines  of  force  must  terminate 
on  a  negatively  electrified  body,  we  see  that  every  tube  of  force  must 
end  on  a  negatively  electrified  body,  and  it  can  be  shown  that  the 
quantity  of  electricity  on  that  portion  of  the  surface  enclosed  by  the 
tube  of  force  will  be  a  unit  of  negative  electricity.  By  means,  there- 
fore, of  tubes  of  force,  we  can  indicate  the  distribution  of  the  electrifica- 
tion on  the  surface  of  a  charged  body,  for  the  greater  the  charge  the 
smaller  will  be  the  cross-section  of  the  lubes  of  force,  and  hence  the 
larger  the  number  of  them  which  will  leave  each  square  centimetre  of 
the  surface  of  the  charged  body.  Since  it  would  be  rather  inconvenient 
to  draw  a  series  of  tubes  it  is  usual  to  suppose  that  a  single  line  of 
force  is  drawn  along  the  axis  of  each  unit  tube  of  force,  that  is,  that 
from  the  centre  of  each  element  of  the  surface  of  the  positively  electrified 
body  on  which  the  unit  quantity  of  positive  electricity  exists  we  draw  a 
line  of  force.  In  these  circumstances  the  number  of  these  lines  of 
force  which  leave  the  surface  of  the  charged  body  will  represent  the  charge 
on  the  surface.  If  a  body  is  charged  with  e  units  of  electricity,  then 
e  lines  of  force  will  leave  the  surface  of  the  body,  while  if  the  body  is 
charged  with  e  units  of  negative  electricity,  e  lines  offeree  will  terminate 
on  the  surface  of  the  body.  It  will  thus  be  seen  that  if  a  body  is  charged 
with  e  units  of  positive  electricity,  so  that  e  lines  of  force  leave  the  body 
and  must  terminate  on  a  negatively  charged  body,  somewhere  or  other 
there  must  necessarily  exist  e  units  of  negative  electricity.  This  negative 
charge  may,  however,  be  so  far  removed  from  the  spot  where  we  are 
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making  our  experiments  that  it  does  not  in  any  way  affect  the  results,  and 
hence  we  are  able  to  perform  experiments  in  which  we  practically  have 
only  to  deal  with  one  kind  of  electrification.  Here  we  have  a  marked 
difference  between  magnetism  and  electricity,  for  in  the  case  of  magnetism 


we  are  unable  to  obtain  a  body  which  has  only  one  pole,  and  so  cannot 
deal  with  a  single  pole. 

The  space  in  the  neighbourhood  of  electrified  bodies  in  which  elec- 
trical phenomena,  such  as  attraction,  are  exhibited  is  called  an  electrical 
field.  A  field  in  which  the  force  acting  on  a  small  electrified  body  is 
everywhere  the  same  both  in  magnitude  and  direction  is  called  a  unilorm 
field.  In  a  uniform  field  the  lines  of  force  must  be  everywhere  parallel, 
and  therefore  the  tubes  of  force  must  everywhere  have  the  same  cross- 
section. 

The  quantity  of  electrification  on  the  unit  of  area  of  the  surface  of  an 
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electrified  body  is  called  the  surface  density  of  the  electrification,  and,  as 
we  have  seen,  the  number  of  lines  of  force  which  leave  or  terminate  on 
the  unit  of  area  of  the  surface  is  also  equal  to  the  char^^c  on  the  unit  area. 
Hence  the  surface  density  may  also  be  defined  as  the  number  of  lines  or 
tubes  of  force  which  leave  or  terminate  on  the  unit  area  of  the  surface  of 
the  electrified  body.     In  the  case  where  the  electrification  of  the  body  is 


Fig.  443- 


not  uniform,  the  surface  density  at  a  given  point  is  defined,  as  in  the 
case  of  other  variable  quantities,  as  the  quantity  of  electricity  on  a 
small  element  of  surface  surrounding  the  given  point  divided  by  this 
area. 

The  lines  offeree  in  the  case  of  two  small  bodies,  one  of  them  positively 
and  the  other  negatively  electrified,  and  placed  at  a  very  great  distance 
from  all  other  conductors,  so  that  all  the  lines  of  force  which  leave  the 
positively  electrified  body  terminate  on  the  negatively  electrified  body 
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are  shown  in  Fig.  441,^  while  in  Fig.  442  the  lines  of  force  in  the  case 
where  the  two  bodies  are  electrified  with  the  same  kind  of  electrification 
are  shown. 

As  in  the  corresponding  case  in  magnetism,  we  may  account  for  the 
attraction  which  takes  place  in  the  one  case  and  the  repulsion  in  the 
other,  if  we  suppose  that  there  exists  a  tension  along  the  lines  of  force, 
and  that  something  of  the  nature  of  an  hydrostatic  pressure  acts  at  right 
angles  to  the  direction  of  the  lines,  so  that  they  repel  one  another. 

When  the  electrical  charge  on  any  system  of  conductors  alters  its 
distribution,  we  may  consider  that  each  unit  of  the  charge,  as  it  moves 
over  the  surface  of  the  conductors,  drags  the  end  of  its  tube  of  force  after 
it,  but  that,  on  account  of  the  tension  acting  along  the  tube,  the  tendency 
is  for  the  tube  to  become  as  short  as  possible.  When  the  two  conductors, 
on  whi:h  any  given  tube  terminates,  are  separated  by  a  non-conductor, 
the  tube  of  force  cannot  shorten  indefinitely,  for  the  ends  of  the  tube 
cannot  leave  the  conductors.  If,  however,  the  two  conductors  are  placed 
in  conducting  communication,  say  by  being  joined  by  a  wire,  the  ends 
of  the  tube  can  now  move  along  this  wire,  so  that  the  tube  can  shorten 
indefinitely,  and  ultimately  vanish. 

Thus  by  supposing  that  not  only  does  the  tension  along  the  lines  of 
force  give  rise  to  a  mechanical  force  acting  on  the  matter  on  which  the 
electrification  exists,  but  also  that  this  tension  causes  the  electricity  of 
the  two  opposite  kinds  which  exist  at  the  two  ends  of  the  line  of 
force  to  tend  to  approach  each  other,  and  can  only  be  kept  apart  by  the 
interposition  of  a  non-conductor,  we  shall  be  able  to  explain  how  it  is 
that  one  of  the  kinds  of  electricity  produced  by  induction  remains  on  the 
body  when  the  latter  is  put  to  earth,  while  the  other  kind  of  electrification 
escapes  to  earth. 

In  Fig.  443  let  A  represent  the  inducing  body,  which  we  may  suppose 
charged  with  positive  electricity,  and  B  be  an  insulated  conductor  which 
is  electrified  by  induction  by  A.  Then  some  of  the  lines  of  force  (shown 
by  the  full  lines)  which  leave  A  will  terminate  on  B,  and  B  will  therefore 
be  negatively  electrified  at  the  part  where  these  lines  meet  the  surface. 
In  addition  a  number  of  lines  of  force  will  leave  B,  and  terminate  on  sur- 
rounding conductors,  such  as  the  walls  of  the  room  in  which  the  two 
bodies  are  placed.  The  part  of  B  where  these  lines  leave  the  surface  will 
be  positively  electrified,  the  corresponding  negative  charge  being  on  the 
walls.  The  lines  of  force  which  stretch  from  A  to  B,  by  their  tension, 
cause  the  negative  charge  on  B  to  accumulate  on  the  side  next  A.  The 
whole  charge  does  not  accumulate  at  the  nearest  point,  however,  because 
of  the  mutual  repulsion  which  the  lines  of  force  exert  on  one  another.  It 
is  owing  to  this  repulsion  between  the  lines  that  ♦'  ?  lines  leaving  the  body 
B  accumulate  at  the  other  end. 

When  the  body  R  is  put  in  conducting  communication  with  the  earth, 
z>.  with  the  bodies  on  which  the  lines  of  force  which  leave  it  terminate, 
owing  to  the  action  of  the  tension  on  the  electrification  itself,  the  latter 
will  escape,  but  the  negative  electrification  corresponding  to  the  lines  of 
force  which  leave  A  and  terminate  on  B  will  not  be  able  to  reach  A,  since 
these  two  bodies  are  not  in  conducting  communication.     The  distribution 

1  The  lines  of  force  are  symmetrical  about  the  line  joining  the  charges,  and  so  to 
save  space  only  half  are  shown, 

2  R 
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of  the  charges  will  then  be  as  shown  by  the  lines  of  force  in  Fig.  444,  where 
there  are  no  lines  of  force  leaving  D,  indicating  that  the  charge  on  B  is 
everywhere  negative. 


Fig.  44 ». 

448.  Faraday's  Ice-Pail  Experiment— The  production  of  electri- 
fication by  induction  can  be  very  clearly  investigated  by  means  of  the 
arransjement  shown  in  Fig.  445.  Faraday,  to  whom  these  experiments 
are  due,  used,  in  place  of  the  hollow  metal  sphere  A,  a  metal  ice-pail,  and 
owing  to  this  circumstance  it  is  generally  known  as  Faraday's  ice-pail 
experiment.  The  hollow  metal  sphere  has  an  opening  n,  through  which 
a  small  charged  sphere  D  can  be  lowered  into  the  interior.  The  hollow 
sphere  is  supported  on  an  insulating  stand,  and  is  connected  with  an 
electroscope  C.  Let  A  be  unelectrified,  and  suppose  that  we  introduce 
the  small  sphere  D,  which  is  suspended  by  an  insulating  thread,  and  is 
charged  with  Q  units  of  positive  electrification.  Before  D  was  introduced 
within  A,  the  tubes  of  force  which  start  from  the  charged  sphere  ter- 
minated   on    the   walls  of  the  room  nnrl   on  neighbouring  conductors. 
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When,  however,  D  is  introduced  within  A  we  shall  ha>  c  two  sets  of  tubes, 
one  set  starting  from  D  and  terminating  on  the  inside  of  a,  and  the  other 
starting  from  the  outside  of  a  and  terminating  on  the  walls  of  the  room. 
In  other  words,  the  conducting  shell  a  has 
divided  each  of  the  tubes  of  force  which 
leaves  the  charged  body  D  into  two  parts. 

The  tubes  of  force  which  leave  the 
outside  of  A  correspond  to  a  positive 
electrification,  and  the  magnitude  of  this 
electrification  is  indicated  by  the  magni- 
tude of  the  divergence  of  the  gold  leaves 
of  the  electroscope.  If  now  the  vessel  A 
is  put  in  conducting  communication  with 
the  earth,  the  tubes  of  force  which  stretch 
from  its  outer  surface  to  the  walls  will  be 
able  to  contract,  the  ends  running  along  Pi^       _ 

the   conductor  used   to   put  a   to  earth. 

The  tubes  which  terminate  on  the  inside  surface  will,  however,  not 
be  able  to  shrink,  for  the  sphere  D  is  not  in  conducting  communi- 
cation with  the  vessel  a.  Next  let  the  vessel  a  be  again  insulated, 
and  then  lower  the  sphere  D  till  it  touches  the  inside  of  a.  Now 
the  tubes  of  force  between  D  and  the  inside  of  A  are  able  to  shrink 
and  vanish.  When  the  vessel  A  was  put  to  earth  the  leaves  of  the 
electroscope  collapsed,  showing  that  the  vessel  a  had  lost  its  free  charge, 
and  they  remain  collapsed  even  when  the  charged  sphere  is  allowed 
to  touch  the  inside  of  the  vessel  A.  This  therefore  shows  that  the 
positive  charge  on  D  is  exactly  equal  to  the  induced  negative  charge 
on  A.  Hence  tiie  charge  induced  on  the  inside  of  A  is  —Q.  Also,  since 
there  were  Q  tiibes  of  force  leaving  D,  and  each  of  these  tubes  must 
have  terminated  on  the  inside  of  A,  that  is,  on  a  surface  on  which  the 
charge  is  —  Q^  we  see  that  this  experiment  proves  that  the  charge  on  the 
portion  of  the  surface  on  which  each  tube  terminated  was  a  unit  of 
negative  electricity. 

Next  remove  D  and  again  charge  it  with  Q  units  of  positive  electricity, 
that  is,  give  it  the  same  charge  as  before,  and  again  introduce  it  within 
the  vessel  a.  If  now  the  sphere  D  be  lowered  till  it  touches  the  inside  of 
A,  it  will  be  found  that  the  separation  of  the  leaves  of  the  electroscope 
remains  unaltered.  We  have  now  communicated  a  charge  +  ^  to  A,  and 
since  this  produces  the  same  deviation  of  the  electroscope  leaves  as  did 
the  induced  charge  produced  by  the  body  charged  with  +  Q  units  placed 
inside,  we  see  that  the  positive  charge  produced  by  induction  is  equal  to 
Q  units.  But  the  previous  experiment  showed  that  the  negative  charge 
produced  by  induction  on  the  inside  of  A  is  also  equal  to  Q  units.  Hence 
we  see  that  the  positive  and  negative  charges  produced  by  induction  are 
equal.  Thus  our  assumption  that  every  tube  of  force  starts  from  a  portion 
of  a  conductor  on  which  there  is  a  unit  positive  charge,  and  tenninates  on 
a  portion  on  which  there  is  a  unit  negative  charge,  is  justified. 

Since  every  tube  of  force  must  have  both  a  beginning  and  an  end,  it 
therefore  follows  that  to  eveiy  positive  charge  there  must  exist  an  equal 
negative  charge,  this  charge  being  situated  on  the  bodies  on  which  the 
tubes  of  force  \\  hich  leave  the  positively  charged  body  terminate.  From 
this  it  follows  that  whenever  we,  by  any  means  whatever,  give  a  charg^e  of 
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one  sign  to  a  body  an  equal  and  opposite  charge  must  at  the  same  time 
be  produced.  This  deduction  may  be  proved  experimentally  by  means 
of  Faraday's  ice-pail  experiment,  for  if  a  small  piece  of  sealing-wax  is 
attached  to  an  insulating  handle  and  introduced  within  the  vessel  A,  and 
is  electrified  by  rubbing  with  a  flannel  pad  attached  to  a  second  insulat- 
ing handle,  the  electroscope  will  be  unaffected.  The  reason  is  that  the 
charges  produced  on  the  sealing-wax  and  the  flannel  are  equal  and 
opposite,  and  therefore  they  induce  equal  and  opposite  charges  on  the 
outside  of  the  vessel  A.  On  removing  either  the  sealing-wax  or  the  flannel 
the  electroscope  will  be  affected,  for  now  the  inducing  charge  inside  a 
is  all  of  one  sign,  and  hence  so  also  is  the  charge  induced  on  the  outside. 

We  can  by  this  arrangement  give  the  vessel  A  a  charge,  the  magni- 
tude of  which  is  any  given  number  of  times  the  magnitude  of  some  given 
charge.  Thus  suppose  we  have  a  negatively  charged  sphere,  and  that  we 
bring  the  sphere  D  to  within,  say,  six  inches  and  then  put  it  momentarily 
to  earth.  In  this  way  D  will  obtain  a  charge  of  positive  electricity  of 
magnitude  Q^  say.  Next  introduce  D  inside  a,  and  let  it  touch  the  bottom. 
In  this  way  we  shall  communicate  a  charge  of  Q  to  A.  If  now  D  is  again 
brought  to  within  six  inches  of  the  negatively  charged  sphere  earthed  and 
then  introduced  within  A  as  before,  a  further  charge  of  Q  will  be  com- 
municated to  A,  so  that  the  total  charge  is  2  Q^  and  so  on. 

449.  DifTerence  of  Potential. — If  two  conductors,  one  of  which 
is  charged  positively  and  the  other  is  charged  negatively,  are  put  in 
conducting  communication,  their  state  of  electrification  will  become 
changed,  so  that  if  they  originally  possessed  equal  charges  they  will 
both,  after  being  connected,  exhibit  no  signs  of  electrification.  If  the 
charge  on  one  was  greater  than  that  on  the  other,  then,  after  being 
connected,  the  sign  of  the  charge  on  the  two  will  be  the  same  as  the 
sign  of  the  charge  which  was  originally  the  greater,  while  the  sum  of  the 
charges  now  possessed  will  be  equal  to  the  difference  of  the  two  original 
charges.  If,  however,  two  bodies,  each  of  which  is  charged  with 
electricity  of  the  same  kind,  are  put  in  conducting  communication,  it 
does  not  follow  that  the  charge  on  the  body  which  was  originally  elec- 
trified with  the  larger  charge  will  be  decreased  and  that  of  the  other 
increased,  for  a  small  sphere  charged  with  one  unit  of  positive  electricity, 
when  put  in  conducting  communication  with  a  sphere,  of  which  the  radius 
is  three  times  that  of  the  other  and  which  is  charged  with  two  units  of 
positive  electricity,  will  lose  electrification.  There  must  evidently,  there- 
fore, be  some  other  condition  besides  the  magnitude  of  the  charge  which 
decides  whether,  when  two  charged  bodies  are  put  in  communication,  the 
charge  of  one  or  other  of  them  becomes  increased. 

Two  conductors  are  said  to  be  at  different  potentials  if,  when  they  are 
put  in  conducting  communication,  the  distribution  of  electrification  on 
the  conductors  changes.  The  body  on  which  the  positive  electricity 
deaeases  is  said  to  be  at  the  higher  potential. 

This  idea  of  electrical  potential  is  of  the  same  nature  as  the  idea  of 
temperature  in  the  case  of  heat,  or  of  level  in  the  case  of  the  flow  of  water 
in  a  pipe,  for,  as  we  have  seen,  heat  always  flows  from  a  body  at  a  higher 
temperature  to  a  body  at  a  lower  temperature,  and  water  only  flows  from 
places  at  a  higher  level  to  places  at  a  lower  level. 

The  difference  in  potential  between  two  charged  conductors  is 
measured  by  the  work  that  would  have  to  be  done  on  a  small  body 
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charged  with  a  unit  of  positive  electricity  when  the  body  is  moved  from 
the  immediate  neighbourhood  of  the  conductor  at  the  lower  potential  to 
the  immediate  neighbourhood  of  the  conductor  at  the  higher  potential. 

For  all  practical  purposes  the  measure  of  the  available  energy  of  a 
waterfall  is  known  if  the  available  head  and  the  quantity  of  water  which 
passes  in  a  second  are  known,  for  the  variation  in  the  value  of  the 
acceleration  due  to  gravity  {g)  is  comparatively  small.  It  would  be  quite 
otherwise,  however,  if  the  value  of  ^  varied  to  any  great  extent  from  one 
place  to  another  on  the  surface  of  the  earth.  Thus  suppose  that  we 
had  to  do  with  two  waterfalls  in  which  the  quantity  of  water  which 
passed  per  second  was  the  same,  but  the  fall  was  different  and  the  value 
of  g  was  twice  as  great  at  one  place  as  at  the  other.  Then  the  work 
which  could  be  obtained  from  the  unit  mass  of  water  as  it  passed  from 
the  top  to  the  bottom  of  the  fall  would  be  gh-^  in  the  one  case  and  igh^  in 
the  other.  Hence,  as  far  as  the  quantity  of  energy  available  is  con- 
cerned, the  height  through  which  the  water  falls,  that  is,  the  difference 
in  level  between  the  water  above  and  below  the  fall,  is  not  a  measure  of 
the  value  of  the  fall.  If,  however,  we  measured  this  difference  of  "level" 
by  the  quantity  of  work  which  must  be  done  to  raise  unit  mass  of  the 
water  from  the  bottom  of  the  fall  to  the  top,  then  the  available  energy 
of  any  fall  would  be  obtained  by  simply  multiplying  this  quantity  by  the 
quantity  of  water  which  passes  over  the  fall  in  a  unit  of  time.  Now 
although,  as  has  been  mentioned  above,  the  changes  in  g  are  so  small 
as  to  make  it  quite  unnecessary  to  adopt,  in  the  case  of  waterfalls,  any 
such  device,  yet  it  will  be  seen  why  the  method  adopted  for  measuring 
the  difference  of  potential  between  two  charged  bodies  is  quite  a  reason- 
able one. 

When  considering  the  absolute  scale  of  temperature  in  §  262  we  used 
a  very  similar  method,  for  the  difference  in  temperature  between  two 
bodies  was  measured  by  the  work  which  could  be  done  by  a  reversible 
engine  when  working  between  these  two  temperatures,  and  taking  a 
given  quantity  of  heat  from  the  hotter  body.  Thus  in  this  case  also  a 
quantity  of  work  is  used  as  a  measure  of  the  difference  of  the  quantity 
(temperature)  which  decides  in  which  direction  heat  will  flow  when  two 
bodies  are  placed  in  thermal  communication,  and  is,  therefore,  analogous 
to  potential  in  the  electrical  problem. 

The  amount  of  work  done  on  the  unit  of  positive  electricity  as  it  is 
carried  from  the  neighbourhood  of  one  charged  body  to  that  of  the  other 
is  the  same,  whatever  the  path  by  which  it 
is  moved.  If  it  were  not,  so  that  it  were 
possible  to  pass  from  a  point  A  (Fig,  446) 
to  another  point  B  at  a  lower  potential,  in 
such  a  way  that  the  work  w-^  done  on  the 
unit  charge  when  taken  along  the  path 
ACB  was  greater  than  the  work  w.^  done 
when  the  unit  is  moved  along  the  path 
ADB,  then  by  taking  the  body  with  the  unit 
charge  from  A  to  B  by  the  path  ACB  and 
bringing  it  back  by  the  path  BDA,  the  whole  system  would  have  per- 
formed a  cycle,  for  the  initial  and  final  states  are  the  same,  while  an 
amount  of  work  equal  to  w^  —  w.^  would  have  been  done  without  the 
supply  of  any  external  energy.     This  being  contrary  to  the  doctrine  of 
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the  conservation  of  energy,  it  follows  that  w,  must  be  equal  to  Tf,,  that 
is,  the  work  done  when  the  unit  charge  is  carried  from  A  to  B  must  be 
independent  of  the  path  by  which  it  is  carried. 

We  have  defined  the  difference  between  the  potential  of  two  points 
and  shown  how  it  is  measured,  and  we  have  now  to  choose  some  fixed 
potential  as  the  zero  of  potential.  The  potential  of  the  earth  is  usually 
taken  as  the  zero  of  potential,  so  that  the  potential  of  a  positively 
electrified  body  is  positive,  and  that  of  a  negatively  electrified  body  is 
negative,  for  a  positively  electrified  body  will  repel  a  body  chaiged  with 
a  unit  of  positive  electricity,  and  so  work  will  be  done  on  the  unit  charge 
as  it  is  moved  from  the  electrified  body  to  the  earth,  while  if  the  body  is 
negatively  electrified,  work  must  be  supplied  to  move  the  unit  charge 
from  the  electrified  body  to  the  earth. 

450.  Equipotential  Surfaces. — An  equipotential  surface  is  a  surface 
such  that  the  potential  of  all  points  upon  it  is  the  same.  No  work  is 
therefore  done  when  a  charged  body  is  moved  along  a  path  which  lies 
on  an  equipotential  surface.  It  follows  at  once  that  the  lines  of  force 
must  always  cut  an  equipotential  surface  at  right  angles.  If  a  line  of 
force  did  not  cut  an  equipotential  surface  at  right  angles,  then  the  force 
which  acts  in  the  direction  of  the  line  of  force  can  be  resolved  into  two 
components,  one  along  the  surface  and  the  other  normal  to  the  surface. 
If  an  electrified  body  were  placed  at  the  point  where  the  line  of  force 
cuts  the  equipotential  surface,  it  would  be  acted  upon  by  the  component 
parallel  to  the  surface,  and  if  it  were  moved  in  the  direction  in  which 
this  component  acts,  work  would  either  be  done  on  or  by  the  electrified 
particle.  But  by  the  definition  of  an  equipotential  surface  no  work  is 
done  when  a  charged  body  is  moved  from  one  point  of  such  a  surface  to 
any  other  point  on  the  surface.  Hence  it  follows  that  the  component  of 
the  force  parallel  to  the  surface  of  the  equipotential  surface  must  be  zero, 
or,  in  other  words,  that  the  direction  of  the  line  of  force  must  be  perpen- 
dicular to  the  surface  at  the  point  where  it  cuts  the  surface. 

Since  in  the  case  of  a  conductor  the  electrification  is  not  prevented 
from  spreading  itself  over  the  surface  of  the  body,  no  change  in  the 
distribution  of  the  electrification  would  take  place  by  connecting  any  two 
points  of  the  surface  by  a  conducting  wire,  and  so  all  parts  of  the  surface 
must  be  at  the  same  potential.  The  surface  of  a  conductor  must  there- 
fore be  an  equipotential  surface,  and  hence  the  lines  of  force  must  always 
cut  the  surface  of  a  conductor  at  right  angles  to  the  surface. 

In  Fig.  447  the  lines  of  force  and  the  equipotential  surfaces  for  a 
positively  charged  body  A  are  shown,  the  traces  of  the  equipotential 
surfaces  being  shown  by  the  dotted  lines.  If  an  insulated  uncharged 
conductor  B  is  placed  in  the  neighbourhood  of  the  charged  conductor, 
this  conductor  will  become  electrified  by  induction.  Now  if  the  con- 
ductor B  could  be  brought  near  the  charged  body  A  without  producing 
any  change  in  the  distribution  of  the  charge  on  the  conductor  or  chang- 
ing the  state  of  the  electrical  field  in  the  space  now  occupied  by  the 
conductor,  that  is,  if  the  lines  of  force  and  the  equipotential  surfaces 
were  to  remain  as  in  Fig.  447  after  the  introduction  of  the  conductor, 
then  those  parts  of  the  conductor  B  furthest  from  A  would  be  at  a  lower 
potential  than  the  parts  nearer  A,  Hence,  since  it  is  impossible  for 
different  parts  of  a  conductor  to  be  at  different  potentials  so  long  as  the 
electrification  is  not  changing,  some  change  in  the  electrical  conditions 
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must  take  place  so  as  to  raise  the  potential  of  the  more  distant  parts  of 
the  conductor  D,  or  lower  the  potential  of  the  nearer  parts.  This  will 
occur  if  the  more  distant  parts  become  positively  electrified  and  the 
nearer  parts  negatively  electrified,  for  under  these  conditions  a  greater 
repulsive  action  will  be  exerted  on  a  unit  of  positive  electricity  when 
placed  near  to  the  further  surface  of  B,  and  hence  a  greater  amount 
of  work  will  be  done  .on  this  unit  while  it  is  being  moved  from  this 
position  to  the  neighbourhood  of  the  earth.  In  the  same  way,  less 
work  will  be  done  when  carrying  a  unit  charge  from  the  near  side  to 
the  neighbourhood  of  the  earth,  so  that  the  potential  of  the  near  side 
will  be  reduced  by  the  presence  of  the  induced  negative  electrification. 


Fig.  447. 

This  lowering  of  the  potential  on  the  near  side  of  B,  itself  involves  a 
lowering  of  the  potential  of  the  near  side  of  the  conductor  A,  and  hence 
also  of  the  far  side.  This  lowering  of  the  potential  of  the  far  side  is 
produced  by  the  accumulation  of  the  positive  electrification  of  A  on  the 
side  near  B. 

The  form  of  the  lines  of  force  and  of  the  equipotential  surfaces  under 
the  new  conditions  is  shown  in  Fig.  443.  It  will  be  seen  that  the  change 
in  the  distribution  of  the  charge  on  A,  as  well  as  the  distribution  of  the 
induced  charge  on  B,  is  such  that  the  surfaces  of  the  two  conductors  are 
equipotential  surfaces.  If  the  insulated  conductor  is  earthed,  then  the 
electrification  on  both  conductors  is  altered,  but  in  such  a  way  that,  as 
shown  in  Fig.  444,  the  surfaces  of  the  conductors  remain  equipotential 
surfaces.  We  thus  see  that  the  fact  that  the  distribution  of  the  electrifica- 
tion on  the  body,  when  placed  in  the  neighbourhood  of  a  charged  body, 
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is  not  uniform,  is  not  inconsistent  with  the  surface  of  the  conductor  being 
an  equipotential  surface,  but  is  in  fact  the  distribution  which,  in  conjunc- 
tion with  the  inducing  charge,  insures  the  fulfilment  of  this  condition. 

If  A  and  B  are  two  points  on  a  line  of  force,  they  must  necessarily  be 
at  different  potentials.  Let  the  potential  of  A  be  Kj,  and  that  of  B  be  V^ 
(Fj  being  greater  than  V^) ;  then  if  a  small  body  carrying  the  unit  charge 
of  positive  electricity  is  moved  along  the  line  of  force  from  A  to  B,  the 
work  done  will  be  equal  to  V^  -  Kj,  for  the  difference  in  potential  between 
two  points  is  measured  by  the  work  done  on  the  unit  charge  when  it  is 
moved  from  one  point  to  the  other.  If  the  points  A  and  B  are  very  close 
together,  the  force  F^  which  acts  on  the  unit  charge  in  the  direction  from 
A  to  B,  as  it  is  moved  from  A  to  B,  may  be  supposed  to  remain  constant, 
and  to  be  equal  to  the  average  force  that  acts.  The  work  done  by 
the  unit  charge  as  it  is  moved  from  A  to  b  will  therefore  be  equal  to  Fs, 
where  s  is  the  distance  from  A  to  B,  measured  along  the  line  of  force, 
that  is,  the  distance  through  which  the  charge  is  moved  along  the  line  of 
action  of  the  force  F.  Hence  the  work  done  on  the  unit  charge  \s-Fs. 
Equating  the  two  expressions  we  have  now  obtained  for  the  work  done 
on  the  unit  charge  when  it  is  moved  from  A  to  B,  we  get 

V,-V,=  -Fs, 

s 

Now  the  expression  on  the  right-hand  side  of  this  equation  is  the 
difference  of  potential  between  the  two  points  divided  by  the  distance 
between  the  points  measured  along  a  line  of  force,  or,  in  other  words,  is 
the  rate  of  increase  in  the  potential  along  the  line  of  force  at  the  points 
A  and  B,  which  are  by  supposition  very  close  together.  Hence  the  force 
which  acts  on  a  unit  charge  of  positive  electricity,  when  placed  in  an 
electrical  field,  is  equal  to  minus  the  rate  of  increase  of  the  potential 
along  the  line  of  force  at  the  given  point.  If  the  force  acting  on  the 
unit  charge  is  constant,  it  follows  that  the  rate  of  change  of  the  potential 
must  also  be  constant.  Hence  in  a  uniform  electrical  field  (§  447)  the 
rate  of  change  of  the  potential  in  the  direction  of  the  lines  of  force  must 
be  constant,  and  thus  the  length  of  a  line  of  force  intercepted  between 
two  consecutive  equipotential  planes  will  be  the  same,  if  the  difference 
of  potential  between  consecutive  equipotential  planes  is  itself  constant. 

461.  ElectPifteation  Confined  to  the  Supfaee  of  a  Conductor.— 
If  a  hollow  conducting  vessel  is  electrified,  the  whole  of  the  charge  is 
confined  to  the  outside  surface  of  the  conductor.  That  this  is  so  may 
be  shown  by  touching  the  inside  surface  with  a  proof- plane,  then 
removing  the  proof-plane,  taking  care  not  to  touch  the  sides  of  the 
orifice  of  the  charged  vessel,  when  it  will  be  found  on  testing  the  proof- 
plane  that  it  has  not  carried  away  any  charge.  Another  way  of  proving 
that  the  charge  is  entirely  on  the  outside  is  to  lower  a  small  charged 
sphere,  attached  to  an  insulating  thread,  into  a  hollow  conductor,  and 
allow  it  to  touch  the  inside  of  the  conductor,  and  then  withdraw  it,  when 
it  will  be  found  to  have  completely  lost  its  charge.  When  the  charged 
sphere  was  allowed  to  touch  the  inside  of  the  hollow  conductor,  it,  for 
the  time  being,  formed  part  of  this  conductor  ;  and  since  it  entirely  lost 
its  charge,  we  can  infer  that  the  charge  on  a  conductor  is  entirely  con- 
fined to  the  outside  surface. 
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452.  Force  Exerted  on  a  Charged  Body  placed  within  a 
Hollow  Charged  Conductor. — Since  the  surface  of  a  charged  con- 
ductor is  an  equipotential  surface,  the  whole  of  the  space  within  must  be 
at  the  same  potential,  so  long  as  there  are  no  charged  bodies  within  the 
conductor.  For,  suppose  that  within  the  surface  of  the  conductor  there 
were  an  equipotential  surface  corresponding  to  a  higher  potential  than 
the  potential  of  the  surface  of  the  conductor,  then  there  would  be  lines 
of  force  running  everywhere  to  the  outer  equipotential  surface  from  this 
inner  one  ;  and  since  these  lines  of  force  must  of  necessity  start  from 
a  positively  electrified  body,  it  would  follow  that  there  must  be  a 
positively  electrified  body  within  the  conductor,  which  is  contrary  to 
our  original  supposition.  In  the  same  way  it  would  follow  that,  if 
there  existed  an  equipotential  surface  of  lower  potential  than  that  of 
the  surface  of  the  conductor,  there  must  be  a  negatively  electrified  body 
within  the  conductor.  We  are  therefore  led  to  the  conclusion  that 
there  can  be  no  point  within  a  closed  conductor  at  a  different  potential 
from  that  of  the  surface,  unless  there  are  charged  bodies  within  the 
conductor. 

Since  the  strength  of  an  electrical  field  is  equal  to  minus  the  rate  of 
change  of  the  potential,  it  follows  that  if  the  potential  is  constant,  that 
is,  if  its  rate  of  change  is  zero,  there  will  be  no  electrical  force  exerted 
within  the  conductor.  We  thus  see  that  it  follows,  from  the  fact  that  the 
charge  of  a  conductor  is  confined  to  the  outside  surface,  that  there  is  no 
force  exerted  within  a  charged  conductor  ;  and  it  can  be  shown  that  this 
condition  can  only  be  fulfilled  if  Coulomb's  law  (§  446),  that  the  force 
exerted  between  two  charged  bodies  varies  inversely  as  the  square  of 
the  distance,  is  true. 

Take  the  case  of  a  uniformly  electrified  sphere,  and  suppose  we 
require  to  find  the  force  at  a  point  p  (Fig.  448).  Through  P  draw  a 
series  of  lines  forming  a  cone  with  P  as  vertex,  and  intersecting  the 
surface  of  the  sphere  in  the  small  area^  s  and  S.  Then  it  can  be  shown  ^ 
that,  if  r  and  R  are  the  distances  of  these  areas  from  the  point  P,  then  s 
is  to  S  as  r^  is  to  R^.  Hence,  as  the  density  o-  of  the  charge  on  the  sphere 
is  uniform,  the  charges  on  the  areas  s  and  S  are  proportional  to  these 
areas,  that  is,  in  the  ratio  of  r^  to  R^.  If  now  the  force  exerted  is  in- 
versely as  the  square  of  the  distance,  the  ratio  of  the  forces  exerted  at  P 

by  the  charges  on  the  surfaces  s  and  s  will  be  as  -^  :  -5.     Hence  we  see 

that,  if  the  inverse  square  law  holds,  the  forces  exerted  at  the  point  P  by 
the  charges  on  the  portions  of  the  surface  of  the  sphere  intercepted  by 

1  Since  the  tangents  at  s  and  s  make  equal  angles  with  the  chord  jps,  they  must 
make  equal  angles,  0,  with  lines  drawn  through  the  points  a  and  b  at  right  angles  to 
the  chord.  If  w  is  the  solid  angle  of  the  cone  at  P,  the  area  6l  a  cross  section  of  this 
cone  made  by  a  plane,  ac,  at  right  angles  to  the  axis  of  the  cone  is  wr"-.  Hence  the 
area  intercepted  by  the  cone  on  a  plane  inclined  at  an  angle  d  to  the  axis  is  wr^/cos  6. 
If  the  angle  w  is  small,  the  area  intercepted  on  the  tangent  plane  is  the  same  as  the 
area  intercepted  on  the  sphere,  and  so  the  area,  s,  of  the  surface  of  the  sphere  inter- 
cepted by  the  cone  is  ur^cos  0.  In  the  same  way  the  area,  .S,  intercepted  by  the 
cone  is  equal  to  w^/cos  0.     Hence 
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the  cone  are  equal  and  opposite,  so  that  they  neutralise  each  other.  The 
same  will  hold  for  the  charges  on  the  portions  of  the  surface  intercepted 
by  any  other  cone  drawn  through  P  ;  and  since  the  whole  surface  of  the 
sphere  can  be  divided  up  into  pairs  of  cones  of  equal  angle  and  having 
a  common  vertex  at  P,  and  if  the  inverse  square  law  holds,  the  forces 


Fig.  448. 

due  to  the  charges  on  the  portions  of  the  surface  intercepted  by  each 
pair  of  cones  just  neutralise  each  other,  the  whole  eleclrified  surface  will 
exert  no  force  at  the  point  P.  Since  experiment  shows  that  there  is  no 
force  exerted  at  P,  we  infer  that  the  supposition  that  the  inverse  square 
law  is  true  is  correct,  for  it  can  be  shown  that  if  the  force  varied  as  any 
other  power  of  the  distance,  there  would  be  some  force  exerted  at  P. 


CHAPTER  V 
CAPACITY— ELECTRICAL  ENERGY 

453.  Capacity  of  a  Conductor. — There  is  a  constant  relation  be- 
tween the  charge  of  a  conductor  and  its  potential,  for  if  the  density  of 
the  charge  at  every  point  of  a  conductor  is  doubled  the  total  charge  will 
also  be  doubled,  and  the  force  exerted  on  a  unit  charge,  placed  anywhere 
in  the  neighbourhood  of  the  charged  conductor,  will  also  be  doubled,  so 
that  the  work  done  in  removing  the  unit  charge  from  the  neighbourhood 
of  the  conductor  to  a  place  of  zero  potential  will  be  doubled,  that  is,  the 
potential  of  the  conductor  will  be  doubled.  This  constant  ratio  of  the 
charge  of  a  conductor  to  its  potential  is  called  the  capacity  of  the  con- 
ductor. Thus  if  a  charge  Q  raises  the  potential  of  a  conductor  to  V^ 
the  capacity,  C,  is  given  by  the  relation  C=Q/I^.  If  the  conductor 
is  charged  to  unit  potential,  then  V=i  and  the  capacity  is  numeri- 
cally equal  to  the  charge  necessary  to  charge  the  conductor  to  unit 
potential.  Hen^  we  may  also  define  the  capacity  of  a  conductor  as 
the  charge  whicn^Uiu&t  bU  LUhununicatea  to  it  to  raise  its  potential  by 
one  urrit; — —  "  ~ 

^454.  Condensers. — We  have  seen  in  §  450  that  if  an  uninsulated 
conductor  is  brought  near  a  charged  body,  the  potential  of  this  latter  is 
diminished  on  account  of  the  induced  charge  on  the  uninsulated  con- 
ductor. Hence  the  potential  of  the  insulated  conductor  produced  by  a 
given  charge  is  less  when  the  uninsulated  conductor  is  near  than  it  is 
when  this  conductor  is  absent  ;  in  other  words,  the  effect  of  bringing 
the  uninsulated  conductor  near  the  charged  one  is  to  increase  the 
capacity  of  this  latter. 

We  may  consider  the  same  problem  in  a  somewhat  more  direct  way, 
if  we  suppose  that  a  given  conductor, 
say  a  plane  ab  (Fig.  449),  is  insulated   C    A 
and   then   charged   to   a  potential    V    |-  + 
when  at  a  distance  from  all  other  con- 
ductors. 

Let  a  second  plane,  which  is  con- 
nected with  earth,  be  placed  at  such  a 
distance  from  AB  that  its  presence  does 
not  appreciably  affect   the    electrical      -  + 
condition  of  AB.     Then  the  work  that    D    II 
is  done  in  carrying  a  unit  of  positive  Fig,  449. 

electricity  from  a  point  P  near  ab  to  a 

point  p',  which  is  at  zero  potential,  is  equal  to  V.  Next  suppose  that 
the  uninsulated  plane  is  moved  near  to  ab,  into  the  position  CD,  so  that 
an  appreciable  charge  is  induced  on  it.     The  work  that  will  now  be  done 
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while  carrying  the  unit  charge  from  P  to  p'  by  the  same  path  as  before 
will  be  less  than  before,  for,  on  account  of  the  attraction  exerted  on  the 
unit  charge  by  the  negative  charge  induced  on  CD,  the  force  exerted  on 
the  unit  is  everywhere  less  than  it  was  before.  Hence  the  potential  of 
AB  is  less  than  it  was  before.  As  the  plane  CD  is  moved  nearer  to  AB  the 
amount  of  the  induced  negative  charge  increases,  and  the  influence  of 
this  negative  induced  charge  in  diminishing  the  repulsive  force  exerted 
on  the  unit  charge  becomes  greater  and  greater,  and  hence  the  potential 
of  AB  becomes  less  and  less.  The  charge  on  AB  remains  however  the 
same,  and  therefore,  since  the  potential  to  which  this  charge  is  capable 
of  raising  AB  diminishes  as  the  uninsulated  conductor  CD  is  brought  near, 
it  follows  that  the  capacity  of  AB  must  increase  as  the  conductor  CD  is 
brought  near.  If,  instead  of  keeping  the  charge  on  AB  constant,  we  had 
kept  the  potential  constant,  then  we  should  have  had  to  increase  the 
charge  on  AB  as  the  conductor  CD  was  brought  up. 

An  arrangement  of  two  conductors,  one  of  which  is  insulated  and  the 
other  is  uninsulated,  placed  near  one  another  with  an  insulator  between, 
is  called  a  condenser.  The  name  condenser  was  given  to  such  an 
arrangement  on  account  of  the  fact  that  the  presence  of  the  second 
uninsulated  conductor  appears  to  exert  a  condensing  action  on  the 
electrical  charge  on  the  insulated  conductor,  so  that  for  a  given  potential 
it  can  receive  a  much  greater  charge  than  it  could  without  the  presence 
of  the  uninsulated  conductor. 

The  capacity  of  a  condenser  is  the  charge  which  must  be  communi- 
cated to  the  insulated  conductor  to  raise  its  potential  through  one  unit 
of  potential.     The  two  conductors  of  a  condenser 
are  sometimes  called  the  armatures  of  the  con- 
denser. 

The  commonest  form  of  condenser  is  that 
shown  in  Fig.  450,  and  is  called  a  Leyden  jar. 
It  consists  of  a  glass  jar,  the  interior  of  which  is 
coated  with  tinfoil  up  to  within  an  inch  or  so  of 
the  top,  and  a  metal  knob  which  is  in  conducting 
communication  with  this  inside  coating.  This 
tinfoil  forms  the  insulated  armature  of  the  con- 
denser, the  uninsulated  armature  being  formed 
by  a  coating  of  tinfoil  on  the  outside  of  the 
jar. 

Another  form  of  condenser  which  is  commonly 
used  consists  of  a  plate  of  glass  or  some  other 
insulating  material,  which  is  coated  on  each  side  with  a  sheet  of  tinfoil 
or  some  other  conductor,  a  margin  of  an  inch  or  so  being  allowed  all 
round  the  edge  of  the  glass.  One  coating  is  connected  with  earth,  and 
the  other  forms  the  insulated  armature  of  the  condenser.  This  arrange- 
ment is  sometimes  called  a  fulminating  pane. 

If  the  insulated  armature  of  a  condenser  is  charged  to  a  poten- 
tial of  V3  the  other  armature  being  at  a  potential  zero,  and  this 
armature  is  then  insulated,  while  the  armature  which  was  at  first 
insulated  is  put  to  earth,  this  armature  will  not  lose  much  of  its 
charge,  as  now  the  roles  of  the  two  annatures  are  reversed,  for  what 
was  originally  the  induced  charge  is  now  the  inducing  charge,  while 
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tlie  former  inducing  charge  is  now  the  induced  charge.  When  a  con- 
denser is  charged,  most  of  the  lines  of  force  stretch  across  from  one 
armature  to  the  other,  few  stretching  from  the  insulated  armature  to 
surrounding  objects.  Now_,  in  order  to  discharge  a  charged  con- 
ductor, the  bodies  on  which  the  other  ends  of  the  tubes  of  force  which 
leave  the  conductor  terminate  must  be  put  in  conducting  communication 
with  the  conductor.  For  we  may  imagine  that  when  a  charged  body  is 
put  to  earth  by  means  of  a  conducting  communication,  such  as  a  wire, 
that  the  two  ends  of  each  tube  of  force  travel  along  the  conducting  wire 
towards  one  another,  the  tube  of  force  shortening  up  in  virtue  of  the 
tension  which  exists  along  every  such  tube,  until  the  two  ends  come 
together  and  the  tube  of  force  shrinks  to  nothing.  In  the  case  of  the 
condenser,  if  the  two  armatures  are  put  in  conducting  communication  all 
the  tubes  of  force  are  able  to  shrink  to  nothing,  that  is,  the  condenser 
becomes  completely  discharged.  If,  however,  after  charging  the  un- 
insulated armature  is  insulated,  and  the  other  armature  is  put  in  con- 
ducting communication  with  earth,  only  those  tubes  of  force  which 
stretch  from  this  armature  to  the  surrounding  uninsulated  conductors, 
such  as  the  walls  of  the  room,  will  be  able  to  shrink  and  vanish.  The 
great  majority  of  the  tubes  which  stretch  from  one  armature  to  the 
other  will  not  be  able  to  shrink,  for  the  armatures  are  not  in  conducting 
communication. 

455.  Specific  Inductive  Capacity.— If  a  condenser  is  formed  by 
two  conducting  plates  AB  and  CD  (Fig.  451),  placed  parallel  to  one 
another,   the    intervening    insulator    being    air,   the   capacity 
will   have   a   definite  value,  say  C.      If  now,  while  the  two      f^    Q 
armatures    are    kept    at    the    same  distance   apart,   the    air 
between  the  plates  is  replaced  by  some  other  insulator,  say 
paraffin,  the   capacity  of  the   condenser  will   be   altered,   in 
the  case  taken  the  capacity  will  be  increased.     We  thus  see 
that  the  capacity  of  a  condenser  depends  not  only  on  the 
geometrical   conditions  of  the  armatures,  such  as  their  size, 
shape,   and  distance  apart,   but   also   on   the   nature  of  the 
medium  which  fills  the  space  between  the  plates.     This  fact 
is  expressed  by  saying  that  dielectrics,  as  the  media  between 
the  armatures   are    called,   have  different    specific    inductive      D     Q 
capacities. 

The   specific   inductive  capacity   of   the   air  is   taken  as     Fig.  451. 
unity,  and  that  of  any  other  dielectric  is  measured  by  the 
ratio   of  the   capacity  of  a   condenser,  of  which   the   given  substance 
is  the  dielectric,  to  the  capacity  of  the  same  condenser  when  the  given 
medium  is  replaced  by  air. 

Thus  if  the  capacity  of  a  given  condenser  with  air  as  the  dielectric  is 
C,  its  capacity  when  the  ain-  is  replaced  by  a  dielectric  of  which  the 
specific  inductive  capacity  is  K  will  be  CK. 

In  order  to  compare  the  specific  inductive  capacities  of  different 
dielectrics,  Faraday  used  a  condenser  of  the  form  shown  in  Fig.  452. 
It  consisted  of  an  outer  brass  sphere,  PQ,  made  up  of  two  hemispheres, 
which  fitted  accurately  together.  This  formed  the  uninsulated  armature 
of  the  condenser,  the  other  armature  being  formed  by  a  brass  sphere,  C, 
which  was  held  in  a  position  concentric  with  the  outer  sphere  by  means 
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of  an  insulating  rod,  a.     A  metal  wire  passing  down  through  a  allowed 
the  inside  sphere  to  be  charged. 

Two  exactly  similar  condensers  of  this  form  were  made,  and  one  of 
them  was  charged  by  means  of  the  rod  B, 
the  outside  hollow  sphere  being  connected  to 
earth.  The  magnitude  of  the  charge  imparted 
to  the  condenser  was  then  determined  by 
touching  B  with  a  proof-plane,  the  charge 
taken  away  by  the  plane  being  measured  with 
the  torsion  balance.  The  knob  B  was  then 
connected  with  the  similar  knob  of  the  other 
condenser,  so  that  the  two  shared  the  charge. 
The  charge  of  each  was  then  tested  by  means 
of  the  proof-plane  as  before,  and  was  found 
to  be  the  same,  thus  showing  that  the  capacity 
of  the  two  condensers  was  the  same,  as  from 
their  equal  size  and  shape  ought  to  be  the 
case. 

Next  the  space,  ww,  between  the  inside 
and  outside  spheres  in  one  of  the  condensers 
was  filled  with  the  medium  of  which  the 
specific  inductive  capacity  was  to  be  deter- 
mined. The  other  condenser  was  then  again 
charged,  the  amount  of  the  charge  being 
measured  as  before.  The  knobs  of  the  two 
condensers  were  then  connected  together,  and 
the  potential  again  measured.  In  the  case  of 
such  a  dielectric  as  paraffin,  the  potential  of 
the  two  is  considerably  less  than  half  the 
potential  of  the  air-condenser  before  the  two 
are  put  into  communication,  hence  the  paraffin-condenser  has  taken 
more  than  half  the  charge  of  the  air  condenser;  and  since  when  they 
are  connected  the  potential  to  which  they  are  charged  must  be  the 
same,  it  follows  that  the  capacity  of  the  condenser  in  which  the  di- 
electric is  paraffin  must  be  greater  than  that  of  the  one  in  which  the 
dielectric  is  air.  In  order  to  calculate  the  specific  inductive  capacity,  A', 
of  the  parafTm,  suppose  that  the  potential  to  which  the  air-condenser  was 
originally  charged  was  F„  while  the  potential  of  the  two  condensers  when 
joined  together  is  Kg-  If  Cj  and  C^  are  the  capacities  of  the  condensers 
of  which  the  dielectrics  are  air  and  paraffin  respectively,  then  the  original 
charge  of  the  air  condenser  is  Cj/^,,  while  its  charge  after  it  has  been  put 
into  communication  with  the  paraffin-condenser  is  /  aCj.  The  charge  of 
the  paraflfin-condenser  is  equal  to  FgCg,  but  this  must  also  be  equal  to 
the  charge  lost  by  the  air-condenser,  that  is,  to  / 'jCj  -  ViC^.  Thus  the 
specific  inductive  capacity  of  the  paraffin,  which  by  definition  is  equal  to 
the  ratio  of  the  capacity  of  a  condenser  of  which  the  dieler'ric  is  parafifin 
to  the  capacity  of  the  same  condenser  when  the  dielectric  is  air,  can  be 
found.     For 
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As  we  shall  see  later,  the  determination  of  the  specific  inductive  capacity 
of  different  dielectrics  is  of  great  interest  from  its  bearing  on  the  electro- 
magnetic theory  of  light.  In  the  following  table  the  values  of  the  specific 
inductive  capacity  of  some  dielectrics  are  given.  The  values  obtained 
depend,  in  the  case  of  solids,  on  the  physical  condition  of  the  solid  as 
well  as  on  the  duration  of  the  electrical  charge  employed  in  the  measure- 
ment. 

Mica    .     .     .     8.0 

Benzine     .     .     2.3 

Ethyl  alcohol   25.0 


Petroleum  .  3.1 
Turpentine  .  2.2 
Vaseline    .     .     2.2 


Air  ....  1. 0000 
Carbon  dioxide  1.0004 
Hydrogen      .     0.9997 


Ebonite  .  .  2.5 

Glass     .  .  .  6.0 

Shellac.  .  .  3.3 

Sulphur  .  .  3.0 

456.  Energy  of  a  Charged  Condenser.— Suppose  that  a  condenser 
of  capacity  C  is  charged  to  a  potential  K,  the  uninsulated  armature 
being  at  the  potential  zero.  Since  the  potential  of  the  one  armature  is 
F,  and  that  of  the  other  is  O,  the  work  done  in  moving  a  unit  charge 
from  one  armature  to  the  other  will  be  V. 

Let  us  suppose  the  condenser  to  be  discharged  by  carrying  the 
charge  from  one  plate  to  the  other,  the  quantity  e  taken  at  each  journey 
being  small.  After  the  first  journey  the  charge  on  the  condenser  is 
VC—e,  and  hence  the  difference  of  potential  between  the  armatures  is 
V—eJC.  After  the  second  journey  the  difference  of  potential  is  V—2e/Q 
and  so  on.  While  after  the  mh  journey,  where  f?e=  VC  or  n=  VC/e,  the 
condenser  will  be  completely  discharged. 

Now,  if  the  difference  of  potential  between  the  armatures  of  the  con- 
denser remained  exactly  F during  the  whole  time  the  first  charge  e  was 
being  transported,  the  work  done  during  the  journey  would  be  Ve,  while 
if  the  difference  of  potential  during  the  second  journey  remained  at  the 
value  it  had  after  the  loss  of  the  first  charge  e,  i.e.  at  V—ejC,  the  work 
done  would  be  {V—elC)e,  and  so  on.     Hence  the  total  amount  of  work 

done  in  discharging  the  condenser  would  be  eV+eV—^-  +  eV—^^  +  .  .  . 

+eV r~^'^'      "^^^^2  ^^  ^^  arithmetical  progression   of  which  the  last 

term  eV-(n-i  )e^lC  is  equal  to  e/Q  for  n  =  VC/e.  The  sum  of  the  terms 
is  equal  to  half  the  sum  of  the  first  and  last  terms  multiplied  by  the 
number  of  terms  ;  that  is,  the  total  work  done  is  ^VC{V+e/C). 

Now,  this  result  is  obviously  too  large,  since  when  we  commence  to 
move  the  charge  e  from  one  armature  to  the  other,  the  potential  between 
the  armature  begins  to  fall,  and  hence  the  work  done  is  less  than  it 
would  be  if  the  potential  remained  constant  and  equal  to  its  value  at  the 
commencement  of  the  journey.  On  the  other  hand,  if  we  suppose  that 
throughout  each  journey  the  potential  remains  constant  and  equal  to 
the  value  it  has  at  the  end  of  the  journey,  the  work  calculated  on  this 
assumption  will  be  too  small.     In  this  case  the  work  done  is 

eV-^^+eV-^-^  +  eV-^^+  .  .  .   +^^-^';  or  iVC{V-elC). 

The  true  value  of  the  work  must  be  intermediate  between  the  values 
we  have  obtained  on  the  two  suppositions,  and  we  see  that  when  e  is  very 
small  the  two  expressions  become  the  same,  so  that  the  work  done  in 
the  discharge  of  the  condenser  must  be  ^V^C.^     This  expression  may 

J  This  expression  may  be  obtained  by  those  familiar  with  the  calculus  as  follows  : — 
Let  a  small  charge  dQ  be  carried  from  the  armature  at  potential  V  to  the  armature 
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also  be  written  in  the  forms  \QV  and  ^^ ,  where  Q  is  the  original  charge 

of  the  condenser.  Since  the  work  done  in  the  discharge  must  be  equal 
to  the  work  done  during  the  charge,  the  above  expressions  also  express 
the  work  done  in  charging  a  condenser ;  in  fact,  these  expressions  give 
the  energy  of  a  charged  condenser  due  to  the  charge.  We  may  look 
upon  a  charged  condenser  as  possessing  stored-up  energy  due  to  the 
strain  which  is  set  up  in  the  dielectric,  just  as  the  coiled-up  spring  of  a 
watch  possesses  energy  due  to  the  state   of  strain  it  is   in   owing  to 

its  deformation. 

The  spark  and  the 
accompanying  noise 
on  the  discharge  are 
both  evidence  of  the 
energy  which  is  set 
free  when  a  condenser 
is  discharged.  The 
heat  produced  by  the 
discharge  of  a  con- 
denser may  be  shown 
and  roughly  measured 
by  means  of  the  ar- 
rangement shown  in 
f^'g-  453'  ^"^  called 
"  Riess's  electric  ther- 
mometer. H  consists 
of  a  glass  globe  to 
which  is  attached  a 
narrow  -  bore  glass 
tube,  the  end  of 
which  is  connected  to 
A  fine  platinum  wire  is 
stretched  across  the  bulb  between  two  metal  terminals  which  are  brought 
through  the  sides  of  the  bulb.  The  pressure  of  the  air  in  the  bulb  is 
adjusted  so  that  the  liquid  in  the  tube  comes  to  near  the  top,  and  then 
a  charged  condenser  is  discharged  through  the  wire  by  attaching  one 
terminal  to  the  outside  coating,  and  then  bringing  the  knob  of  the  inside 
coating  near  the  other  terminal.  On  the  passage  of  the  discharge  the 
wire  becomes  heated,  and  the  air  in  the  thermometer  expands,  forcing 
the  liquid  down  the  tube. 

If  a  condenser  of  capacity  C-,  is  given  a  charge  Q,  it  will  possess  a 
quantity  of  electrical  energy  Qrj2Ci.  U  now  it  is  caused  to  share  its 
charge  with  a  second  condenser  of  capacity  Tg,  by  connecting  together 
the  two  outside  coatings,  and  then  bringing  the  inside  coatings  into  con- 
ducting communication,  the  charge  will  be  shared  by  the  two  jars.     The 

at  potential  zero.  The  work  done  is  VdQ.  As  a  result  of  the  removal  of  the  charge 
dQ  the  potential  falls  by  an  amount  <fF given  by  dy=dQ/C.  Hence  the  work  dW 
done  during  the  discharge  by  the  transport  of  the  small  charge  dQ  is  given  by 

dlV=rcVdV. 
Hence  the  total  work  done  while  the  potential  falls  from  Fto  zero  is 
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combined  charge  will  now  be  equal  to  the  original  charge  of  the  first  jar, 
while  the  combined  capacity  is  Cj  +  Cg.  Hence  the  energy  of  the  two 
condensers  is  ^\'2.{C-^-^C^.  Since  C^-hCz  must  necessarily  be  greater 
than  Cj,  it  follows  that  the  energy  of  the  two  condensers  is  less  than  that 
of  the  one  before  it  had  shared  its  charge  with  the  other.  This  loss  of 
energy  is  represented  by  the  energy  spent  as  heat  in  the  spark  which 
always  passes  when  the  charge  of  the  one  jar  is  shared  with  the  other. 
If,  instead  of  one  of  the  condensers  being  originally  uncharged,  they  are 
both  charged,  and  tiheir  inner  coatings  are  then  connected  together,  so 
that  they  share  their  charges,  it  can  be  shown  that  there  is  always  less 
energy  in  the  combined  charges  after  they  have  been  brought  to  the 
same  potential  than  there  was  originally  in  the  two  separate  charges, 
except  in  the  case  when  they  were  originally  at  the  same  potential,  when, 
of  course,  no  communication  of  charge  from  one  to  the  other  takes  place 
on  their  being  put  in  communication,  and  thus  no  energy  is  wasted  in 
the  formation  of  a  spark. 

457.  Condition  of  the  Dielectric  in  an  Electrical  Field.— The 
important  part  played  by  the  dielectric  in  the  case  of  a  Leyden  jar  may 


Fig.  454. 

(From  Ganofs  "Physics.'^ 

be  shown  in  a  very  striking  manner  by  means  of  a  jar  such  as  is  shown 
in  Fig.  454,  of  which  the  armatures  are  removable.  If  such  a  jar  is 
charged,  and  then  the  inner  and  outer  armatures  are  moved  with  a  pair 
of  insulating  tongs,  discharged,  and  then  replaced,  it  is  found  that  the 
discharge  which  can  be  obtained  from  the  reconstructed  jar  is  almost  as 
strong  as  if  the  armatures  had  not  been  removed.  This  experiment 
shows  how  the  charge  of  the  jar  is  really  due  to  some  change  which  has 
been  produced  in  the  dielectric.  If,  after  the  removal  of  the  coatings,  the 
glass  itself  is  discharged  by  passing  it  through  a  flame,  no  discharge  can 
be  obtained  when  the  jar  is  put  together  again. 

The  phenomenon  of  absorption  also  illustrates  the  fact  that  the  energy 
of  a  charged  Leyden  jar  is  stored  up  in  the  dielectric.  If  a  jar  is  charged, 
then  discharged  by  connecting  its  two  coatings  for  a  second,  after  a  short 
time  it  will  be  found  possible  to  obtain  a  further  discharge,  and  after  some 
time  another,  and  so  on,  each  discharge  being  feebler  than  the  previous 
one.  These  residual  charges,  as  they  are  called,  seem  to  show  that  the 
electrical  charge  produces  in  the  dielectric  something  of  the  nature  of  a 
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sub-permanent  set  or  strain,  and  that  the  complete  recovery  from  this 
strain  takes  time. 

The  fact  that  the  dielectric  between  two  charged  bodies  is  in  a  state 
of  strain  is  shown  by  some  experiments  which  are  due  to  Kerr.  We  have 
seen,  when  dealing  with  the  subject  of  light,  that  when  an  isotropic  body 
is  placed  between  crossed  Nicols  (§  413)  no  light  passes  through  the 
analysing  Nicol.  If,  however,  the  isotropic  body  is  put  into  a  state  of 
strain,  it  becomes  temporarily  double- refracting,  and  the  light  is  able  to 
pass  through  the  analyser.  We  may,  therefore,  use  a  pair  of  crossed 
Nicols  to  detect  the  presence  of  a  stale  of  strain  set  up  in  an  isotropic 
medium  under  any  given  conditions.  Kerr  immersed  two  flat  metal 
plates,  P  and  N  (Fig.  455),  in  carborf  bisulphide, 
and  passed  through  the  liquid  between  the  plates 
a  beam  of  plane  polarised  light  in  a  direction 
perpendicular  to  the  paper.  The  principal  plane 
of  the  polarising  Nicol  was  parallel  to  AB,  and  on 
V  turning  the  analysing  Nicol  till  its  principal  plane 

^ w      was  parallel  to  CD,  all  the  light  was  cut  off.    When, 

however,   the  plates  P  and    N    were  brought   to 
different   potentials,  so  that  an  electric  field  was 
produced  in  the  carbon  bisulphide  through  which 
P     N  the  plane  polarised  light  was  passing,  the  lines  of 

Fig.  455  force  of  the  field  being  parallel  to  xx',  and  there- 

fore perpendicular  to  the  direction  of  propagation 
of  the  light,  and  inclined  at  an  angle  of  45"  to  the  principal  planes  of  the 
Nicols,  the  light  was  able  to  pass  through  the  second  Nicol.  This  experi- 
ment shows  that  the  carbon  bisulphide,  which  under  ordinary  conditions 
is  perfectly  isotropic,  becomes  doubly  refracting  under  the  influence  of  the 
electrical  field.  It  also  shows  that  the  supposition  as  to  the  existence 
of  a  tension  along  the  lines  of  force  and  a  pressure  at  right  angles  to  the 
lines  is  probably  justified.  • 

Since  the  dielectric  plays  such  an  important  part  in  all  electrical 
phenomena,  it  is  of  great  importance  to  examine  in  detail  the  condition 
of  the  dielectric  in  an  electrical  field.  In  order  to  form  a  Snental  picture 
of  the  state  of  the  dielectric  in  an  electrical  field,  Faraday,  who  first 
drew  attention  to  the  important  part  played  by  the  dielectric,  imagined 
the  system  of  lines  and  tubes  of  force  of  which  we  have  already  made 
some  use.  In  the  following  section  we  shall  study  more  in  detail  the 
property  of  Faraday's  tubes  of  force,  and  we  shall  find  that  they  very 
completely  represent  the  state  of  an  electrical  field  not  only  in  a  qualita- 
tive way  but  also  quantitatively. 

458.  Tubes  of  Force. — Suppose  that  a  very  small  conducting  sphere 
A  is  charged  with  q  units  of  positive  electricity,  then  if  A  is  removed 
from  the  neighbourhood  of  other  conductors,  the  tubes  of  force  will 
spread  out  from  the  charged  sphere  radially  in  all  directions,  being  uni- 
formly spaced.  If  an  imaginary  sphere  were  described  with  A  as  centre 
and  a  radius  r  (r  being  considerably  greater  than  the  radius  of  the 
charged  sphere),  the  area  intercepted  by  each  tube  of  force  on  this 
surface  would  be  the  same.  Since  the  charged  body  is  charged  with 
q  units  of  positive  electricity,  q  tubes  of  force  will  leave  its  surface,  and 
hence  q  tubes  of  force  will  cut  the  sphere  of  radius  r.  Therefore,  since 
the  area  of  a  sphere  of  radius  r  is  \jti^,  the  number  of  tubes  of  force 
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wliich  cut  the  unit  area  of  this  sphere  is  q\&,TTr^.  Now  if  the  sphere  A 
is  sufficiently  small,  we  may  regard  the  charge  as  concentrated  at  a 
point,  namely  the  centre,  and  therefore  the  force  exerted  on  a  unit 
charge  at  a  distance  r  from  the  centre  is  qlr^.  But  the  force  exerted 
on  the  unit  charge  is  what  we  call  the  strength  of  the  field,  so  that  the 
strength  of  the  electrical  field  at  the  surface  of  the  sphere  of  radius  r  is 
qlf^.  We  have  just  seen  that  the  number  of  tubes  of  force  per  square 
centimetre  at  the  surface  of  this  sphere  is  ql^irr^.  Hence  the  strength 
of  the  field  is  numerically  equal  to  the  product  of  the  number  of  tubes 
of  force  per  square  centimetre  into  ^tt.  This  result  may  be  put  in  a 
somewhat  different  form,  for  the  number  of  tubes  of  force  being  q,  and 
the  area  over  which  they  are  spread  being  47rr2,  the  cross-section  of 
each  tube,  where  it  cuts  the  sphere  of  radius  r,  is  /^irr^jq.  Hence  the 
strength  of  the  field  is  equal  to  the  quotient  of  477  by  the  cross-section, 
taken  at  right  angles  to  the  lines  of  force  ^  of  the  tube  of  force  passing 
through  the  given  point.  Thus  if  s  is  the  cross-section  of  the  tube  of 
force  passing  through  a  point  /",  the  strength  of  the  field  at  P  being  F, 
we  have  the  following  relation  : — 

F=47rlsy  or  /^/j  =  47r= constant. 

If  Fi  is  the  strength  of  the  field  at  one  point  of  a  tube  of  force  where 
the  cross-section  is  s^,  and  F2  the  strength  of  the  field  at  another  part 
of  the  tube  where  the  cross-section  is  j-jj,  we  have 

F^Si  =  F2S2- 

Thus  the  product  of  the  strength  of  the  field  at  any  point  along  a  tube 
of  force  into  the  cross-section  of  the  tube  of  force  at  that  point  is  con- 
stant. Now  the  product  of  the  electrical  force  in  a  direction  at  right 
angles  to  a  surface  into  the  area  of  that  surface  is  called  the  electrical 
induction  through  the  surface.  Thus  the  induction  through  a  normal 
cross-section  of  a  tube  of  force  is  constant,  for,  as  we  have  seen  above, 
the  product  of  the  force  into  the  area  of  the  normal  cross-section  is 
constant,  and  is  equal  to  47r.  Since  the  induction  throughout  a  tube  of 
force  is  constant,  such  a  tube  may  be  called  a  tube  of  induction.  If 
we  define  a  unit  tube  of  induction  as  one  in  which  the  induction  is  unity, 
each  of  our  unit  tubes  of  force  will  be  equal  to  47r  unit  tubes  of  induction. 
Thus  on  each  square  centimetre  of  the  surface  of  a  conductor  which  is 
charged  to  a  surface  density  cr  there  will  end  4770-  unit  tubes  of  induction. 
459.  Action  of  a  Uniformly  Charged  Sphere  on  an  External 
Point. — Suppose  we  have  a  conducting  sphere  of  radius  r,  which  is  at 
a  great  distance  from  all  other  conductors  and  is  charged  with  Q  units 
of  positive  electricity,  and  we  require  to  find  the  strength  of  the  field 
at  an  external  point  at  a  distance  R  from  the  centre.  Since  the  sphere 
is  uniformly  charged  and  is  at  a  great  distance  from  all  other  conductors, 
the  hnes  of  force  must  everywhere  be  radial,  while  the  tubes  of  force 
will  be  cones  having  their  apexes  at  the  centre  of  the  sphere,  and  will 
all  be  of  the  same  dimensions.     If  a  sphere  were  described  having  the 

1  Since  the  lines  of  force  cut  an  equipotential  surface  at  right  angles,  s  is  the  area 
intercepted  by  the  tube  of  force  on  the  equipotential  surface  passing  through- the  given 
point. 
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same  centre  as  the  charged  sphere  and  of  radius  R^  each  of  the  tubes 
of  force  would  intercept  the  same  area  on  this  sphere,  while  it  would  cut 
each  of  the  tubes  at  right  angles.  Now  Q  tubes  leave  the  charged  sphere, 
so  that  the  area  intercepted  by  each  tube  on  the  sphere  of  radius  R  will 
be  47r/v*/g.  Hence  if  F  is  the  strength  of  the  field  at  any  point  on  the 
sphere  of  radius  /?,  since  the  force  is  equal  to  47r  divided  by  the  normal 
cross-section  of  the  tubes  where  they  cut  this  sphere,  we  have — 

But  if  the  whole  charge,  Q,  of  the  sphere  were  concentrated  at  the  centre, 
the  force  exerted  at  a  point  at  a  distance  R  would  be  QIR^.  Hence  the 
force  exerted  at  an  external  point  by  a  uniformly  charged  sphere  is  the 
same  as  would  be  exerted  if  the  whole  charge  were  concentrated  at  the 
centre  of  the  sphere. 

460.  Distribution  of  Energy  in  a  Field — Suppose  that  we  have 
two  conducting  surfaces,  A  and  B^  forming  a  condenser,  and  that  they 
are  at  such  a  distance  from  all  other  conductors  that  all  the  lines  of 
force  which  leave  the  one  surface  terminate  on  the  other.  The  potential 
of  the  plate  B  being  kept  zero,  let  the  plate  A  be  charged  with  Q  units 
of  positive  electricity,  so  that  its  potential  is  V.  Now  the  energy  of  the 
charged  condenser  is  Q  V/2  and  the  total  number  of  tubes  of  force  in 
the  field  is  g,  so  that  the  quotient  of  the  energy  of  the  charged  con- 
denser by  the  number  of  tubes  of  force  is  y/2.  Next  suppose  that  the 
distance  between  the  plates  is  decreased.  The  result  will  be  that  the 
capacity  of  the  condenser  will  be  increased,  and  so,  if  the  charge  Q  on 
the  plate  A  remains  the  same,  its  potential  will  decrease.  Let  us,  how- 
ever, increase  the  potential  of  A,  that  of  B  being  still  kept  zero,  till  the 
potential  of  A  has  its  previous  value  V,  and  let  the  new  charge  on  A 
be  Q!.  The  energy  of  the  condenser  is  now  Q^  F/2,  while  Q!  tubes  of 
force  occupy  the  field.  Hence  the  quotient  of  the  energy  by  the  number 
of  tubes  is  F/2,  that  is,  has  the  same  value  as  before.  If  we  suppose 
that  each  tube  of  force  contributes  an  equal  amount  to  the  energy  of 
the  field,  then  the  contribution  by  each  tube  is  the  same  in  the  two 
cases,  namely  F/2.  The  question,  however,  arises  :  Are  we  justified  in 
supposing  that  each  tube  contributes  an  equal  amount  to  the  energy  of 
the  field,  for  some  of  the  tubes  will  be  short  and  stretch  almost  straight 
from  one  plate  to  the  other,  while  others  may  be  quite  long  and  sweep 
round  in  a  great  curve  from  one  place  to  the  other.  Now  we  have  seen 
above  that  as  long  as  the  difference  of  potential  of  the  plates,  that  is, 
the  difference  of  potential  between  the  two  ends  of  the  tubes  of  force, 
is  kept  the  same,  the  quotient  obtained  by  dividing  the  energy  by  the 
number  of  tubes  is  the  same  whatever  the  relative  positions  of  the  plates. 
For  instance  we  get  the  same  result  whether  the  plates  are  placed  near 
together  and  parallel  to  one  another,  so  that  almost  all  the  tubes  stretch 
straight  from  one  plate  to  the  other,  or  the  plates  are  turned  so  that  one 
is  at  right  angles  to  the  other,  and  hence  a  large  proportion  of  the  tubes 
have  to  curve  round  from  one  plate  to  the  other.  Considerations  such  as 
these  lead  us  to  infer  that  each  tube  of  force  in  an  electrical  field  con- 
tributes an  equal  amount  to  the  energy  of  the  field. 

We  have  next  to  see  how  the  energy  stored  up  in  a  tube  of  force  is 
distributed  along  its  length.    Consider  a  single  tube  ;  this  will  start  from 
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a  small  area  of  the  plate  A^  on  which  there  will  be  a  unit  of  positive 
electricity.  Now  if  it  were  possible  to  move  this  portion  of  the  surface 
of  A  along  the  tube  of  force  to  the  plate  B^  this  tube  of  force  would  be 
annihilated.  In  the  first  place  let  us  suppose  that  the  removal  of  this 
portion  of  the  charge  of  A  does  not  affect  the  potential  of  the  plate. 
Under  these  conditions  the  work  done  in  carrying  the  unit  from  one 
end  of  the  tube  to  the  other  would  be  V,  Thus  the  destruction  of  the 
tube  of  force  has  been  accompanied  by  the  performance  of  F units  of 
work,  while  the  energy  contained  within  the  tube  we  have  seen  is  only 
half  this  quantity.  The  reason  for  this  difference  is  that  the  supposition 
we  have  made  as  to  the  potential  of  A  remaining  the  same  after  the 
removal  of  the  unit  is  erroneous.  As  the  portion  of  the  plate  A  carrying 
the  unit  charge  is  moved  away  from  the  plate  A  the  potential  will  gradu- 
ally fall.  The  result  of  this  fall  of  the  potential  of  A  is  that  the  quantity 
of  energy  stored  up  in  each  of  the  tubes  which  are  left  stretching  from  A 
10  B  is  reduced.  Now  it  can  be  shown  that  the  loss  on  this  account  is 
exactly  equal  to  the  loss  on  account  of  the  destruction  of  the  tube,  and, 
further,  that  the  rates  at  which  the  losses  occur  as  the  tube  is  gradually 
destroyed  by  the  motion  of  the  portion  of  the  plate  A  carrying  the  end  is 
the  same  in  the  two  cases.  Hence  the  work  done  during  the  movement 
of  the  unit  charge  from  a  point  P  of  the  tube  to  a  neighbouring  point  Q 
is  equal  to  the  sum  of  the  energy  contained  within  the  portion  of  the 
tube  included  between  P  and  Q,  and  the  loss  of  energy  of  the  condenser 
owing  to  the  decrease  of  the  difference  of  potential  between  its  plates. 
Since  these  two  losses  of  energy  are  equal,  the  energy  contained  in  the 
part  of  the  tube  between  P  and  Q  is  half  the  work  which  is  done  when 
the  unit  is  carried  from  P  to  Q.  Now  the  electrical  force,  /%  varies 
along  the  tube,  but  if  we  consider  the  two  points  P  and  Q  sufficiently 
near  together,  we  may  consider  that  F  remains  constant  over  this  dis- 
tance. Hence  the  work  done  in  carrying  the  unit  from  P  io  Q  will  be 
P.  PQ,  for  the  force  P  acts  along  the  tube,  that  is,  along  the  direction 
of  the  path  PQ.  Thus  the  energy  included  in  the  tube  of  force  between 
P  and  Q  is  P.  PQ/2.  Hence  the  energy  stored  in  unit  length  of  the  tube 
is  P/2,  so  that  the  energy  stored  up  in  unit  length  of  a  tube  of  force 
is  numerically  equal  to  half  the  electrical  force  at  the  part  of  the  tube 
considered. 

The  cross-section  of  a  tube  of  force  at  a  point  where  the  force  is  P 
being  47r/P,  the  volume  of  unit  length  of  the  tube  in  this  part  of  the  field 
is  47r//'.  But  the  energy  stored  up  in  unit  length  of  the  tube  is  PI2. 
Hence  4Tr/P  c.c.  of  the  field  contains  PI2  units  of  energy,  i.e.  ergs. 
Therefore  the  energy  contained  in  unit  volume,  that  is,  one  c.c,  of  the 
field,  at  a  part  where  the  electrical  force  is  P,  is  P^/Stt. 

If  the  difference  of  potential  between  the  ends  of  a  tube  of  force  is  F, 
and  we  draw  the  equipotential  surfaces  so  that  the  difference  of  potential 
between  consecutive  surfaces  is  one  unit,  these  surfaces  will  divide  each 
tube  into  F  small  portions  or  cells.  The  whole  energy  stored  up  in  the 
tube  being  F/2,  the  energy  stored  in  each  cell  will  be  half  an  erg. 

As  we  shall  see  later,  the  method  of  looking  upon  the  energy  possessed 
by  a  charged  conductor  as  stored  up  in  the  field  leads  to  many  important 
generalisations,  and  the  calculations  we  have  made  above  will  help  to  give 
the  reader  some  mental  grasp  of  what  is  implied  when  a  certain  region  is 
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said  to  be  a  field  of  electrical  force,  and  to  appreciate  how  completely 
this  field  is  mapped  out  by  the  tubes  of  force. 

461.  Strength  of  the  Field  near  a  Charged  Conductor.— If  the 
density  of  the  charge  at  a  given  point  of  the  surface  of  a  charged  con- 
ductor is  0-,  then  o-  tubes  of  force  will  start  from  the  unit  of  area  of  the 
surface  of  the  conductor,  and  since  the  tubes  of  force  intersect  a  conduct- 
ing surface  at  right  angles,  the  cross-section  of  a  tube  in  the  immediate 
neighbourhood  of  the  surface  will  be-i/o-.  If  the  surface  density  is  not 
uniform,  the  same  will  still  hold  good  in  virtue  of  the  manner  in  which 
we  have  defined  the  measure  of  the  surface  density  when  it  is  variable, 
for  if  S^  is  the  charge  on  a  small  element  of  surface,  5a,  surroundmg  the 
given  point,  the  surface  density  is  ^\ha  ;  but  since  c^q  tubes  of  force 
leave  the  small  area  5a,  the  cross-section  of  a  single  tube  is  SajSq.  Now 
we  have  seen  in  §  458  that  the  strength  of  a  field  is  equal  to  ^irjs,  where 
s  is  the  cross-section  of  the  tube  of  force  of  the  field  at  the  given  point. 
Hence  the  strength  of  the  field  in  the  immediate  neighbourhood  of  a 
charged  conductor,  at  a  point  where  the  surface  density  of  the  charge  is 
0-,  is  47ro-.  VVe  have  in  the  above  argument  assumed  that  the  tubes  of 
force  leave  the  surface  of  the  conductor  at  the  point  considered  on  one 
side  only,  as  would  be  the  case  if  the  portion  of  the  surface  considered 
forms  part  of  the  outside  of  a  closed  surface,  for  under  these  conditions 
there  is  no  force  within  the  surface,  and  so  all  the  tubes  of  force  must 
leave  the  portion  of  the  conductor  on  the  one  side.  In  the  case  of  an 
unclosed  conductor,  such  as  a  plane,  there  are  two  ways  of  regarding  the 
problem.  If,  as  is  usual,  we  take  a-'  as  the  charge  on  both  sides  of  unit 
area  of  the  plane,  then  the  lines  of  force  will  start  out  equally  from  each 
side  of  the  plane,  so  that  the  number  of  tubes  of  force  leaving  each  square 
centimetre  on  either  side  will  be  0-72,  and  the  cross-section  of  a  tube  of 
force  in  the  immediate  neighbourhood  of  the  surface  will  be  2/cr'.  Hence 
in  this  case  the  strength  of  the  field  will  be  given  by  F  =  2ir(r', 

462.  Mechanical  Force  Exerted  on  each  Unit  of  Area  of  a 
Charged  Surface. — Let  abc  (Fig.  456)  represent  a  section  of  a  closed 

conductor  which  is  charged  so  that  the  surface 
density  over  a  small  area  of  the  surface  at  AC 
is  (7.  Let  us  consider  the  electrical  force  at 
two  points,  Pj  and  Pg,  one  just  outside  and  the 
other  just  inside  the  surface  of  the  conductor. 
VVe  may  consider  that  the  force  at  these  two 
points  is  made  up  of  two  parts,  namely,  the 
force  due  to  the  portion  AC  of  the  charged 
surface  and  that  due  to  the  part  CBA.  Let 
the  force  at  the  point  Pj,  due  to  the  portion 
CBA,  be  /^i,  then,  since  the  two  points  P^  and 
Pj  are  by  supposition  very  near  together,  the 
force  due  to  the  part  CBA  of  the  conductor, 
Fig.  456,  which  is  at  a  comparatively  great   distance 

from  both  points,  will  be  the  same  for  both, 
namely  Fy  Also,  since  the  portion  AC  of  the  surface  is  small,  it  is 
practically  plane,  and  so  the  force  exerted  at  the  two  points  P^  and  Pg, 
which  are  similarly  situated,  will  be  equal  in  magnitude  but  opposite 
in  direction.  Thus  if  the  force  due  to  AC  at  Pj  is  i^2  acting  along  the 
outward   drawn   normal  to  the   surface,  the  force  at   P2  will  be   —F^. 
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Hence,  adding  together  the  two  component  forces  for  each  point,  we 
get  that  the  force  at  Pj  is  Fj^  +  ^\,  while  the  force  at  Pg  is  F^- F^.  But 
the  point  Pg  being  within  a  closed  conductor,  the  force  there  is  zero, 
while  we  have  just  seen  that  the  force  at  a  point,  such  as  Py,  just  outside 
the  surface  of  a  conductor  charged  to  a  surface  density  a-y\s  ^tto:  We 
therefore  get  that 

F^  +  /^2  =  4^^  ^^d  F\-F2=  O. 

F^=F^='ZTT<T. 

Now  F-^  is  the  force  at  Pj  or  Pg  due  to  the  portion  CBA  of  the  charged 
conductor,  and  therefore  if  we  imagine  that  the  portion  AC  of  the  surface 
were  disconnected  from  the  rest,  without  in  any  way  altering  the  dis- 
tribution of  the  charge,  the  electrical  force  acting  at  the  point  where  this 
portion  of  the  surface  is  situated  is  F-^  or  27ro-.  Now  \i  a  is  the  area  of 
the  portion  AC,  the  charge  on  this  portion  is  (ja^  and  so  the  mechanical 
force  in  the  direction  of  the  normal,  which  this  portion  of  the  conductor 
would  experience  owing  to  the  action  of  the  rest  of  the  conductor,  is 
era .  Fi  or  27ro-^a. 

Although  for  clearness  we  have  supposed  the  portion  considered  to  be 
separated  from  the  rest  of  the  surface,  the  same  force  is  exerted,  although 
this  division  does  not  occur.  We  thus  see  that  in  the  case  of  a  charged 
conductor,  on  every  small  element  of  area,  a,  there  is  exerted  an  outward 
force  2Trcr^a,  where  <r  is  the  density  of  the  charge  on  the  element  in  ques- 
tion. This  force  acts  everywhere  normally  to  the  surface,  for  the  force  at 
the  point  P,  is  normal  to  the  surface,  since  the  lines  of  force,  as  has  been 
shown,  everywhere  cut  a  conducting  surface  at  right  angles.  The  out- 
ward normal  force  exerted  on  the  unit  of  area  is  2710-2.  This  force  is  of 
the  nature  of  an  hydrostatic  pressure,  and  if  the  conductor  is  expansible, 
as  for  instance  is  the  case  with  a  soap-bubble,  it  will  cause  the  conductor 
to  expand  when  it  is  electrified. 

The  electrical  force,  F,  at  Pj,  that  is,  the  force  due  to  the  whole  charged 
conductor,  being  47r<r,  we  get  that  the  mechanical  force  experienced  by 
unit  area  of  the  surface  of  the  conductor  is  c-F/2  or  F^/Stt. 

463.  Tension  along  the  Tubes  of  Force.— We  have  seen  in  the 
last  section  that  each  unit  of  area  of  a  charged  conductor  experiences  an 
outward  mechanical  force,  due  to  the  charge,  which  amounts  per  unit 
area  to  F(r/2,  where  F  is  the  electrical  force  just  outside  the  portion  of 
the  charged  surface  considered,  and  <t  is  the  density  of  the  charge  on 
this  portion  of  the  surface.  Now  the  number  of  tubes  of  force  which 
start  from  unit  area  of  the  surface  is  <r,  and  hence,  if  we  suppose  that 
each  of  these  tubes  exerts  a  tension  on  the  surface  of  the  conductor  equal 
to  FI2,  the  total  tension  exerted  on  unit  area  will  be  F(r/2,  that  is,  is  of 
the  actual  amount  which  occurs.  Hence  we  are  able  to  account  for  the 
mechanical  forces  which  act  on  bodies  when  placed  in  an  electric  field, 
if  we  suppose  that  each  of  the  tubes  of  force  is  in  a  stale  of  tension,  the 
magnitude  of  the  tension  being  at  each  point  equal  to  half  the  electrical 
force  at  that  point. 

If  we  take  a  unit  of  area  on  an  equipotential  plane  passing  through  a 
point  P,  that  is,  at  right  angles  to  the  tubes  of  force,  the  number  of  tubes 
which  cross  this  unit  of  area  will  be  FI477,  where  F  is  the  force  at  F. 
Hence,  as  the  tension  along  each  tube  of  force  is  F/2,  the  tension  in  the 
air  across  the  unit  of  area  is  F^jSir. 
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As  we  have  already  mentioned,  this  tension  is  not  alone  sufficient  to 
account  for  the  distribution  of  the  tubes  of  force,  but  it  can  be  shown  that 
if  in  addition  we  imagine  that  there  exists  a  pressure  at  right  angles  to 
the  lines  of  force,  of  which  the  magnitude  is  F-/Sir  per  unit  area,  then 
this  distribution  can  be  accounted  for. 

464.  Dielectrics  other  than  Air.  —  We  have  hitherto  confined 
our  discussion  of  the  state  of  the  electric  field  to  the  case  where  the 
only  dielectric  present  was  air,  and  we  have  now  to  proceed  to  con- 
sider what  alterations  will  have  to  be  made  in  the  expressions  we 
have  deduced,  when  the  whole  or  part  of  the  field  is  occupied  by  other 
dielectrics. 

Suppose  that  we  have  two  infinite  planes,  A  and  Bj  placed  parallel  to 
one  another  at  a  distance  d  apart,  and  that  the  plane  A  is  given  a 
positive  charge,  such  that  the  surface  density  is  t.  Let  the  plane  B  be 
kept  at  zero  potential,  and  the  potential  of  A  be  V^  when  the  dielectric 
separating  the  planes  is  air,  and  Vjt  when  the  dielectric  separating  the 
planes  has  a  specific  inductive  capacity  A'. 

Since  the  planes  are  infinite,  the  field  of  force  between  the  planes 
must  be  uniform,  so  that  the  tubes  of  force  are  all  parallel,  stretching 
straight  across  from  one  plane  to  the  other,  and  have  everywhere  the 
same  cross-section.  Since  the  density  of  the  charge  on  the  plane  A  is  cr, 
the  number  of  tubes  of  force  which  leave  unit  area  of  the  surface  is  <r,  and 
hence  the  cross-section  of  each  tube  is  i/a.  The  cross-section  of  the 
tubes  will  be  the  same  whatever  the  dielectric,  for  we  suppose  that  the 
density  of  the  charge  on  the  plane  A  is  kept  the  same  in  all  cases. 

Now  the  capacity  of  unit  area  of  the  plane  A  will  bear  the  same 
ratio  to  the  capacity  of  the  whole  plane  as  does  unit  area  to  the  total 
area  of  the  plane,  so  that  we  may,  if  we  like,  confine  our  attention  to 
unit  area  taken  on  each  of  the  planes.  The  capacity  being  the  ratio  of 
the  charge  on  one  plate  of  a  condenser  to  the  difference  of  potential 
between  the  plates,  the  capacity  C.  of  unit  area  of  the  planes,  when  the 
dielectric  is  air,  is  given  by 

for  the  charge  on  unit  area  of  either  plane  is  o",  and  the  diflference  of 
potential  between  the  planes  is  F^. 

In  the  same  way  the  capacity  of  unit  area,  when  the  dielectric  is  not 
air,  is  given  by 

Now  the  specific  inductive  capacity  of  the  dielectric  is  defined  as  the 
ratio  of  the  capacity  of  a  condenser  having  the  given  dielectric  separating 
the  plates  to  the  capacity  of  the  same  condenser  when  the  dielectric  is 
air.  Hence  we  have,  if  /C  is  the  specific  inductive  capacity  of  the 
dielectric, 

If  Fa  is  the  electrical  force  at  any  point  between  the  planes  when  the 
dielectric  is  air»  the  work  which  would  have  to  be  done  to  carry  unit 
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charge  from  one  plane  to  the  other  would  be  Fad^  so  that  the  differ- 
ence of  potential  Va  between  the  planes  is  given  by 

Va^Fad, 

In  the  same  way,  \i  Fk  is  the  electrical  force  at  any  point  between  the 
planes,  when  the  dielectric  has  a  specific  inductive  capacity  K^  and  Vk  is 
the  difference  of  potential,  we  have 

F*=i^^  d. 
Hence  Fk\Fa^  V^l Fa=  i/A^, 

or  Fk-^Fa\K. 

That  is,  the  charges  of  the  condenser  being  kept  the  same  the  effect  of 
replacing  the  dielectric  air  by  a  dielectric  of  specific  inductive  capacity, 
K,  is  to  reduce  the  electrical  force  in  the  space  between  the  plates  to  i/A'  th 
of  its  value. 

Now  if  s  is  the  cross-section  of  the  tubes  of  force,  which,  as  we  have 
seen,  will  be  the  same  in  the  two  cases,  we  have 

Fa^AtT^ls. 
Hence  Fk=^TiK\s. 

Thus  in  the  case  of  a  dielectric  or  specific  inductive  capacity  K^  the 
electrical  force  at  a  point  is  \\K  of  the  quotient  of  47r  by  the  cross- 
section  of  the  tube  of  force  at  the  point.  Putting  K  equal  unity,  that 
is,  dealing  with  air  as  the  dielectric,  we  obtain  the  expression  already 
found. 

If  A/^  is  the  number  of  tubes  which  pass  through  unit  area  taken  at 
right  angles  to  the  lines  of  force  we  have 

Ff.^/^'KNIK. 

Proceeding  in  the  same  way,  we  may  show  that  the  energy  stored  up 
in  each  centimetre  of  a  tube  of  force  is  -F^/2,  and  the  energy  per  cubic 
centimetre  of  the  dielectric  is  Fk^Kl^ir.  Also  the  tension  in  each  tube  is 
Fkl^^  and  the  tension  across  unit  area,  taken  at  right  angles  to  the  lines 
of  force,  is  F^K\Ztt.  The  proof  of  these  expressions  we  will,  however, 
leave  as  an  exercise  for  the  reader. 

465*.  Force  exerted  between  Two  Small  Charged  Bodies  when 
surrounded  by  a  Dielectric  other  than  Air.— Suppose  that  two  small 
bodies  A  and  B,  charged  with  Q^  and  Q^  units  of  electricity  respectively, 
are  placed  at  a  distance  r  apart,  and  are  immersed  in  a  dielectric  of 
specific  inductive  capacity  K.  If  the  body  A  were  alone  present,  then 
the  tubes  of  force  which  start  from  it  will  be  uniformly  distributed,  and 
therefore  since  there  are  Q-^  tubes,  the  cross-section  s  of  one  of  these 
tubes,  at  a  distance  r  from  the  charged  body,  will  be  ^tzt^jQi.  Hence  if 
F  is  the  electrical  force  at  a  point  /*,  at  a  distance  r  from  the  charged 
body,  we  have,  as  shown  in  the  last  section, 

F^A'rrlKs=Q^IKr*. 
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Now  F  is  the  force  which  would  be  exerted  on  the  unit  charge  if 
placed  at  /*,  and  therefore  if  a  body  charged  with  Qo  units  were  placed 
at  P^  the  force  exerted  upon  it  will  be  FQ2  ox  Q^Q^lKr^,  Hence  the 
force  exerted  between  two  small  charged  bodies,  when  immersed  in 
a  dielectric  of  specific  inductive  capacity  K^  is  \\K th  of  the  force 
which  would  be  exerted  if  they  were  placed  at  the  same  distance  apart 
in  air. 

466*.  Parallel  Plate  Condenser  in  which  the  Dielectric  is 
partly  Air  and  partly  another  Material.— Suppose  that  we  have, 
as  in  §  464,  two  infinite  parallel  conducting  planes  A  and 
B  D  C  A  B  (Fig.  457),  placed  at  a  distanced  apart,  and  that  between 
them  is  placed  an  infinite  parallel-faced  slab  CD,  of  a 
dielectric  of  specific  inductive  capacity  A",  the  thickness  of 
the  slab  being  /.  Let  the  plane  A  be  charged  to  a  surface 
density  o-,  and  let  its  potential  be  F",,  that  of  the  plane  B 
being  kept  at  zero.  The  planes  being  infinite,  the  tubes 
of  force  will  have  everywhere  the  same  cross-section,  j,  for 
the  lines  of  force  will  all  be  parallel  and  at  right  angles  to 
the  planes.  Thus  the  electrical  force  /^«,  between  A  and 
C  and  between  D  and  B,  where  the  dielectric  is  air,  will  be 
given  by 

/i^4i=47r/j=47rc7-, 


while  the  force  Fk  within  the  slab  of  the  dielectric  will  be 
y       *      given  by 
d  Fm= At^IKs  =-  4ir<r/^. 


Fig.  457. 

Now  suppose  that  the  unit  charge  is  carried  from 
near  the  plane  A  to  near  the  plane  B  along  a  line  of  force.  The  distance 
moved  through  in  air  will  be  d-ty  and  the  work  done  during  this  part 
of  the  path  will  be  {d-i)Fa,  or  ^ira-id—t).  The  distance  moved  through 
in  the  dielectric  is  /,  and  the  work  done  during  this  part  of  the  path  is 
Fk.t  or  ^TTaifK.  Thus  the  total  work  done  when  the  unit  charge  is 
carried  from  A  to  B  is  47ra{d-t  +  tlJv}.  But  this  is  equal  to  the  difference 
of  potential  between  the  planes,  hence 

Vi=4'n-<r{d-t'\-tlK} 
=  47r<r{^-/(l-l//ir)}. 

Suppose  now  that  the  slab  of  dielectric  were  removed,  the  sur- 
face density  of  the  charge  on  a  remaining  as  before.  The  work  which 
would  be  done  when  carrying  the  unit  from  a  to  B  would  now  be 
^TTo-dy  that  is,  if  Fa  is  the  new  potential  of  a,  that  of  B  being  still  zero, 
we  have — 

V2=4'>r<rd. 


Thus  the  difference  of  potential  produced  by  a  given  charge  is  less  when 
the  slab  of  dielectric  is  introduced,  that  is,  of  course,  supposing  the 
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specific  inductive  capacity  K  of  the  slab  is  greater  than  that  of  air,  and 
hence  the  capacity  of  the  condenser  is  greater.  The  potential,  and 
therefore  also  the  capacity  of  the  condenser,  with  air  only  as  the 
dielectric  will  be  the  same  as  that  when  the  slab  is  in  place,  if  the 
distance  between  the  plates  is  reduced  to  d-t-^tjK^  for  under  these 
conditions  the  work  done  when  the  unit  charge  is  carried  from  A  to  B 
will  be  ^ira{d-t+tlK)j  that  is,  the  difference  of  potential  will  have  the 
same  value  as  when  the  distance  between  the  plates  was  d,  but  the  slab 
was  between  the  plates. 

467*.  Capacity  of  a  Sphere  when  at  a  great  Distance  from 
all  other  Conductors.— Suppose  that  we  have  a  sphere  of  radius  R, 
having  a  charge  Q  and  surrounded  by  a  dielectric  of  specific  inductive 
capacity  K  placed  at  a  great  distance  from  all  other  conductors.  Now 
we  have  seen  in  §  459  that  the  force  exerted  by  a  uniformly  charged 
sphere  at  all  external  points  is  the  same  as  would  be  exerted  if  the 
charge  were  concentrated  at  the  centre.  Hence  the  force  exerted  on 
the  unit  charge,  when  placed  at  a  distance  dhom  the  centre,  is  QjKd^. 
Suppose  that  we   take  one  of  the  lines  of 

force  of  the  sphere,  that  is,  a  straight  line    • • — •— * ■ 

which  is  the  prolongation  of  a  radius  of  the    P  Q,  Q2  P3 

sphere,  and  that  starting  from  a  point  Qj  (Fig.  y\g.  458. 

458)  on  this  line  we  carry  the  unit  charge 

along  the  line  to  an  infinite  distance  from  the  sphere,  that  is,  to  a  point 

where  the  potential  is  zero.     The  work  which  will  be  done  while  the  unit 

charge  moves  from  Q^  to  infinity  will  be  equal  to  the  potential  of  the 

point  Qj. 

Suppose  that  the  path  is  divided  into  a  number  of  small  elements 
QjQg,  Q^Qz,  &c.,  the  distances  of  the  points  Qj,  Q2,  &c.,  from  the  centre 
of  the  sphere  being  d,  d^,  d^y  &c.  Then  the  force  acting  on  the  unit 
charge  when  at  Q^  is  Q/Kd^,  while  the  force  acting  on  it  when  it  is  at 
Q2  is  QjKd^.  If  then  the  points  Q^  and  Q2  are  very  near  together  the 
force  at  Qg  and  Qi  will  be  very  nearly  the  same,  and  the  work  done  while 

the  unit  charge  is  carried  along  Q,Q2  will  be  very  nearly  equal  to  the 
product  of  the  force  at  either  of  these  points  into  the  distance  between 
the  points.  The  actual  amount  of  the  work  will  be  rather  less  than 
would  be  the  case  if  the  force  acting  was  all  along  equal  to  the  value 
it  has  at  Q^,  and  somewhat  greater  than  if  the  force  had  everywhere  the 
value  that  it  has  at  Q2.  Thus  we  shall  obtain  a  better  approximation 
to  the  truth  if  we  assume  that  the  value  of  the  force  acting,  while  the 
charge  is  moved  from  Q^  to  Q2,  has  a  value  intermediate  between  the 
values  it  has  at  Q^  and  Qj.  Such  an  intermediate  value  will  be  obtained 
by  taking  the  geometrical  mean,  Q\Kdd^y  of  the  forces  at  Qj  and  Qg. 
Thus  the  work  done  while  carrying  the  charge  from  Qj  to  Q2  will  be 


:\d  d,{ 
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In  the  same  way,  the  work  done  while  carrying  the  unit  charge  from  Qj 
to  Q3  will  be 


Kid^    d 


d, 
and  so  on. 

Adding  together  the  work  done  over  all  the  elements  of  the  path  we 
shall  obtain  the  whole  work,  that  is,  the  potential,  V\  of  the  point  Qj. 
Thus 

Now  it  will  be  seen  that  in  this  expression  the  distance  of  each  of  the 
points  Q2,  Q3,  &c.,  occurs  twice,  once  positively  and  once  negatively, 
so  that  when  we  add  together  all  the  terms  these  positive  and  negative 
values  will  cancel,  and  we  are  left  with  the  first  term  only,  for  the  value 
of  the  last  term  i/oo  is  zero.^    Thus 

V=QiKd, 

Hence  the  potential  at  a  point  at  a  distance  d  from  a  uniformly  charged 
sphere  is  numerically  equal  to  the  charge  on  the  sphere  divided  by  K 
times  the  distance  of  the  point  from  the  centre  of  the  sphere.  If  the 
medium  surrounding  the  sphere  is  air,  the  potential  is  obtained  by  putting 

If  the  point  Q^  is  taken  close  to  the  surface  of  the  sphere,  the  work 
which  is  done  while  the  unit  charge  moves  from  Q^  to  infinity  is  the 
measure  of  the  potential  of  the  sphere.  Thus  the  potential  of  a  sphere, 
when  at  a  great  distance  from  all  other  conductors  and  charged  with  Q 
units,  is  QIRK^  or  if  the  medium  is  air,  is  QjR.  Now  the  capacity  of  a 
conductor  is  the  ratio  of  the  charge  to  the  potential  to  which  the  con- 
ductor is  raised  by  that  charge.  Thus  the  capacity  of  the  sphere  is 
KJ\\  or,  if  surrounded  by  air,  is  /v\  that  is,  the  capacity  of  a  sphere  in 
air  is  numerically  equal  to  the  radius. 

468*.  Capacity  of  a  Spherical  Condenser.— The  problem  of  cal- 
culating the  capacity  of  a  system  of  conductors  of  given  form  is  in 
general  very  difficult  to  solve  ;  the  case,  however,  of  a  condenser,  such  as 
that  shown  in  Fig.  452,  where  the  two  coatings  are  concentric  spheres, 
can  be  readily  obtained.  Let  R  be  the  radius  of  the  outside  sphere  which 
is  connected  to  earth,  and  r  the  radius  of  the  inside  sphere.  Let  the 
charge  on  the  inside  sphere  be  Q^  and  the  difference  of  potential  between 
the  two  spheres  be  V.     Then  Q  tubes  of  force  leave  the  inside  sphere, 

1  In  terms  of  the  caloilus  this  result  may  be  proved  as  follows.  The  force  acting 
on  the  unit  when  at  a  distance  x  from  P  is  QlKx^.  If  the  unit  move  through  a 
distance  dx,  the  work  done  is  QdxlKx"^.  Hence  the  total  work  done  as  the  imit  is 
moved  from  a  distance  d  to  infinity  is  given  by 
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and,  since  each  of  these  tubes  of  force  terminates  on  the  inner  surface  of 
the  outside  sphere,  there  must  be  a  charge  of  ^  units,  but  of  opposite 
sign  to  the  charge  on  the  inside  sphere,  induced  on  the  outside  sphere. 
If  the  charge  on  the  outside  sphere  alone  were  present,  the  potential 
within  this  sphere  would  be  everywhere  constant,  and  equal  to  the  value 
it  has  at  the  surface  of  the  sphere,  for,  as  we  have  shown  in  §  452, 
the  potential  inside  a  charged  conductor  is  everywhere  equal  to  the 
potential  at  the  surface  of  the  conductor.     Hence,  owing  to  the  charge 

on  the  outside  sphere,  the  potential  everywhere  inside  is  -  ^,  for  this  is 

the  potential  to  which  a  charge  —  Q  will  raise  a  sphere  of  radius  R,  the 
capacity  of  such  a  sphere  being  numerically  equal  to  the  radius.  If  the 
charge  on  the  inside  sphere  were  alone  present,  the  potential  at  its 
surface  would  be  Q,\r.  Since  the  potential  at  any  point  due  to  the 
simultaneous  action  of  two  charges  is  the  sum  of  the  potentials  which 
each  would  produce  if  it  acted  alone,  the  potential,  F,  of  the  inside 
sphere,  when  the  outer  sphere  is  present,  is  given  by 


V^Q\r-Q\R 


-^r-\} 


But  the  capacity,  C,  of  the  condenser  is  equal  to  Q\V.     Hence 

f.      rR 
^"^R^r 

If  the  dielectric  separating  the  two  spheres,  instead  of  being  air,  has  a 
specific  inductive  capacity  A',  the  capacity  will  be 

KrR 
R-r 

If  the  thickness,  /?-r,  of  the  dielectric  is  small,  the  radii  R  and  r  will 
be  very  nearly  equal,  so  that  if  d  is    the  thickness  of  the  dielectric, 

C=      ,  •     If  S  is  the  surface  of  the  inside  sphere,  we  have  S=^irR\  or 

R*=Sl4'ir.      Hence    in    these  circumstances  the   capacity,   C,  can   be 

written  C = ,. 

4ird 

Although  this  formula  only  strictly  applies  to  the  case  of  a  spherical 
condenser,  yet  it  holds  approximately  in  the  case  of  the  ordinary  form  of 
Leyden  jar,  in  which  the  outside  coating  does  not  completely  surround 
the  inside  coating,  and  it  is  sometimes  of  use  for  calculating  the  approxi- 
mate capacity  of  jars. 

The  expression  for  the  capacity  of  a  spherical   condenser  can  be 
f 
written  in  the  form  C—    _    ,  „.     If  m  this  expression  we  make  R  infinite, 

we  get  C=R.  which  corresponds  to  the  case  of  a  sphere  removed  from 
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all  other  conductors.  Hence  this  case  may  be  regarded  as  a  condenser 
in  which  the  outer  coating  has  been  removed  to  an  infinite  distance. 
This  corresponds  to  what  was  said  in  §  447,  as  to  th^  fact  that  the  lines 
of  force  which  leave  a  charged  body  must  terminate  on  some  body,  and 
that  where  they  terminate  will  be  found  a  charge  equal  in  magnitude, 
but  opposite  in  sign  to  the  charge  on  the  electrified  body. 


CHAPTER    VI 


ELECVROMETERS  AND   ELECTRICAL   MACHINES 


469.  The  Attracted  Disc  Electrometer. —Suppose  that  two  con- 
ducting planes  ab  and  CED  (Fig.  459),  are  placed  parallel  to  one  another, 
and  at  a  distance  <-/  apart,  so  small  compared  to  their  size  that  the  dis- 
turbing effect  of  their  edges  produces  no  effect  at  the  central  portions, 
so  that  the  field  of  force  between 
the  plates  is  in  these  parts 
uniform.  We  require  to  find 
the  attraction  exerted  on  a 
portion,  E,  of  the  one  plane  of 
area  S,  when  the  two  planes 
nr"  ^hnrirrri  tft  n  iliff  1  '^'  of 
potential,  V,  the  dielectric  being 


Fig.  459. 


an-.  Suppose  that  the  surface  density  of  the  charf^e  on  the  renfral 
part  of  AB  is  +a;  and  that  on  CD  is  -cr,  then  q-  tubes  of  force  will 
terrninntp!  on  earh"srfnare  rentimetre  of  tlie  plane  CD,  or  at  any  rate  on 
each  square  centimetre  of  the  central  portion,  E.  Hence,  since  these 
tubes  are  all  normal  to  the  surface  of  E,  and  each  exerts  a  mechanical 
force  J^/2  (§  463),  the  total  attraction  exerted  on  E  by  the  charged 
plate  AB  is  FS(tI2. 

Now  the  cross-section  of  each  tube  of  force  being  i/o-,  the  electrical 
force,  i%  acting  at  any  point  between  the  plates  is  47rcr.  Hence  the 
attraction,  /,  acting  on  E  is  given  by 

/=27rSa\ 

Since  the  electrical  force,  F,  acting  on  the  unit  charge  anywhere 
between  the  plates  is  4-0-,  the  work  that  must  be  done  to  carry  the  unit 
charge  from  one  plane  to  the  other  is  4770-^,  and  therefore  V=/\,irad. 
Hence  o-=  Vj/\Trd,  and  substituting  this  value  for  o-  in  the  expression  for 
the  attraction  exerted  on  E,  we  get 


/= 


or 


-y^ 


dY 


Hence  by  measuring  the  force  exerted  on  a  portion  of  area  5*  of  the 
plate  CD,  when  the  distance  between  the  plates  is  d,  and  they  are 
charged  to  a  difference  of  potential  F,  we  can  calculate  the  value  of  this 
difference  of  potential.     This  then  gives  a  method  of  obtaining  the  value 
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of  a  given  difference  of  potential  in  terms  of  the  units  of  mass,  time 
(involved  in  the  value  of  the  force),  and  length,  that  is,  of  determining  a 
difference  of  potential  in  absolute  units  (§  8). 

The  portion  of  the  plate  CD,  which  surrounds  the  part  E  on  which  the 
attractive  force  is  measured,  is  called  by  Lord  Kelvin,  to  whom  the 
arrangement  is  due,  the  guard  ring.  The  functions  of  the  guard  ring 
are  simply  to  insure  that  the  electrical  field  at  tne  part  oi_^ne  pi^s 

where  the  Mtracted  ]J>ai'l  k  1^  pldLed  shall  UB  Ullllunii. ' 

In  th6  iriyiruiliem  Ueptiliailiy  Ull  lllli,  piiiiLl|ile  invented  by  Lord 
Kelvin,  and  called  the  attracted  disc  electrometer,  or  the  absolute 
electrometer,  the  part  E  on  which  the  force  is  measured  consists  of  a 
metal  disc  supported  by  three  springs,  so  that  it  lies  concentrically 
within  a  circular  hole  in  the  guard  ring,  to  which  it  is  electrically  con- 
nected. The  springs  are  so  arranged  that  when  the  attracted  disc  is 
attracted  with  a  certain  force  by  the  opposite  plate,  AB,  it  lies  exactly 
in  the  plane  of  the  guard  ring,  as  indicated  by  means  of  two  sights  which 
are  attached.  The  plate  ab  can  be  moved  in  a  direction  parallel  to  its 
normal  by  means  of  a  micrometer  screw.  When  using  the  instrument 
the  guard  ring  and  attracted  disc  are  connected  with  earth,  so  that  their 
potential  is  zero,  and  the  other  plate  is  connected  with  the  body  of  which 
the  potential  is   to   be  measured.      The  distance    between    the    two 

plates  is  then  altered  till  the  disc 
comes  into  its  sighted  position. 
The  force  necessary  to  bring 
the  disc  into  its  sighted  position 
is  determined  once  for  all  by 
placing  weights  on  it,  and  hence, 
knowing  this  quantity  (/  in  the 
formula),  and  also  knowing  the 
distance  between  the  plates  from 
the  reading  of  the  micrometer 
screw,  the  potential  can  be  ob- 
tained. 

470.  The  Quadrant  Elee- 
troraeteP. — The  absolute  elec- 
trometer, although  it  permits  of 
our  measuring  a  given  potential 
in  absolute  measure,  is  not  very 
sensitive,  and  is  not  at  all  suited 
for  comparing  two  small  dif- 
ferences of  potential,  or  for 
detecting  the  existence  of  a 
small  difference  of  potential. 
Hence  another  form  of  electro- 
meter, called  the  quadrant  elec- 
trometer, has  been  invented  by 
Lord  Kelvin.  A  simple  form 
of  this  instrument  is  shown  in  Fig.  460.  A  light  dumb-bell  shaped 
aluminium  needle  is  suspended  by  means  of  a  fine  metallic  wire  from 
the  inside  coating  of  a  Leyden  jar,  the  outside  coating  of  which  is 
connected  with  earth.  Immediately  below  the  needle  four  quadrant- 
shaped  metal  plates  are  supported  on  insulating  rods.     The  alternate 
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plates,  A  and  B  (Fig.  461)  and  c  and  D,  are  connected  together  by 

wires.     The  twist  of  the  suspending  wire  is  so  adjusted  that  when  all 

four  quadrants  are  connected  together,  and  are  therefore  at  the  same 

potential,  the  needle  hangs  symmetrically  with  reference  to  the  two  pairs 

of  quadrants,  as  shown  in  the  figure.     If  now  the  two  pairs  of  quadrants 

are  disconnected,  and  while  one  set  are  put  to 

earth,  the  other,  say  A  and  B,  are  connected  with 

a  body  which  has  a  positive  cliarge,  then  the 

positive  charge  on  these  two  quadrants  will  act 

on  the  positive  charge  of  the  needle,  and  cause 

it  to  turn  in  the  clockwise  direction  till  the  couple 

due  to  the  torsion  of  the  suspending  wire  just 

balances  the  deflecting  couple  due  to  the  action 

of  the  charged  quadrants  on  the  needle.     If  the 

potential  to  which  the  needle  is  raised  is  very 

great  compared  to  the  difference  in   potential 

of  the  two  sets  of  quadrants,  the  deflection  of 

the  needle  is  proportional  to  the  difference  in  Fig.  461. 

potential  between  the  quadrants.     Hence  if  the 

deflection  produced  by  a  known  difference  in  potential  is  measured,  the 

potential  corresponding  to  any  other  deflection  can  be  calculated.     The 

angle  through  which  the  needle  turns  is  generally  measured  by  means  of 

the  motion  of  a  spot  of  light  reflected  from  a  small  mirror  attached  to 

the  needle  in  the  manner  explained  in  §  335. 

Since  the  capacity  of  the  quadrants  of  a  quadrant  electrometer  is 
fairly  small,  connecting  them  to  a  charged  condenser,  of  which  the 
capacity  is  generally  enormously  greater,  does  not  appreciably  alter  the 
potential  of  such  a  condenser.  If  the  capacity  of  the  quadrants  is  of 
the  same  order  as  that  of  the  body  whose  potential  is  being  measured,  a 
correction  on  account  of  the  quantity  of  electricity  taken  by  the  quadrants 
must  be  made. 

471.  Electrical  Machines.— We  have  hitherto  refrained  from  con- 
sidering the  methods  by  which  electrification,  in  greater  quantities  than 
can  be  obtained  by  simply  rubbing  a  body,  such  as  a  stick  of  sealing-wax, 
can  be  produced,  since  the  explanation  of  the  manner  in  which  the  more 
efficient  machines  act  involves  a  knowledge  of  the  laws  of  induction.  The 
oldest  form  of  electrical  machine,  as  the  apparatus  for  the  production  of 
electrification  is  called,  consisted  of  a  glass  disc  or  cylinder  against  which  a 
pad  covered  with  silk  was  pressed.  When  the  cylinder  or  disc  was  rotated, 
the  friction  of  this  pad  against  the  glass  caused  the  glass  to  become 
positively  electrified.  The  electrification  of  the  glass  was  collected  by 
means  of  a  conductor  to  which  were  attached  a  number  of  points  arranged 
so  as  just  to  graze  the  surface  of  the  glass.  On  account  of  the  induction 
of  the  electrified  glass  these  points  become  electrified,  and  since  the 
electrical  density  at  a  sharp  point  is  great,  the  negative  induced  charge  is 
able  to  escape  through  the  air  on  to  the  glass.  This  negative  electricity 
neutralises  the  positive  electrification  on  the  glass,  and  leaves  the  con- 
ductor to  which  the  points  are  attached  positively  electrified.  This  form 
of  machine  only  works  with  any  degree  of  regularity  when  the  surround- 
ing air  is  quite  dry,  and  nowadays  the  only  forms  of  machine  which 
are  employed  depend  on  the  induction  produced  in  a  conductor  by  an 
electrified  body. 
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The  simplest  form  of  induction  electrical  machine  is  the  electrophorus. 
This  instrument  is  shown  in  Fig.  462,  and  consists  of  a  disc  of  resin  or 
ebonite,  AB,  and  a  metal  plate,  CD,  which  is  attached  to  an  insulating 
handle,  E,  by  means  of  which  it  can  be  raised  from  the  disc  and  carried 
about.  The  disc  is  electrified  by  friction,  and  the  plate  is  placed  on  the 
top.  Suppose  that  the  material  of  the  disc 
is  such  that  it  becomes  positively  electrified 
on  friction,  so  that  when  thus  electrified 
we  shall  have  a  number  of  tubes  of  force 
stretching  from  the  disc  to  the  walls  of  the 

r-     ^_  rr n       room.      On   account  of   the   fact  that  the 

«Zn  ^r'nwMl— L^      surface   of  the  disc   is   never  quite   plane, 

A™lll         '"'  "I'llMIIII^B      when  the  plate  is  placed  on  the  top,  contact 
p        ,  will  only  take  place  at  a  very  few  points. 

'°*  ^  ^'  Thus  the  plate  does  not  become  appreciably 

electrified  by  conduction  from  the  disc,  for,  as  it  is  an  insulator,  the 
electrification  from  those  parts  which  are  not  in  immediate  contact  with 
the  plate  are  not  able  to  travel  up  to  the  disc.  Hence  those  tubes  of 
force  which,  before  the  plate  was  placed  over  the  disc,  stretched  from 
the  upper  surface  of  the  disc  to  the  walls  of  the  room,  now  terminate  on 
the  lower  surface  of  the  plate,  while  fresh  tubes  start  from  its  upper 
surface  and  stretch  away  to  the  walls.  If  now  the  plate  is  earthed,  that 
is,  is  put  in  conducting  communication  with  the  walls,  the  tubes  which 
start  from  the  upper  surface  of  the  plate  will  be  able  to  shorten  and 
vanish  ;  that  is,  there  will  now  only  be  the  tubes  which,  starting  from 
the  upper  surface  of  the  disc,  terminate  on  the  lower  surface  of  the  plate. 
If  now  the  plate  is  lifted  up  from  the  disc  by  its  insulating  handle,  the 
distribution  of  the  tubes  of  force  will  alter.  Some  of  the  tubes  will  still 
stretch  from  the  disc  to  the  plate,  but  as  the  plate  gets  further  and  further 
from  the  disc  the  number  of  these  tubes  gets  less  and  less.  The  other 
tubes  are,  on  account  of  the  repulsion  they  exert  on  one  another,  driven 
out  sideways  till  they  meet  the  walls,  their  positive  ends  still  remaining 
on  the  disc  and  their  negative  ends  still  remaining  on  the  plate.  When 
a  tube  meets  the  wall  it  will  break  in  two,  and  we  shall  have  two  separate 
tubes,  one  starting  from  the  disc  and  ending  on  the  wall,  and  the  other 
starting  from  the  wall  and  ending  on  the  plate.  The  tubes  which  still 
stretch  from  the  disc  to  the  plate  correspond  to  that  fraction  of  the 
charge  of  the  plate  which  is  still  "bound"  by  the  charge  on  the  disc, 
while  the  tubes  which  stretch  from  the  plate  to  the  walls  correspond  to 
the  "  free  "  charge  of  the  plate.  When  the  plate  is  in  contact  with  the 
disc  and  has  been  put  to  earth  its  potential  is  zero.  As  it  is  raised  up 
from  the  plate,  having  been  insulated,  its  potential  will  gradually  increase ; 
that  is,  in  the  case  we  have  supposed,  since  the  charge  of  the  plate  is 
negative,  its  potential  will  fall  more  and  more  below  that  of  the  earth. 

If,  after  having  been  removed  to  a  distance  from  the  disc,  the  plate  is 
put  to  earth,  the  tubes  which  start  on  the  walls  and  terminate  on  the 
plate  will  be  able  to  shorten  and  vanish,  and  the  plate  will  be  discharged. 
Now  in  the  series  of  operations  we  have  performed  the  charge  on  the 
disc  has  not  been  affected,  and  hence  the  plate  may  be  replaced  and  the 
whole  cycle  of  operations  gone  through  again,  and  so  on,  so  that  the 
plate  may  be  charged  any  number  of  times  without  recharging  the  disc. 
It  may  at  first  sight  seem  as  if  in  this  way  we  were  able  to  produce 
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an  indefinite  amount  of  electricity  without  doing  any  work,  and  since  we 
have  seen  that  a  charged  conductor  possesses  energy  in  virtue  of  its 
charge,  this  would  be  contrary  to  the  doctrine  of  the  conservation  of 
energy.  It  must,  however,  be  remembered  that  when  the  plate  is  in  con- 
tact with  the  disc  its  potential  is  zero  after  it  has  been  put  in  communica- 
tion with  the  earth,  and  it  does  not  then  possess  any  available  charge. 
It  is  only  after  the  plate  has  been  removed  from  the  vicinity  of  the  induc- 
ing charge  that  it  possesses  any  "  free  "  charge.  Now  in  order  to  move 
the  plate  away  from  the  disc,  work  has  to  be  done  against  electrical 
attraction  between  the  inducing  and  the  induced  charges,  or,  in  other 
words,  work  has  to  be  done  to  stretch  out  the  tubes  of  force,  and  it  is 
this  work  which  is  the  equivalent  of  the  energy  of  the  electrical  charge 
on  the  plate.  We  are  therefore  here  directly  converting  the  mechanical 
work  done  by  our  muscles  when  we  raise  the  plate  into  electrical  energy. 

In  the  electrophorus  a  number  of  separate  operations  have  to  be 
gone  through  each  time  the  plate  is  charged,  and  it  naturally  occurs 
to  one  to  try  and  invent  an  arrangement 
by  means  of  which  these  operations  are 
performed  automatically.  The  simplest  of 
these  is  that  due  to  Lord  Kelvin,  which 
is  known  as  Thomson's  replenisher.  It 
consists  of  two  metal  plates,  A  and  B  (Fig. 
463),  bent  so  as  to  form  portions  of  a 
cylindrical  surface,  these  plates  being 
carried  on  insulating  supports.  Two  small 
metallic  brushes,  F  and  G,  are  attached  to 
the  inside  of  A  and  B.  Two  other  metallic 
plates,  C  and  D,  are  carried  by  an  insulating 
arm,  E,  which  is  pivoted  so  that  it  can  turn 
about  an  axis  perpendicular  to  the  plane 
of  the  figure.  Lastly,  there  are  two  other 
metal  brushes,  H  and  K,  which  are  in 
metallic  connection  with  one  another  by 
the  wire  L.  The  brushes  are  so  arranged  that  as  E  rotates,  the  plates 
C  and  D  make  contact  with  them. 

Suppose  that  by  means  of  an  electrified  rod  the  plate  a  is  given  an 
initial  small  positive  charge,  while  the  plate  B  is  given  a  small  negative 
charge,  and  that  the  movable  arm  is  in  the  position  shown  in  the  figure. 
Owing  to  the  inductive  action  of  the  charged  bodies  a  and  B,  the  plates 
C  and  D  beoome  electrified,  one  positively  and  the  other  negatively,  for 
they  form  a  single  conductor  on  account  of  the  connecting  wire  L.  Thus 
we  have  tubes  of  force  starting  from  D  and  ending  on  B.  If  the  arm  E 
is  now  rotated  in  the  direction  of  the  arrows,  the  first  thing  that  happens 
is  that,  as  D  and  C  move  round,  the  connection  between  them  through  the 
brushes  H  and  K  and  the  wire  L  is  broken,  while  the  tubes  of  force  are 
drawn  out.  The  drawn-out  tubes  of  force  will,  on  account  of  their  mutual 
repulsion,  spread  out,  and  so  most  of  them  will  come  in  contact  with  the 
metal  plate  a.  Each  tube,  when  it  touches  a,  will  divide  into  two  parts, 
one  part  stretching  from  D  to  a,  and  the  other  from  A  to  B,  or  even  by 
further  subdivision  from  A  to  the  walls.  As  on  this  account  as  many  new 
tubes  will  enter  A  as  leave  it,  the  charge  on  a  will  be  unaltered.  When 
D  touches  the  brush  F  it  becomes  virtually  a  part  of  the  conductor  a,  and 
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thus  the  tubes  which  stretch  from  D  to  A  contract  to  nothing  ;  that  is, 
the  tubes  which  terminate  on  a  vanish,  and  so  on  account  of  the  new 
positive  tubes,  which  were  added  to  a  when  the  tubes  stretching  from  D 
to  B  split  up,  the  charge  on  a  is  increased.  In  the  same  way  the  negative 
charge  on  c  is  transferred  to  B.  As  the  rotation  is  continued,  the  plate 
D  comes  into  the  position  in  which  the  plate  C  is  shown  in  the  figure, 
and  the  whole  process  is  repeated.  Thus  by  the  continuous  rotation  of 
the  arm  E  carrymg  the  two  plates  the  charges  on  the  conductors  a  and  B 
are  increased,  the  one  being  charged  positively  and  the  other  negatively. 

Although  we  have  supposed  an  initial  charge  to  be  given  to  a  and 
B,  the  infinitesimal  charge  which  is  induced  by  the  friction  of  the 
movable  plates  on  the  brushes  is  generally  sufficient  to  start  the  machine, 
this  small  charge  being  then  increased  in  the  manner  described.  If  the 
movable  arm  is  rotated  in  the  opposite  direction  the  charges  on  a  and  B 
are  decreased,  so  that  the  arrangement  is  used  in  some  instruments  for 
adjusting  the  charge  to  a  given  value,  for,  by  turning  the  replenisher  in  one 
direction  or  the  other,  the  charge  on  a  body  connected  to  a  or  b  can  be 
increased  or  decreased  at  will. 

The  Holtz  electrical  machine  consists  of  two  parallel  glass  discs,  one 
fixed  and  the  other  capable  of  being  rotated  in  its  plane  by  a  handle. 
The  fixed  plate  is  pierced  by  two  apertures  or  windows  at  opposite  ends 
of  the  same  diameter.  On  the  face  of  the  fixed  plate,  and  on  the  surface 
furthest  removed  from  the  movable  plate,  are  placed  two  pieces  of  tin- 
foil, each  having  a  tongue  projecting  through  the  neighbouring  window. 
Opposite  these  pieces  of  tinfoil,  and  on  the  far  side  of  the  movable  plate, 
are  placed  two  metal  combs  supported  on  insulating  rods.  In  place  of 
using  glass  discs,  cylinders  may  be  used,  and  it  is  very  much  easier  to 
draw  a  diagram  illustrating  the  way  in  which  the  machine  works  in  this 
case.  Let  the  outer  cylinder  a  (Fig.  464)  correspond  to  the  movable  disc, 
and  rotate  in  the  direction  of  the  arrows,  the  inner  cylinder  B  represent- 
ing the  fixed  disc.  The  windows  in  the  fixed  disc  are  represented  by 
F  and  f',  and  the  tinfoil  inductors  by  C  and  Cf,  The  collecting  combs 
are  shown  at  D  and  d',  and  are  connected  to  a  spark-gap  E.  Tlie 
machine  is  started  by  charging  one  of  the  pieces  of  foil,  say  c,  with  posi- 
tive electricity,  and  rotating  the  glass  plate  in  the  direction  of  the  arrows. 
The  electricity  on  c  acts  inductively  on  the  comb  D,  and  as  a  consequence 
a  negative  change  becomes  spread  over  the  outer  surface  of  the  glass 
cylinder  as  it  is  rotated.  When  this  negative  electrification  reaches  f', 
it  acts  inductively  on  the  tongue  attached  to  the  piece  of  tinfoil  c',  and 
attracts  an  equal  quantity  of  positive  electricity  to  the  inside  face  of  the 
movable  cylinder  a.  Since  the  thickness  of  the  cylinder  a  is  small,  the 
positive  charge  derived  from  c'  and  the  negative  charge  derived  from  D, 
although  they  are  on  opposite  sides  of  the  glass,  are  so  near  that  they 
practically  neutralise  each  other's  eflfects  on  any  external  point,  and  hence 
the  induction  between  c'  and  d'  is  unaffected.  Owing  to  the  induction 
and  10  the  loss  of  positive  electricity  from  the  tongue,  the  tinfoil  c'  be- 
comes negatively  electrified,  and  this  acting  inductively  on  the  comb  d', 
a  positive  charge  escapes  from  the  points  on  to  the  outer  surface  of  the 
movable  cylinder,  which  more  than  neutralises  the  negative  charge 
already  existing  there,  and  leaves  the  comb  D'  negatively  charged.  Thus 
a  positive  charge  is  produced  over  both  the  inside  and  outside  of  the  upper 
portion  of  the  cylinder,  which  in  its  turn  acts  inductively  on  the  tongue 


§471] 


Electrical  Machines 


66\ 


of  C,  a  negative  charge  escaping  on  to  the  inner  surface  of  the  cylinder, 
which  not  only  neutralises  the  existing  positive  charge,  but  also  neutralises 
the  effect  on  external  bodies  of  the  positive  charge  on  the  outside  of  the 
cylinder,  while  the  positive  charge  on  C  is  increased.  Thus  as  the 
cylinder  rotates  the  charges  on  c  and  c'  are  increased,  and  these  charges 
acting  on  the  combs  charge  them,  one  positively  and  the  other  negatively, 
so  that  a  body  connected  to  one  or  the  other  may  be  charged  either  posi- 
tively or  negatively,  or  a  spark  may  be  produced  between  the  two  knobs 
attached  to  the  combs.  In  order  to  increase  the  quantity  of  electriqity 
which  passes  at  each  spark,  the  inside  coatings  of  two  small  Leyden  jars 
are  connected  to  the  combs,  the  outside  coatings  being  connected  together. 
The  result  is  that  these  jars  become  charged,  one  positively  and  the 
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other  negatively,  and  when  a  spark  passes  between  the  knobs  not  only 
the  combs  but  also  the  jars  connected  with  them  are  discharged,  and 
since  the  capacity  of  the  ^ars  is  much  greater  than  that  of  the  combs,  the 
quantity  of  electricity  that  passes,  and  hence  also  the  brightness  of  the 
spark,  is  in  this  way  much  increased.  It  must  be  noticed  that  the  addi- 
tion of  the  jars  does  not  produce  any  effect  either  on  the  quantity  of 
electricity  produced  by  the  machine  for  any  speed  of  rotation,  or  on  the 
maximum  difference  of  potential  between  the  two  combs  which  the 
machine  can  produce  ;  the  only  effect  is  to  store  the  electricity  up  till 
the  potential  rises  to  the  sparking  amount  and  to  then  let  it  discharge. 
Thus  the  sparks  are  less  frequent  than  they  would  be  without  the  jars, 
but  when  they  do  occur  they  are  more  intense. 

If  the  combs  of  one  machine  are  connected  to  the  combs  of  a  similar 
machine,  and  the  first  machine  is  then  set  in  motion,  the  other  machine 
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will  begin  to  turn,  but  in  the  opposite  direction  to  that  in  which  it  is 
turned  when  it  is  functioning  as  a  generator  of  electricity.  In  the  first 
machine  mechanical  work  is  done  in  turning  the  handle,  and  this  is 
converted  into  electrical  energy,  the  electrical  energy  being  transmitted 
to  the  second  machine,  where  it  is  in  part,  at  any  rate,  reconverted  into 
mechanical  energy. 

The  disadvantage  of  the  Holtz  machine  is  that  it  is  often  difficult  to 
get  it  to  work  in  damp  weather,  and,  further,  its  polarity  sometimes 
changes  suddenly  if  the  attempt  is  made  to  take  too  long  a  spark.  These 
faults  are  remedied  in  the  Wimshurst  machine.  In  its  usual  form  the 
Wimshurst  machine  consists  of  two  glass  discs,  which  are  rotated  with 
equal  speeds  in  opposite  directions.     On  the  outside  of  the  discs  are 
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attached  a  number  of  tinfoil  sectors  separated  from  each  other.  As, 
however,  this  machine  may  also  be  constructed  with  cylinders  in  place 
of  discs,  we  may  consider  the  case  of  cylinders  when  examining  the 
working  of  the  machine.  Let  aa'  and  bb'  (Fig.  465)  represent  sections 
of  the  cylinders  which  rotate  in  the  directions  indicated  by  the  arrows, 
the  tinfoil  inductors  being  attached  to  the  inside  of  the  inside  cylinder 
and  to  the  outside  of  the  outside  cylinder.  Two  wire  brushes,  EF,  are 
arranged  to  touch  the  inductors  on  the  inner  cylinder,  and  are  connected 
together  by  a  wire.  Two  similar  brushes,  G  and  H,  touch  the  inductors 
on  the  outside  cylinder,  and  are  also  connected  together,  the  relative 
positions  of  the  brushes  being  as  shown  in  the  figure.  Two  sets  of  col- 
lecting combs,  cc'  and  dd',  are  arranged  as  shown,  and  are  connected  to 
discharging  knobs.  Suppose  that  the  inductors  on  the  top  half  of  the 
outside  cylinder  have  a  small  positive  charge,  then  when  an  inductor  on 
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the  inside  cylinder  reaches  E  this  inductor  will  become  negatively  charged 
owing  to  induction,  and  the  inductor  in  contact  with  the  brush  F  will 
become  positively  charged.  When  the  negatively  charged  inductors  get 
to  d'  they  will  act  inductively  on  the  comb,  and  the  positive  charge  will 
stream  off  the  points  and  neutralise  the  charge  on  the  inductors,  which 
will  remain  uncharged  till  they  reach  the  brush  F,  where,  as  we  have 
shown,  they  receive  a  positive  charge.  As  the  negatively  charged  in- 
ductors on  the  inner  cylinder  pass  G,  they  will  induce  a  positive  charge  on 
the  inductors  on  the  outside  cylinder,  the  corresponding  negative  charge 
flowing  round  to  H,  where  it  charges  up  the  inductors  on  the  lower  half 
of  the  outside  cylinder.  A  similar  series  of  changes  takes  place  on  the 
lower  halves  of  the  cylinders. 

It  is  thus  evident  that,  owing  to  this  reciprocal  action,  the  charges  on 
the  inductors  gradually  increase,  while  as  they  pass  the  collectors  their 
charge  is  virtually  taken  up  by  the  collectors.  A  limit  to  the  amount  by 
which  the  inductors  can  be  charged  is  set  by  electrical  leakage  over  the 
surface  of  the  plate.  We  have  supposed  in  the  above  explanation  that 
the  inductors  on  the  outside  possess  an  initial  charge.  In  general  this 
initial  charge  has  not  to  be  supplied  by  any  outside  agency  since  the 
small  charges  induced  by  friction  of  the  parts  seem  to  be  able  to  start  the 
action,  when,  as  explained  above,  this  small  initial  charge  is  multiplied 
by  the  action  of  the  instrument  itself. 

Another  form  of  machine  by  which  one  body  can  be  charged  to  a 
greater  potential  than  that  of  another  body,  although  the  electrification 
is  obtained  by  induction  from  this  latter,  is  the  so-called  water-dropper. 
This  consists  of  an  insulated  metallic  cylinder  B  (Fig.  466),  down  the 
axis  of  which  water  falls  in  drops  from  an  uninsulated 
pipe,  A.  Below  this  cylinder  is  placed  a,  second  metal 
cylinder,  c,  which  is  fitted  with  a  funnel  of  the  shape 
shown  in  the  figure.  Some  of  the  tubes  of  force 
which  leave  the  charged  cylinder  B  will  terminate  on 
the  supply  pipe,  and  of  these  a  few  will  terminate  on 
a  drop  of  water  just  as  it  is  leaving  the  pipe.  As  the 
drop  falls  it  will  carry  one  end  of  the  tube  down  with 
it  into  the  cylinder  C,  thus  increasing  the  number  of 
tubes  which  terminate  on  C  ;  that  is,  increasing  its 
negative  charge.  When  the  drop  strikes  C  it  forms 
part  of  this  conductor,  and  the  end  of  the  tubes 
brought  down  by  the  drop  will  immediately  travel  _ 
over  the  surface  of  c  to  the  outside,  for  c  is  very  ^/ 
nearly  a  closed  conductor.  Thus  when  the  drop 
leaves  the  funnel  in  C  no  tubes  of  force  terminate 
on   it ;    that  is,   it  is  uncharged.      In   this   way   the  Fig.  466. 

charge  of  C  is  continually  increased  till  the  leakage 
over  the  insulating  support  of  C  is  equal  to  the  rate  of  supply,  or 
till  the  cylinder  is  so  strongly  electrified  that  the  falling  drops  are  so 
strongly  repelled  that  they  no  longer  fall  into  the  funnel.  By  having  two 
of  these  arrangements,  the  lower  cylinder  of  the  one  being  connected 
with  the  upper  cylinder  of  the  other,  and  vice  versa^  the  two  will  react 
one  on  the  other  so  that  the  original  charge  on  the  upper  cylinders  will 
be  increased,  and  hence  also  the  charge  produced  by  induction  on  each 
drop  of  water. 
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The  energy  necessary  to  produce  the  electrification  in  this  apparatus 
is  derived  from  the  energy  of  the  falling  water.  Owing  to  the  repulsion 
between  the  charged  cylinder  c  and  each  drop  which  carries  a  charge  of 
the  same  sign  as  that  on  the  cylinder,  the  resultant  force  acting  on  the 
drop  and  tending  to  move  it  downwards  is  less  than  the  weight  of  the 
drop.  Hence  the  velocity  acquired  by  the  drop  in  falling  is  less  than  it 
would  be  if  the  electrical  forces  were  absent,  so  that  the  kinetic  energy 
of  the  drop,  when  it  strikes  the  funnel,  is  less  than  it  otherwise  would  be, 
and  the  energy  of  the  charge  which  it  imparts  to  C  is  the  equivalent  of 
this  decrease  in  its  kinetic  energy.  If  we  suppose  that  the  charge  on 
each  drop  as  it  leaves  the  supply  pipe  is  the  same,  the  upward  force 
exerted  upon  it  by  the  charge  on  c  will  increase  as  the  charge  on  C 
increases,  so  that  the  loss  of  kinetic  energy  which  a  drop  experiences  will 
increase  as  the  charge  on  C  increases.  This  is  equivalent  to  an  increase 
in  the  electrical  energy  supplied  to  C  by  the  drop. 

As  the  charge  on  c  increases  its  potential  will  increase  in  the  same 
proportion,  and  hence  the  work  that  must  be  done  to  bring  a  given  charge 
from  a  place  where  the  potential  is  zero  to  the  neighbourhood  of  c  will 
increase  proportionally  to  the  increase  in  the  charge.  Now  the  potential 
of  the  end  of  the  pipe  which  is  connected  with  earth  is  zero,  so  that  each 
drop  when  it  starts  to  fall  is  at  a  place  where  the  potential  is  zero,  and  we 
thus  see  how  the  increase  in  the  loss  of  kinetic  energy  of  each  drop  as  the 
potential  of  C  increases  is  accounted  for.  This  example  is  of  interest  on 
account  of  the  very  clear  manner  in  which  the  advantage  of  the  method 
we  have  adopted  for  the  measure  of  a  difference  of  potential  is  brought 
out,  a  method  which  may  at  first  appear  rather  artificial. 


PART    III— ELECTRO-KINETICS 

CHAPTER   VII 
THE   ELECTRIC   CURRENT 

472.  The  Electric  Current.— If  we  have  two  conductors  at  different 
potentials,  and  put  them  in  conducting  communication  by  means  of  a 
wire,  there  will  be  a  redistribution  of  the  electrical  charges  on  the  con- 
ductors, positive  electricity  leaving  the  conductor  at  the  higher  potential 
and  increasing  on  the  other.  We  have  also  seen  that  heat  is  developed 
in  the  wire,  by  means  of  which  the  conductors  are  put  into  communication, 
and  we  shall  see  that  during  the  time  that  electricity  is  passing  from  one 
conductor  to  the  other  this  conductor  is  the  seat  of  many  other  phenomena 
which  only  last  while  this  transference  of*  electricity  is  going  on.  If  by 
any  means  we  were  able  to  keep  up  the  difference  of  potential  between 
the  two  conductors,  although  they  are  connected  by  the  wire,  then  this 
transference  of  electricity  would  continue,  and  the  wire  would  continue 
to  be  the  seat  of  a  development  of  heat,  &c.  In  these  circumstances 
the  wire  is  said  to  be  traversed  by  an  electric  current.  The  current  is 
assumed  to  flow  in  the  direction  from  the  body  at  the  higher  potential, 
through  the  wire,  to  the  body  at  the  lower  potential.  The  word  current 
was  originally  used  when  electricity  was  regarded  as  a  fluid  which  flowed 
from  the  conductor  at  the  higher  potential  through  the  wire,  just  as  a 
fluid  flows  from  a  place  at  a  higher  level  through  a  pipe  to  a  place  at  a 
lower  level.  The  only  thing  the  passage  of  which  we  are  able  to  re- 
cognise, however,  is  energy,  this  energy  being  in  the  form  we  call  elec- 
tricity, but  of  the  nature  of  which  we  are  entirely  ignorant ;  and  so  far 
from  the  energy  being  transmitted  by  the  wire  through  which  the  current 
is  flowing,  the  accepted  belief  nowadays  is  that  the  energy  is  really  trans- 
mitted by  the  insulating  dielectric  which  surrounds  the  wire,  and  that  the 
function  of  the  wire  is  to  direct  the  flow  of  energy.  Keeping  this  warning 
in  mind,  it  will  be  permissible  to  speak  of  a  current  of  electricity  flowing 
through  a  wire,  and  to  refer  to  the  phenomena  in  the  space  surround- 
ing the  wire  as  due  to  this  current,  although  we  no  longer  by  these 
terms  mean  to  imply  any  supposition  as  to  electricity  being  of  the 
nature  of  a  fluid,  or  as  to  the  wire  being  the  path  along  which  the  energy 
flows. 

The  magnitude  of  the  current  flowing  in  a  wire  can  be  measured  by 
the  quantity  of  electricity  which  passes  through  the  wire  in  unit  time. 
Thus  suppose  that  a  conductor  is  connected  to  earth  by  means  of  a  fine 
wire,  and  that  in  order  to  keep  it  at  a  constant  potential,  V,  higher  than 
the  earth,  we  must  supply  it  with  Q  units  of  positive  electricity  per  second, 
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then  the  wire  connecting  the  conductor  with  earth  will  be  traversed  by  a 
current  in  the  direction  from  the  body  to  the  earth,  and  the  magnitude  of 
this  current,  as  measured  in  the  units  we  have  adopted  above,  is  Q.  If 
the  quantity  Q  is  constant,  the  wire  is  said  to  be  traversed  by  a  constant 
current. 

473.  Eleetpomotive  Force.— The  cause  of  the  electric  current  in 
the  wire  in  the  example  in  the  above  section  is  the  fact  that  the  two  ends 
of  the  wire  are  at  different  potentials,  and  in  such  a  case,  where  the  effect 
of  the  difference  of  potential  is  to  produce  an  electric  current,  that  is, 
to  move  positive  electrification  from  one  place  to  another,  it  is  generally 
spoken  of  as  an  electromotive  force.  Thus  what  we  have  hitherto  spoken 
of  as  the  difference  In  potential  between  two  bodies  will  often,  when  we 
are  dealing  with  electro-kinetics,  be  called  an  electromotive  force  between 
the  two  bodies.  It  must,  however,  be  remembered  that  electromotive 
force  and  difference  of  potential  arc  two  different  names  for  one  and  the 
same  thing,  and  the  restriction  of  the  one  term  more  or  less  rigorously  to 
electro-statics  and  of  the  other  to  electro-kinetics  is  simply  a  matter  of 
usage. 

In  the  example  given  above  of  the  wire  connecting  a  body  which  was 
kept  at  a  potential  VXo  earth  (the  potential  of  the  earth  being  taken  to 
be  zero),  the  electromotive  force  acting  on  the  wire,  and  to  which  the 
current  is  due,  is  F. 

The  electromotive  force  in  this  example  might  be  produced  by  con- 
necting the  body  with  one  of  the  terminals  of  an  electrical  machine,  such 
as  are  described  in  §  471,  and  under  these  conditions  the  electrical 
machine  can  be  regarded  as  a  source  of  electromotive  force.  The  detailed 
study  of  the  other  sources  of  electromotive  force  can  be  undertaken  with 
more  profit  at  a  later  stage,  so  that  for  the  present  it  will  be  sufficient  to 
suppose  that  what  is  called  an  electric  battery  or  voltaic  cell  is  employed. 
One  of  the  simplest  of  such  cells  is  that  due  to  Daniell,  and  consists  of  a 
plate  of  copper  immersed  in  a  solution  of  copper  sulphate,  and  a  plate  of 
zinc  immersed  in  a  solution  of  zinc  sulphate  or  in  dilute  sulphuric  acid, 
the  two  solutions  being  separated  from  one  another  by  a  partition  of 
porous  earthenware.  When  the  copper  plate  is  connected  with  the  zinc 
plate  by  means  of  a  conducting  wire,  this  wire  will  be  traversed  by  a 
current.  If  the  copper  and  zinc  plates  are  connected  with  the  opposite 
quadrants  of  a  quadrant  electrometer  the  needle  will  be  deflected,  and 
show  that  the  copper  is  at  the  higher  potential. 

The  consideration  of  the  manner  in  which  the  electromotive  force 
in  this  cell  is  developed  is  entirely  postponed,  but  it  may  be  of  use  to  say 
that  the  energy  necessary  for  the  maintenance  of  the  electric  current  in 
the  wire  connecting  the  copper  to  the  zinc  is  due  to  the  chemical  changes 
which  go  on  in  the  cell  when  a  current  is  passing,  for  the  zinc  is  dissolved 
forming  zinc  sulphate,  while  the  copper  sulphate  solution  is  decomposed, 
the  copper  being  deposited.  We  have  seen  in  §  228  that  in  every 
chemical  reaction  there  is  a  definite  quantity  of  heat  absorbed  or  evolved, 
and  in  this  case  more  heat  would  be  evolved  in  the  conversion  of  a  given 
quantity  of  zinc  into  zinc  sulphate  than  is  absorbed  by  the  splitting  up  of 
the  quantity  of  copper  sulphate  solution  which  occurs  in  the  same  time, 
and  it  is  from  this  surplus  energy  that  the  energy  necessary  for  the 
maintenance  of  the  electric  current  is  derived. 

474.  Oersted's  Experiment— Hitherto  we  have  not  had  to  deal 
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with  any  phenomenon  connecting  magnetism  and  electricity,  although 
some  of  the  points  in  which  the  two  classes  of  phenomena  resemble  one 
another  may  have  suggested  that  some  connection  must  exist.  The 
honour  of  being  the  first  to  discover  any  connection  between  electricity 
and  magnetism  belongs  to  Oersted,  who  found  that  a  conductor  in 
which  a  current  is  flowing  exerts  an  action  on  a  neighbouring  magnetic 
needle.  If  a  wire  is  stretched  horizontally  in  the  magnetic  meridian, 
so  as  to  be  vertically  over  a  pivoted  magnetic  needle,  then  Oersted 
found  that  the  needle  is  deflected  if  a  current  is  passed  through  the  wire, 
and  tends  to  set  itself  at  right  angles  to  the  wire.  On  reversing  the 
direction  in  which  the  current  is  flowing  in  the  wire,  the  direction  in 
which  the  north  pole  of  the  needle  is  deflected  is  also  reversed.  The 
direction  of  the  deflection  is  also  reversed  if,  instead  of  being  placed 
over  the  needle,  the  wire  is  placed  below  the  needle. 

A  number  of  rules  have  been  given  to  remember  the  direction  in 
which  the  needle  is  deflected  by  a  conductor  carrying  a  current  in  a 
given  direction,  the  two  most  commonly  employed  being  the  following  : 

1.  Imagine  yourself  swimming  in  the  wire  in  the  direction  in  which 
the  current  is  flowing,  and  facing  the  magnetic  needle  ;  then  the  north 
pole  will  be  deflected  towards  your  left  hand,  the  south  pole  being  de- 
flected in  the  opposite  direction  (Ampere's  rule). 

2.  Place  your  right  hand  alongside  the  wire,  with  the  fingers  pointing 
in  the  direction  in  which  the  current  is  flowing,  so  that  the  palm  of  the 
hand  is  turned  towards  the  magnet,  then  the  outstretched  thumb  will 
point  in  the  direction  in  which  a  north  pole  will  be  deflected. 

475.  Lines  of  Force  of  a  Conductor  conveying"  a  Current— If 
a  wire  through  which  a  fairly  strong  current  is  passed  is  held  in  a 
vertical  position,  so  that  it  passes  through  a 
hole  in  a  horizontal  plate  of  glass,  and  iron 
filings  are  scattered  over  the  glass,  on  tap- 
ping the  glass  the  filings  will  set  themselves 
in  curves  which,  as  in  the  case  of  the  field 
of  a  magnet,  indicate  the  direction   of  the 
magnetic  lines  of  force.     A  series  of  curves 
obtained  in  this  way  are  shown  in  Fig.  467, 
and  it  will  be   seen  that  the  lines   of  force 
consist  of  a  series  of  circles,  the  axis  of  the    '*'->«^^^ 
wire  being  at  the  centre  of  each. 

The  direction  in  which  the  lines  of  force  Fig.  467. 

run  can  be  at  once  obtained  from  either  of 

the  rules  as  to  the  direction  in  which  a  north  pole  is  deflected  in 
Oersted's  experiment,  given  in  the  last  section.  Suppose  that  the 
current  in  the  wire  of  Fig.  467  is  running  in  the  direction  from  be- 
neath the  paper  to  above,  then,  to  a  person  swimming  with  the  current, 
a  north  pole  will  be  deflected  to  the  left  hand  ;  thus  the  lines  of  force 
run  in  the  anticlockwise  direction.  If  we  imagine  that  a  corkscrew  is 
placed  in  the  place  of  the  wire  conveying  the  current,  with  its  point  in 
the  direction  in  which  the  current  is  flowing,  and  is  then  turned  in  the 
direction  in  which  it  is  turned  in  order  to  drive  it  into  a  cork,  it  will 
travel  forward  in  the  direction  in  which  the  current  is  flowing,  and  the 
direction  in  which  it  is  turned  will  be  the  direction  in  which  the  lines 
of  force  of  the  current  run.     Thus  the  direction  of  the  electric  current, 
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and  the  sense  in  which  the  lines  of  force  run,  are  related  to  one  another 
in  the  same  way  as  are  the  direction  of  motion  of  an  ordinary  right- 
handed  corkscrew,  or  other  kind  of  screw,  and  the  sense  in  which  it  is 
turned.  It  is  of  great  importance,  for  following  the  forces  in  play 
between  a  conductor  conveying  a  current  and  a  magnet,  or  another 
conductor  which  is  also  conveying  a  current,  to  learn  to  be  able  at  once 
to  tell  in  which  direction  the  lines  of  force  in  the  neighbourhood  of  the 
conductors  are  running. 

If,  instead  of  being  straight,  the  conductor  is  bent  into  the  form  of 
a  circle,  the  lines  of  force  all  thread  through  the  space  enclosed  by 
the  conducting  hoop,  and  the  general  form  of  the  lines  is  shown  in 
Fig.  472. 

476.  Eleetro-Magnetie  Units  of  Current.— Since  the  space  m 
the  neighbourhood  of  a  conductor  in  which  a  current  is  flowing  is, 
owing  to  the  current,  a  magnetic  field,  and  that  the  strength  of  this 
magnetic  field  can  be  measured  by  the  methods  given  in  the  pre- 
ceding pages,  we  may  take  the  strength  of  the  field  at  a  given  dis- 
tance from  the  conductor,  which  has  a  given  shape,  as  a  measure  of 
the  strength  of  the  current  flowing  in  the  wire.  A  system  of  electrical 
units  has  been  derived  in  this  way,  the  starting-point  being  the  strength 
of  the  magnetic  field  due  to  a  conductor  conveying  the  current.  The 
conductor  is  supposed  to  be  in  the  form  of  an  arc  of  a  circle  of  which  the 
radius  is  one  centimetre,  the  length  of  the  arc  being  also  one  centimetre. 
Then  unit  current  is  such  that  the  magnetic  field  produced  at  the  centre  of 
the  circle,  of  which  the  conductor  is  an  arc,  is  unity.  Hence,  since  the 
unit  magnetic  field  is  such  that  the  unit  north  pole  is  acted  upon  by  a 
force  of  a  dyne,  the  unit  current  may  be  defined  in  this  system  as  such 
that  if  flowing  in  the  arc  of  a  circle  of  which  the  radius  is  one  centi- 
metre, the  length  of  the  arc  also  being  one  centimetre,  then  the  force 
exerted  on  a  unit  pole  placed  at  the  centre  of  the  circle  will  be 
a  dyne. 

We  thus  see  that  we  have  two  ways  of  defining  the  strength  of  an 
electric  current,  one  of  them  depending  on  the  definition  of  the  strength 
of  an  electric  charge,  that  is,  on  the  force  exerted  on  one  another  by  two 
charged  bodies,  and  the  other  on  the  force  which  a  conductor  carrying 
a  current  exerts  on  a  magnetic  pole.  The  magnitude  of  this  latter 
depends  on  the  definition  of  the  unit  pole,  which  is  derived  from  the 
force  with  which  two  magnetic  poles  act  on  one  another.  The  first  of  these 
systems,  namely,  that  depending  on  the  force  exerted  between  charged 
bodies,  is  called  the  electro-static  system  of  electrical  units,  and  the  other 
is  called  the  electro-magnetic  system.  On  either  system  a  consistent 
series  of  electrical  and  magnetic  units  can  be  built  up,  and  in  a  later 
chapter  we  shall  return  to  the  relation  which  these  two  systems  bear 
to  one  another,  but  for  the  present  we  shall  make  use  of  the  electro- 
magnetic system,  not  only  on  account  of  its  greater  adaptability  to  the 
subjects  with  which  we  shall  be  dealing,  but  also  since  it  is  this  system 
that  is  exclusively  used  in  practice. 

The  unit  current,  defined  above,  is  found  to  be  too  large  for  practical 
purposes,  and  hence  the  unit  ordinarily  employed  is  a  tenth  of  the  above 
unit.  This  practical  unit  is  called  the  ampere^  while  the  theoretical  unit 
of  which  it  is  a  tenth  part,  and  which  belongs  to  the  centimetre-gram- 
second  system  of  absolute  units,  is  called  the  c.g.s.  unit  of  current. 
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477.  Units  of  Quantity  and  of  Electromotive  Force  on  the 
Electro-magnetic  System. — In  the  electro-magnetic  system  of  units, 
the  unit  quantity  of  electricity  is  the  quantity  of  electricity  which  crosses 
a  given  section  of  a  wire  in  which  the  unit  current  is  flowing  during  a 
second.  If  the  current  is  one  ampere,  then  the  unit  quantity  as  defined 
above  is  the  practical  unit  of  quantity  and  is  called  the  coulomb.  Thus 
in  one  second  one  coulomb  of  electricity  is  transported  past  a  given 
point  by  a  current  of  one  ampere. 

The  electro-magnetic  unit  of  difference  of  potential  or  of  electro- 
motive force  is  such  that  if  the  unit  electro-magnetic  quantity  of  elec- 
tricity falls  through  this  unit  of  potential,  the  work  done  is  one  erg. 
This  unit  being  very  small,  for  practical  purposes  the  unit  adopted  is  10^ 
times  this  unit.  This  practical  unit  of  electromotive  force  is  called  a 
volt. 

The  electromotive  force  of  a  Daniell's  cell  is  about  i.i  volts.  In 
order  to  save  writing  the  words  electromotive  force  at  length,  we  shall 
often  use  the  recognised  abbreviation  E.M.F. 

478.  Streng"th  of  the  Field  due  to  a  Straight  Conductor  in 
which  a  Current  is  Passing.— Suppose  that  ab  (Fig.  468)  is  a  wire 
through  which  a  current  is 
passing,  and  that  PDC  is  the 
line  of  force  of  the  current 
passing  through  a  point  P, 
which  is  at  a  distance  r  from 
the  wire.  Then  the  direction 
of  the  magnetic  field  due  to 
the  current  at  the  point  P  is 
tangential  to  the  line  of  force, 
i.e.  in  the  direction  of  the 
arrow.  The  strength  of  the 
field  is  obviously  proportional 
to  the  strength  of  the  current 
in  the  wire,  for  if  a  second  wire  carrying  an  equal  current  were  placed 
alongside  ab,  the  field  at  P  due  to  this  current  would  have  the  same 
value  as  the  field  at  this  point  due  to  the  current  in  ab,  and  hence, 
when  the  two  wires  exist  simultaneously,  the  field  at  P  will  be  twice 
as  strong  as  it  is  when  only  one  of  the  wires  is  present.  The  two  wires, 
each  carrying  a  current  C,  are  equivalent  to  a  single  wire  in  which 
the  current  is  2C,  so  that  doubling  the  current  has  also  doubled  the 
strength  of  the  field  at  P.  The  rate  at  which  the  strength  of  the  field 
varies  with  the  distance  r  from  the  wire  can  be  at  once  deduced  from 
the  experimental  fact  that  if  a  magnet  be  suspended  so  that  its  two  poles 
lie  on  a  line  passing  through  the  wire  and  perpendicular  to  the  wire, 
then  the  magnet  as  a  whole  experiences  no  force  tending  to  make  it 
rotate  round  the  wire.  Suppose  that  the  north  pole  of  the  magnet  is 
at  P,  at  a  distance  r  from  the  wire,  while  the  south  pole  is  at  Q,  at  a 
distance  R.  Let  the  strength  of  the  field  at  P  be  //,  and  that  at  Q  be 
//',  then  the  force  exerted  on  the  north  pole  P  is  mil,  where  in  is  the 
strength  of  the  pole.  The  moment  of  this  force  about  the  axis  of  the 
wire,  tending  to  rotate  the  magnet  in  the  anticlockwise  direction  is  viHr. 
In  the  same  way,  the  moment  of  the  force  due  to  the  field  of  the  current 
on  the  south  pole  at  Q  is  mJH'Ry  and  tends  to  rotate  the  magnet  in  the 
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clockwise  direction.  Since  experiment  shows  that  the  magnet  experiences 
no  resultant  force  tending  to  make  it  rotate  as  a  whole  round  the  wire, 
these  two  moments  must  be  equal  and  opposite.     Hence 

mHr=mH*R^ 
or  HlH'^R\r, 

Hence  it  follows  that  the  strength  of  the  field  in  the  neighbourhood  of 
a  long  straight  conductor  conveying  a  current  varies  inversely  as  the 
distance  from  the  conductor. 

We  may  therefore  say  that  the  strength  of  the  field  in  the  neighbour- 
hood of  such  a  long  straight  wire,  in  which  a  current  C  is  flowing,  is 
directly  proportional  to  the  strength  of  the  current,  and  inversely  pro- 
portional to  the  distance  of  the  point  considered  from  the  wire,  or 

H^KC\r, 

where  A!"  is  a  constant.  By  making  measurements  of  the  strength  of 
the  field  by  any  of  the  methods  previously  given,  say  by  noting  the 
deflection  of  a  small  magnetic  needle  when  at  a  given  distance  from  the 
wire,  we  can  obtain  the  ratio  of  the  strength  of  the  field  due  to  the 
current  to  the  strength  of  the  earth's  field,  the  value  of  which  is  known, 
it  can  be  shown  that,  if  C  is  measured  in  c.g.s.  units,  the  value  of  the 
constant  K  is  2.  Hence  the  strength  of  the  field  at  a  distance  r  from 
the  wire  is  given  by  H=iClr^  if  C  is  measured  in  terms  of  the  c.g.s.  unit 
of  current,  and  is  equal  to  7.A\\or  or  ^/5r,  where  A  is  the  value  of  the 
current  measured  in  amperes. 

Since  the  strength  of  the  magnetic  field,  at  a  distance  r  from  a  long 
straight  wire  in  which  a  current  of  C  c.g.s.  units  is  flowing,  is  2C/r,  and 
the  circumference  of  a  circle  of  radius  r  is  2n-r,  the  work  done  in  carry- 
ing a  unit  pole  round  the  wire  along  the  circle  of  radius  r  will  be 
27rrX2C/r  or  47rC.  Thus  the  work  done  in  carrying  a  pole  round  the 
conductor  is  independent  of  the  radius  of  the  circle  along  which  the 
pole  is  carried,  and  hence  the  work  done  will  be  the  same  whatever  the 
path  traversed  by  the  pole,  so  long  as  it  passes  completely  round  the 
wire  and  then  returns  to  its  starting-point.  That  this  is  so  is  immedi- 
ately evident,  for  we  may  split  up  any  given  path  into  a  number  of  small 
elements  which  are  alternately  parallel  to  the  lines  of  force  and  at  right 
angles  to  the  lines  of  force,  and  the  work  done  along  the  sum  of  the 
portions  in  the  direction  of  the  lines  of  force  will,  by  what  has  been 
already  said,  be  equal  to  47r6",  while  no  work  will  be  done  in  the  short 
paths  which  are  at  right  angles  to  the  lines  of  force,  since  there  is  no 
component  of  the  force  along  these  paths. 

Although  there  is  no  couple  tending  to  make  a  magnet  as  a  whole 
revolve  round  an  infinitely  long  straight  conductor  in  which  a  current  is 
flowing,  owing  to  the  fact  that  the  force  acting  on  the  north  pole  is 
exactly  balanced  by  the  force  acting  on  the  south  pole,  yet  by  using  a 
conductor  of  finite  length  we  may  eliminate  the  effect  of  the  current  on 
one  pole,  and  thus  allow  the  other  pole  to  be  moved  round  in  the  direc- 
tion of  the  lines  of  force  of  the  current.  One  arrangement  by  which  this 
experiment  may  be  carried  out  is  shown  in  Fig.  469.  A  vertical  axle,  ab, 
is  pivoted  so  that  it  may  turn  freely,  and  to  this  is  attached  a  magnet, 
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NS, ..which   is  bent   in  the  manner  shown  in  the  figure.     An   annular 

mercury  cup,  C,  is  also  attached  to  the  middle  of  the  axle,  this  mercury 

cup  being  in  conducting  communication  with  the 

axle.     Thus  a  current  can  be  passed  down  the  axle 

entering  at  the  upper  pivot  and  leave  by  means  of 

a  wire,  F,  which  dips  in  the  mercury.    In  the  portion 

AG  of  the  axle  there  will  thus  be  a  current  flowing, 

and  the  north  pole  of  the  magnet  will  be  acted  upon 

by  this  current.    Since,  however,  there  is  no  current 

in  the  portion  GB  of  the  axle,  the  south  pole,  S,  will 

not  be  within  the  field  of  the  current.     Thus  the 

magnet  as  a  whole  will  be  acted  upon  by  a  turning 

moment  tending  to  make  it  rotate  about  the  axle, 

the  direction  of  motion,  if  we  look  from  above,  being 

clockwise,  for  the  lines  of  force  of  the  current  from 

A  to  G,  when  seen  from  above,  run  in  the  clockwise 

direction. 

Mm  is  the  strength  of  the  pole  of  the  magnet 
and  the  current  flowing  is  C,  thp  work  done  by  the 
current  on  the  magnet  during  each  complete  rota-  Fig.  469. 

tion  is  4TrmC.     When  the  steady  state  has  been 
reached,  that  is,  when  the  magnet  is  rotating  with  uniform  velocity, 
this  quantity  of  work  is  exactly  equal  to  the  work  done  against  friction 
in  moving  the  rotating  parts  of  the  instrument. 

479.  Field  due  to  a  Circular  Conductor.— In  the  previous  section 
we  have  dealt  with  the  magnetic  field  of  a  long  straight  conductor  in 
which  a  current  is  flowing,  and  we  have  now  to  consider  the  field  due  to 
conductors  of  other  forms. 

We  may  regard  the  field  at  any  point  as  due  to  the  combined  action 
of  all  the  small  elements  into  which  the  conducting  wire  may  be  supposed 
to  be  broken  up.  The  effect  of  a  small  element,  such  as  we  have  supposed 
the  wire  to  be  split  up  into,  cannot  be  measured  experimentally,  since  it 
is  impossible  to  obtain  such  an  element,  for  the  current  must  be  con- 
ducted to  and  away  from  the  element,  and  the  magnetic  effect  of  these 
conductors  would  have  to  be  taken  into  account.  Ampere,  however, 
made  a  long  series  of  experiments  on  the  magnetic  field  of  conductors 
of  different  forms,  and  he  deduced  from  his  results  what  would  be  the 
magnetic  field  of  a  small  element  of  a  wire  in  which  a  current  C  is  flow- 
ing. U8s  is  the  length  of  the  element,  and  if  the  direction  of  the  length 
of  the  element  makes  an  angle  6  with  the  line  joining  the  centre  of  the 
element  to  the  point  where  the  strength  of  the  field  is  to  be  measured, 
and  the  distance  of  this  point  from  the  centre  of  the  element  is  r,  then 
the  strength  of  the  field  is  CSs .  sin  9/r^. 

Although  the  correctness  of  this  expression  cannot  be  directly  tested 
by  experiment,  yet  by  its  means  we  can  calculate  the  strength  of  the 
field  due  to  conductors  of  certain  fixed  forms,  and  then  if  the  calculated 
result  agrees  with  the  value  obtained  experimentally,  the  correctness  of 
Ampere's  law  will  be  made  more  and  more  probable  as  the  number  of 
experiments  made  is  increased. 

As  an  application  of  the  law,  we  may  employ  it  to  obtain  the  strength 
of  the  field  near  a  wire  which  is  bent  in  the  form  of  a  circle  of  radius  R. 
First  let  the  point  at  which  the  force  is  to  be  calculated  be  the  centre  of 
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the  circle,  then  the  angle  between  the  element  and  the  line  joining  the 
element  to  the  centre  of  the  circle  is  always  90° ;  hence  sin  i)  is  i  for  all 
the  elements.  The  distance  of  the  point  where  the  strength  of  the  field 
is  to  be  measured  from  the  elements  is  also  constant,  being  R  the  radius 
of  the  circle.  Hence  the  strength  of  the  field  due  to  each  element  of 
length  5r  is  Chc\I^.  Further,  since  the  direction  of  the  lines  of  force 
due  to  each  element  is  at  right  angles  to  the  length  of  the  element,  the 
directions  of  the  lines  of  force  at  the  centre  of  the  circle  are  all  parallel  to 
the  axis  of  the  circle.  Thus  the  strength  of  the  field  due  to  the  combined 
effect  of  all  the  elements  is  obtained  by  simply  adding  the  strength  due 
to  each  of  them  separately.  The  factor  C/A'-  being  common  to  all  the 
elements,  we  have  simply  to  add  together  the  lengths  of  the  different 
elements  of  the  wire  and  then  multiply  the  sum  by  C/A'^.  But  the  sum  of 
the  lengths  of  the  elements  is  the  circumference  of  the  circle,  that  is,  ^ttR. 
Hence  the  strength  of  the  field  at  the  centre  of  the  circle  is  ^ttCJR.  If, 
instead  of  being  a  complete  circle,  the  wire  only  occupies  an  arc  of  which 
the  length  is  equal  to  the  radius  A'  of  the  circle,  the  strength  of  the  field 
at  the  centre  is  C//?.  1  f,  further,  the  radius  of  the  circle  is  one  centimetre, 
the  length  of  the  wire  also  being  one  centimetre,  the  strength  of  the  field 
at  the  centre  is  C.  Hence  if  the  strength  of  the  field  at  the  centre  is 
unity,  the  current  in  the  wire  is  also  unity,  and  this  result  agrees  with  our 
definition  of  the  unit  current. 

If  instead  of  the  wire  only  forming  a  single  turn  there  are  n  turns,  all 
of  radius  A',  and  a  current  C  is  sent  through  them  all,  since  the  field  due 
to  all  the  turns  will  be  parallel,  and  the  strength  at  the  centre  due  to  one 
turn  is  27rC//?,  the  strength  of  the  field  due  to  the  n  turns  will  be 
2TrnCIR.  If,  instead  of  being  measured  in  c.g.s.  units,  the  current  is 
measured  in  amperes,  the  strength  of  the  field  produced  at  the  centre  by 
a  current  of  A  amperes,  when  flowing  in  a  circular  coil  of  radius  R  and 
having  n  turns,  is  7rnA/$/\. 

To  obtain  the  strength  of  the  field  at  any  point  on  the  axis  of  the 
circle,  other  than  the  centre,  we  may  proceed  as  follows.     Let  A  and  B 

(Fig.  470)  represent  the  cross-section  of  the 
circular  conductor  by  a  plane  (that  of  the 
paper)  containing  the  axis  of  the  circle.  Let 
the  distance  of  the  point  P  from  the  plane 
of  the  circle  be'^,  and  the  angle  made  by 
a  line  joining  P  to  any  point  on  the  circum- 
ference of  the  circle  with  the  axis  be  d. 
Consider  an  element  of  the  wire  of  length 
2^  at  A  ;  the  strength  of  the  field  due  to 
this  clement  at  P  will  be  C8r/AP\  since  the 
Fig.  470.  line  AP_is  at  right  angles  to  the  element. 

Also  Ap2  =  A'2  +  ^,  so  that  the  force  due  to 
the  element  is  C8xl{R' -¥  (T-).  Since  the  lines  of  force  of  the  element  are 
circles  in  the  plane  of  the  paper  with  A  as  centre,  the  direction  of  the 
force  at  P  is  tangential  to  the  circle  in  the  plane  passing  through  P  per- 
pendicular to  the  element  described  about  A  as  centre  and  with  ap  as 
radius,  that  is,  it  is  along  pd,  where  PD  is  at  right  angles  to  ap.  This 
force  may  be  resolved  into  two  components,  one  along  the  axis  of  the 
circle  and  the  other  along  the  line  PF  at  right  angles  to  the  axis.     Since 
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PD  is  at  right  angles  to  AP,  and  PF  is  at  right  angles  to  CP,  the  angle  fpd 
is  equal  to  9.     Hence  the  component  of  F  along  the  axis  is     ^    "^^  sin  ^, 

and  the  component  at  right  angles  to  the  axis  is  — ^ — -^  cos  0.  If  we  pro- 
ceed in  the  same  way  for  the  element  of  length  hx  at  B,  the  component 
along  the  axis  will  also  be         ^    sin  ^,  and  the  component  at  right  angles 

to  the  axis  will  be    „   ^  „  cos  Os  but  in  the  opposite  direction  to  the  com- 

ponent  due  to  the  element  at  A.  Thus  the  components,  at  right  angles 
to  the  axis,  of  the  fields  due  to  these  two  elements  are  equal  and  opposite, 
and  hence  are  in  equilibrium  and  neutralise  each  other.  Since  the  whole 
circle  may  be  split  up  into  pairs  of  elements  which  bear  to  one  another 
the  same  relation  as  do  the  elements  at  A  and  B,  the  components  at  right 
angles  to  the  axis  will  on  the  whole  neutralise  one  another,  and  in 
calculating  the  strength  of  the  field  at  P  we  have  only  to  consider  the 
components  parallel  to  the  axis.  The  term  C  sin  Ql{R}  +  d^)  is  common 
to  all  the  axial  components  of  all  the  elements,  and  the  sum  of  the 
lengths  of  the  elements  is  the  circumference  of  the  circle,  that  is,  2TtR, 
Hence  the_strength  of  the  field  at  P  is  27r/?C  sin  dl{R^+(P),  or,  since 
sin  e  =  AClAP  =  RI  ^{J^  +  d^)r  this  may  be  written  27rR^CI(R^  +  d^)l  If 
there  are  n  turns,  the  strength  of  the  field  at  P  is  27rn/^C/{J^  +  d-)L 

480.  Galvanometers, — The  deflection  of  a  magnetic  needle  from  its 
position  of  equilibrium  in  a  magnetic  field,  either  that  of  the  earth  or  that 
due  to  the  combined  field  of  the  earth  and  a  magnet,  by  the  action  of  the 
field  due  to  a  wire  in  which  a  current  is  flowing  is  the  commonest  way  of 
detecting  and  of  measuring  a  current.  An  instrument  consisting  essenti- 
ally of  a  magnetic  needle  and  a  conducting  wire,  so  arranged  that  when 
a  current  flows  in  the  wire  the  needle  is  deflected  and  used  for  detecting 
or  measuring  an  electric  current,  is  called  a  galvanometer.  Galvano- 
meters may  be  divided  into  two  great  classes,  namely,  those  used  for 
simply  detecting  the  passage  of  a  current  or  of  comparing  the  magnitude 
of  two  currents  and  those  in  which,  from  the  magnitude  of  the  deflection, 
we  can  calculate  the  magnitude  of  the  current.  In  the  first  class  the  chief 
requisite  is  sensitiveness,  that  is,  that  a  very  small  current  shall  produce 
a  measurable  deflection  of  the  needle  ;  while  in  the  second  class  sensi- 
tiveness has  to  be  subordinate  to  the  requirement  that  we  must  be  able 
to  calculate  from  the  dimensions  of  the  coil,  &c.,  the  value  of  the  field 
produced  at  the  centre  by  unit  current. 

As  we  have  seen  in  the  last  section,  the  strength  of  the  field  at  the 
centre  of  a  circular  coil  varies  inversely  as  the  radius  of  the  coil,  and 
hence  if  we  wish  to  make  the  field  produced  by  a  given  current  as  great 
as  possible,  we  must  make  the  radius  of  the  coil  small.  Further,  since 
the  strength  of  the  field  is  directly  proportional  to  the  number  of  turns, 
the  sensitiveness  will  obviously  increase  as  the  number  of  turns  in- 
creases. 

Suppose  that  the  plane  of  the  galvanometer  coil  is  made  to  coincide 
with  the  magnetic  meridian,  so  that  the  field  due  to  the  coil  is  at  right 
angles  to  the  magnetic  meridian,  then  the  direction  in  which  a  magnetic 
needle  suspended  at  the  centre  of  the  coil  will  set  itself  will  be  the  direc- 

2  U 
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tion  of  the  resultant  of  the  field  of  the  coil  and  that  of  the  earth.  If, 
then,  by  means  of  an  auxiliary  magnet  the  strength  of  the  earth's  field, 
in  which  the  needle  hangs  when  no  current  is  passing,  is  decreased,  the 
resultant  of  this  field  and  that  due  to  the  current  in  the  coil  will  be 
nearer  to  the  direction  of  the  field  due  to  the  coil.  The  deflection  of 
the  needle  will  therefore  be  greater  for  a  given  current  in  the  coil. 

The  sensitiveness  of  the  galvanometer  is  also  sometimes  increased  by 
employing  what  is  called  an  astatic  system  for  the  needle.  An  astatic 
system  consists  of  two  magnetic  needles  of  almost  the  same  magnetic 
moment,  fixed  to  a  stem  to  which  is  attached  the  fibre 
by  which  they  are  suspended  in  such  a  way  that  their 
-/t  poles  are  turned  in  opposite  directions,  as  shown  in  Fig. 
471.  If  the  magnetic  moment  of  the  magnet  ns  is  w, 
while  that  of  «V  is  m-\-x^  where  ;r  is  a  small  quantity, 
the  system  will  set  itself  in  the  magnetic  meridian  with 
the  pole  n'  towards  the  north,  for  the  magnet  n's    is  the 

Ti' 1—5'    stronger.     If  the  system  is  deflected  through  an  angle  Q 

Fig.  471.        from  the  meridian,  the  couple  tending  to  bring  the  needle 

n's'  back  into  the  meridian  is  (§  428)  {m-¥x)H  sin  ^, 

while  the  couple  tending  to  turn  the  magnet  ns  out  of  the  meridian 

is  jnH  sin  B.     Hence  the  resultant  couple  tending  to  bring  the  system 

into  the  meridian  is  xH  sin  B. 

By  making  the  quantity  x  small,  this  couple  can  be  made  as  small  as 
we  like,  so  that  if  the  needles  are  of  almost  the  same  magnetic  moment, 
the  directive  couple  acting  on  the  astatic  system,  due  to  the  field  in 
which  the  system  is  suspended,  is  very  small. 

In  the  application  of  an  astatic  system  to  the  galvanometer,  the  coil 
of  wire  is  either  made  to  surround  one  needle  only,  or  two  coils  are 
employed,  one  round  each  needle,  but  the  current  is  sent  round  the  two 
coils  in  opposite  directions,  so  that  the  field  due  to  the  coils  in  each  case 
tends  to  deflect  the  needles  in  the  same  direction.  Thus  while  the 
deflecting  couple  due  to  the  field  of  the  galvanometer  coils  remains  the 
same,  the  directing  couple  which  tends  to  bring  the  needles  into  the 
meridian,  and  hence  opposes  the  deflection  of  the  needle,  is  reduced,  and 
the  deflection  produced  by  a  given  current  in  the  coils  of  the  galvano- 
meter is  increased. 

In  sensitive  galvanometers  the  deflection  of  the  needle  is  read  by 
means  of  a  light  mirror,  which  is  attached  to  the  needle  system,  a 
telescope  and  scale  being  employed  as  described  in  §  335,  or  the  image 
of  a  slit,  which  is  illuminated  by  a  lamp,  is  thrown  on  a  divided  scale 
after  reflection  at  the  mirror.  The  image  is  either  produced  by  using  a 
concave  mirror,  or  by  placing  a  lens  in  front  of  the  plane  mirror.  In 
both  cases  the  angle  through  which  the  reflected  beam  is  deflected  is 
twice  as  great  as  the  angle  through  which  the  needle  is  turned. 

481.  The  Tangent  Galvanometer.— In  the  form  of  galvanometer 
described  in  the  last  section,  the  field  due  to  the  coils  at  the  place  where 
the  needles  are  placed  is  very  irregular,  on  account  of  the  crowding 
together  of  the  turns  of  wire,  so  that  as  the  needle  turns  under  the 
influence  of  a  current  the  strength  of  the  field  due  to  the  current  changes, 
and  thus,  except  for  very  small  deflections,  the  deflection  of  the  needle  is 
not  proportional  to  the  strength  of  the  current  in  the  coils.  In  designing 
a  galvanometer  in  which  the  law  connecting  the  deflection  and  the 
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strength  of  the  current  in  the  coils  is  known,  it  is  necessary  to  arrange 
that  the  field  due  to  the  current  at  the  point  where  the  needle  is  placed 
shall  be  as  uniform  as  possible. 

The  most  common  form  of  galvanometer  for  measunng  currents,  as 
distinct  from  detecting  them,  is  the  tangent  galvanometer,  so  called  from 
the  fact  that  the  currents  are  proportional  to  the  tangents  of  the  angles 
through  which  the  needle  is  deflected.  The  coil  of  a  tangent  galvano- 
meter is  made  of  large  radius,  and  the  turns  of  wire  are  all  wound  in 
a  small  groove  in  a  metal  or  wooden  ring,  the  groove  being  of  small  cross- 
section  compared  with  the  radius  of  the  ring.  In  Fig.  472  the  lines  of 
force  and  the  equipotential  surfaces  for  such  a  coil  are  shown,  and  it  will 


Fig.  472. 


be  noticed  that  the  field  is  very  nearly  uniform  near  the  centre,  so  that 
if  the  needle  is  small,  say  its  length  is  not  more  than  1/20  of  the  dia- 
meter of  the  coil,  the  part  of  the  field  in  which  it  hangs  is  practically 
uniform,  and  for  any  given  current  is  of  the  same  strength  as  the  field 
at  the  centre  of  the  coil.  This  figure  also  illustrates  how  it  is  that  in  a 
galvanometer,  in  which  the  length  of  the  needle  is  almost  as  great  as  the 
diameter  of  the  coil,  the  strength  of  the  field  changes  as  the  needle  is 
deflected. 

Suppose  that  the  coil  of  the  tangent  galvanometer  is  set  up  in  the 
magnetic  meridian,  and  that  the  value  of  the  earth's  field  at  the  centre 
of  the  coil,  where  the  needle  is  placed,  is  H.  If  there  are  n  turns  in  the 
coil,  and  the  mean  radius  of  the  coil  is  r,  the  cross-section  of  the  coil 
being  so  small  that  the  radius  of  each  turn  differs  but  little  from  the 
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mean,  the  strength  of  the  field  at  the  centre  of  the  coil  when  a  currrent  of 
C  c.g.s.  units  is  passing  is  2irnClr,  and  the  direction  of  the  field  is  at  right 
angles  to  the  magnetic  meiidian. 

If,  under  the  influence  of  the  field  due  to  the  current  in  the  galvano- 
meter, the  needle  is  deflected  through  an  angle  6  from  the  meridian,  then, 
as  was  shown  in  §  428,  the  couple  tending  to  bring  the  needle  back  into 
the  meridian  will  be  Mh  sin  0,  where  M  is  the  magnetic  moment  of  the 
needle.  In  the  same  way,  the  couple  due  to  the  field  of  the  coil  is 
2TrnMC  cos  Ofr.  If  the  needle  is  at  rest  under  the  influence  of  these  two 
couples,  they  must  be  equal,  hence 

2'KnMC  cos  ^/r«  MH  sin  6, 


or 


rH 

2Tm 


tan  d. 


We  might  arrive  at  this  result  directly  without  using  the  result 
obtained  in  §  428,  in  the  following  manner.  Let  NS 
(Fig.  473)  be  the  direction  of  the  magnetic  meridian, 
and  hence  also  the  trace  of  the  plane  of  the  coil,  and 
let  the  position  of  the  needle  when  deflected  by  the 
current  be  son,  making  an  angle  6  with  the  meridian. 
Then  the  force  exerted  on  the  pole  n  of  the  needle 
due  to  the  earth's  field  is  ?«//,  in  the  direction  nA 
parallel  to  SN.__  The  turning  moment  of  this  force 
about  O  is  w//.L«.  But  L«  is  equal  to  0//.sin  Oy  or, 
if  2/  is  the  length  of  the  needle,  to  /  sin  0.  Hence 
the  moment  of  the  force  due  to  //  is  t/Ji//  sm  6.  In 
the  same  way,  the  coil  has  a  field  of  strength  27r«C/r 
in  the  direction  nf,  and  the  force  on  the  pole  «,  due 
to  this  field,_i^5  2ir/nnClr.  The  moment  of  this  force 
about  O  is  LO .  27r;«/iC/r,  or,  since  LO  =  /  cos  6,  the 
moment  is  2TrlmnC  cos  6jr.      Hence,  as  before,  the 


Fig.  473. 
condition  that  the  needle  is  in  equilibrium  is 


or 


2'irlmnC  cos  dlr= ImH  s\n  6, 

C=^tanft 
27r« 


It  will  be  seen  that  for  a  given  coil,  and  for  a  given  value  of  the 
earth's  field,  the  current  passing  in  the  coil  is  proportional  to  the  tangent 
of  the  angle  through  which  the  needle  is  deflected.  Since  the  value  of 
the  earth's  field  varies  not  only  from  place  to  place,  but  also  from  time 
to  time  at  the  same  place,  it  is  usual  to  divide  the  expression  for  the 
current  in  terms  of  the  dimensions,  &c.,  of  the  coil  into  two  parts.  The 
quantity  r/27rw,  which  only  depends  on  the  dimensions  of  the  coil  of  the 
galvanometer,  is  called  the  constant  of  the  instrument,  and  is  generally 
indicated  by  i/G,  so  that  the  expression  for  the  current  which  produces 
a  deflection  By  is  C=HIG .  tan  6.  The  strengths  of  two  currents  can  be 
compared  without  knowing  the  value  of  either  H  or  G,  for  if  $^  and  6^ 
are  the  deflections  produced  by  the  currents  Cj  and  C2,  we  have 


or 


Ci  =  //  tan  e^lG  and  C^^H  tan  6^1  Gy 
C,/C,= tan  d^  tan  d^ 
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The  value  of  the  constant  G  of  the  galvanometer  can  either  be 
obtained  by  calculation  from  the  measurements  of  the  number  of  turns 
and  of  the  radii  made  when  the  coil  was  wound,  or  it  can  be  obtained 
experimentally  by  passing  a  current  of  which  we  know  the  absolute  value 
through  the  coils  and  noting  the  deflection  Q.  Then,  if  the  value  of  the 
earth's  field  H  be  measured  in  the  manner  given  in  §  435,  the  value  of  G 
can  be  calculated  from  the  relation  G=H  Xzxi  OfC. 

In  Helmholtz's  form  of  tangent  galvanometer  the  uniformity  of  the 
field  near  the  needle  is  yet  further  insured  by  having  two  coils  of  equal 
radius  placed  parallel  to  one  another  at  a  distance  apart  equal  to  the  radius 


ft 

M 

11 

m 

Fig.  474. 

of  either.  The  needle  is  suspended  half-way  between  the  two  coils  on 
their  common  axis.  The  form  of  the  lines  of  force  for  such  a  double  coil 
is  shown  in  Fig.  474,  and  by  comparing  this  figure  with  Fig.  472  the 
advantage,  as  far  as  the  uniformity  of  the  field  near  the  centre  is  con- 
cerned, will  at  once  be  seen. 

482.  The  Sine  Galvanometer.— If  the  coil  of  a  tangent  galvano- 
meter is  mounted  so  that  it  can  be  rotated  about  a  vertical  axis,  and  the 
angle  through  which  it  is  rotated  can  be  read  off  on  a  horizontal  divided 
circle,  another  procedure  for  measuring  a  current  can  be  employed. 
The  coil  is  first  turned  till  it  lies  in  the  magnetic  meridian  and  the  circle 
is  read.  The  current  is  then  passed,  and  the  coil  rotated  about  the 
vertical  axis  till  the  needle  again  lies  in  the  plane  of  the  coil.  Using  the 
same  notation  as  before,  and  6  now  indicating  the  angle  through  which 
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the  coil  has  been  turned,  the  turning  moment  acting  on  the  needle  due 
to  the  earth's  field  and  tending  to  bring  it  back  into  the  meridian  is 
mHl  sin  6  as  before.  The  moment  of  the  force  exerted  by  the  field  of 
the  coil,  which  now  acts  at  right  angles  to  the  needle,  is  2TrnmtC/r. 
Hence 

2irnmlClr=mHl  sin  $, 

or  C=  — sin^=:^sin^. 

2'trn  G 

Thus  the  current  is  proportional  to  the  sine  of  the  angle  through  which 
the  coil  is  turned. 

The  usual  way  of  performing  the  experiment  is  to  turn  the  coil  till 
the  needle  is  in  the  plane  of  the  coils,  when  the  current  is  passing  in  one 
direction,  and  take  the  reading  on  the  horizontal  circle.  The  current  is 
then  reversed  in  direction,  so  that  the  coil  has  to  be  turned  in  the 
opposite  direction.  The  difference  between  the  reading  of  the  circle 
when  the  needle  is  again  in  the  plane  of  the  coil  and  that  obtained  with 
the  current  in  the  original  direction  is  twice  the  angle  6. 


CHAPTER   VIII 
RESISTANCE* 

483.  Ohm's  Law. — If  a  current  Cis  passing  from  a  point  ^  in  a  wire 
to  another  point  B  there  must  be  an  electromotive  force  between  A  and 
Bj  and  this  electromotive  force  is  measured  by  the  work  that  has  to  be 
done  against  electrical  forces  to  transport  the  unit  quantity  of  electricity 
from  A  to  B.  The  connection  between  the  electromotive  force  A, 
between  any  two  points  on  the  wire  and  the  current  which  this  E.M.F. 
causes  in  the  wire,  was  first  given  by  Ohm  in  1827.  Ohm  concluded 
that  the  ratio  of  -£"  to  C  was  constant,  so  long  as  the  physical  state 
(temperature,  &c.)  of  the  wire  between  A  and  />  was  the  same.  This 
constant  ratio  between  the  electromotive  force  and  the  current  is  called 
the  resistance  of  the  conductor.  Calling  this  quantity  /?,  Ohm's  law 
may  be  stated  symbolically  as  follows  : — 

or  C^EjR. 

The  resistance  of  the  wire,  therefore,  does  not  depend  on  the  strength 
of  the  current  which  is  flowing  in  it.  It  does,  however,  depend  on  the 
shape  and  length  of  the  wire,  as  also  on  the  material  of  which  it  is 
composed  and  on  the  physical  state  of  the  material,  such  as  temperature, 
strain,  &c. 

Ohm's  law  is  entirely  an  empirical  law,  since  there  is  no  theoretical 
reason  why  it  should  hold.  The  truth  of  the  law  has,  however,  been 
subjected  to  most  careful  investigation,  and  it  has  been  found  that  in  the 
case  of  metals  and  electrolytes  the  law  is  true,  at  any  rate  to  within  one 
part  in  a  hundred  thousand.  In  the  case  of  the  passage  of  electricity 
through  gases  it  does  not,  however,  appear  to  hold. 

Since  the  resistance  of  a  conductor  is  defined  as  the  ratio  of  the 
electromotive  force  applied  at  its  ends  to  the  current  passing,  it  follows 
that  a  conductor  has  unit  resistance  when  unit  difference  of  potential 
produces  unit  current  in  it.  In  the  practical  system  the  unit  of  resistance 
is  called  the  ohm,  and  is  such  that  the  difference  in  potential,  or  the 
E.M.F. ,  between  the  terminals  of  a  conductor  of  which  the  resistance 
is  one  ohm  when  a  current  of  one  ampere  is  passed  through  it,  is  one 
volt. 

The  c.g.s.  unit  of  resistance  is  defined  in  the  same  way  with  reference 
to  the  c.g.s.  units  of  current  and  E.M.F.  Since  the  ampere  is  i/io  of  the 
c.g.s.\in\t  of  current  and  the  volt  is  equal  to  10*  c.g.s.  units,  it  follows 
that  the  ohm  is  equal  to  10®  c.g.s.  units. 
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484.  Specific  Resistance.— The  resistance  of  a  given  metallic  con- 
ductor (the  subject  of  the  resistance  of  fluids  is  for  the  present  post- 
poned) depends  not  only  on  the  material  of  which  the  conductor  is 
composed,  but  also  on  the  dimensions  of  the  conductor.  For  a  wire  of 
a  given  material  under  constant  conditions  of  temperature,  &c.,  the 
resistance  is  found  to  be  directly  proportional  to  the  length  and  inversely 
proportional  to  the  cross-section.  Hence,  if  /  is  the  length  and  s  the 
cross-section,  the  resistance  R  is  given  by 

where  /&  is  a  constant  depending  on  the  nature  of  the  material  of  which 
the  wire  is  composed,  and  is  called  the  specific  resistance  of  the  material. 
If  both  /  and  s  are  equal  to  unity,  the  resistance  is  equal  to  k.  Thus  we 
may  define  the  specific  resistance  of  a  material  as  the  resistance  of  a 
wire  of  the  material  of  which  the  length  is  one  centimetre  and  the  cross- 
section  is  one  square  centimetre,  or  as  the  resistance  between  the 
opposite  faces  of  a  cube  of  the  material  of  which  the  edge  is  one 
centimetre. 

If  the  wire  is  cylindrical  and  of  radius  r,  the  resistance  is  given  by 
R^klJTTf^i  since  the  cross- section  is  irt^. 

VTxs  sometimes  useful  to  deal  with  the  reciprocal  of  the  resistance  of 
a  conductor,  and  this  quantity  is  called  its  conductivity.  Thus  if  S  is  the 
conductivity  of  a  wire,  Ohm's  law  is  expressed  by  C=^SE.  In  the  same 
way  the  specific  conductivity  m  of  a  material  is  the  reciprocal  of  the 
specific  resistance,  and  is  connected  with  the  conductivity  by  the  relation 
S=msl/^  the  conductivity  being  directly  proportional  to  the  cross-section 
and  inversely  proportional  to  the  length. 

In  the  following  table  the  specific  resistance  of  some  pure  metals 
is  given,  but  it  must  be  remembered  that  a  mere  trace  of  an  im- 
purity may  very  largely  influence  the  specific  resistance.  The  specific 
resistance  also  depends  to  a  considerable  extent  on  the  state  of  the 
material  as  to  hardness,  that  is,  as  to  whether  it  has  been  annealed 
or  not,  and  if  so,  under  what  conditions  the  annealing  has  been 
performed. 

Specific  Resistance. 


Resistance  in  Ohms  of  a  Bar  i  cm. 

Metal. 

long  and  of  i  cm."  Cross-section 

at  a  Temf>erature  of  0*  C. 

Silver 

1.56  X  ID**  ^ 

Copper        .... 

1.3 

Platinum    .... 

8.2 

Iron    ..... 

8.6 

Tin 

9.6 

Zinc 

5.8 

Lead.         .         .         .         . 

19.0 

A.uminium 

3-2 

Carbon  (from  F.dison-Swan 

y            4000 

incandescent  lamp) 
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485.  Effect  of  Temperature  on   the   Specific  Resistance  of 

Metals.— In  the  case  of  pure  metals  the  specific  resistance  always  in- 
creases with  increase  of  temperature.  The  change  of  the  specific 
resistance  with  temperature  of  some  metals,  as  determined  by  Fleming 
and  Dewar,  is  shown  by  means  of  a  series  of  curves  in  Fig.  47^  The 
range  of  temperature  employed  was  from  about  -  200°  C.  to  +  200°  C. 
If  any  of  the  curves  are  produced  backwards  till  they  intersect  the  axis 
of  X^  that  is,  till  they  reach  the  point  on  the  curve  corresponding  to  zero 
resistance,  the  curious  result  is  obtained  that  in  almost  all  cases  the 
temperature  corresponding  to  zero  resistanc^is  -273°  C.    Thus  at  the 
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absolute  zero  of  temperature  the  resistance  of  all  pure  metals  would  be 
zero. 

On  account  of  the  fact  that  the  change  in  the  resistance  of  a  platinum 
wire  is  often  used  to  measure  the  temperature  to  which  it  is  subjected, 
the  change  in  resistance  of  this  metal  with  temperature  has  been  very 
carefully  studied.  As  a  result  it  has  been  found  that  if  Rt  is  the  resist- 
ance of  a  platinum  wire  at  the  temperature  /°  C.  on  the  air  thermometer, 
and  Ro  is  the  resistance  at  a  temperature  of  0°  C,  then  the  connection 
between  these  quantities  can  be  expressed  by  an  equation  of  the  form 

Rt\R,=  \-\-at->tbf^, 

In  this  expression  a  and  b  are  constants  which  vary  slightly  from  one 
specimen  of  wire  to  another.    The  value  of  these  constants  is  determined 
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by  measuring  the  resistance  of  the  wire  when  it  is  at  three  known  tem- 
peratures, say  in  melting  ice,  boiling  water,  and  boiling  sulphur. 

Over  comparatively  small  ranges  of  temperature  the  increase  of 
resistance  of  pure  metals  is  very  nearly  proportional  to  the  increase  in 
temperature.  Hence  if  Ro  is  the  resistance  at  a  standard  temperature, 
say  0°  C,  and  R,  the  resistance  at  a  temperature  /,  then  we  may  express 
the  relation  between  R,  and  /?,  by  an  expression  of  the  form 

The  coefficient  a  is  called  the  temperature  coefficient  of  the  material. 
For  all  pure  metals  the  temperature  coefficient  has  almost  the  same 
value,  namely  0.00366.  Since  the  coefficient  of  expansion  of  a  perfect 
gas  is  0.00366,  it  is  seen  how  it  is  that  the  resistance  becomes  zero  at  the 
absolute  zero. 

486.  Speciflc  Resist8,nee  of  Alloys.— As  far  as  their  electrical 
properties  depend  on  those  of  their  constituent  metals,  alloys  may  be 
divided  into  two  classes.  Alloys  containing  lead,  tin,  zinc,  or  cadmium 
have  a  specific  resistance  which  can  be  calculated  from  that  of  the  con- 
stituent metals  if  we  know  the  proportions  in  which  the  constituent 
metals  are  present.  Thus  the  specific  resistance  of  an  alloy  containing 
equal  masses  of  lead  and  tin  will  be  the  mean  of  the  specific  resistance 
of  the  constituent  metals.  In  the  case  of  most  other  metals  the  specific 
resistance  of  the  alloy  is  much  higher  than  would  be  calculated  m  this 
manner.  Not  only  is  the  specific  resistance  of  such  an  alloy  greater 
than  that  of  the  constituents,  but  the  temperature  coefficient  is  less  than 
that  of  the  constituents.  This  is  an  important  property  of  alloys  from 
the  point  of  view  of  the  construction  of  standards  of  resistance,  for  the 
smaller  the  temperature  coefficient  of  the  material  used,  the  less  will 
variations  in  the  temperature  of  the  standard  aflfect  its  resistance.  It 
has  been  found  that  by  using  manganese  as  a  constituent  of  an  alloy,  it 
is  possible  to  prepare  a  material  of  which  the  temperature  coefficient 
at  ordinary  temperatures  is  either  zero  or  even  negative  ;  that  is,  the 
resistance  of  the  material  decreases  with  rise  of  temperature. 

487.  Standards  of  Resistance.— Since,  as  we  shall  see  later,  the 
resistance  of  two  conductors  can  be  compared  with  a  very  high  degree 
of  accuracy,  whenever  possible  all  electrical  measurements  are  reduced 
to  the  measurement  of  a  resistance  ;  and  the  manufacture  of  material 
standards  of  which  the  resistance  is  known,  and  of  such  a  material  that 
the  resistance  does  not  alter  with  time,  is  of  considerable  importance. 
Where  great  accuracy  is  desired,  the  forms  of  standard  shown  in  Fig.  476 
are  used.  The  form  shown  at  {a)  is  that  adopted  by  the  Committee  of 
the  British  Association,  and  consists  of  a  coil  of  insulated  wire  embedded 
in  paraffin  wax  and  protected  by  a  brass  case.  The  ends  of  the  wire  are 
attached  to  two  thick  copper  rods,  by  means  of  which  the  standard  can 
be  connected  with  any  piece  of  measuring  apparatus,  the  ends  of  these 
rods  being  amalgamated  and  dipping  into  small  mercury-cups.  The 
alloy  used  for  the  wire  is  composed  of  two  parts  of  silver  to  one  part  of 
platinum.  The  constancy  of  this  alloy  seems  all  that  can  be  desired,  but 
It  has  the  disadvantage  of  a  somewhat  high  temperature  coefficient,  and 
is  very  expensive.  The  form  of  coil  shown  at  {b)  is  that  adopted  by  the 
German  National  Physical  Laboratory,  and  consists  of  a  wire  which  is 
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coated  with  silk  and  shellac,  and  wound  on  the  outside  of  a  brass  cyhnder, 
the  ends  of  the  wire  being  connected  to  stout  copper  connecting-rods. 
The  wire  is  composed  of  an  alloy  of  copper,  nickel,  and  manganese, 
called  manganine,  which  has  a  very  small  temperature  coefficient.  This 
fact,  combined  with  the  fact  that  the  wire  not  being  buried  in  a  mass  of 
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paraffin  it  can  easily  take  up  the  temperature  of  a  liquid  bath  in  which 
the  coil  is  placed,  renders  this  form  of  coil  less  liable  to  uncertainties  as 
to  the  true  temperature,  and  hence  the  resistance  of  the  wire,  than  is  the 
English  form. 

For  measurements  in  which  the  greatest  attainable  accuracy  is  not 
desired,  sets  of  coils  are  employed  which  are  so  arranged  that  by  remov- 
ing a  metal  plug  the  resistance  corresponding  to  any  coil  is  brought  into 
the  circuit. 

488.  Resistance  of  Systems  of  Conductors.— If  any  number  of 
conductors  are  arranged  so  that  the  current  goes  through  them  all  one 
after  the  other  (under  these  conditions  the  conductors  are  said  to  be 
arranged  in  series),  the  resistance  of  the  arrangement  is  equal  to  the  sum 
of  the  resistances  of  the  conductors  separately.  That  this  is  so  follows  at 
once  from  Ohm's  law,  for  the  potential  of  the  end  of  one  conductor  is  the 
potential  at  the  beginning  of  the  next,  and  if  E^  E^^  E^,  &c.,  are  the 
electromotive  forces  between  the  ends  of  the  conductors  when  a  current 
C  is  passed  through  them  all,  then  E^  =  R^C,  E^  =  R^C^  E^=R^C,  &c., 
where  R-^,  7?2>  -^3)  •  •  •  ^re  the  resistances  of  the  conductors.  But 
E^  +  E^-\-E^+  .  .  .  =ii\  the  difference  of  potential  between  the  two  ends 
of  the  compound  conductor.  Hence,  C  being  common  to  all  the  con- 
ductors, E/C=Ri  +  Rz-{-R3+  ...  But  E/C  is  the  resistance  of  the 
combined  conductors,  and  hence  the  resistance  is  the  sum  of  the  separate 
resistances  of  the  conductors. 

Next  let  us  consider  the  case  of  two  conductors  of  resistance  r^  and 
^2,  which  are  joined  together  at  each  end.     Conductors  arranged  in  this 
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way  are  said  to  be  joined  in  parallel,  or  in  multiple  arc.  Let  E  be  the 
E.M.F.  acting  between  the  two  points  where  the  conductors  join,  and  let 

the  current  in  ABE  (Fig.  477)  be  C^ 
and  that  in  ADE  be  Cj.  Then  from 
Ohm's  law  we  have  Ci  =  E/ri  and 
C2  =  E/r,.  The  total  current,  c,  flow- 
ing through  the  combined  wires  is 
D  C  =  Ci  +  Cj.    Substituting  the  values 

Pig.  477.  for  Cj  and  c„  we  get  c  =  E(i/ri  + 

I  \r^,    H  ence,  as  far  as  the  current  c 
through  the  combination  is  concerned,  the  two  wires  behave  as  if  they  were 

replaced  by  a  wire  of  which  the   resistance   was  — — ,  or  -^i^. 

Since  the  reciprocal  of  the  resistance  of  a  wire  is  the  conductivity,  this 
expression  amounts  to  a  statement  that  the  conductivity  of  two  wires, 
when  they  are  arranged  in  parallel,  is  equal  to  the  sum  of  their  con- 
ductivities when  considered  separately. 

We  can  express  the  currents  in  the  two  branches  in  terms  of  the 
current  c  passing  through  the  two  wires,  and  the  resistances  of  the  two 
branches  for  Ci=C  — Cj=C  — E/rj. 

Hence,  substituting  for  E  in  terms  of  C  and  the  combined  resistance, 
we  get 


or  Ci««  — *- 


n+^f 


In  the  same  way 

If  there  arc  more  than  two  conductors  arranged  in  parallel,  it  can  be 
shown  in  the  same  way  that  the  conductivity  of  the  arrangement  is  the 
sum  of  the  conductivities  of  the  branches  separately. 

489.  Shunts. — If  we  know  the  resistance  of  each  of  two  conductors 
which  are  arranged  in  parallel  and  measure  the  current,  Q,  in  one 
branch,  we  can  calculate  the  current,  C,  which  is  passing  through  the 
two  branches.  This  proposition  is  made  use  of  for  the  purpose  of 
measuring  currents  which  are  too  large  to  be  passed  through  the  coils 
of  any  available  galvanometer.  A  resistance  6",  called  in  this  case  a 
shunt,  is  connected  in  parallel  with  the  coils  of  the  galvanometer,  of 
which,  say,  the  resistance  is  g.  Then  if  C  is  the  current  passing  through 
the  shunt  and  galvanometer,  /.<?.  the  current  to  be  measured,  and  c  is  the 
current  indicated  by  the  galvanometer,  we  have,  by  the  relation  found  in 
the  last  section. 

Very  often  a  galvanometer  is  supplied  with  a  set  of  shunts  of  which 
the  resistances  are  g^/g,  ^/99,  &c.  Hence  the  current  in  the  galvano- 
meter is  i/io,  i/iooj  &c.,  of  the  current  to  be  measured. 
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490.  Wheatstone's  Network  of  Conduetops.--A  system  of  con- 
ductors, AE,  EC,  AD,  DC,  arranged  as  in  Fig.  478,  the  points  A  and  C  being 
connected  with  the  poles  of  a 
battery,  B,  and  the  points  D  and 
E  being  connected  through  a 
galvanometer,  G,  is  called  a 
Wheatstone's  network  of  con- 
ductors, or  Wheatstone's  bridge. 
If  the  resistances  of  the  separate 
conductors  are  as  shown  on  the 
figure,  and  these  resistances  are 
so  adjusted  that  no  current 
passes  through  the  galvano- 
meter, then  the  following  rela- 
tion holds  : — 

Since  there  is  no  current  through 

the  galvanometer,  the  potential 

of  the  points  E  and  D  must  be 

the  same.     If  c-^  is  the  current  in  the  branch  aec,  and  c^  is  that  in  the 

branch  ADC,  we  have  from  Ohm's  law  that,  if  e-^  is  the  E.M.F.  between  A 

and  E,  and  so  on  for  the  other  conductors, 


^1=^1^1, 


c^r. 


<^2^3 


St  —  CttKt 


Since  the  two  conductors  AD  and  AE  are  in  contact  at  A,  the  potential  at 
this  point  must  be  the  same  for  both,  and  we  have  seen  that  when  no 
current  is  passing  through  the  galvanometer  the  points  E  and  D  are  at 
the  same  potential ;  hence  the  difference  of  potential  between  a  and  E 
must  be  the  same  as  that  between  a  and  D  or  e^—^Z'  ^"^  the  same  way 
^2=^4.  Hence,  substituting  for  ^j,  e.^  ^3,  ^4,  in  terms  of  the  currents  and 
the  resistances,  we  get 

^1^1 = ^3^2>  ^"d  ''2^1  =  ^4<^«- 
Dividing  one  of  these  equations  by  th6  other, 

rilrt=r^r^y 
or  ^1^4 = ^2^3- 

This  may  be  written  r|  =  ra.  -^,  which  shows  that  if  we  know  the  value  of 

the  resistance  ^2,  and  also  the  ratio  of  the  resistances  r^  and  r^,  we  can 
calculate  the  value  of  the  resistance  r^.  Thus  if  we  know  the  value  of  one 
resistance  and  the  ratio  of  two  others,  which,  when  arranged  together 
with  an  unknown  resistance  so  as  to  form  a  Wheatstone's  net,  give  no 
current  in  the  galvanometer,  we  can  immediately  calculate  the  value  of 
the  unknown  resistance. 

491.  Wheatstone's    Bridge. — An    arrangement  of   resistances    to 
facilitate  the  measurement  of  a  resistance  by  an  application  of  the  results 
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obtained  in  the  last  section  is  called  a  Wheatstone's  bridge.  The  simplest 
form  of  Wheatstone's  bridge  is  shown  in  Fig.  479,  and  is  called  the  slide- 
wire  bridge,  or  sometimes,  since  the  wire  is  often  made  a  metre  long,  the 
metre  bridge.  In  this  arrangement  the  resistances  rg  and  r^,  the  ratio  of 
whose  resistances  is  required,  are  formed  by  the  two  portions  of  a  uniform 
wire,  AC,  which  is  stretched  alongside  a  divided  scale.    The  galvanometer 
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contact,  which  corresponds  to  the  point  D  in  Fig.  478,  is  formed  by  a 
sliding  contact,  D,  which  can  be  moved  to  different  parts  of  the  wire,  and 
thus  the  ratio  oir^  to  r^  can  be  altered  at  will.  Since  the  wire  is  uniform, 
the  ratio  of  rg  to  r^  is  the  same  as  the  ratio  of  the  lengths  of  the  wire  on 
the  two  sides  of  the  sliding  contact  D.  The  ends  of  the  wire  are  soldered 
to  two  thick  copper  strips  F  and  H.  The  battery  used  to  supply  the 
current  is  connected  to  two  binding-screws,  B^  and  Bg,  on  these  strips. 
The  other  terminal  of  the  galvanometer  is  attached  to  another  copper 
strip,  I.  The  resistance  to  be  measured  is  connected  between  the  two 
binding-screws,  Pj  and  P2,  or  the  terminals,  if  it  is  of  the  form  shown  in 
Fig.  476,  dip  into  small  mercury-cups  at  these  points.     The  standard 

resistance,  rg  in  the  formula  ^1=^2  •"»  is  connected  with  the  binding- 

screws  Q^  and  Qg  by  thick  copper  strips  or  dips  into  mercury-cups 
attached  to  I  and  H.  In  performing  an  experiment,  the  resistances  7\ 
and  r^  being  arranged  as  described,  the  slider  D  is  moved  along  the  wire 
till  the  galvanometer  is  undeflected  on  pressing  the  key,  by  means  of 
which  the  slider  is  put  into  conducting  communication  with  the  wire.  If 
the  length  of  the  wire  on  the  side  next  the  unknown  resistance  be  a,  and 
that  on  the  side  next  the  standard  be  b.  and  the  resistance  of  this  latter 
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be  /?,  then  the  resistance  r  of  the  unknown  resistance  will  be  given  by 

r=Ralb. 

Another  form  of  Wheatstone's  bridge,  known  as  the  Box  or  Post- 
Office  form  of  bridge,  has  no  stretched  wire.  In  this  form  the  ratio  of 
the  resistances  r^  and  r^  is  not  capable  of  being  given  any  value  we 
please,  but  the  bridge  is  supplied  with  a  number  of  coils  by  means  of 
which  certain  fixed  ratios  can  be  obtained,  the  usual  ratios  being  1:1, 
i:  10,  i:  100,  1 :  1000,  1000:  i,  100  :  i,  10:  i.  In  addition  to  these  ratio  coils, 
there  are  a  set  of  coils  by  means  of  which  the  resistance  in  the  arm  EC 
can  be  made  any  whole  number  of  ohms  between  i  and  10,000.  If  the 
ratio  of  the  proportional  arms  is  1:1,  then  the  resistance  unplugged  in 
the  third  arm  will  be  equal  to  the  resistance  being  measured.  If  the 
ratio  of  the  proportional  arms  is  i :  10,  then  the  resistance  being  measured 
is  ten  times  the  resistance  unplugged  in  the  third  arm  ;  while  if  the  ratio 
is  10: 1,  then  the  resistance  is  one-tenth,  and  so  on. 

492.  The  Platinum  Thermometer.— For  measuring  temperatures 
much  above  300°  the  mercury  thermometer  is  quite  unsuited,  and  although 
the  air  thermometer  can  be  employed,  yet  its  use  is 
accompanied  by  so  many  experimental  difficulties  as 
to  render  it  only  suited  for  standardising  other  more 
handy  forms  of  thermometer.  The  fact  that  the  re- 
sistance of  a  conductor  can  with  comparative  ease  be 
measured  with  a  very  high  degree  of  accuracy, 
renders  a  thermometer  which  depends  on  the  change 
of  resistance  of  a  metal  wire  with  temperature  par- 
ticularly handy  and  accurate ;  the  only  requisite 
being  to  find  a  material  which  the  resistance  at  any 
given  temperature  does  not  change  witli  time.  Fur- 
ther, if  the  temperature  coefficient  is  fairly  large,  and 
the  material  will  stand  a  high  temperature  without 
change,  so  much  the  better.  Callendar  and  Griffiths 
have  found  that,  if  suitable  precautions  are  taken  as 
to  the  material  on  which  the  wire  is  wound,  and  it  is 
properly  protected  from  the  action  of  certain  gases, 
platinum  fulfils  these  conditions  thorough^  well. 

The  form  of  platinum  thermometer  which  they 
have  devised  is  shown  in  Fig.  480.  It  consists  of  a 
wire  of  pure  platinum  wound  on  a  thin  mica  frame 
and  enclosed  in  a  glass,  or,  if  it  is  required  for 
measuring  high  temperatures,  in  a  porcelain  tube. 
The  ends  of  the  wire  are  connected  to  two  thick 
platinum  leads,  Pj,  Pg,  by  welding  the  platinum  to- 
gether. Flexible  copper  wires  are  used  to  connect 
the  platinum  leads  to  a  Wheatstone's  bridge,  by 
means  of  which  the  resistance  of  the  wire  can  be 
measured. 

Since  any  change  of  temperature  would  affect  the  resistance  of  the 
platinum  and  copper  leads,  while  what  we  require  to  measure  is  the 
change  of  resistance  of  the  coil  of  thin  wire  only,  Callendar  and  Griffiths 
have  introduced  a  compensating  device.  This  consists  of  a  second  pair 
of  leads,  Cj,  Cg,  of  exactly  the  same  resistance  as  the  others,  but  which 
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are  connected  together  at  a.  These  dummy  leads  are  connected,  by 
means  of  a  pair  of  flexible  copper  leads  of  the  same  resistance  as  the 
others,  with  the  adjacent  arm  ^  of  the  Wheatstone's  bridge  to  that  in  which 
the  platinum  thermometer  is  placed.  Hence,  as  both  sets  of  leads  are 
placed  close  together,  their  temperature  will  always  be  the  same,  and  so 
any  change  in  resistance  produced  by  a  variation  of  the  temperature  of 
the  room  will  affect  both  equally.  But  an  equal  small  increase  in  the 
resistance  in  the  adjacent  arms  of  the  bridge  will  not  affect  the  galvano- 
meter, and  so  the  an-angement  will  be  independent  of  any  change  in  the 
temperature  of  the  leads. 

It  has  been  found  that  a  platinum  thermometer  gives  consistent 
results  up  to  a  temperature  of  about  looo*  C,  and  it  has  been  used  with 
much  success  to  measure  the  melting-point  of  metals. 

493.  Fall  of  Potential  along  a  Wire  In  which  a  Current  Is 
Passing. — When  a  current  C  is  passed  through  a  uniform  wire  the  fall 
of  potential  along  the  wire  is  regular,  the  difference  in  the  potential  of 

any  two  points  on  the  wire  being  pro- 
portional to  the  length  of  wire  between 
them.  Since  the  wire  is  uniform,  the 
resistance  per  centimetre  is  the  same 
at  all  points,  and  since  the  current  is 
the  same  throughout,  it  follows  from 
Ohm's  law  that  the  drop  of  potential 
per  centimetre  is  the  same  throughout. 
The  drop  of  potential  in  a  conductor, 
or  system  of  conductors,  conveying  a 
current  can  be  very  clearly  indicated 
by  means  of  a  diagram  in  which  the 
distance  measured  from  some  point 
along  the  conductor  is  taken  at  the  abscissa,  and  the  potential  at  the 
point  is  the  ordinate.  Thus  in  Fig,  481,  if  ao  represents  the  potential, 
measured  from  some  arbitrary  zero,  at  one  end  of  a  uniform  wire  of  which 
the  length  is  represented  by  OM,  and  the  potential  at  the  other  end  is  repre- 
sented by  BM,  then,  since  the  drop  of  potential  is  uniform,  the  potential  at 
any  point  P  will  be  equal  to  the  length,  PC,  of  the  ordinate  drawn  through 
p  to  meet  the  straight  line  joining_A  and  B.  The  whole  fall  of  potential 
along  the  wire  is  represented  by  an,  where  N  is  the  point  in  which  the 
line  drawn  parallel  to  OX  through  B  meets  the  axis  of  Y.  If  C  is  the 
current  passing  through  the  wire,  and  A^  is  its  resistance,  then  the  fall  of 
potential  or  the  E.M.F.  between  the  ends  will  be  CiV,  and  hence  AN 
represents  CR. 

Next  suppose  that  two  wires  of  the  same  length,  but  one  of  which  has 
a  resistance  per  centimetre  twice  as  great  as  the  other,  are  put  in  series 
and  a  current  C  is  passed  through  the  combination.  The  fall  of  potential 
is  shown  in  Fig.  482,  where  AB  shows  the  fall  of  potential  in  the  wire  of 
smaller  resistance,  and  BC  that  in  the  other  wire.  Since  the  wires  are  of 
equal  length,  OL  is  equal  to  lm  ;  and  since  the  resistance  of  the  one  is 
twice  as  great  as  that  of  the  other,  KN  is  twice  ak,  for  the  fall  of  potential 
in  the  wire  of  greater  resistance  will  be  twice  as  great  as  in  the  other. 

1  When  these  compensating  leads  arc  used  the  two  ratio  arms  of  the  bridge  are 
made  equal. 


Fig.  481. 


§494] 


Fall  of  Potential  along  a   Wire 


689 


As  before,  the  fall  of  potential  in  each  wire  separately  will  be  represented 
by  a  straight  line.  The  E.M.F.  between  two  points,  such  as  p  and  Q, 
will  be  represented  by  DJ. 

Returning  to  the  case  of  a  single  uniform  conductor,  if  two  wires  are 
connected  to  the  conductor  at  the 
points  O  and  P  (Fig.  481),  but  are 
insulated  everywhere  else,  then, 
since  there  is  no  current  passing 
through  either  of  these  wires,  the 
potential  throughout  will  be  the 
same,  and  hence  the  difference 
of  potential  between  the  free  ends 
will  be  the  same  as  that  between 
the  points  O  andp,  that  is,  will  be 
represented  by  AD.  Suppose  now 
we  have  two  other  wires  which 
are  connected  to  the  two  poles  of 
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some  arrangement  for  producing  a  difference  of  potential,  say  a  battery, 
and  that  we  join  the  wire  connected  to  the  pole  at  the  higher  potential  to 
the  point  o.  Then  if  the  difference  in  potential  between  the  poles  of  the 
battery  is  less  than  the  difference  of  potential  between  O  and  M,  there 
will  be  some  point  on  the  wire  through  which  the  current  is  flowing 
which  will  be  at  the  same  potential  as  the  wire  connected  to  the  other 
pole  of  the  battery.  Since  when  two  points  at  the  same  potential  are 
connected  no  current  passes,  if  we  connect  the  wire  with  this  point  P, 
no  current  will  pass  through  the  branch  circuit  containing  the  battery, 
the  difference  of  potential  between  the  points  O  and  p  being  just  equal 
to  that  due  to  the  battery  in  the  branch  circuit,  acting  in  the  opposite 
direction.  Hence  if  a  galvanometer  is  included  in  the  branch  circuit,  it 
will  indicate  no  current  when  the  difference  of  potential  between  o  and  p, 
due  to  the  passage  of  the  current  C,  is  exactly  equal  to  this  E  M.F. 
Hence  if  we  know  the  current  passing  in  the  wire  OM,  and  the  resistance 
of  the  wire  between  the  points  o  and  P,  we  can  calculate  the  drop  of 
potential,  for  it  is  equal  to  the  product  of  the  current  into  the  resistance, 
and  hence  we  have  the  E.M.F.  of  the  battery  in  the  branch  circuit.  This 
method  of  measuring  an  E.M.F.  is  called  Poggendorft's  method. 

If  we  only  wish  to  compare  two  E.M.F.'s  it  is  no  longer  necessary  to 
measure  the  current,  for  if  a  steady  current  is  passed  through  a  uniform 
wire,  or  a  set  of  resistance  coils  which  can  be  altered  by  a  small  quantity 
at  a  time,  and  the  resistance  noted  which  has  to  be  intercepted  between 
the  terminals  of  a  secondary  circuit  in  which  the  E.M.F.'s  and  a  sensitive 
galvanometer  are  included  in  succession,  so  that  there  is  no  deflection  of 
the  galvanometer,  the  ratio  of  the  resistances  intercepted  in  the  two  cases 
will,  since  the  current  is  constant,  be  the  same  as  the  ratio  of  the 
E.M.F.'s  which  are  to  be  compared.  In  the  case  where  the  current  is 
passed  through  a  uniform  wire,  the  ratio  of  the  lengths  of  wire  intercepted 
will  give  the  ratio  of  the  E.M.F.'s. 

494.  Lines  of  Flow  in  a  Conducting  Sheet.— In  the  foregoing 
considerations  of  the  flow  of  currents  in  wires  we  have  tacitly  assumed 
that  the  current  was  uniform  over  the  cross-section  of  the  conductor,  and 
since  we  have  been  dealing  with  the  flow  in  wires,  where  the  length  of 
the  wire  was  great  compared  with  its  cross-section,  this  was  justified.    We 
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have  now  to  consider  the  flow  of  a  current  in  a  conducting  sheet,  such  as 
a  sheet  of  tinfoil.  Suppose  that  by  means  of  wires  attached  to  the  foil  a 
current  is  caused  to  flow  into  the  sheet  at  a  point  A  (Fig.  483),  and  to 

leave  the  sheet  at  the  point  b,  so  that 
there  is  a  difference  of  potential  of 
E  between  A  and  B.  The  potential 
will  fall  along  the  sheet  from  A  to  B, 
and  if  we  draw  a  series  of  lines  on 
the  surface  joining  all  points  which 
are  at  the  same  potential  we  shall 
get  a  series  of  equipotential  lines. 
The  form  of  these  equipotential  lines 
can  be  determined  experimentally 
by  using  two  needle-points  attached 
by  wires  to  the  terminals  of  a  gal- 
vanometer. One  point  is  put  in 
contact  with  the  sheet  at  a  point 


Fig.  483. 


such  as  P,  and  the  other  is  moved 


about  till  a  point  Q  is  found  such  that, 
when  contact  is  made  there,  no  current  passes  through  the  galvano- 
meter. The  fact  that  no  current  passes  through  the  galvanometer 
indicates  that  the  points  P  and  Q  are  at  the  same  potential,  and  are  there- 
fore on  the  same  equipotential  line.  Proceeding  in  this  way  a  number  of 
points  can  be  found,  all  of  which  are  on  the  same  equipotential  line  as  P, 
and  hence  this  line  can  be  drawn.  Then  by  moving  the  conductor  from 
p  to  some  other  point  at  which  the  potential  is  different,  a  new  equi- 
potential line  can  oe  drawn,  and  so  on. 

In  Fig.  483  the  equipotential  lines  are  shown  for  a  sheet  which  is 
large  in  length  and  breadth  compared  with  the  distance  between  the 
points  A  and  B,  at  which  the  current  enters  and  leaves  the  sheet. 

Since  no  current  will  flow  from  any  point  on  a  given  equipotential 
line  to  any  other  point  on  this  line,  it  is  evident  that  the  current  must 
flow  everywhere  at  right  angles  to  the  equipotential  lines,  the  reasoning 
being  exactly  the  same  as  that  adopted  in  §  450.  Hence  the  lines  shown 
dotted  in  the  figure,  which  everywhere  cut  the  equipotential  lines  at  right 
angles,  will  represent  the  directions  in  which  the  current  will  flow  in  the 
sheet. 

495*,  The  Hall  Phenomenon.— If,  in  the  case  of  strip  shown  in 
Fig.  484,  two  conducting  wires  which  are  attached  to  the  terminals  of  a 
sensitive  galvanometer  are  joined  to  two  points  P  and  Q,  which  are  on 
the  same  equipotential  line,  no  current  will  pass  through  the  galvano- 
meter. If,  however,  the  sheet  is  placed  between  the  poles  of  a  very 
powerful  magnet,  so  that  the  lines  of  force  of  the  magnetic  field  produced 
by  the  magnet  are  at  right  angles  to  the  plane  of  the  sheet,  then  the 
galvanometer  will  be  deflected,  showing  that  the  points  P  and  Q  are  no 
longer  equipotential.  The  effect  of  the  magnetic  field  is  to  distort  the 
lines  of  flow  and  the  equipotential  lines  in  the  sheet  in  the  way  shown  in 
Fig.  485,  which  corresponds  to  the  case  of  a  sheet  of  bismuth  in  which 
the  lines  of  force  of  the  magnetic  field  are  passing  from  above  the  page 
to  below,  the  direction  of  the  main  current  in  the  sheet  being  as  shown 
by  the  arrows.  In  the  case  of  other  metals,  such  as  gold,  the  direction 
in  which  the  equipotential  lines  and  lines  of  flow  are  deflected,  and  hence 
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the  direction  of  the  current  in  the  galvanometer,  is  the  opposite  to  that 
in  the  case  of  bismuth. 

This  phenomenon  is  referred  to  as  Hall's  phenomenon,  from  the 
name  of  the  discoverer.   We  shall  see  later  that  a  conductor  conveying  a 
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Fig.  484. 

current,  when  placed  in  a  magnetic  field,  experiences  a  mechanical  force 
tending  to  move  it  at  right  angles  to  the  lines  of  force  of  the  field.  But 
this  effect  on  the  conductor  conveying  the  current  must  be  carefully 


Fig.  485. 


distinguished  from  the  Hall  effect,  which  refers  to  the  current  in  the 
conductor. 

The  magnitude  of  the  Hall  effect  is  excessively  small,  and  it  is  only 
with  very  strong  magnetic  fields  and  a  very  delicate  galvanometer  that  it 
can  be  detected  at  all. 


CHAPTER   IX 
JO  VLB'S    LAW 

496.  Joule*S  Law.— We  have  defined  the  E.M.F.  between  two  points, 
A  and  B^  on  a  conductor  through  which  a  current  is  flowing  as  being 
equal  to  the  work  done  in  transporting  the  unit  quantity  of  electricity 
from  one  of  these  points  to  the  other.  We  have  also  seen  that,  if  R  is 
the  resistance  between  the  points  and  C  is  the  current  passing,  the 
E.M.F.  between  the  points  is  given  by  E=CR.  Now  a  current  C  vyill 
transport  C  units  of  electricity  past  each  point  of  the  conductor  in  the 
unit  of  time,  hence  the  work  done  in  a  second  in  driving  the  current  from 
the  point  A  to  the  point  B  is  given  by  EC  or  A'C.C,  that  is,  RC^.  If  the 
current  continues  for  a  time  /,  the  work  done  will  be  represented  by  the 
equation  W=RC^t.  The  work  thus  done  appears  as  heat  developed  in 
the  conductor  through  which  the  current  is  flowing. 

In  order  to  get  the  amount  of  heat  developed  in  the  conductor  in 
thermal  units  we  have  to  divide  this  result  by  the  mechanical  equivalent 
of  heat,  that  is,  by  4.19  x  10^  (§  250).  Hence  the  quantity  of  heat,  //, 
developed  in  a  wire  of  which  the  resistance  is  A'  c.g.s.  units  by  a  current 
of  C  c.g.s.  units  in  /  seconds  is  given  by 

//= i  calories 

4.19X  10' 

=  0.2387  X  iQ-'.  RC^t  calories. 

If  the  electrical  quantities  are  measured  in  the  practical  units,  since  a 
current  of  C  c.g.s.  units  is  equal  to  10  C  amperes,  and-  a  resistance  of  R 
c.g^.  units  is  equal  to  io~®A'  ohms,  the  heat  developed  in  a  conductor  of 
which  the  resistance  is  O  ohms,  by  a  current  of  A  amperes,  in  a  time  / 
seconds,  will  be  0.2387  OA^t  calories.  The  work  done  in  one  second  by 
a  current  of  one  ampere  when  passing  through  a  resistance  of  one  ohm, 
that  is,  when  passing  between  two  points  between  which  there  exists  a 
difference  of  potential  of  one  volt,  is  10^  ergs,  or  in  thermal  units  0.2387 
calories,  and  is  called  z.  Joule. 

Tlie  law  that  the  heat  developed  in  a  conductor  is  proportional  to  the 
square  of  the  current  and  to  the  resistance  was  discovered  experimentally 
by  Joule  in  1841,  and  hence  is  known  as  Joule's  law. 

The  quantity  of  energy  which  becomes  converted  into  heat  when  a 
given  current  flows  through  a  given  conductor  is  independent  of  the  direc- 
tion in  which  the  current  flows,  for,  as  the  current  always  flows  from  the 
point  at  the  higher  potential  to  the  point  at  the  lower  potential,  if  we 
reverse  the  direction  in  which  the  current  is  flowing,  this  means  that  we 
have  reversed  the  direction  in  which  the  E.M.F.  is  acting  ;  and  since  the 
resistance  of  a  conductor  is  independent  of  the  direction  in  which  the 
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current  is  flowing,  the  conditions,  as  far  as  the  work  done  by  the  current, 
and  hence  the  heat  developed,  are  exactly  the  same  when  the  current  is 
reversed  as  they  were  before.  Thus  the  passage  of  a  current  through  a 
conductor  of  finite  resistance  is  always  accompanied  by  the  conversion  of 
a  definite  quantity  of  electrical  energy  into  the  form  of  heat.  Since  when 
the  current  is  reversed  the  conversion  into  heat  continues  at  the  same 
rate  as  before,  this  conversion  of  electrical  energy  into  heat,  when  a 
current  passes  through  a  conductor,  is  an  irreversible  process.  As  we 
shall  see  later,  there  are  conditions  under  which  heat  developed  at  a 
given  point  due  to  the  passage  of  a  current  is  a  reversible  process,  so  that 
on  reversing  the  current  heat  is  now  absorbed  at  the  point ;  in  the  case  of 
heat  developed  according  to  Joule's  law,  however,  this  is  never  the  case. 
In  many  cases  the  heat  produced  according  to  Joule's  law  is  simply  a 
waste  of  energy,  thus  it  is  important  to  reduce  it  to  a  minimum.  This 
can  be  done,  if  we  suppose  that  a  given  current  has  to  be  transmitted,  by 
reducing  the  resistance  of  the  conducting  wires.  Since,  as  we  have  seen, 
the  resistance  of  a  pure  metal  at  the  absolute  zero  appears  to  be  zero, 
a  current  could  be  passed  through  such  a  conductor  at  the  absolute  zero 
without  the  production  of  any  heat  and  the  consequent  loss  of  electrical 
energy. 

497.  The  Meehanieal  Equivalent  of  Heat  derived  from  Electrical 
Experiments. — Since  the  heat  developed  by  a  current  of  A  amperes  in 
a  wire  of  resistance  O  ohms,  in  a  time  /  seconds,  is  equal  to  OA^tx  id' 
ergs  or  OA^tx  id' I  J  calories,  where/  is  the  value  of  Joule's  equivalent, 
if  we  measure  the  heat  developed  by  means  of  a  calorimeter,  and  also  the 
current  A  and  the  resistance  O  of  the  wire,  or,  what  comes  to  the  same 
thing,  the  E.M.F.  between  the  ends  of  the  wire,  we  can  at  once  calculate 
the  value  of/.  An  elaborate  determination  of  the  value  of/  by  this 
method  has  been  carried  out  by  Griffiths.  His  apparatus  consisted  of  a 
coil  of  platinum  wire  through  which  the  current  could  be  passed,  and 
which  had  two  wires  attached,  so  that  the  diflference  of  potential  between 
the  ends  of  the  coil  could  be  compared  with  the  E.M.F.  of  a  standard 
Clark  cell  (§  558),  by  the  method  given  in  §  493.  This  coil  was  contained 
inside  a  closed  calorimeter,  which  was  itself  placed  inside  a  large  steel 
chamber,  the  space  between  the  outside  of  the  calorimeter  and  the  walls 
of  this  vessel  being  exhausted  of  air  so  as  to  reduce  the  loss  of  heat  due 
to  convection.  The  calorimeter  contained,  in  addition  to  the  coil,  a  stirrer, 
which  was  rotated  at  a  high  speed,  so  as  to  insure  the  water  inside  being 
thoroughly  well  mixed.  The  temperature  of  the  water  in  the  calorimeter 
v/as  measured  with  a  platinum  thermometer,  and  the  resistance  of  the 
coil  at  different  temperatures  was  determined  so  that,  knowing  the  E.M.F. 
between  the  terminals  and  the  temperature,  the  resistance  of  the  coil 
and  the  rate  at  which  heat  was  being  developed  by  the  current  could  be 
calculated.  A  certain  amount  of  heat  was  also  developed  by  the  friction 
of  the  stirrer  against  the  water.  The  amount  of  heat  thus  developed  at 
different  rates  of  stirring  was  determined  by  making  observations  of  the 
rise  in  temperature  of  the  calorimeter,  due  to  the  stirring  alone,  when  no 
current  was  passing  through  the  coil.  The  water  value  of  the  calorimeter 
and  of  the  stirrer  and  coil  was  determined  by  making  experiments  with 
various  quantities  of  water  in  the  calorimeter. 

As  has  been  given  already,  the  value  obtained  for  the  mechanical 
equivalent  of  heat  was  4.1940  x  10'^  ergs  per  calorie.     The  accuracy  of 
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this  value  depends,  of  course,  on  the  accuracy  with  which  the  values  of  the 
electrical  quantities  were  determined  in  terms  of  the  fundamental  units. 

498.  The  Incandescent  Electric  Lamp.— The  heat  developed  in  a 
conductor  by  the  passage  of  an  electric  current  is  made  use  of  in  the  electric 
incandescent  lamp.  The  modern  form  of  lamp  consists  of  a  fine  carbon 
filament  enclosed  in  a  glass  globe  from  which  the  air  has  been  exhausted. 
The  resistance  of  a  carbon  filament  being  fairly  great,  the  heat  developed 
is  sufficient  to  raise  the  temperature  to  such  a  point  that  the  filament 
glows  with  a  bright  white  light. 

The  energy  which  becomes  converted  from  the  electrical  form  in  the 
filament  is  partly  given  out  from  the  lamp  in  the  form  of  light  and  partly 
as  heat.  The  object  of  the  lamp-maker  is  to  produce  a  lamp  in  which 
the  proportion  of  the  energy  used  up  to  produce  heat,  and  which  as  far 
as  the  production  of  light  is  concerned  is  completely  wasted,  is  reduced  to 
a  minimum.  It  is  found  that  the  energy  which  has  to  be  supplied  to  a 
lamp  in  order  to  produce  a  light  of  one  candle-power  decreases  as  the 
temperature  of  the  filament  is  increased,  so  that  from  this  point  of  view  it 
is  an  advantage  to  run  the  lamps  as  bright  as  possible.  It  is,  however, 
found  that  when  the  temperature  is  raised  above  a  certain  point  the 
filament  soon  gives  way,  so  that  the  life  of  the  lamp  is  short.  The 
resistance  of  the  filament  of  the  lamp  is  adjusted  so  that  when  the 
E.M.F.  between  the  ends  of  the  filament  has  a  certain  definite  value,  such 
as  100  volts  or  200  volts,  the  current  which  passes,  according  to  Ohm's 
law,  will  raise  the  temperature  of  the  filament  to  the  greatest  value  which 
will  not  endanger  its  life.  With  most  of  the  incandescent  lamps  of  good 
make  the  energy  consumed  to  produce  a  light  of  one  candle-power  is 
about  four  watts,  or,  since  one  watt  is  equal  to  10'  ergs  per  second,  is 
about  4x10'  ergs  per  second. 

The  number  of  watts  required  per  candle-power  increases  very  rapidly 
as  the  E.M.F.  between  the  ends  of  the  filament  is  reduced  below  the  value 
for  which  the  lamp  is  intended,  so  that  it  is  very  wasteful  to  run  the  lamps 
at  a  low  voltage,  although  by  this  means  the  life  of  the  filament  may  be 
increased. 

In  the  Nernst  form  of  incandescent  electric  light  the  light  is  obtained 
from  a  rod  consisting  of  a  mixture  of  the  oxides  of  thorium,  zirconium, 
cerium,  and  yttrium,  which  is  heated  white  hot  by  the  passage  of  the 
current.  Since  the  material  of  which  the  rod  is  composed  does  not 
conduct  electricity  at  the  ordinary  temperature,  some  auxiliary  means  has 
to  be  used  to  heat  the  rods  up  to  a  red-heat  when  they  become  conductors. 
The  Nernst  lamp  takes  about  one  watt  per  candle,  and  so  is  more 
efficient  than  the  carbon  filament  lamp. 

499.  The  Arc  Lamp.— Another  source  of  light  which  depends  on 
the  conversion  of  electric  energy  into  light  is  the  arc  lamp.  When  two 
rods,  composed  of  the  carbon  which  is  deposited  inside  the  retorts  used 
in  the  manufacture  of  illuminating  gas,  connected  to  two  conductors 
which  are  at  a  difference  of  potential  of  about  60  volts,  are  first  brought 
into  contact  and  are  then  gradually  separated  for  a  short  distance  the 
current  continues  to  pass,  and  where  it  crosses  the  air  space  between  the 
carbon  rods  an  intense  light  is  emitted.  This  arrangement  constitutes 
an  electric  arc,  and  it  is  found  that  the  carbon  rod  which  is  at  the  higher 
potential,  that  is,  from  which  the  current  goes,  is  eaten  away  more 
rapidly  than  the  other  carbon.     If  an  image  of  the  arc  is  projected  on  a 
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screen,  it  is  seen  that  the  carbon  which  is  at  the  higher  potential,  the 
positive  carbon  as  it  is  usually  called,  is  worn  slightly  hollow,  and  that 
the  greater  proportion  of  the  light  is  emitted  from  this  hollow,  which  is 
called  the  crater  of  the  arc.  The  end  of  the  negative  carbon,  i.e.  that  at 
the  lower  potential,  becomes  worn  to  somewhat  of  a  point.  In  order  to 
allow  for  the  wearing  away  of  the  carbon  rods,  they  are  held  in  an 
arrangement  by  which  they  are  automatically  brought  nearer  together  as 
the  ends  wear  away,  so  that  the  length  of  the  arc  is  maintained  constant. 
If  by  chance  the  distance  between  the  carbons  becomes  too  great  the 
current  will  cease  to  pass,  and  the  arc  cannot  again  be  started  till  the 
carbons  are  brought  into  contact  and  then  separated.  Hence  the  lamp 
is  fitted  with  an  electrical  arrangement  by  which,  directly  the  current 
ceases,  the  rods  are  first  brought  together,  and  then,  when  the  current 
passes,  are  again  separated  to  the  correct  distance. 

An  ordinary  arc  requires  about  one  watt  for  each  candle-power 
produced,  so  that  the  energy  consumed  in  order  to  produce  a  given 
quantity  of  light  by  means  of  an  arc  is  much  less  than  is  required  when 
carbon  filament  incandescent  lamps  are  used. 

600.  The  Electric  Furnace.— The  temperature  of^  the  arc  is 
extremely  high,  it  having  been  estimated  to  be  about  3500°  C,  and  this 
high  temperature  has  been  utilised  for  melting  refractory  substances 
and  for  conducting  chemical  processes  which  require  a  very  high 
temperature. 

The  form  of  electric  furnace  used  by  Moissan  on  his  important 
researches  at  high  temperatures  consists  of  a  block  of  lime  or  fireclay 
through  which  pass  two  thick  rods  of  carbon,  which  act  as  electrodes  for 
the  supply  of  the  current.  The  arc  is  formed  between  the  ends  of  these 
rods  just  above  the  substance  which  is  to  be  heated,  which  is  contained 
in  a  small  crucible  placed  in  a  cavity  cut  in  the;  block  of  lime. 


PART   IV— THERMO-ELECTRICITY 
CHAPTER  X 

THERMO-ELECTRICITY 

501.  Thermo-ElectPic  Junction.— In  1821,  while  making  experi- 
ments on  the  difference  of  potential  which  appears  to  exist  between  two 
different  metals  when  placed  in  contact  (see  §  549),  Seebeck  noticed  that 
if  a  circuit  is  formed  which  is  composed  of  two  wires  of  different  metals 
joined  together  at  their  ends,  and  if  the  junctions  are  at  different 
temperatures,  a  current  will  in  general  be  produced  in  the  circuit.  Thus 
if  two  copper  wires,  which  are  connected  to  the  terminals  of  a  gal- 
vanometer, are  connected  at  their  other  ends  to  a  piece  of  iron  wire, 
and  one  of  the  junctions  of  the  copper  and  iron  is  heated,  a  current  will 
be  indicated  by  the  deflection  of  the  galvanometer.  The  direction  of 
the  current  will  be  from  the  hot  to  the  cold  junction  in  the  iron.  This 
current  is  said  to  be  a  thermo-electric  current. 

If,  while  the  cold  junction  is  kept  at  a  constant  temperature,  the 
temperature  of  the  hot  junction  is  gradually  raised,  the  current  in  the 
circuit  will  gradually  increase  up  to  a  certain  point,  this  temperature 
being  called  the  neutral  point  for  the  two  given  metals.  If  the  tem- 
perature of  the  hot  junction  is  raised  above  the  neutral  point  the  current 
in  the  circuit  will  decrease,  till,  when  the  temperature  of  the  hot  junction 
is  as  much  above  the  neutral  point  as  that  of  the  cold  junction  is  below, 
there  will  be  no  current  in  the  circuit ;  while  if  the  temperature  of  the 
hot  junction  is  yet  further  raised,  the  direction  of  the  current  will  be 
reversed. 

It  is  possible  to  arrange  the  metals  in  a  series  such  that  if  wires  of 
any  two  of  them  are  joined  together  to  form  a  circuit,  and  one  of  the 
junctions  is  heated,  the  thermo-electric  current  will  in  the  first  metal  on 
the  list  go  from  the  hot  junction  to  the  cold,  it  being  supposed  that  the 
mean  temperature  of  the  hot  and  cold  junctions  has  some  given  value. 
The  following  is  such  a  thermo-electric  series  for  a  mean  temperature 
of  about  50"  C. :  antimony,  iron,  zinc,  silver,  tin,  copper,  bismuth.  Of 
course  the  order  of  the  metals  will  vary  with  the  temperature,  for  the 
neutral  temperature  for  some  of  the  combinations  is  quite  low,  and  the 
neutral  points  for  the  different  combinations  vary  very  much. 

502.  Thepmo-Electrie  Power  and  Thepmo-Electric  Diagrams.— 
If  we  take  some  metal  as  a  standard — lead  is  the  one  usually  taken — 
and  form  a  thermo-electric  couple  between  this  metal  and  another,  and 
attach  a  lead  wire  to  the  other  end  of  this  second  metal,  then,  if  while 
the  temperature  of  one  of  the  lead-metal  junctions  is  kept  constant,  say 
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at  0°  C,  the  temperature  of  the  other  junction  is  raised  to  different 
temperatures,  there  will  be  produced  a  difference  of  potential  between 
the  free  ends  of  the  lead  wires.  This  difference  of  potential  is  the 
thermo-electric  E.M.F.  due  to  the  temperature  difference  between  the 
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hot  and  cold  junctions.  If  a  series  of  measurements  of  this  thermo- 
electric E.M.F.  is  made  for  different  temperatures  of  the  hot  junction, 
that  of  the  cold  junction  being  kept  constant  at  0°  C,  and  the  results  are 
plotted  on  a  curve,  the  temperatures  of  the  hot  junction  being  taken  as 
abscissae  and  the  corresponding  E.M.F.'s  as  ordinates,  a  curve  of  the 
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form  of  those  shown  in  Fig.  486  will  be  obtained.  These  curves  repre- 
sent the  thermo-electric  E.M.F.'s  of  some  metals  taken  with  reference  to 
lead  in  terms  of  microvolts,  i.e.  \o~^  volts,  and  degrees  Centigrade. 

Since  in  each  case  the  temperature  of  the  one  junction  is  kept 
constant  at  o"  C,  and  that  when  the  temperatures  of  the  two  junctions 
are  the  same  the  thermo-electric  E.M.F.  is  zero,  all  the  curves  must  pass 
through  the  origin  of  co-ordinates.  The  temperatures  at  which  the 
curves  have  a  horizontal  tangent,  that  is,  when  the  E.M.F.  is  a  maximum 
in  one  direction  or  the  other,  is  the  neutral  temperature  for  the  given 
metal  taken  with  reference  to  lead.  Thus  the  temperature  of  the  neutral 
point  for  a  platinum-lead  couple  is  —  150°,  and  that  for  a  zinc-lead  couple 
IS  -200°. 

It  is  found  that  the  curve  showing  the  relation  between  the  thermo- 
electric E.M.F.,  E.,  and  the  temperature,  /,  of  the  hot  junction,  the  other 
junction  being  at  0°,  is  approximately  a  parabola.  Hence,  since  the 
equation  of  a  parabola  can  be  written  in  the  form 

where  a  and  b  are  constants,  the  relation  between  the  thermo-electric 
E.M.F.  and  the  temperature  can  be  expressed  by  a  formula  of  the  form 

2 

where  the  values  of  a  and  b  depend  on  the  nature  of  the  metal.  Those 
who  are  acquainted  with  analytical  geometry  will  see  that  the  maximum 
value  of  E  occurs  when  /  is  equal  to  -alb.  Hence  there  exists  the 
following  relations  between  the  constants  a  and  ^,  the  neutral  tempera- 
ture /,  and  the  E.M.F.  E'  of  the  junction,  when  one  junction  is  at  0°  and 
the  other  is  at  the  neutral  temperature — 

f^-alb, 
E:^-a^l2b. 

In  the  following  table  the  values  of  the  coefficients  a  and  b  for  a  few 
metals  are  given.  The  sign  of  a  is  such  that  when  at  the  hot  junction 
the  current  passes  from  lead  to  the  given  metal  a  is  positive,  or,  in  other 
words,  when  a  is  positive  the  current  flows  in  the  metal  considered  from 
the  hot  junction  to  the  cold.  The  values  of  the  constants  are  so  chosen 
that  if  /  is  measured  in  degrees  Centigrade  the  thermo-electro-motive 
force  is  given  in  microvolts,  that  is,  in  io~*  volts. 


a 

b 

Copper  

2.86 

0.0080 

Zinc 

2.73 

0.0138 

Cadmium 

3.11 

0.0334 

Iron 

13-20 

-  0.0286 

Nickel   . 

-19.16 

-0.0290 

Cobalt    . 

-15.51 

-  0.0760 

Mercury 

-    3-21 

-0.0168 

Platinum 

-  3.10 

-  0.0206 

§502]  The  Thermo- Electric  Diagram  699 

Suppose  that  the  thermo-electric  E.M.F.  between  a  given  metal,  A^  and 
lead  when  the  cold  junction  is  at  0°  and  the  hot  junction  is  at  a  tempera- 
ture /  is  £",  then  we  have  seen  that 

2 

Suppose  now  that  the  temperature  of  the  hot  junction  is  raised  through 
a  small  interval  §/,  so  that  it  becomes  /+5/,  then,  if  the  new  value  oi  E  is 
called  E-V^E^  we  have 

£"  +  8^=a(/+8^)  +  -(/-|-S/)2, 

or,  since  by  supposition  S/  is  very  small,  we  may  neglect  the  term  which 
involves  the  product  of  the  square  of  this  very  small  quantity  into  b^  which, 
as  will  be  seen  from  the  table,  is  itself  small.     Hence 

2 

If  now  we  subtract  the  value  of  the  E.M.F.  at  /  from  that  at  t-\-dt^  we  get 

^E=aU-^btU. 

That  is,  an  increase,  8/,  in  the  temperature  of  the  hot  junction  produces 
an  increase  of8^  or  a8/  +  (^/8/ in  the  E.M.F.  Now  the  ratio  of  the  increase 
in  the  E.M.F.  produced  by  a  small  rise  in  the  temperature  of  the  hot 
junction  to  this  increase  in  temperature,  or,  in  other  words,  the  rate  of 
mcrease  of  E.M.F.  with  temperature,  is  called  the  thermo-electric  power 
of  the  metal  A  with  respect  to  lead  at  the  temperature  /.  If  Q  is  the 
thermo-electric  power,  then 

Q=a^-bt. 

This  expression  shows  that  the  thermo-electric  power  varies  as  the  first 
power  of  the  temperature,  so  that  if  a  curve  is  drawn  such  that  the 
abscissae  are  temperatures  and  the  ordinates  are  the  corresponding  values 
of  the  thermo-electric  power,  this  curve  will  be  a  straight  line.  This  is 
at  once  evident  if  the  constant  term  a  is  subtracted,  which  is  equivalent 
to  decreasing  all  the  ordinates  by  the  same  amount,  when  the  new  ordi- 
nates will  be  b  times  the  corresponding  abscissae,  that  is,  the  ordinates 
are  directly  proportional  to  the  abscissae,  and  hence  the  curve  must  be  a 
straight  line. 

In  Fig.  487  the  hnes  showing  the  connection  between  the  thermo- 
electric power  and  the  temperature  are  given.  Such  a  series  of  curves 
is  called  a  thermo-electric  diagram,  and  from  it  we  can  deduce  the 
different  thermo-electric  properties  of  various  combinations  of  metals. 

Before  considering  this  diagram  in  detail,  we  must  consider  two  laws 
which  have  been  found  by  experiment  to  hold  in  all  thermo-electric 
circuits.  The  first  of  these  is  that,  if  E-^  is  the  E.M.F.  acting  round  a 
circuit  composed  of  two  metals  when  the  temperature  of  the  cold  junction 
is  /i  and  that  of  the  hot  junction  is  t^^  and  E^  is  the  E.M.F.  when  the 
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temperature  of  the  cold  junction  is  /,  and  that  of  the  hot  junction  is  /,, 
then  the  E.M.F.  when  the  temperature  of  the  cold  junction  is  /,  and  that 
of  the  hot  junction  is  /g  will  be  £1  + E^  But  we  have  seen  that  if  the 
temperature  of  the  hot  junction  is  increased  by  d/  the  E.M.F.  is  increased 
by  Q8/j  where  Q  is  the  thermo-electric  power  at  the  temperature  /. 
Hence  the  E.M.F.,  when  the  temperature  of  the  hot  junction  is  /,  will  be 
the  sum  of  the  quantities  obtained  by  multiplying  the  values  of  Q  for 
each  interval  fl/,  starting  at  the  temperature  of  the  cold  junction,  by  the 
interval  and  continuing  the  process  up  to  the  temperature  /. 

The  second  law  is  that  if  we  have  a  circuit  containing  three  metals, 
A,  Bj  and  C,  and  keep  the  junctions  BC  and  CA  both  at  the  same 
temperature,  /j,  while  the  junction  AB  is  kept  at  the  temperature  t^  then 
the  E.M.F.  acting  in  the  circuit  will  be  the  same  as  that  which  would 
exist  in  a  circuit  composed  of  the  metals  A  and  B  alone,  in  which  one 
junction  was  kept  at  the  temperature  /j  and  the  other  at  /,.     Thus  the 
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interposition  of  one  or  more  intermediate  metals,  so  long  as  the  junctions 
at  each  end  of  each  of  these  additional  metals  are  at  the  same  tempera- 
ture, has  no  influence  on  the  thermo-electric  E.M.F.  developed  by  the 
other  two  metals  when  their  junction  is  at  a  given  temperature  above 
or  below  that  of  all  the  other  junctions. 

Returning  to  the  thermo-diagram,  since  it  is  drawn  for  the  different 
metals  with  respect  to  lead,  the  axis  of  temperatures  will  represent  the 
thermo-electric  line  for  this  metal.  The  point  where  the  line  for  any 
metal  cuts  the  line  for  any  other  metal  corresponds  to  the  neutral  point 
for  these  two  metals  ;  thus  from  the  diagram  the  temperature  of  the 
neutral  point  can  immediately  be  read  off. 

In  order  to  find  from  the  diagram  the  thermo-electric  E.M.F.  de- 
veloped in  a  circuit,  say  of  copper  and  iron,  when  the  cold  junction  is 
at  a  temperature  of  20°  and  the  hot  junction  is  at  100°,  we  draw  the 
ordinatcs  corresponding  to  the  temperatures  20°  and  100°.  Then  the 
thermo-electric  power  of  the  junction  at  20*  is  given  by  the  difference 
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of  the  ordinates  of  the  iron  and  copper  lines,  that  is,  by  the  length  ab 
(Fig.  488).  If  the  temperature  of  the  hot  junction  were  20 +  d/,  the 
E.M.F.  acting  would  be  Qht,  where  Q  is  the  thermo-electric  power  of 
the  combination  at  a  temperature  /.  But  Qbt  is  the  area  of  a  small  strip 
enclosed  between  the  iron  and  copper  lines  and  the  ordinates  for  the 
temperatures  /  and  /+5/,  that  is,  the  small  strip  shaded  in  the  figure. 
Next,  if  the  temperature  of  the  cold  junction  were  /+5/,  and  that  of  the 
hot  /+2S/,  the  E.M.F.,  in  the  same  way,  would  be  represented  by  the 
area  of  the  strip  between  the  iron  and  copper  lines  and  the  ordinates 
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corresponding  to  the  temperatures  /+S/and  /+2S/,  and  so  on.  But  by 
the  law  given  above  the  E.M.F.,  when  the  temperatures  of  the  junctions 
are  the  same  as  the  extreme  temperatures  considered  in  these  small 
steps,  will  be  the  same  as  the  sum  of  the  E.M.F.'s  in  the  steps.  Hence 
the  E.M.F.,  when  the  junctions  are  at  the  temperatures  /^  and  t^t  ^^^^ 
be  represented  by  the  sum  of  all  the  small  strips  similar  to  ab,  that  is, 
will  be  represented  by  the  area  abed.  Since  this  figure  is  a  trapezium, 
and  so  can  be  divided  into  two  triangles  of  equal  height,  haying  ab  and 
r^  respectively  for  base,  its  area  is  given  by  MA'{ab/2  +  Cif/2)  ;  that  is, 
the  E.M.F.  acting  will  be  equal  to 

(A-^2)(a+S2)/2, 

where  (2i  ^^^  Q2  ^^e  the  thermo-electric  powers  of  the  two  metals  at 
the  temperatures  /j  and  /g*  In  the  example  taken,  we  get  in  this  way 
from  the  curve  jE'= (100  — 20)  (9.2  + 3.9)/2  =  524  microvolts.  If  the  lines 
of  the  metals  intersect  between  the  ordinates  corresponding  to  the  two 
temperatures,  that  is,  if  the  neutral  point  is  included  between  these 
temperatures,  the  areas  on  the  two  sides  of  the  intersection  must  be 
subtracted  one  from  the  other  to  give  the  E.M.F. 

503*.  The  Peltier  Effect— The  Thomson  Effect.— In  a  thermo- 
electric circuit  of  which  the  junctions  are  at  different  temperatures,  there 
is  a  current  flowing ;  and  we  have  seen  in  §  496  that  the  passage  of  a 
current  through  a  conductor  involves  the  expenditure  of  some  energy, 
which  appears  as  heat  according  to  Joule's  law.  The  question  now 
arises  in  what  manner  the  energy  necessary  for  the  maintenance  of 
the  current  in  the  thermo-electric  circuit  is  supplied.  This  question  is 
answered  by  a  discovery  made  in  1834  by  Peltier,  who  found  that  when 
an  electric  current  is  passed  through  a  thermo-electric  junction,  i.e.  a 
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junction  of  two  different  metals,  there  will  be  either  a  development  of 
heat  at  the  junction  or  an  absorption,  according  to  the  direction  in  which 
the  current  is  passed. 

The  Peltier  effect  differs  from  the  Joule  heating  already  considered, 
in  that  while  the  Joule  heating  is  proportional  to  the  square  of  the 
current,  and  is  independent  of  the  direction  of  the  current,  the  heat 
developed  at  a  junction  of  two  metals  is  proportional  to  the  first  power 
of  the  current,  and  depends  on  the  direction  of  the  current. 

The  Peltier  effect  can  be  shown,  and  its  magnitude  measured  by 
means  of  the  apparatus  shown  in  Fig.  489.     It  consists  of  two  glass 
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bulbs,  M  and  N,  which  are  connected  together  by  a  narrow  tube,  in 
which  a  small  drop  of  liquid  is  placed  to  serve  as  an  index,  a,  a,  and  B 
are  rods  of  two  metals  which  pass  through  corks  which  fit  air-tight  in 
the  tubulures  of  the  bulbs,  in  such  a  way  that  the  junctions  tn  and  n  are 
at  the  centres  of  the  bulbs.  The  portions  of  the  rods  A  and  li  within  the 
two  bulbs  are  of  the  same  size,  resistance,  &c.,  and  the  bulbs  are  also 
of  the  same  size;  thus  the  development  of  heat  according  to  Joule's  law 
is  the  same  in  both,  so  that,  as  far  as  this  source  of  heat  is  concerned, 
the  air  in  the  two  bulbs  becomes  equally  warmed,  and  hence  the  pressure 
is  the  same  in  both  of  them,  and  the  index  does  not  tend  to  move  in 
either  direction.  The  Peltier  effect  will,  however,  be  different  in  the 
two  bulbs,  for  while  in  one  the  current  will  be  passing  at  the  junction 
from  the  metal  a  to  the  metal  B,  at  the  other  junction  it  will  be  passing 
from  B  to  A.  Hence  while  heat  will  be  developed  at  one  junction,  and 
the  air  in  the  bulb  will  be  heated  and  its  pressure  increased,  at  the  other 
junction  heat  will  be  absorbed,  and  therefore  the  air  will  on  this  account 
be  cooled  and  its  pressure  decreased,  causing  the  liquid  index  to  move 
towards  the  junction  where  the  heat  is  absorbed.  If  the  metal  A  is 
copper  and  B  is  iron,  the  current  being  passed  in  the  direction  from 
copper  to  iron  at  the  junction  ;«,  then  heat  will  be  absorbed  at  vi  and 
produced  at  n.  On  reversing  the  direction  of  the  current,  the  direction 
in  which  the  index  moves  will  also  be  reversed. 

In  the  following  table  the  magnitude  of  the  Peltier  effect  for  some 
metals  is  given.  The  current  is  supposed  to  pass  from  copper  to  the 
metal  mentioned  in  the  first  column  and  in  the  second  column  is  given 
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the  quantity  of  heat  in  calories  liberated  by  one  ampere  in  one  second  at 
the  junction. 

Peltier  Effect. 


Metals. 

Calories  per  Coulomb. 

Copper  and  iron 
„         „    platinum 
„         „    silver      . 
„         „    zinc 
„         „    nickel    . 

-  1.7x10-* 
+  0.9  X  10-* 

-  I.IXIO"* 

-  1.6x10-* 
+  I2.IXIO-* 

Now  let  us  consider  a  thermo-electric  circuit  composed  of  iron  and 
copper,  and  suppose  that  one  of  the  junctions  is  immersed  in  a  mixture 
of  ice  and  water,  while  the  other  junction  is  placed  in  a  beaker  of  water 
at  a  temperature  /.  Then  we  know  that  a  current  will  flow,  the  direction 
of  which  at  the  hot  junction  will  be  from  the  copper  to  the  iron,  while  at 
the  cold  junction  it  will  be  flowing  from  the  iron  to  the  copper.  Now 
when  a  current  flows  from  copper  to  iron  there  is,  according  to  Peltier's 
observation,  an  absorption  of  heat,  while  when  a  current  flows  from  iron 
to  copper  there  is  a  liberation  of  heat.  Hence  in  our  example  there  will 
be  an  absorption  of  heat  at  the  hot  junction,  which  will  be  supplied  from 
the  heat  of  the  hot  water,  while  there  will  be  a  liberation  of  heat  at  the 
cold  junction,  which  will  melt  some  of  the  ice.  We  thus  see  that  the 
production  of  a  thermo-electric  current  is"  accompanied  by  a  transfer  of 
heat  from  the  source  which  is  used  to  maintain  the  temperature  of  the 
hot  junction  to  the  refrigerator  used  to  cool  the  cold  junction.  If  then 
the  heat  given  up  to  the  refrigerator,  or  the  condenser,  as  we  may  call  it 
from  the  analogy  with  the  thermal  engines  considered  in  the  sections  on 
thermo-dynamics,  is  less  than  the  quantity  absorbed  from  the  source  by 
the  amount  of  heat  developed  in  the  circuit  according  to  Joule's  law,  the 
maintenance  of  the  current  is  at  once  accounted  for.  We  are  thus  led 
to  look  upon  a  thermo-electric  circuit  as  an  ordinary  heat  engine  in  which 
a  certain  quantity  of  heat  is  taken  in  at  a  given  temperature  ;  some  of 
the  heat  used  up  by  the  engine  in  this  case  is  first  converted  into 
electric  energy,  and  then  reconverted  into  heat,  according  to  Joule's  law, 
but,  as  we  shall  see  later,  might  in  part  at  least  be  converted  into 
mechanical  work,  while  the  remainder  of  the  heat  taken  from  the  source 
is  given  out  to  a  condenser  which  must  be  at  a  lower  temperature  than 
the  source. 

In  addition,  a  certain  amount  of  heat  will  pass  from  the  source  to 
the  refrigerator  by  conduction  along  the  wires  which  form  the  circuit. 
Now  of  these  three  thermal  processes  two,  namely,  the  heat  developed, 
according  to  Joule's  law,  and  the  heat  conducted  along  the  wire,  are 
irreversible  (§  265),  for  if  we  reverse  the  direction  of  the  current  in  the 
circuit,  heat  will  still  be  developed  in  the  circuit,  and  heat  will  still  pass 
from  the  hot  end  of  the  circuit  to  the  cold  by  conduction.  The  heat 
transfer,  owing  to  conduction,  is  quite  independent  of  the  quantity  of 
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electricity  which  passes  round  the  circuit,  and  hence  we  shall  neglect 
this  effect  when  treating  the  circuit  as  a  heat  engine.  We  may,  of 
course,  if  we  like,  render  the  conduction  of  heat  quite  inappreciable,  by 
making  the  conducting  wires  forming  the  circuit  very  long.  As  to  the 
heat  developed  according  to  Joule's  law,  this  not  being  directly  pro- 
portional to  the  quantity  of  electricity  passing  round  the  circuit,  and 
ftirther,  since  by  making  the  resistance  of  the  circuit  sufficiently  large  so 
as  to  reduce  the  current  to  a  very  small  amount,  we  may  make  the 
quantity  of  heat  produced  as  small  as  we  please,  we  shall  also  neglect 
this  effect.  Thus  when  we  are  considering  the  connection  between  the 
E.M.F.'s  which  act  at  the  junctions,  that  is,  the  work  done  when  unit 
quantity  of  electricity  passes  round  the  circuit,  and  the  thermal  effects 
which  accompany  the  passage  of  the  electricity,  we  shall  only  consider 
the  reversible  processes,  and  shall  treat  the  circuit  as  a  reversible 
engine  (§  262). 

Let  -P,  be  the  heat  liberated  at  the  cold  junction  of  a  thermo-electric 
circuit,  of  which  the  temperature  on  the  absolute  scale  (§  261)  is  T^^  when 
unit  quantity  of  electricity  crosses  the  junction,  and  P^  be  the  heat 
absorbed  at  the  hot  junction  which  is  at  an  absolute  temperature  T^ 
The  quantities  of  heat  P^  and  P^  being  expressed  in  mechanical  units, 
P^  will  represent  the  mechanical  equivalent  of  the  heat  liberated  at  the 
cold  junction,  and  P^  that  of  the  heat  absorbed  at  the  hot  junction  when 
unit  quantity  of  electricity  flows  round  the  circuit.  Now  if  W  is  the 
work  done  when  the  unit  quantity  of  electricity  flows  round  the  circuit, 
we  have  by  the  equations  found  in  §  262 — 

But  the  work  done  when  unit  quantity  of  electricity  flows  round  the 
circuit  is  equal  to  E.     Hence 

or  £=(Tt-T^PJT^. 

Hence  if  the  temperature  7\  of  the  cold  junction  is  kept  constant,  this 
reasoning  would  lead  us  to  expect  that  the  E.M.F.  in  the  circuit  would 
be  proportional  to  the  difference  between  the  temperatures  of  the  hot 
and  cold  junctions.  We  have,  however,  seen  that  if  the  temperature  of 
the  hot  junction  is  raised,  the  E.M.F.  will  increase  at  first,  but  will 
eventually  reach  a  maximum  value,  and  when  the  temperature  of  the 
hot  junction  is  as  much  above  the  neutral  temperature  as  that  of  the 
cold  one  is  below,  the  E.M.F.  will  be  zero.  From  considerations  of 
this  nature  Lord  Kelvin  was  led  to  infer  that  in  a  thermo-electric  circuit 
there  must  be  other  reversible  thermal  effects  due  to  the  current  besides 
the  Peltier  effect,  and  these  effects  must  account  for  the  discrepancy 
between  the  expression  we  have  found  above  on  the  supposition  that 
the  Peltier  effects  were  the  only  reversible  ones  in  the  circuit  and  the 
observed  facts.  He  then  made  a  series  of  experiments  with  a  view  to 
discover  such  effects,  and  found  that  when  a  current  flows  along  a  wire 
of  which  the  temperature  varies  from  point  to  point,  heat  is  liberated  at 
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a  given  point  of  the  wire  when  the  current  flows  in  one  direction,  and  is 
absorbed  at  this  point  when  the  direction  of  the  current  is  reversed.  Of 
course  the  liberation  of  heat  here  spoken  of  is  additional  to  the  heat 
liberated  according  to  Joule's  law.  The  relative  directions  of  the  current 
and  of  the  temperature  gradient,  in  order  that  there  may  be  absorption 
of  heat,  depend  on  the  metal.  Thus  in  the  case  of  copper  heat  is 
absorbed  when  the  current  is  flowing  from  the  cold  part  of  the  wire  to 
the  hot,  while  in  the  case  of  iron,  on  the  other  hand,  heat  is  absorbed 
when  the  current  is  flowing  from  the  hot  part  of  the  wire  to  the  cold  ; 
that  is,  in  the  same  direction  as  the  flow  of  heat  due  to  conduction  in  the 
wire.  In  each  case  reversing  the  direction  of  the  current  changes  the 
absorption  of  heat  into  a  liberation.  This  reversible  thermal  effect, 
produced  when  a  curient  flows  along  an  unequally  heated  conductor,  is 
called  the  Thomson  effect. 


a  Y 


PART   V— MAGNETIC    INDUCTION 

CHAPTER  XI 
MAGNETIC  INDUCTION 

504.  Intensity  of  Magnetisation.— We  have  already  referred,  in 
§  420,  to  the  fact  that  a  piece  of  iron  when  placed  in  a  magnetic  field 
becomes  magnetised  by  induction,  and  we  now  have  to  investigate  this 
phenomenon  of  induced  magnetism  in  more  detail. 

We  have  defined  the  magnetic  force  at  a  given  point  in  air  as  the 
force  in  dynes  which  would  act  on  a  unit  pole  placed  at  the  point,  and 
we  have  seen  how  the  direction  of  the  force  which  would  act  on  a  north 
pole  when  placed  anywhere  in  the  air  surrounding  a  magnet  may  be 
mapped  out  by  means  of  magnetic  lines  of  force.  We  also  found  that  in 
the  air  surrounding  the  magnet  these  lines  of  force  ran  from  the  north 
pole  of  the  magnet  to  the  south  pole.  In  the  case  of  electro-static  lines 
of  force,  since  there  is  no  force  exerted  within  a  closed  conductor,  we 
did  not  have  to  consider  the  forms  of  the  lines  of  force  within  a  conduct- 
ing body,  so  that  a  line  of  force  originated  at  a  positively  electrified 
conductor  and  ended  at  the  surface  of  a  negatively  electrified  body.  In 
the  case  of  the  magnetic  lines  of  force  due  to  an  electric  current  (§  475) 
we,  however,  found  that  they  consisted  of  closed  curves,  that  is,  each  line 
of  force  is  continuous,  and  has  neither  beginning  nor  end.  We  are  thus 
led  to  consider  whether  the  lines  of  magnetic  force  due  to  magnets  are 
like  lines  of  electro-static  force,  originating  at  a  north  pole  and  ending  up 
at  a  south  pole,  or  whether  they  are  like  the  magnetic  lines  of  force  of  a 
current  and  are  continuous  curves.  Suppose  that  a  long  thin  steel  rod 
is  magnetised  uniformly,  then  there  will  be  a  pole  at  each  end  and 
magnetic  lines  of  force  will  run,  in  the  surrounding  air,  from  the  north 
pole  to  the  south  pole.  Now  suppose  that  the  magnet  is  bent  into  the 
form  of  a  circle,  the  two  poles  being  brought  into  contact  with  one 
another.  Before  the  poles  were  brought  into  contact  there  were  a 
number  of  lines  of  force  passing  through  the  air,  but  when  the  poles  are 
in  contact  practically  no  lines  of  force  pass  through  the  air.  The  magnet, 
however,  is  still  magnetised,  for  if  the  poles  are  separated,  or  if  it  is  cut 
at  any  other  place  and  the  ends  are  separated,  lines  of  force  will  at  once 
pass  through  the  air.  We  are  thus  led  to  conclude  that  the  magnetic 
lines  offeree  exist  even  when  they  do  not  pass  through  the  air,  and  that 
when  the  poles  are  in  contact  the  lines  run  round  the  steel  ring  thus 
formed.  When  the  poles  are  separated  the  lines  offeree  still  form  con- 
tinuous lines,  the  direction  in  the  air  being  from  the  north  pole  to  the 
south,  while  for  the  remainder  of  their  course  they  run  in  the  substance 
of  the  steel,  the  direction  here  being  from  the  south  pole  to  the  north. 
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Just  as  in  the  case  of  electro-static  lines  of  force  we  were  able  by 
means  of  the  consideration  of  tubes  of  force  to  represent  the  strength  of 
the  electro-static  field  at  any  point,  so  by  the  consideration  of  tubes  of 
magnetic  force  we  can  represent  the  strength  of  the  magnetic  field  at 
every  point.  A  unit  magnetic  tube  of  force  is  bounded  by  lines  of  mag- 
netic force,  and  is  such  that  the  product  of  the  magnetic  force  at  any  point 
of  the  tube  into  the  cross-section  of  the  tube  at  that  point  is  equal  to  unity. 

Attention  must  be  paid  to  the  difference  between  the  methods  in 
which  the  electro-static  and  the  magnetic  unit  tubes  are  defined.  Since 
the  electro-static  tube  starts  and  ends  at  given  points,  we  are  able  to 
define  the  unit  tube  by  the  quantity  of  electrification  at  the  ends.  Thus 
defined,  we  have  seen  that  the  product  of  the  electric  force  at  a  point  in 
a  tube  into  the  cross-section  of  the  tube  at  that  point  is  equal  to  47r.  In 
the  magnetic  case,  on  the  other  hand,  the  tubes  being  endless,  we  have 
to  adopt  another  method  of  defining  the  unit  tube,  namely,  that  the 
product  of  the  magnetic  force  into  the  cross-section  should  be  constant. 
The  constant  usually  adopted  being,  however,  not  477,  but  unity.  Greater 
uniformity,  no  doubt,  would  be  secured  by  altering  the  definition  of  the 
electro-static  unit  tube  so  as  to  conform  to  the  definition  of  the  magnetic 
tube  in  the  manner  given  at  the  end  of  §  458.  Usage  having  decreed 
that  the  definitions  we  have  adopted  should  be  used,  it  seems  hopeless 
to  attempt  to  make  any  change.  The  difference  in  the  definitions  will 
account  for  the  frequent  occurrence  of  the  quantity  477  in  formulae  dealing 
with  one  kind  of  tube,  but  not  in  the  corresponding  formula  dealing  with 
the  other  kind  of  tube. 

If  a  long  thin  magnet  be  taken  of  which  the  pole  strength  is  in  and  a 
sphere  of  radius  r,  where  r  is  small,  be  described  with  the  pole  as  centre, 
the  force  at  any  point  on  this  sphere  is  w/r^,  since  the  other  pole  is  at  a 
great  distance,  so  that  it  exerts  no  appreciable  force.  If  a  is  the  cross- 
section  of  a  tulDc  of  force  at  the  surface  of  the  sphere,  then  by  the  defini- 
tion of  the  unit  tube  we  have 

«.w/r^=i, 
or  a  —  r^\m. 

Hence,  since  the  area  of  the  surface  of  a  sphere  of  radius  r  is  \TTt^y  the 
number  of  tubes  of  force  which  cross  the  surface  of  the  sphere  is  - — ,  or 

Af-nm  ;  that  is,  there  are  ^ntn  tubes  of  force  which  leave  the  north  pole  of 
a  magnet,  of  which  the  pole  strength  is  m.  Since  all  these  tubes  of  force 
return  to  the  north  pole  through  the  substance  of  the  iron,  there  will  be 
&j:m  tubes  of  force  passing  through  the  magnet,  these  tubes  of  force 
being  all  due  to  the  magnetism  of  the  magnet  itself. 

If  we  accept  the  hypothesis  of  molecular  magnets  (§  423),  the  strength 
of  the  pole  in  either  measures  the  strength  of  the  molecular  magnets,  or,  if 
we  assume  that  they  are  of  constant  strength,  the  proportion  of  them  which 
are  turned  with  their  axes  in  one  direction.  Hence  for  a  given  magnet 
the  degree  to  which  the  steel  is  magnetised  will  depend  on  the  number  of 
tubes  of  force  which  pass  through  the  substance  of  the  magnet,  that  is,  on 
the  closeness  of  the  packing  of  the  tubes.  This  closeness  depends  on  the 
strength  of  the  poles  of  the  magnet  and  also  on  the  cross-section  of  the 
magnet.  If  then  s  is  the  cross-section  of  the  magnet,  and  m  is  the 
strength  of  either  of  the  poles,  the  degree  to  which  the  steel  is  magnetised 
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is  measured  by  ^Trmfs.  Now  if  /  is  the  length  of  the  magnet,  and  its 
magnetic  moment  is  il/,  we  have  w  =  J///.  Hence  the  degree  of  magneti- 
sation of  the  steel  is  measured  by  ^TrAf//s,  or  since,  if  V  is  the  volume  of 

the  magnet,  V=Is  by  47r  -y.    Thus  the  degree  of  magnetisation  of  the 

steel  is  proportional  to'^he  quotient  of  the  magnetic  moment  by  the 
volume,  and  this  quantity  is  called  the  intensity  of  magnetisation  of  the 
steel.  That  the  value  of  this  quantity  does  not  depend  on  the  form  of 
the  magnet  can  be  seen  by  the  following  considerations.  If  a  magnet 
were  taken  of  length  //2  and  cross-section  2s,  so  that  the  volume  was  the 
same  as  before,  and  were  magnetised  so  that  its  moment  was  Af,  the 
strength  of  each  pole  would  be  2il///,  that  is,  2///,  and  the  number  of 
tubes  of  force  passing  through  the  magnet  would  be  .47r;«  x  2,  and  the 
number  of  tubes  of  force  passing  through  unit  area  of  the  cross-section 
would  be  87r////2J  or  4Trm/s,  which  is  the  same  number  as  obtained  before. 
Since  the  moment  and  the  volume  are  the  same  as  before,  the  intensity 
of  magnetisation  is  the  same  as  before,  and  we  have  just  seen  that  the 
closeness  of  the  tubes  offeree  is  the  same. 

The  number  of  tubes  offeree  which  pass  through  the  magnet  is  47rm, 
and  the  number  of  tubes  per  unit  area  of  cross-section  is  47rw/j,  but  the 
number  of  tubes  per  unit  area  of  the  cross-section  is  also  equal  to  47r/. 
Hence /=  m/s.  The  quantity  w/j,  which  is  the  pole  strength  per  unit 
area,  is  called  the  surface  density  of  the  magnetisation,  and  from  the 
above  relation  it  is  seen  that  this  quantity  is  numerically  equal  to  the 
intensity  of  magnetisation,  /.  Thus  if  a  disc  of  iron,  of  which  the  area  of 
the  face  is  S,  is  magnetised  transversely,  the  intensity  of  magnetisation 
being  /,  then  the  pole  strength  of  either  side  will  be  IS. 

506.  Magnetic  Induction. — We  have  seen  that  when  a  piece  of  iron 
is  placed  in  a  magnetic  field  it  becomes  magnetised  owing  to  induction, 
and  we  have  now  to  consider  how  the  intensity  of  the  induced  magnetism 
depends  on  the  conditions  under  which  the  induction  takes  place. 

In  any  portion  of  a  magnetic  field  which  is  filled  with  non-magnetic 
medium,  all  the  tubes  of  force  are  due  to  causes  (currents,  magnets,  &c.) 
which  are  external  to  the  portion  of  the  medium  considered.  If  we 
assume,  and  we  shall  see  later  to  what  extent  this  assumption  is  justified, 
that  in  a  magnetic  medium  the  molecules  of  the  medium  are  already 
magnetised,  and  that  the  act  of  magnetising  any  given  portion  of  the 
medium  consists  of  turning  these  molecular  magnets  in  a  given  direction, 
then  when  such  a  medium  is  unmagnetised  the  molecular  magnets  will  be 
turned  in  all  directions.  Each  molecular  magnet  will  have  its  tubes  of 
force,  just  as  a  large  magnet,  but  in  the  unmagnetised  state  these  tubes  of 
force  will  be  turned  in  all  directions,  so  that  on  the  whole  there  will  be  as 
many  tubes  passing  through  any  element  of  area,  taken  in  the  medium, 
in  one  direction  as  in  the  opposite  direction.  Where,  however,  a  magnetic 
medium  is  placed  in  a  magnetic  field  a  certain  proportion  of  the  molecular 
magnets  will  be  turned  in  the  direction  of  the  lines  of  force  of  the  field, 
so  that  their  tubes  of  force  all  point  in  the  same  direction.  This  effect 
is  shown  in  Fig.  416,  which  represents  the  result  of  sprinkling  iron  filings 
over  a  sheet  of  glass  on  which  were  placed  a  number  of  small  magnets, 
the  axes  of  which  were  arranged  irregularly  in  all  directions.  In  Fig.  417 
the  corresponding  figure  is  shown  for  the  same  magnets,  but  here  they 
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have  been  all  arranged  with  their  axes  pointing  in  one  direction.  It  will 
be  observed  that  now  there  are  lines  of  force  extending  to  some  distance 
from  the  group  of  magnets. 

Thus  within  a  magnetisable  medium,  which  is  placed  in  a  magnetic 
field,  we  have  to  do  with  two  sets  of  tubes  of  force — (i)  those  which  are 
due  to  the  magnetising  field,  and  which  would  exist  if  the  magnetic 
medium  were  replaced  by  a  non-magnetic  medium  ;  (2)  those  due  to  the 
magnetism  of  the  molecules  of  the  medium  itself. 

Suppose  that  a  long  unmagnetised  cylindrical  bar  of  soft  iron  of 
iross-section  s  is  placed  in  a  uniform  magnetic  field  of  strength  //,  with 
Its  length  parallel  to  the  lines  of  force  of  the  field.  Then  if  the  cylinder 
were  of  an  unmagnetisable  material,  the  number  of  tubes  of  force  due 
to  the  field  which  would  cross  the  cross-section  of  the  cylinder  is  sH. 
Owing,  however,  to  the  fact  that  the  cylinder  becomes  magnetised  by 
induction,  there  will  be  in  addition  a  certain  number  of  tubes  of  force 
both  within  the  cyHnder  and  in  the  air  outside,  due  to  this  induced 
magnetism. 

Owing  to  the  induction,  poles  will  be  induced  at  the  ends  of  the  iron 
and  these  poles  will  in  general  produce  a  force  within  the  material  of  the 
iron  which  will  tend  to  diminish  the  strength  of  the  inducing  field. 
This  disturbing  action  of  the  induced  poles  causes  a  considerable  com- 
plication in  the  consideration  of  the  problem,  and  so  we  shall  at  first 
consider  the  case  of  a  very  long  cylinder  of  comparatively  small  cross- 
section.  In  this  case,  if  we  confine  ourselves  to  a  consideration  of  the 
state  of  the  iron  near  the  middle  of  the  cylinder,  the  influence  of  the 
poles,  which  are  by  supposition  at  a  considerable  distance,  may  be 
neglected. 

If  w  is  the  strength  of  the  poles  induced  in  the  iron,  then,  as  we  have 
seen  in  the  last  section,  there  will  be  d,-Km  lines  of  force  due  to  this 
induced  magnetism.  Since  that  end  of  the  cylinder  which  points  in  the 
direction  in  which  the  lines  of  force  of  the  field  run  becomes  a  north 
pole,  the  induced  lines  of  force  will  run  in  the  air  in  the  opposite 
direction  to  the  lines  of  force  of  the  field,  but  within  the  iron  they  will 
run  in  the  same  direction  as  the  lines  of  force  of  the  field.  The  number 
of  tubes  which  pass  through  the  iron  is  therefore  sH  tubes,  due  to  the 
inducing  field,  and  47r;;/  tubes,  due  to  the  induced  magnetisation,  or 
j//+47rw  in  all.  Hence  the  number  of  tubes  of  force  which  cross  unit 
area  of  the  cross-section  of  the  iron  is  H+^Trmjs.  But  the  intensity  of 
magnetisation  of  the  iron  is  equal  to  mfsy  for  the  lines  of  force  due  to  the 
field  alone  have  nothing  to  do  with  the  magnetism  of  the  material,  and 
in  fact  remain  the  same  whatever  the  nature  of  the  material  of  which  the 
cylinder  is  composed.  Hence  if  /  is  the  intensity  of  the  magnetism 
induced  in  the  iron,  the  number  of  lines  of  force  which  cross  unit  area  of 
the  cross-section  of  the  cylinder  is  H+^irl.  This  quantity  is  called  the 
induction,  B,  in  the  iron,  so  that 

^  =  //-l-47r/. 

We  have  in  the  above  spoken  of  the  tubes  of  force  due  to  the 
magnetising  field,  and  to  the  induced  magnetism  which  is  induced  in 
the  iron,  and  we  have  defined  the  induction  as  the  number  of  tubes  of 
force  which  cross  unit  area  at  right  angles  to  the  tubes.     Now  although 
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in  the  example  we  have  taken  we  have  for  simplicity  supposed  that  the 
cylinder  of  iron  was  placed  with  its  length  parallel  to  the  lines  of  force 
of  the  magnetising  field,  and  was  entirely  magnetised  by  induction,  so 
that  inside  the  iron  the  lines  of  force  due  to  the  field  and  those  due  to 
the  induced  magnetism  were  parallel,  this  is  not  always  so.  Thus  if 
the  cylinder  had  been  placed  with  its  length  inclined  to  the  lines  of 
force  of  the  magnetising  field,  and  been  permanently  magnetised,  the  lines 
of  force  within  the  iron  due  to  the  permanent  magnetism  of  the  iron 
would  not  be  parallel  to  those  due  to  the  field. 

Since  in  the  iron  we  have  always  to  do  with  the  resultant  of  the  two 
sets  of  tubes,  that  is,  with  the  induction,  it  is  usual  to  speak  of  the  tubes 
of  induction  within  any  magnetisable  material.  Thus  a  line  of  induction 
is  a  curve  drawn  so  that  it  everywhere  indicates  the  direction  of  the 
induction,  that  is,  of  the  resultant  of  the  field  causing  the  induced  mag- 
netisation and  that  of  the  magnetisation,  both  permanent  and  induced, 
of  the  material.  A  tube  of  induction  is  a  portion  of  space  bounded  by 
lines  of  induction,  and  such  that  the  induction  across  every  cross-section 
of  the  tube  is  equal  to  unity. 

If  there  are  no  magnetisable  materials  in  the  field,  then  there  will  be 
no  lines  of  force  due  to  induced  or  permanent  magnetism,  and  the  lines 
and  tubes  of  induction  will  be  the  same  as  the  lines  and  tubes  of  force. 
In  cases  where  we  wish  to  distinguish  between  the  two  sets  of  tubes 
within  a  magnetisable  material,  we  shall  take  the  terms  lines  and  tubes 
offeree  as  referring  to  the  lines  or  tubes  which  would  occupy  the  space 
if  the  magnetisable  material  were  removed  and  were  replaced  by  a 
non-magnetisable  substance  such  as  air,  reserving  the  terms  lines  and 
tubes  of  induction  for  the  resultant  of  the  magnetising  and  induced 
fields. 

In  the  case  of  a  magnet  placed  in  a  region  where  there  are  no 
external  magnetic  forces,  the  tubes  of  induction  within  the  magnet  will 
spread  out  into  the  air  from  the  north  pole,  curving  round  and  entering 
the  magnet  at  the  south  pole,  then  travelling  through  the  substance  of 
the  magnet  to  the  north  pole. 

When  we  come  to  the  question  as  to  how  the  magnetic  induction 
within  a  mass  of  iron  is  to  be  measured,  we  are  met  with  the  difficulty 
that  we  are  not  able  to  bring  the  unit  pole  to  a  point  within  the 
substance  of  the  iron  without  making  a  cavity  in  the  iron,  and  the 
question  arises,  what  will  be  the  effect  of  such  a  cavity  on  the  induction  .'* 
Suppose  that  we  return  to  the  case  of  the  cylinder  of  cross-section  j, 
before  considered,  which  is  placed  in  a  field  of  strength  //,  with  its 
length  parallel  to  the  lines  of  force  of  the  field,  and  that  we  cut  the 
cylinder  in  two  by  a  plane  at  right  angles  to  its  axis,  and  separate  the 
halves  by  a  very  small  amount.  Then,  if  the  gap  between  the  parts  is 
sufficiently  small,  practically  the  whole  of  the  tubes  of  induction  which 
leave  one  portion  will  enter  the  opposing  face  of  the  other  portion. 
Where  the  tubes  of  induction  leave  the  face  at  one  side  of  the  air  gap  a 
north  pole  will  be  produced,  while  on  the  other  side  of  the  gap,  where 
they  enter  the  iron  again,  there  will  be  a  south  pole.  These  poles  will, 
however,  be  so  very  near  that,  being  of  the  same  strength,  they  will 
exactly  neutralise  each  other's  effect,  except  in  the  air  gap.  Let  F  be 
the  value  of  the  field  in  the  gap,  that  is,  the  force  which  would  act  on 
the  unit  pole  if  placed  there,  then,  as  the  field  will  be  uniform,  the 
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number  of  tubes  of  force  which  cross  the  gap  will  be  sF^  for  the  cross- 
section  of  the  gap  is  s.  Now  the  number  of  tubes  of  induction  which 
enter  the  air  gap  from  the  iron  on  the  one  side  and  re-enter  the  iron  on 
the  other  side  is  sB^  where  B  is  the  induction  within  the  iron.  Hence, 
since  each  of  the  tubes  of  force  in  the  air  gap  is  the  continuation  of  one 
of  the  tubes  of  induction  in  the  iron,  we  must  have  the  same  number  of 
each,  that  is,  sB=sF  or  B  =  F.  The  magnetic  induction  is  therefore 
equal  to  the  strength  of  a  magnetic  field  in  a  small  crevasse  cut  in  the 
iron  at  right  angles  to  the  lines  of  induction  in  the  iron. 

606.  Magrnetising  Force. — When  considering  the  case  of  the  cylinder 
of  iron  magnetised  inductively  in  the  last  section,  wc  assumed  for  sim- 
plicity that  the  length  was  very  great,  and  were  thus  able  to  neglect  the 
magnetic  force  within  the  iron  due  to  the  poles  which  are  induced  at  the 
ends,  and  we  have  now  to  consider  what  influence  these  will  have  on  the 
results  obtained. 

If  the  length  of  the  bar  is  finite,  so  that  the  influence  of  the  poles 
induced  at  the  ends  has  to  be  taken  into  account,  the  magnetising  force 
at  any  given  point  of  the  bar  will  consist  of  two  parts,  that  due  to  the 
field  when  the  iron  is  not  present,  and  that  due  to  the  poles  which  are 
induced  at  the  ends.  If  it  were  possible  to  keep  the  induced  poles  in  the 
place  which  they  occupy  and  yet  remove  the  iron,  then  the  field  due  to 
the  poles  would  be  opposite  in  direction  to  that  due  to  the  inducing  field, 
for  the  induced  north  pole  is  turned  towards  the  direction  in  which  the 
lines  of  force  of  the  field  run  and  the  lines  of  force  due  to  the  two  induced 
poles  run  from  the  north  pole  to  the  south.  The  resultant  of  the  two 
fields  is  the  field  which  is  actually  efficacious  in  producing  the  induced 
magnetisation  of  the  iron,  and  is  called  the  magnetising  force.  Since 
the  operation  of  removing  the  iron  without  moving  the  poles  is  impossible, 
we  have  to  consider  some  other  method  of  measuring  the  magnetising 
force. 

Suppose  a  long  thin  cylindrical  cavity  to  be  made  in  the  iron  with  its 
axis  parallel  to  the  direction  in  which  the  iron  is  magnetised.  Then, 
since  the  axis  of  the  cylinder  is  parallel  to  the  direction  of  magnetisation, 
all  the  molecular  magnets  will  be  arranged  parallel  to  the  sides  of  the 
cavity,  so  that  there  will  be  no  free  poles  developed  on  the  sides  but  only 
on  the  ends.  Hence,  if  the  length  is  very  great  compared  to  the  dia- 
meter, the  force  due  to  these  free  poles,  produced  by  the  magnetisation 
of  the  iron  on  the  ends  of  the  cavity,  will  be  negligible,  and  a  unit  pole 
placed  inside  the  cylindrical  cavity  will  experience  a  force  which  is  due 
solely  to  the  inducing  field  and  to  the  poles  induced  at  the  ends  of  the 
iron  cylinder.  In  other  words,  the  force  acting  on  the  unit  pole  will  be 
equal  to  the  magnetising  force  which  is  acting  inductively  on  the  iron 
and  which  produces  its  induced  magnetisation,  and  not  in  any  way  due 
to  the  influence  of  the  neighbouring  iron.  Hence,  in  the  equation 
B=H+^itI^  in  the  case  where  the  iron  is  of  such  a  length  that  the  poles 
induced  at  the  ends  exert  an  appreciable  magnetic  force  at  the  point  in 
the  iron  considered,  H  must  be  taken  to  be  the  force  which  would  act 
on  the  unit  pole  if  placed  inside  a  very  long  cylindrical  cavity  at  the 
given  point,  the  axis  of  the  cavity  being  parallel  to  the  direction  in  which 
the  iron  is  magnetised. 

We  have  seen  that  the  effects  of  the  poles  induced  at  the  ends  of  the 
iron  is  to  reduce  the  magnitude  of  the  magnetising  force,  so  that  if  the 
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external  field  is  removed  the  force  due  to  these  induced  poles  will  tend  to 
demagnetise  the  bar.  The  longer  the  bar,  the  smaller  will  be  their  de- 
magnetising force,  so  that  it  is  better,  when  making  permanent  magnets, 
to  use  long  thin  bars  of  steel  than  short  and  broad  ones.  In  most 
experiments  on  the  strength  of  the  magnetism  induced  in  iron  rods  the 
length  is  taken  so  great  that  the  demagnetising  force,  due  to  the  poles 
induced  at  the  ends,  is  negligible,  so  that  the  magnetising  force  will  be 
equal  to  the  strength  of  the  field  before  the  introduction  of  the  iron,  and 
the  argument  in  the  last  section  will  hold  good. 

507.  Susceptibility— Permeability.— If  the  magnetism  of  a  piece 
of  iron  is  entirely  induced,  the  magnetisation  and  the  induction  are 
parallel  to  the  direction  of  the  magnetising  force  ;  and  if  //  is  the  mag- 
netising force,  B  the  induction,  and  /  the  intensity  of  magnetisation, 
we  have 

The  ratio  of  the  intensity  of  the  induced  magnetisation  to  the 
magnetising  force,  or  ////,  is  called  the  magnetic  susceptibility^  and 
is  generally  indicated  by  the  letter  k. 

The  ratio  of  the  induction  to  the  magnetising  force,  or  B\H^  is  called 
the  magnetic  permeability^  and  is  generally  indicated  by  the  letter  /*, 
Hence 

I=kH  and  B=^iiH. 

Substituting  these  values  in  the  equation  for  B^  we  get 

The  permeability,  /*,  has  the  same  relation  to  magnetism  as  the 
specific  inductive  capacity  has-to  electro-statics.  There  is,  however,  this 
important  diflference,  that  while  the  specific  inductive  capacity  of  a 
dielectric  is  independent  of  the  electro-static  force  acting  and  of  the 
values  of  the  force  which  have  previously  been  acting,  the  contrary  is  the 
case  with  the  permeability.  Thus  in  the  case  of  iron  the  value  of  the 
permeability,  at  any  rate  for  magnetising  forces  above  about  0.02  c.g.s. 
units,  depends  not  only  on  the  value  of  the  magnetising  force  actually 
acting,  but  also  on  what  magnetising  forces  have  previously  acted  on 
the  iron. 

In  Fig.  490  is  given  a  curve  showing  the  relation  between  the  mag- 
netising force  and  the  magnetic  induction  for  a  particular  sample  of  iron. 
It  will  be  seen  that  the  curve  for  small  magnetising  forces  is  nearly 
straight ;  after  this  it  bends  sharply  upwards,  and  then  gradually  becomes 
flatter  and  flatter  till,  for  large  values  of  the  magnetising  force,  it  is  again 
straight. 

In  the  figure  the  scale  adopted  for  B  is  very  much  smaller  than  that 
for  //,  since  the  changes  in  B  are  so  very  much  greater  than  are  those  in 
H,  If  the  same  scale  is  adopted  for  the  two,  the  curve  for  large  values 
of  //  is  a  straight  line  inclined  at  45°  to  the  two  axes,  indicating  that  the 
change  in  B  is  equal  to  the  change  \xi  H. 

If  we  consider  any  point  P  on  the  curve,  then,  since  the  permeability 
is  the  ratio  of  the  induction  to  the  magnetising  force,  the  value  of  the 
permeability  for  the  magnetising  force  corresponding  to  P  is  given  by 
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the  ratio  of  the  ordinate  of  P  to  the  abscissa,  or,  what  comes  to  the  same 
thing,  by  the  tangent  of  the  angle  Q  between  the  line  joining  P  to  the 
origin  and  the  axis  of  H. 

Since  for  very  small  values  of  //  the  curve  is  straight,  the  tangent  of 
the  angle  0  is  constant,  that  is,  the  permeability  is  constant.  As  H 
increases  Q  increases,  and  hence  the  permeability  also  increases.  At  the 
point  Q  on  the  curve  the  value  of  ^  is  a  maximum  ;  thus  for  the  cofre- 
sponding  value  of  iT,  that  is,  4.8  c.g.s.  units,  in  the  case  of  the  sample  of 
iron  for  which  the  curve  is  drawn,  the  permeability  is  a  maximum.  For 
greater  values  of  //,  ^,  and  therefore  also  the  permeability,  decreases. 

Since  for  high  values  of  H  the  curve  is  a  straight  line  inclined  at  45° 
to  the  axis  of  H^  for  all  points  on  this  portion  the  curve  we  have  B==-H  +  a, 
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where  ^  is  a  constant.  Comparing  this  relation  with  that  between  B^  Hy 
and  /,  namely  B=  H-\-^TrI,  we  see  that  it  indicates  that  47r/  has  become 
constant.  Hence  the  intensity  of  magnetisation  does  not  increase  in- 
definitely as  the  strength  of  the  magnetising  field  is  increased,  but 
eventually  reaches  a  constant  value.  Under  these  conditions  the  iron 
is  said  to  be  saturated.  In  the  case  of  a  specimen  of  soft  iron  examined 
by  Ewing,  saturation  was  produced  by  a  magnetising  force  of  less  than 
2000  c.g.s.  units.  The  magnetising  force  required  to  saturate  steel  is 
very  much  greater  than  that  required  in  the  case  of  soft  iron.  Thus 
Ewing  found  that  a  magnetising  force  of  15,000  units  was  not  sufficient 
to  saturate  one  specimen  of  steel.  In  Fig.  491  the  curve  showing  the 
relation  between  the  magnetising  force  and  the  permeability  is  given  for 
the  sample  of  iron  for  which  the  curve  in  Fig.  490  is  drawn.  The 
permeability  for  very  weak  fields  increases  slowly,  then  increases  rapidly 
to  a   maximum,  then   decreases — at   first    rapidly,   then   more    slowly 
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The  curve  showing  the  connection  between  the  intensity  of  magnetisation 
and  the  magnetising  force  is  similar  to  the  B—  H  curve,  since  the  in- 
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tensity  of  magnetisation  is  practically  equal  to  B\^ir^  the  values  of  H 
being  very  small  compared  to  B. 

508.  Effects  of  Temperature  on  the  Magnetic  Properties  of 
Magnetic  Metals.— When  a  piece  of  iron  or  steel  is  heated  to  a  bright 
red  it  loses  its  power  of  becoming  magnetised,  or,  if  permanently  mag- 
netised, all  this  permanent  magnet- 
'*°''°  '  '  "      '     ism  will  be  lost.    A  similar  change 

takes  place  in   the    case  of  nickel 
and  cobalt. 

The  temperature  at  which  a  par- 
ticular sample  of  a  magnetic  metal 
loses  its  magnetic  properties  is  called 
the  critical  temperature  for  that 
metal.  This  temperature  must  not 
be  confused  with  the  critical  tem- 
perature in  the  case  of  gases,  which 
has  reference  to  an  entirely  different 
property  (see  §  232). 

With  small  values  of  the  magnetis- 
ing force  the  loss  of  the  magnetic 
properties  of  soft  iron,  as  the  tem- 
perature reaches  the  critical  point, 
is  much  more  sudden  than  with 
strong  magnetising  forces.  In  Fig. 
492  the  relation  between  the  per- 
800'  meability  of  soft  iron  and  the  tem- 
perature, as  obtained  by  Morris, 
for  different  magnetising  forces  is 
shown. 

For  low  magnetising  forces  it  will  be  seen  that  the  permeability  in- 
creases slowly  with  rise  of  temperature  up  to  a  temperature  of  about  600° ; 
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the  increase  then  becomes  very  much  more  rapid,  till  at  about  750°  the 
curve  becomes  almost  vertical.  The  permeability  reaches  a  maximum 
value  for  a  temperature  of  775°.  Above  this  temperature  there  is  a  sudden 
decrease  of  the  permeability,  and  at  a  temperature  of  785°  the  permea- 
bility is  practically  unity,  that  is,  the  iron  has  lost  its  magnetic  properties. 
For  large  magnetising  forces  (of  4.0  c.g.s.  units  and  over)  there  is  no 
increase  of  the  permeability  as  the  temperature  increases,  and  the  decrease 
of  the  permeability  as  the  critical  temperature  is  approached  is  very  much 
more  gradual  and  commences  at  a  temperature  of  about  670°. 

Similar  results  are  obtained  in  the  case  of  steel,  although  the  loss  of 
magnetic  properties  is  not  so  sudden  as  in  the  case  of  wrought  iron. 

For  nickel  the  critical  point  is  at  about  300°,  and  the  general 
character  of  the  changes  which  go  on  with  rise  of  temperature  are 
similar  to  those  in  the  case  of  iron. 

Some  very  remarkable  results  were  obtained  by  Hopkinson  for  a 
specimen  of  steel  containing  25  per  cent,  of  nickel.  Under  ordinary 
conditions  this  alloy  is  unmagnetisable  at  ordinary  temperatures ;  if, 
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however,  it  is  cooled  down  to  a  temperature  a  few  degrees  below  zero,  it 
becomes  magnetisable.  If  now  the  temperature  is  raised,  the  magnetic 
property  is  retained  till  a  temperature  of  580°  is  reached,  when  it  again 
becomes  non-magnetic,  and  remains  in  this  state  till  it  has  been  again 
cooled  below  zero.  The  connection  between  the  induction  produced  by 
a  magnetising  force  of  6.7  c.g.s.  units  and  the  temperature  is  shown  in 
Fig.  493.  It  will  be  seen  that  at  temperatures  between  0°  and  580°  this 
alloy  can  exist  in  two  distinct  magnetic  conditions,  both  of  which  are 
stable,  one  condition  changing  into  the  other  only  when  the  temperature 
of  the  body  passes  through  one  of  two  fixed  values. 

In  the  case  of  iron  the  critical  point  is  marked  by  the  sudden  change 
of  several  other  of  its  physical  properties  in  addition  to  the  change  in  its 
magnetic  condition.  Thus  there  is  a  rapid  change  in  the  rate  at  which 
the  electrical  resistance  of  iron  changes  with  temperature  near  the 
critical  point,  as  well  as  a  change  in  the  thermo-electric  properties  of  the 
substance.  That  some  sudden  change  takes  place  in  the  physical  state 
of  the  substance  at  this  temperature  is  shown  very  clearly  by  the  pheno- 
menon of  recalescence.  If  a  piece  of  iron  or  steel  is  heated  to  a  bright 
redness  and  then  allowed  to  cool  slowly,  it  is  found  that  the  temperature 
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gradually  falls  till  the  critical  temperature  is  reached,  when  the  rate  of 
cooling  becomes  very  much  less,  and  in  some  cases  the  temperature,  at 
any  rate  of  the  surface  layers,  may  even  rise  although  the  loss  of  heat  by 
radiation  is  going  on  all  the  time.  This  effect  may  be  compared  to  the 
check  in  the  rate  of  the  fall  of  the  temperature  of  a  body  which  is 
changing  its  state,  such  as  when  a  mass  of  metal  solidifies,  so  that  this 
evolution  of  heat  at  the  critical  point  indicates  that  some  considerable 
change  in  state  occurs  at  this  temperature.  The  evolution  of  heat  in  the 
case  of  hard  steel  is  so  great  that  it  produces  a  visible  increase  in  the 
brightness  of  the  cooling  mass  of  metal. 

509.  Hysteresis. — We  have  already  referred  to  the  fact  that  the 
permeability  of  a  given  sample  of  iron  depends  not  only  on  the  mag- 
netising force  to  which  it  is  at  the  time  exposed,  but  also  depends  in  some 

measure  on  the  nature  of  the  mag- 
netising forces  to  which  it  has  been 
previously  exposed.  In  order  to  avoid 
the  discussion  of  this  effect  in  the  two 
previous  sections,  we  have  always  as- 
sumed that  we  started  with  a  specimen 
of  iron  which  had  not  been  previously 
magnetised,  and  that  the  magnetising 
force  was  then  gradually  increased  to  the 
maximum  value,  the  intennediate  values 
of  the  induction,  &c,  being  measured 
as  the  magnetising  force  was  being 
increased. 

Suppose  now  that,  starting  with  an 
unmagnetised  bar  of  iron,  we  gradually 
increase  the  magnetising  force  and  de- 
termine the  corresponding  values  of  the 
induction,  we  shall  in  this  way  obtain 
a  curve  OAC  (Fi^.  494)  similar  to  the 
curve  given  in  Fig.  491.  If  now  when 
the  point  C  is  reached  the  magnetising 
force  is  gradually  decreased  and  the 
value  of  the  induction  is  again  measured 
as  H  decreases,  it  will  be  found  that  the 
curve  obtained  does  not  coincide  with 
the  curve  obtained  with  increasing  values  of  //,  but  has  the  form  CD. 
Thus  when  the  magnetising  force  is  zero,  the  induction,  instead  of  being 

zero,  has  a  value  OD.  This  is  of  course  due  to  the  coercive  force  of  the 
iron  referred  to  in  §  420. 

If  now  the  direction  of  the  magnetising  force  is  reversed,  the  curve 
DEG  will  be  obtained  ;  while  on  decreasing  the  magnetising  force  to  zero, 
and  then  starting  with  it  in  its  original  direction,  the  branch  GKBC  of  the 
curve  will  be  obtained.  It  will  be  seen,  by  a  study  of  this  curve,  that  in 
all  cases  the  magnetisation  appears  to  lag  behind  the  magnetising  force, 
and  to  this  phenomenon  the  name  hysteresis  has  been  applied.  If,  after 
the  value  of  H  has  again  reached  its  maximum  positive  value,  it  is  again 
decreased  to  the  same  negative  value,  then  back  to  the  extreme  positive 
value,  the  curve  obtained  will  be  very  nearly,  if  not  exactly,  coincident 


Fig.  494. 


§  509]  Hysteresis  717 

with  the  curve  CDEGKC.  The  magnetising  force  represented  by  OE  or 
OK  represents  the  force  required  to  deprive  the  bar  of  its  residual  mag- 
netisation. It  must,  however,  be  remarked  that  the  condition  repre- 
sented by  the  points  E  and  K,  at  which  the  induction  is  zero,  is  quite 
different  from  the  condition  at  O,  before  any  magnetising  force  had 
been  applied.  If  when  the  bar  is  in  the  condition  represented  by  E 
the  force  is  reduced  to  zero,  the  induction  would  become  positive,  and 
the  condition  would  be  represented  by  the  point  L.  Even  if  the  mag- 
netising field  is  reversed  at  M  and  then  decreased  to  zero,  so  that  the 
condition  of  the  iron  is  represented  by  the  point  O,  where  both  the 
force  and  the  induction  are  zero,  the  condition  of  the  iron  is  different 
from  what  it  was  at  the  start,  for  if  the  magnetising  force  be  gradually 
applied,  the  B-H  curve,  as  these  curves  showing  the  relation  between 
B  and  H  may  be  called,  is  now  along  ON  and  not  along  the  original 
curve  OAB. 

If,  after  the  iron  has  reached  a  condition  represented  by  the  point 
B,  the  magnetising  force  is  gradually  decreased  to  zero,  the  curve  BRS 
is  obtained,  OS  as  before  representing  the  residual  magnetism.  If  now 
the  magnetising  force  is  gradually  increased  in  the  same  direction  as 
before,  the  curve  STB  will  be  obtained.  Thus  in  this  case  also  the  b-h 
curve,  when  the  value  of  H  is  taken  through  a  cycle  of  values,  encloses 
a  loop.  Since  work  has  to  be  done  to  increase  the  induction  in  a  piece 
of  iron,  and  the  greater  the  existing  induction  the  greater  the  work  that 
has  to  be  done  to  increase  the  induction  by  a  given  amount,  and  that 
during  a  cycle  a  greater  magnetising  force  has  to  be  used  to  obtain  a 
given  induction  while  we  are  magnetising  the  iron  than  that  which 
corresponds  to  the  same  induction  when  the  magnetising  field  is  de- 
creasing, it  follows  that  more  work  is  done  during  the  time  that  the 
rod  is  being  taken  from  G  to  C  than  is  done  by  the  magnetism  of  the 
rod  while  it  is  passing  along  CEG.  Hence  a  certain  amount  of  work 
has  to  be  done  to  carry  the  rod  round  the  cycle  represented  by  the 
curve,  and  we  shall  show  that  this  amount  of  work  is  represented  by 
the  area  of  the  loop  included  by  the  curve.  The  energy  expended  in 
doing  this  work  appears  as  heat,  which  is  deve- 
loped in  the  iron  as  a  consequence  of  the  changes 
in  its  magnetisation. 

The  fact  that  work  has  to  be  done  to  take  a    WcosO 
piece  of  iron  through  a  magnetic  circle  can   be 
proved  as  follows  : — 

Suppose  we  have  a  long  thin  rod  of  soft  iron, 
NS  (Fig.  495),  inclined  at  an  angle  d  to  the  lines  of 
force  of  a  uniform  field  of  strength  H.  The  com- 
ponent of  the  field  parallel  to  the  length  of  the 
field  is  H  cos  Q.  Now  if  the  rod  is  sufficiently 
long  and  thin  we  may  neglect  the  effect  of  the 
component  of  the  field  at  right  angles  to  the  length 
of  the  rod  when  we  are  calculating  the  turning 
couple  acting  on  it  due  to  the  field  H.     Hence  if  f  ' 

we  call  the  component  of  H  parallel  to  the  length  ^^'  '^^^' 

of  the  rod  F,  so  that  F  =  H  cos  ^,  the  intensity  of  magnetisation  of  the 
rod  is  kF^  where  k  is  the   susceptibility  of  the  iron.      The  magnetic 
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moment  M  of  the  rod  being  equal  to  the  product  of  the  volume  into  the 
intensity  of  magnetisation  (§  504),  if  2/  is  the  volume  of  the  rod,  we  have 
M—vkF=vkH  cos  Q. 

But  (§  428)  the  turning  couple  action  on  a  magnet  of  moment  M  when 
inclined  at  an  angle  Q  to  the  lines  of  force  of  a  field  H  is  MH  sin  B» 
Hence  the  turning  couple  on  the  rod  is  vkH^  cos  Q  sin  ^,  tending  to 
rotate  the  rod  in  a  clockwise  direction.  Suppose  that  we  now  turn  the 
rod  in  an  anticlockwise  direction  through  a  verv  small  angle  hQ,  the  work 
Sw  which  we  shall  have  to  do  will  be  equal  to  W  times  the  couple  acting 
on  the  rod.     Hence  Zw=vkH^  cos  6^  sin  Q .  hQ. 

As  the  iron  turns  through  the  small  angle  hQ,  the  component  of  the 
field  parallel  to  the  length  of  the  rod  changes  ;  if  hF  is  this  change,  then 

=  //  { cos  ^  cos  W  -  sin  6  sin  he\. 
Now  as  hQ  is  very  small,  cos  hQ=  i  and  sin  ZQ  =  W.     Hence 

F-SF^Bicos  ^-sin  OM.) 
Therefore  since  F=  H  cos  ^, 

8/^= //sin  Q.hQ. 

Thus  H  sin  Q.dQ  is  equal  to  the  decrease  in  F  while  the  rod  has  been 
turned  through  the  angle  8^,  thus  substituting  this  value  for  //sin  h.dQ^ 
and  F  for  H  cos,  Q  we  get  hw  =  vkF^Fy  or  since  the  intensity  of  mag- 
netisation /is  equal  to  kF^  Stv^v/SF. 

In  obtaining  this  expression  we  have  supposed  that  while  the  rod  was 
turned  through  the  very  small  angle  66  the  change  in  /"",  that  is,  in  the 
component  of  the  field  parallel  to  the  length  of  the  rod,  was  so  small  that 
we  could  consider  the  susceptibility  k  as  being  constant  throughout  the 
change.  If,  however,  we  wish  to  calculate  the  work  done  while  the  rod 
is  rotated  through  some  finite  angle,  say  from  ^=^,  to  6  =  $21  then  since 
/'  will  vary  considerably  we  can  no  longer  consider  >&  as  a  constant 
(§  507).  To  obtain  the  total  work  done  in  turning  from  d^  to  6^  we  sup- 
pose the  change  to  take  place  in  a  large  number  of  very  small  steps, 
during  each  of  which  /^changes  by  an  amount  8F^  and  for  each  of  these 
steps  we  calculate  the  value  of  vkFSF^  or  of  vISF,  and  then  add  all 
these  together  to  obtain  the  total  quantity  of  work. 

In  Fig.  496  let  P  represent  the  intensity  of  magnetisation  of  the  iron 
when  its  inclination  to  the  field  H  is  di,  so  that  OM  represents  F  or 
H  cos  ^1,  and  let  Q  represent  the  condition  of  the  iron  when  the  rod  has 
been  turned  so  that  it  makes  an  angle  6^  with  the  direction  of  H.  Further, 
let  the  curve  PSTQ  represent  the  connection  which  holds  between  i  and 
F  as  F  is  decreased  from  OM  to  ON.  Now  if  N1N2  represents  one  of  the 
small  steps,  8f,  by  which  F  is  supposed  to  be  decreased,  the  correspond- 
ing value  of  I  is  NjS  or  NgT,  which  if  N^Na  is  sufficiently  small  may  be 
taken  as  equal 

H ence  hw = vIhF=  v .  N^S .  N-^N^ 

=  z/.xarea  TSNyN^- 

Proceeding  in  this  way  it  is  evident  that  the  total  work  done  while 
the  iron  passes  from  P  to  Q  wil  be  represented  by  the  sum  of  all  the  strips 
such  as  TSN1N2  multiplied  by  v^  i.e.  by  7/, times  the  area  PSTQNM. 
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Next  allow  the  iron  to  turn  back  to  its  original  position,  so  that  F 
increases  from  H  cos  Q^  to  H  cos  6^.  As  the  rod  is  moving  in  the  direc- 
tion of  the  couple,  it  is  able  to  do  external 
work  ;  and  to  estimate  its  amount  we  add 
together  all  the  quantities  vldF^  where 
the  values  of  I  will  be  different  from  the 
values  used  in  the  corresponding  steps 
when  F  was  decreasing,  since  the  inten- 
sity of  magnetisation  depends  not  only 
on  the  strength  of  the  magnetising  field, 
but  also  on  whether  this  field  is  increas- 
ing or  decreasing.  If  the  rod  has  been 
turned  from  Q^  to  Q<^  and  back  several 
times,  the  curve  connecting  i  and  F  when 
F  is  increasing  will  be  somewhat  like 
QRP  (Fig.  496),  and  will  meet  the  curve 
for  decreasing  values  of  F  at  Q  and  P. 
The  work  done  by  the  rod  when  turning 
from  the  inclination  Q^  to  the  inclination  Q^  will  then  be  represented 
by  V  times  the  area  QRPMN. 

When  the  iron  is  back  in  the  condition  represented  by  P,  its  state  is 
exactly  the  same  as  at  the  start,  so  that  we  have  taken  it  through  a  cycle 
of  operations.  We  have,  however,  done  more  work  on  it  while  turning 
from  Q^  to  Q^  than  we  got  out  of  it  while  it  turned  from  Q^  to  ^1,  the 
amount  of  this  excess  work  per  unit  volume  of  the  iron  being  represented 
by  the  area  of  the  loop  PSQRP.  This  work  represents  the  loss  due  to 
hysteresis  during  the  cycle,  and  the  corresponding  energy  is  represented 
by  the  heat  developed  in  the  iron. 

510.  Ewing's  Molecular  Theory  of  Magnetism.— Since,  as  we 
have  seen  in  §  423,  if  we  break  up  a  magnet,  each  of  the  parts  into  which 
it  is  broken,  however  small  they  may  be,  is  magnetised,  we  are  led  to 
look  upon  magnetism  as  some  condition  of  the  molecules,  and  consider 
that  the  phenomenon  of  magnetism  consists  of  these  molecular  magnets 
being  placed  with  their  poles  pointing  in  the  same  direction,  the  end 
poles  being  the  only  ones  which  are  free  to  cause  any  external  effect. 
Assuming  that  in  a  magnet  the  individual  molecules  of  a  magnet  are 
themselves  magnets,  there  are  two  hypotheses  open  to  us  ;  either  we  may 
suppose  that  in  the  unmagnetised  state  of  the  bar  the  molecules  them- 
selves are  unmagnetised,  and  assume  that  when  the  bar  is  magnetised  the 
molecules  in  some  way  or  other  become  magnetised,  a  supposition  which 
does  not  in  any  way  assist  us  in  explaining  any  of  the  phenomena  we 
have  been  considering  in  the  previous  sections  ;  or  we  may  assume  that 
the  individual  molecules  are  always  magnetised,  and  that  what  happens 
when  the  bar  is  magnetised  is  that  these  molecular  magnets  are  turned, 
so  that  their  like  poles  are  turned  in  the  same  direction.  On  this  hypo- 
thesis an  unmagnetised  bar  is  one  in  which  the  molecular  magnets  are 
arranged  with  their  axes  turned  in  all  directions,  there  being  as  many 
with  their  axes  in  any  one  direction  as  in  any  other,  and  that  the  action 
of  magnetising  the  bar  consists  of  turning  a  certain  proportion  of  the 
molecules  so  that  their  magnetic  axes  all  point  the  same  way  ;  the  greater 
the  number  of  molecules  in  the  unit  volume  which  are  in  this  way  turned 
into  hne,  the  greater  the  intensity  of  magnetisation  of  the  bar.     This 
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theory  of  magnetism,  which  was  first  due  to  Weber,  has  been  worked  out 
by  Ewing,  who  has  given  an  explanation  as  to  the  causes  of  the  forces 
which  must  be  assumed  to  exist  to  account  for  the  fact  that  all  the  mole- 
cular magnets  do  not  set  themselves  with  their  axes  in  the  direction  of 
the  magnetising  force,  however  small  this  force  may  be  ;  and,  further,  is 
capable  of  explaining  most  of  the  phenomena  of  magnetism,  such  as 
saturation,  hysteresis,  &c. 

The  main  features  which  any  theory  of  magnetism  has  to  explain  are 
hysteresis,  saturation,  and  the  three  characteristic  portions  into  which  the 
curve  showing  the  connection  between  the  magnetising  force  and  the 
intensity  of  the  induced  magnetisation  can  be  divided.  Such  a  curve  for 
iron  is  shown  in  Fig.  497,  and  consists  of  three  parts.  A,  B,  and  C,  which 

mark  three  distinct  stages  in  the  process 
of  magnetisation.  In  the  first  stage.  A, 
the  susceptibility  IjHf  is  small,  the 
curve  starting  off  at  a  small  inclination 
to  the  axis  of  //.  In  the  second  stage, 
B,  the  susceptibility  increases  very 
rapidly,  that  is,  a  small  increase  of  the 
magnetising  force  produces  a  relatively 
large  increase  in  the  induced  mag- 
netisation. In  the  third  stage,  C,  the 
increase  of  the  intensity  of  magnetisa- 
tion with  increase  of  H  is  slow,  and  for 
very  large  values  of  H  practically  nil. 
There  is  also  a  marked  difference  as  regards  hysteresis  between  the 
sections  of  the  curve.  In  the  first  section,  on  the  removal  of  the 
magnetising  force,  the  iron  loses  nearly  all  its  induced  magnetism, 
there  being  hardly  any  hysteresis.  In  the  second  portion,  however,  on 
the  removal  of  the  magnetising  force  the  iron  is  able  to  retain  a  con- 
siderable proportion  of  its  magnetism,  while  in  the  third  stage  the 
amount  of  the  residual  magnetism  is  hardly  greater  than  in  the  second 
stage. 

As  an  introduction  to  Ewing's  theory,  let  us  consider  the  case  of  two 
small  magnetic  needles,  which  are  supported  on  fixed  pivots  near  each 
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other,  but  not  so  near  that  the  poles  of  the  needles  can  come  in  contact. 
If  there  is  no  external  field  these  needles  will  take  up  a  position  such  as 
that  shown  at  (rf),  Fig.  498,  in  which  the  axes  of  the  magnets  are  parallel 
to  the  lines  joining  the  pivots.  Suppose  now  that  an  external  magnetic 
force,  which  is  at  first  weak,  acts  in  the  direction  of  the  arrow  H.     As  a 
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result  of  this  weak  external  field  the  magnets  will  be  slightly  deflected, 
and  on  the  removal  of  the  field  they  will  return  to  their  original  positions. 
This  corresponds  to  the  stage  A  of  the  l-H  curve.  If,  however,  the  value 
of  H  is  increased  a  stage  will  at  length  be  reached  when  the  magnets  will 
suddenly  fly  round  into  the  positions  shown  at  {c).  On  further  increasing 
//,  the  magnets  will  set  themselves  more  and  more  nearly  with  their  axes 
parallel  to  the  direction  of  the  field.  If  now  the  value  of  H  is  gradually 
decreased,  the  inclination  of  the  axes  of  the  magnets  to  the  direction  of  H 
will  gradually  increase,  until  for  some  value  of  H^  which  will  be  less  than 
that  for  which  the  sudden  swing  round  occurred,  the  magnets  will  suddenly 
return  to  the  position  shown  at  {b).  We  have,  therefore,  in  this  excessively 
simple  arrangement,  three  distinct  stages  ;  the  first,  in  which  the  mag- 
netising field  only  produces  a  small  deflection,  which  is  such  that  on  the 
removal  of  the  magnetising  force  the  deflection  becomes  zero.  Secondly, 
a  stage  where  the  magnets  reach  an  unstable  position  and  then  suddenly 
swing  round  into  a  new  configuration,  and  where  this  configuration  does 
not  break  up  until  the  deflecting  force  reaches  a  value  smaller  than  that 
for  which  the  unstable  condition  was  reached  when  H  was  increasing  ; 
and,  thirdly,  a  stage  when  increase  of  H  only  produces  a  small  increase 
in  the  alignment  of  the  magnets.  Thus  with  only  two  magnets  an 
indication  of  the  chief  pecuharities  of  the  magnetisation  curve  can  be 
obtained. 

By  considering  much  larger  numbers  of  such  pivoted  magnets  a  much 
nearer  approach  to  the  phenomena  actually  found  in  the  case  of  the 
magnetisation  of  a  magnetic  metal  can  be  obtained.  We  have,  however, 
said  enough  to  indicate  the  line  of  argument  by  means  of  which  Ewing 
supports  his  theory,  and  for  further  details  we  must  refer  the  reader  to 
his  original  papers  on  the  subject. 

In  order  to  account  for  the  heat  developed  in  iron,  due  to  hysteresis, 
when  it  is  taken  through  a  cycle  of  magnetisation,  Ewing  supposes  that, 
on  the  decrease  of  the  magnetising  force,  the  molecular  magnets  return 
towards  their  undisturbed  positions,  and  in  doing  so  acquire  kinetic 
energy,  so  that  instead  of  immediately  coming  to  rest  they  will  execute 
oscillations  about  their  position  of  rest  till  the  kinetic  energy  thus  acquired 
is  converted  into  heat  due  to  the  currents  induced  in  neighbouring  mole- 
cules (see  §  526), 

In  the  above  molecular  theory  of  magnetism  no  supposition  has  been 
made  as  to  the  cause  of  the  molecules  being  magnets.  To  account  for  this 
Ampere  put  forward  the  hypothesis  that  the  magnetism  of  the  molecule 
was  really  the  field  of  an  electric  current  which  circulates  continuously 
within  it.  In  order  to  account  for  the  fact  that  these  molecular  currents 
must  continue  without  diminution,  it  is  necessary  to  suppose  that  the 
molecule  offers  no  resistance  to  the  circulation  of  these  intra-molecular 
currents  such  as  occurs  when  a  current  passes  between  one  molecule  and 
another  in  the  phenomenon  of  conduction. 

The  direction  in  which  the  Amp^rian  molecular  currents  must  be 
supposed  to  circulate  can  at  once  be  obtained  from  either  of  the  rules 
given  in  §  474.  Since  if  we  face  a  north  pole  the  lines  of  force  run  from 
the  pole  towards  us,  and  in  a  circle  conveying  a  current  the  lines  of  force 
flow  towards  the  spectator  when  the  current  circulates  in  the  anticlock- 
wise direction,  it  follows  that  when  facing  the  north  pole  of  a  magnet  the 
molecular  currents  must  circulate  in  the  anticlockwise  direction. 

2  Z 
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In  the  same  way,  if  we  suppose  that  the  earth's  magnetic  field  is  due 
to  currents  circulating  round  the  earth,  since  the  pole  near  the  geo- 
graphical north  pole  is  what  we  call  in  magnetism  a  south  pole,  it  follows 
that  the  currents  must  flow  in  the  east  to  west  direction,  that  is,  in  the 
same  direction  as  the  apparent  motion  of  the  sun. 

511.  Paramagnetic  and  Diamagnetie  Bodies.— Iron,  nickel,  and 
cobalt,  the  so-called  magnetic  metals,  are  materials  in  which  the  permea- 
bility is  greater  than  unity,  that  is,  greater  than  the  permeability  of  air. 
In  addition  to  these  bodies  there  are  others  in  which  the  permeability  is 
only  very  little  greater  than  that  of  air.  All  these  substances  are  classed 
together  as  paramagnetic  bodies.  The  great  majority  of  substances,  how- 
ever, have  permeabilities  less  than  that  of  air,  and  are  said  to  be  dia- 
magnetic.  The  extent  to  which  bodies  exhibit  diamagnetism  is,  however, 
very  much  smaller  than  the  paramagnetism  of  iron,  nickel,  and  cobalt. 
Thus  bismuth,  the  most  strongly  diamagnetic  body  known,  has  a  per- 
meability of  0.9998,  while  the  permeability  of  iron  under  certain  con- 
ditions is  as  high  as  2000. 

If  a  rod  of  a  diamagnetic  material  is  introduced  into  a  magnetic 
field,  it  will  become  magnetised  by  induction,  but  the  poles  will  be  in  the 
opposite  direction  to  what  they  would  be  in  the  case  of  a  paramagnetic 
body,  so  that  the  south  pole  is  turned  towards  the  direction  in  which  the 
lines  of  force  of  the  magnetising  field  are  running. 

The  fact  that  in  diamagnetic  bodies  the  permeability  is  less  than  it  is  in 
air  means  that  the  induction,  B^  through  the  body  is  less  than  the  value 
of  the  field  which  would  exist  if  the  body  were  removed.  This  can  only 
hold  if  the  tubes  of  force  due  to  the  magnetism  induced  in  the  body  run, 
within  the  body,  in  the  opposite  direction  to  the  tubes  of  force  of  the  field. 
In  order  that  the  tubes  of  force  due  to  the  induced  magnetism  of  the 
body  may,  in  the  body,  run  in  the  opposite  direction  to  the  tubes  of  force 
of  the  inducing  field,  a  north  pole,  that  is,  a  place  where  tubes  of  force 
leave  the  body,  must  be  formed  at  the  end  of  the  body  which  is  turned 
towards  the  direction  from  which  the  tubes  of  force  of  the  field  enter  the 
body.  Hence,  when  a  diamagnetic  body  is  introduced  into  a  uniform 
magnetic  field,  the  lines  of  force  within  the  space  occupied  by  the  body 
are  fewer  than  there  would  be  in  this  space  were  the  body  removed. 
On  the  other  hand,  outside  the  body  the  lines  of  force  will  be  more  closely 
packed  than  they  would  be  in  the  absence  of  the  body,  for  outside  the 


Fig.  499- 

body  the  tubes  of  force  due  to  the  induced  magnetisation  of  the  dia- 
magnetic body  are,  on  the  whole,  in  the  same  direction  as  the  tubes 
of  force  in  the  field.     In  Fig.  499,  the  lines  of  force  of  a  uniform  field 
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in  which  a  sphere  of  a  strongly  diamagnetic  material  has  been  intro- 
duced are  shown.  The  corresponding  case,  where  the  sphere  is  com- 
posed of  a  paramagnetic  material,  is  shown  in  Fig.  500.  It  will  be 
noticed  how  in  this  case  the  lines  of  force  crowd  into  the  sphere,  and 


Fig.  500. 

are  more  widely  spaced  in  the  region  outside  the  equatorial  portion  of 
the  sphere. 

Suppose  that  a  bar  of  a  paramagnetic  material  AB  (Fig.  501)  is  placed 
in  a  magnetic  field  of  strength  //,  the  direction  of  which  makes  with  the 
length  of  the  bar  an  angle  Q.  We  may  resolve  the  field  H  into  a  component 
H  cos  d  parallel  to  the  axis  of  the  cylinder,  and  a  component  H  sin  6 
perpendicular  to  the  axis.  If  /j  is  the  intensity  of  the  magnetisation 
parallel  to  the  axis  induced  by  the  component  H  cos  ^,  and  if  k  is  the 
susceptibility  of  the  iron,  and  the  length  of  the  cylinder  is  so  great  that 
the  demagnetising  force  due  lo  the  induced  poles  can  be  neglected,  we 
have  I^  =  kH  cos  0.     If  the  length  of  the  cylinder  is  /  and  its  cross- 


Hcos^ 


Fig.  501. 

section  is  .r,  the  volume  is  j/,  and  since  the  magnetic  moment  of  a  magnet 
is  equal  to  the  product  of  its  volume  into  the  intensity  of  magnetisation, 
the  moment  of  the  cylinder  due  to  the  magnetisation  induced  by  the 
component  of  the  field  parallel  to  the  axis  is  sl.kH  cos  0.  Now  in 
§  428  it  was  shown  that  the  couple  acting  on  a  magnet,  of  which  the 
moment  is  M^  tending  to  turn  it  into  parallelism  with  a  field  of  strength 
//,  when  its  axis  makes  an  angle  B  with  the  direction  of  the  field,  is 
MH  sin  Q.  Hence  the  couple,  due  to  the  magnetism  induced  by 
the  component  parallel  to  the  axis,  tending  to  turn  the  cylinder  is 
slkH^  cos  Q  sin  (9. 

The  component  of  the  magnetising  field  at  right  angles  to  the  axis 
will  also  induce  a  magnetisation  in  its  own  direction.     In  this  case  the 
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magnetising  force  will  be  much  less  than  H  sin  ^,  on  account  of  the 
demagnetising  force  exerted  by  the  ends,  and  it  has  not  yet  been  found 
possible  to  calculate  exactly  what  this  effect  will  be  in  such  a  case  as  that 
we  are  considering.  If  we  consider  the  bar  as  a  spheroid,  of  which  the 
major  axis  is  very  much  greater  than  the  minor  axis,  the  intensity  of  the 
transverse  magnetisation  can  be  shown  to  be  given  l3y  * 

HsmS, 


*     I  +  2irk 
Hence  the  magnetic  moment  is 

— t//  sm  0. 

1  +  27ry6  ' 

and  the  turning  moment  exerted  by  the  field  is 

/sk 


I  ■\-27rk 


H*  sin  0  cos  0, 


and  is  in  the  opposite  direction  to  the  moment  due  to  the  longitudinal 
magnetisation.     The  total  turning  moment  is  therefore  given  by 

*       ^  IsH^  sin  0  cos  6. 


i+2irk 


In  the  case  of  iron  in  a  magnetising  field  about  equal  to  that  of  the 

earth  in  these  latitudes  k  is  about  30,  so  that  the  term ^  is  equal  to 

1.6,  and  so  is  small  compared  to  the  term  k.  The  cylinder  of  iron  thus 
tends  to  set  itself  parallel  to  the  direction  of  the  field. 

In  the  case  of  a  diamagnetic  body  the  value  of  Jb  is  so  small  that 

i  +  zirk  is  practically  unity,  and  the  term  — - — ^  is  very  nearly  equal  to  ^, 

so  that  in  a  uniform  field  there  is  no  measurable  directive  force  exerted 
upon  even  a  cylinder  of  bismuth  {k=  -0.6  io~*).  When  a  diamagnetic 
cylinder  is  placed  between  the  poles  of  a  strong  electro-magnet  it  is, 
however,  found  that  the  cylinder  tends  to  turn  so  as  to  set  itself  with  its 
length  at  right  angles  to  the  lines  of  force.  The  reason  is,  that  the 
field  between  the  poles  of  such  a  magnet  is  not  uniform,  being  stronger 
near  the  centre  than  at  the  edge,  and  the  diamagnetic  body  turns  so 
that  as  much  of  itself  as  possible  is  in  the  weaker  part  of  the  field.  In  a 
diamagnetic  body  the  permeability  is  less  than  unity,  while  the  permea- 
bility of  air  is  unity  and  the  medium  with  the  higher  permeability  tends 
to  force  the  other  away  from  the  stronger  parts  of  the  field,  so  that  the 
greatest  number  of  tubes  of  induction  may  crowd  into  a  given  space. 

Solids  are  not  the  only  bodies  which  exhibit  magnetic  properties ;  thus 
oxygen  and  some  solutions  of  iron  salts  are  paramagnetic,  while  water 
and  alcohol  are  diamagnetic. 

By  means  gf  these  liquids  it  can  be  shown  that  the  direction  in  which 

1  In  the  case  of  such  a  very  long  spheroid  or  a  very  long  cylinder  magnetised 
transversely  the  demagnetising  field  is  equal  to  i-kU,  where  /j  is  the  intensity  of  the 
transverse  magnetisation.  Hence  the  actual  field  magnetising  the  iron  transversely  is 
H  %\uB  -  zir/j.     But  /j  is  k  times  the  magnetising  field.     Hence  /a=*  {//  sin  0  -  2irAj|. 
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a  cylindrical  tube  filled  with,  say,  a  paramagnetic  liquid  tends  to  set  itself 
depends  on  the  susceptibility  of  the  surrounding  medium.  Thus  a  tube 
containing  a  weak  solution  of  ferric  chloride  when  surrounded  by  air  or 
water  will  set  itself  parallel  to  the  direction  of  the  field,  since  its  sus- 
ceptibility is  greater  than  that  of  either  air  or  water.  If,  however,  it  is 
surrounded  by  a  stronger  solution  of  ferric  chloride,  it  will  behave  like  a 
diamagnelic  body  and  set  itself  with  its  length  perpendicular  to  the 
direction  of  the  lines  of  force  of  the  field.  This  effect  is  at  once  explain- 
able if  we  consider  that  when  the  tube  containing  the  weak  solution  is 
placed  in  the  stronger  solution,  since  the  permeability  of  the  contents  of 
the  tube  is  less  than  that  of  the  surrounding  medium,  the  induction 
through  the  tube  will  be  less  than  that  which  would  exist  if  the  tube 
were  removed,  and  the  tube  is  practically  diamagnetic  with  respect  to 
the  surrounding  stronger  solution. 

It  is  therefore  evident  that  in  order  to  account  for  diamagnetism  it  is 
not  necessary  to  assume  that  these  bodies  have  a  negative  susceptibility, 
but  only  that  their  susceptibility  is  less  than  that  of  air,  or,  since  the 
susceptibility  of  air  and  of  a  vacuum  are  very  nearly  the  same,  less  than 
that  of  a  vacuum.  Since  the  susceptibility  and  the  permeability  are 
related  by  the  equation 

/*=H-47r/&, 

and  that  for  the  most  diamagnetic  body  known  the  susceptibility  is  less 
than  i/47r,  the  permeability  will  in  all  cases  be  greater  than  zero. 
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CHAPTER  XII 

FORCES  ACTING  ON  CONDUCTORS  CONVEYING 
CURRENTS 

512.  Force  acting  on  a  Straigrht  Conductor  conveying  a 
Current  when  placed  in  a  Magnetic  Field.  —  If  a  straight  con- 
ductor, in  which  a  current  is  flowing,  is  placed  in  a  magnetic  field,  so  that 
it  is  at  right  angles  to  the  Hnes  of  force  of  the  field,  then,  owing  to  the 
magnetic  field  due  to  the  current,  the  distribution  of  the  lines  of  force  ol 
the  field  will  be  altered.  In  Fig.  502  are  shown  the  lines  of  force  due  to 
a  conductor  which  is  perpendicular  to  the  plane  of  the  paper  and  passes 
through  the  point  A  when  placed  in  a  uniform  magnetic  field  in  which 
the  lines  of  force  run  parallel  to  the  line  CD.  Remembering  that  we 
have  every  reason  to  suppose  that  there  exists  a  tension  along  the  lines 
of  force,  and  a  pressure  at  right  angles,  while  the  lines  of  force  act  as  if 
they  were  connected  with  the  bo'dy  by  which  they  are  produced,  it  is 
evident  that,  as  a  result  of  the  crowding  of  the  lines  of  force  on  one  side 
of  the  conductor,  and  their  separation  on  the  other,  as  also  to  the  tension 
along  the  curved  lines,  the  conductor  conveying  the  current  will  be  acted 
upon  by  a  force  in  the  direction  of  the  arrow. 

If  the  current  flows  downwards,  the  lines  of  force  are  circles  which 
run  in  the  clockwise  direction,  and  at  the  upper  part  of  the  diagram  they 
strengthen  the  magnetic  field,  since  they  run  in  the  same  direction  as  the 
lines  of  force  of  the  field.  In  the  lower  part  of  the  diagram  the  lines 
of  force  due  to  the  current  and  to  the  field  are  in  opposite  directions,  and 
therefore  the  resultant  magnetic  field  is  the  difference  of  the  fields  due 
to  the  two  causes.  The  direction  in  which  the  conductor  tends  to  move 
is  therefore  at  right  angles  to  the  direction  of  the  lines  of  the  field,  and 
towards  the  part  of  the  field  where  the  lines  of  force  due  to  the  current 
are  in  the  opposite  direction  to  the  lines  of  force  of  the  field.  Since  the 
direction  of  the  lines  of  force  of  the  current  can  at  once  be  remembered 
by  one  of  the  rules  given  in  §  475,  the  direction  of  the  force  acting  on  a 
conductor  in  a  magnetic  field  can  at  once  be  remembered.  Fleming  has 
given  a  convenient  rule  for  remembering  the  direction  in  which  a  con- 
ductor conveying  a  current  in  a  magnetic  field  will  tend  to  move.  If  the 
index  finger  of  the  /<?/?  h^nd  is  held  pointing  in  the  direction  of  the  lines 
of  force  of  the  field,  and  the  middle  finger  in  the  direction  of  the  current, 
the  conductor  will  tend  to  move  in  the  direction  of  the  outstretched 
thumb,  and  at  right  angles  to  the  lines  of  force  of  the  field.  A  study  of 
Fig.  503  will  make  the  matter  clear.  Thus  a  vertical  wire  in  which  a 
current  was  flowing  downwards  would,  on  account  of  the  earth's  horizontal 
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component,  be  acted  upon  by  a  force  tending  to  move  it  in  an  easterly 
direction.     In  this  case,  according  to  our  rule,  the  left  hand  must  be  held 


Fig.  502, 


with  the  index  finger  pointing  towards  the  north,  since  the  lines  of  force 
of  the  horizontal  component  of  the  earth's  field  run  from  south  to  north. 


and  with  the  middle  finger 
thumb  will  then  point  to- 
wards the  east. 

Ampere,  who  made  a 
lengthy  series  of  experiments 
on  the  forces  acting  on  con- 
ductors in  which  currents  are 
flowing,  showed  that  if  a 
conductor  of  length  /  is  tra- 
versed by  a  current  of  C 
c.g.s.  units,  and  is  placed  at 


pointing  downwards.      The  outstretched 


O/fiECr/ON   OF  LINES 
or  FORCE    OF  FIELD 


DIRECTION    OF  FORCE 
ACTING    ON   CONDUCTOR 


Fig.  503 


right  angles  to  the  lines  of  force  of  a  uniform  magnetic  field  of  strength 
//,  the  force  acting  on  the  conductor  will  be  equal  to  ICH.  If  the  cur- 
rent is  measured  in  amperes,  then,  since  the  ampere  is  one-tenth  of  a 
c.g.s.  unit,  the  force  will  be  one-tenth  of  the  above. 
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If  the  conductor  is  not  at  right  angles  to  the  direction  of  the  lines  of 
force  of  the  field,  in  calculating  the  force  we  must  resolve  the  field  into 
two  components,  one  perpendicular  to  the  direction  of  the  current,  and 
the  other  parallel.  Then  the  component  parallel  to  the  direction  of  the 
current  will  produce  no  force  on  the  conductor,  and  the  force  due  to  the 
other  component  is  calculated  by  the  formul.i  piven  above. 

513.  Force  acting  on  a  Rectangular  Coil  conveying  a  Current 
when  in  a  Magnetic  Field.— As  an  example  of  the  application  of  the 
formula  given  in  the  last  section,  we  may  calculate  the  force  acting  on  a 
rectangular  coil  when  placed  in  a  uniform  magnetic  field.  Suppose  that 
the  field  is  of  strength  //,  and  that  the  lines  of  force  are  horizontal,  and 
run  from  south  to  north.     Let  the  coil  aijcd  (Fig.  504)  consist  of  a  single 

turn  of  wire  in  the  form  of  a  rec- 
tangle of  length  /  and  breadth  b^ 
and  let  it  be  placed  with  its  plane 
in  the  vertical  plane  parallel  to  the 
direction  of  the  field.  Since  the  top 
and  bottom  of  the  rectangle,  AB  and 
CD,  are  parallel  to  the  direction  of 
the  lines  of  force  of  the  field,  they 
will  experience  no  force.  If  a  cur- 
rent of  C  c.g.s.  units  is  flowing  round 
the  rectangle,  so  that  its  direction 
in  AB  is  from  a  to  B,  the  vertical 
side  AD  will  be  acted  upon  by  a  force  ICH  in  the  direction  of  EF.  In  the 
same  way  the  vertical  side  BC  will  be  acted  upon  by  an  equal  force  in  the 
direction  gk.  The  resultant  of  these  forces,  since  they  are  equal  and 
opposite  parallel  forces,  is  a  couple,  of  which  the  magnitude  is  b.lCH^ 
tending  to  turn  the  rectangle  round  in  the  anticlockwise  direction,  when 
looked  at  from  above. 

Next  suppose  that  the  rectangle  is  allowed  to  turn  round  under  the 
influence  of  this  couple  into  the  position  a'b'c'd',  in  which  its  plane  is 
perpendicular  to  the  direction  of  the  lines  of  force  of  the  field.  In  this 
position  the  top  a'b'  is  now  perpendicular  to  the  lines  of  force,  and 
therefore  experiences  a  force.  By  the  rule  we  see  that  this  will  be  an 
upward  force  of  bCH.  Since  the  direction  of  the  current  in  the  bottom 
of  the  rectangle  is  opposite  to  that  in  a'b',  this  portion  of  the  circuit  will 
be  acted  upon  by  a  downward  force  bCH^  which  will  produce  equilibrium 
with  the  force  exerted  upon  a'b'.  Since  the  current  in  the  vertical  side 
a'd'  is  upwards,  the  force  on  this  side  is  still  ICH  in  the  direction  EF, 
while  the  force  on  the  vertical  side  b'c'  is  ICH  in  the  direction  GK.  Since 
these  two  forces  are  now  not  only  equal  and  opposite,  but  act  in  the 
same  straight  line,  they  are  in  equilibrium.  Thus,  in  this  position,  the 
rectangle  is  in  a  state  of  stable  equilibrium,  and  there  is  no  force,  due  to 
the  magnetic  field,  either  tending  to  move  it  bodily  or  to  turn  it  about 
any  axis. 

From  the  above  investigations  we  see  that  the  rectangle  tends  to  set 
itself  in  such  a  position  that  the  number  of  tubes  of  force  which  pass 
through  it  is  a  maximum,  and  that  the  direction  of  the  lines  of  force 
due  to  the  circuit  is,  inside  the  coil,  the  same  as  that  of  the  lines  of  force 
of  the  field. 

If  from  analogy  with  a  magnet  we  call  the  face  of  a  coil  at  which  the 
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lines  offeree  leave  the  space  included  by  the  coil  the  north  surface  of  the 
coil,  then  we  may  express  the  results  to  which  we  have  been  led  as 
follows  :  A  circuit  in  which  a  current  is  flowing  tends  to  turn  so  that 
the  number  of  tubes  of  force  due  to  the  field  entering  its  south  face  is  a 
maximum.  Since  the  direction  of  the  lines  offeree  due  to  the  coil  in  the 
position  a'b'  run  inside  the  coil  in  the  same  direction  as  the  lines  of  force 
due  to  the  field,  we  may  also  summarise  the  result  as  follows  :  A  coil  in 
which  a  current  is  flowing  will  tend  to  set  itself  so  that  the  total  number 
of  lines  of  force  which  pass  through  it  is  a  maximum  ;  that  is,  so  that  the 
total  induction  through  the  coil  is  a  maximum. 

514*.  Magnetic  Shell.— A  thin  plate  of  magnetic  material  which  is 
magnetised  so  that  the  direction  of  magnetisation  is  everywhere  per- 
pendicular to  the  surfaces  of  the  sheet  is  called  a  magnetic  shell.  The 
product  of  the  thickness  of  the  shell  into  the  intensity  of  magnetisation  is 
called  the  strength  of  the  shell. 

It  can  be  shown  that  the  magnetic  force  exerted  by  a  closed  circuit  in 
which  a  current  C  is  flowing  is  the  same  as  that  which  would  be  exerted 
by  a  magnetic  shell  which  occupied  the  space  bounded  by  the  circuit, 
and  of  which  the  strength  was  equal  to  C.  The  side  of  the  shell  which 
is  a  north  pole  must,  of  course,  correspond  to  what  was  called  the  north 
side  of  the  circuit  in  the  last  section.  If  ^  is  the  area  of  the  space 
enclosed  by  the  circuit,  so  that  6"  is  the  area  of  the  pole  of  the  shell,  the 
strength  of  each  pole  will  be  76*,  for,  as  we  have  seen  in  §  504,  the  surface 
density  of  the  free  magnetism  on  the  pole  is  numerically  equal  to  the 
intensity  of  magnetisation.  Hence  the  number  of  tubes  of  force  which 
leave  the  north  face  of  the  shell  and  enter  the  south  face,  completing 
their  course  through  the  substance  of  the  shell,  is 

47r5'/. 

The  number  of  tubes  of  force  which  pass  through  any  given  area  is 
called  the  induction  through  that  area ;  or,  to  distinguish  between  this . 
use  of  the  term  and  that  in  §  505,  we  may  call  the  total  number  of  lines 
of  force  passing  through  any  given  area  the  total  induction  through 
the  area. 

The  reason  why  the  magnetic  effect  of  a  shell  is  the  same  as  that  of 
a  current  flowing  in  a  wire  which  has  the  form  of  the  perimeter  of  the 
shell  is  at  once  apparent  if  we  adopt  Ampere's  hypothesis  as  to  the 
magnetism  of  the  molecular  magnets  being  due  to  currents  circulating 
within  the  molecule.  If,  in  Fig.  505,  ABCD  represents  one 
face  of  the  shell,  then  if  the  molecular  amperian  currents     '  ~ 

are  represented  by  the  small  rectangles,  the  direction  of 
the  currents  being  indicated  by  the  arrows,  it  will  be  seen 
that  the  molecular  currents  in  the  adjacent  sides  of  any  two 
contiguous  molecules  are  in  opposite  directions,  and  hence 
they  neutralise  each  other's  effects  as  far  as  producing  any     d" 
external  field  is  concerned.     It  is  only  in  the  molecules       pj^ 
which  bound  the  area  ABCD  that  the  molecular  currents 
are  able  to  exert  any  external  force.     But  the  combined  effect  of  the 
currents  in  the  bounding  molecules  will  be  the  same  as  that  of  a  cur- 
rent flowing  round  a  wire  which  occupies  the  position  of  the  edge  of 
the  shell. 
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515*.  Magnetic  Moment  of  a  Circuit  conveying  a  Current.— 
Suppose  that  a  conductor  conveying  a  current  C  forms  a  plane  closed 
circuit  which  encloses  an  area  J>.  Then  the  magnetic  effects  of  the 
circuit  can  be  represented  by  a  shell  of  which  the  strength  is  /%  and 
which  fills  the  space  enclosed  by  the  circuit.  If  the  thickness  of  the 
shell  is  e^  and  the  intensity  of  magnetisation  is  /,  then  el—F.  The 
magnetic  moment  of  the  shell  is  equal  to  the  product  of  its  volume  into 
the  intensity  of  magnetisation,  that  is,  M=eS  .1.     But  C=F=eI^  hence 

That  is,  the  magnetic  moment  of  the  shell,  which  is  equivalent  to  the 
circuit,  is  equal  to  the  product  of  the  strength  of  the  current  into  the 
surface  included  by  the  circuit. 

We  may  apply  this  result  to  obtain  the  turning  moment  acting  on  the 
rectangle  ABCD  in  Fig.  504.  Here  the  area  of  the  circuit  isa^,  and  hence 
the  magnetic  moment  of  the  equivalent  shell  is  adC.  The  axis  of  the 
magnet  being  at  right  angles  to  the  plane  of  tlie  coil,  it  is  at  right  angles 
to  the  lines  of  force  of  the  field.  Hence  by  the  formula  obtained  in  §  428 
the  turning  moment  acting  on  the  magnet  is  Mil  or  abC./fj  which 
agrees  with  the  result  already  obtained  from  the  consideration  of  the 
forces  which  act  on  the  different  portions  of  the  circuit. 

If,  instead  of  being  parallel  10  the  lines  of  force  of  the  field,  the  circuit 
makes  an  angle  6  with  the  lines  of  force,  then  the  axis  of  the  equivalent 
magnetic  shell  will  make  an  angle  90°  —  ^  with  the  direction  of  the  field, 
and  the  turning  couple  will  be  equal  to  AtH  sin  (f^o" —  6)= MH  cos  0 

=scH  cos  e. 

If  the  circuit  consists  of  a  circular  coil  of  «  turns  of  insulated  wire,  the 
radius  of  each  turn  being  r,  the  moment  of  the  equivalent  shell  will  be 
irr^nC^  for  the  area  included  by  each  turn  is  ttH,  and  so  the  area  included 
by  the  n  turns  is  izr^n. 

516*.  Magnetic  Field  inside  a  Solenoid.— A  cylinder  which  is 
lapped  over  with  insulated  wire,  so  that  the  circuit  consists  of  a 
number  of  equal  circles  with  their  planes  at  right  angles  to  the  axis  of 
the  cylinder,  is  called  a  solenoid.  If,  as  is  generally  the  case  in  practice, 
the  wire  is  coiled  in  a  spiral,  then  it  is  equivalent  to  a  number  of  circles 
placed  in  planes  perpendicular  to  the  axis  and  to  a  straight  conductor 
which  passes  along  the  axis,  for  in  the  helix  not  only  does  the  wire  go 
round  the  cylinder,  but  it  also  is  taken  along  parallel  to  the  axis.  If  the 
solenoid  consists  of  two  layers  of  wire  wound  one  on  the  top  of  the  other, 
the  direction  of  winding  being  the  same  in  the  two  layers,  and  the  wire 
all  in  one  length,  the  longitudinal  portion  of  the  wire  in  the  two  layers 
will  compensate  the  one  for  the  other. 

In  order  to  calculate  the  strength  of  the  magnetic  field  within  a 
solenoid,  the  simplest  way  is  to  make  use  of  the  results  obtained  in 
§  514.  Suppose  that  the  solenoid  consists  of  A^  turns,  the  radius 
of  each  turn  being  r,  and  that  the  length  of  the  solenoid  is  Z,  so  that 
there  are  NjL  turns  per  unit  of  length.  Calling  the  number  of  turns 
in  the  unit  of  length  «,  the  length  along  the  axis  of  the  solenoid  occupied 
by  each  turn  is  i/«.  If  the  current  flowing  through  the  solenoid  is  C, 
then  each  turn  can  be  replaced  by  a  magnetic  shell  of  which  the  peri- 
meter is  a  circle  of  radius  r,  and  the  strength  is  numerically  equal  to 
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C.  If  the  thickness  of  each  shell  is  taken  as  equal  to  i/«,  the  intensity 
of  magnetisation  will  be  C«,  for  the  strength  of  the  shell  is  equal  to 
the  product  of  the  thickness  into  the  intensity  of  magnetisation.  Since 
the  effect  of  each  turn  of  the  solenoid  can  be  represented  by  the  effect 
of  such  a  shell,  the  effect  of  the  whole  solenoid  will  be  represented  by 
the  combined  effect  of  N  such  shells  placed  end  to  end.  Since  the 
thickness  of  each  shell  has  been  chosen  as  equal  to  the  distance  between 
two  adjacent  turns  of  the  wire,  the  shells  when  placed  end  to  end  will 
just  occupy  the  space  within  the  solenoid.  The  north  and  south  faces  of 
adjacent  shells,  being  equally  magnetised,  will  exactly  neutralise  each 
other's  effect,  so  that  the  external  effect  will  be  due  to  the  extreme  faces 
only.  Hence  the  magnetic  effect  of  the  solenoid  will  be  the  same  as 
that  of  a  cylindrical  magnet  of  length  Z,  and  of  which  the  cross-section 
is  7rr^,  when  magnetised  to  the  intensity  /  or  nC.  The  total  induction 
through  such  a  magnet  will  be  equal  to  477/ .  Ttr^  less  the  demagnetising 
field  produced  by  the  poles  at  the  ends.  If  the  length  of  the  solenoid  is 
very  great  compared  to  its  diameter,  we  may  neglect  the  effects  due  to 
the  ends,  and  the  total  induction  through  any  cross-section  near  the 
middle  will  be  47rW  or  47rV«C  The  induction,  that  is,  the  number  of 
tubes  of  induction  per  unit  area  of  cross-section,  is  i^irnC.  Hence  as  the 
tubes  of  force,  &c.,  are  the  same  in  the  case  of  the  solenoid  as  in  the  case 
of  the  magnet  we  have  been  considering,  we  see  that  if  the  solenoid  is 
very  long  compared  to  its  diameter,  the  number  of  tubes  of  force  which 
will  cross  any  cross-section  taken  near  the  middle  will  be  \-KnC  .irr^^  or 
the  number  of  tubes  that  cross  unit  area  will  be  47r«C  But  the  number 
of  tubes  of  force  which  cross  unit  area  taken  at  right  angles  to  the 
direction  of  the  tubes  is  numerically  equal  to  the  strength  of  the  magnetic 
field  at  the  point.  Hence  the  strength  of  the  field  near  the  middle  of 
such  a  long  solenoid  is  equal  to  47r«C,  and  so  long  as  we  are  only  con- 
sidering a  portion  of  the  solenoid  at  some  distance  from  either  end  the 
field  will  be  uniform. 

We  have  hitherto  supposed  that  the  interior  of  the  solenoid  is  filled 
with  a  non-magnetic  material,  such  as  air.  If  we  suppose  that  the  sole- 
noid is  filled  with  a  magnetic  material  such  as  iron,  then  if,  as  before, 
we  suppose  that  the  length  is  so  great  that  the  effects  of  the  ends  can 
be  neglected,  the  magnetising  force  acting  on  the  iron  is  AfitnC.  Hence 
if  \i  is  the  permeability  of  the  iron  for  a  magnetising  field  of  this  strength, 
the  induction,  B,  through  the  iron  will  be  B=fiH=^'KU.nC.  Thus  the 
effect  of  the  introduction  of  the  iron  is  to  increase  the  total  induction 
through  the  solenoid  from  47rV«C  to  ^ir^r^nC .  11. 

When  the  solenoid  was  filled  with  air,  we  saw  that  its  action  could 
be  represented  by  a  magnet  of  the  same  length,  of  which  the  strength 
of  each  pole  was  Trr^nC.  This  expression  will  not  be  exactly  true,  for 
some  of  the  tubes  of  force  will  leave  the  solenoid  before  the  end,  passing 
through  the  sides  ;  it  is,  however,  sufficiently  near  the  truth  for  the  con- 
sideration of  the  general  magnetic  effect  of  the  solenoid.  When  the 
solenoid  is  filled  with  iron,  the  number  of  tubes  of  induction  leaving  the 
iron  near  the  north  end  of  the  solenoid  will  be  irr^B  or  4Tr^^nCfJ.,  and  the 
strength  of  the  pole  at  each  end  will  be  Trr^nCfi.  Thus  by  the  introduc- 
tion of  the  iron  the  moment  of  the  magnet  which  would  be  equivalent  to 
the  solenoid  is  increased  in  the  ratio  of  trr^nCfj.  to  irr^nC  or  as  /*:  i. 

Since  the  value  of  /*  may  be  as  high  as  2000,  it  is  evident  to  what  a 
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great  extent  the  magnetic  effects  of  the  "solenoid  are  increased  by  the 
introduction  of  the  iron. 

Although  the  magnetic  effect  of  a  solenoid  can  be  represented  by  a 
magnet,  yet  there  is  an  important  difference  between  a  solenoid  and  a 
permanent  magnet,  in  that  in  the  case  of  a  solenoid  we  have  to  do  not 
only  with  the  magnetic  field  in  the  space  outside  the  magnet,  but  also 
with  the  space  inside,  the  direction  of  the  lines  of  force  being  opposite  in 
the  two  regions.  In  the  case  of  a  permanent  magnet,  on  the  other  hand, 
we  are  unable  to  utilise  the  magnetic  field  within  the  magnet.  It  might 
at  first  appear  that  the  fields  of  force  due  to  a  solenoid  and  to  a  /toliow 
cylindrical  magnet  would  be  of  the  same  nature.  This  is  however  not 
the  case,  for  inside  the  solenoid  the  lines  of  force  run  in  the  opposite 
direction  to  what  they  do  in  the  space  outside  ;  while  in  the  case  of  the 
hollow  magnet  the  lines  of  force  in  the  hollow  run  from  the  north  pole  to 
the  south,  just  as  they  do  in  the  space  outside.  It  is  only  inside  the 
steel  of  the  magnet  that  the  lines  of  force  run  in  the  opposite  direction  to 
that  in  the  space  outside,  namely,  from  the  south  pole  to  the  north. 

517.  Action  of  Currents  on  Currents.— We  have  already  con- 
sidered the  force  exerted  on  a  neighbouring  magnet  by  conductors  of 


Fig.  506. 


certain  simple  shapes  when  they  convey  a  current,  or,  in  other  words,  the 
strength  of  the  field  produced  by  these  conductors.  We  have  now  to 
consider  the  force  exerted  by  one  conductor  conveying  a  current  on 
another. 

First  take  the  case  of  two  long  parallel  conductors  in  which  the 
currents  are  flowing  in  the  same  direction.  Ampere,  who  first  made 
experiments  on  the  action  of  currents  on  currents,  showed  that  under 
these  conditions  the  two  conductors  are  attracted  the  one  towards  the 
other.  A  consideration  of  Fig.  506,  which  represents  the  lines  of  force 
of  the  two  conductors,  which  are  supposed  to  be  perpendicular  to  the 
paper  at  the  points  A  and  B,  will  at  once  indicate  that  attraction  must 
take  place.     For  if  we  suppose  that  there  exists  a  tension  along  the  lines 
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of  force  and  a  pressure  at  right  angles,  the  lines  of  force  which  surround 
the  two  wires  will,  by  their  tension,  tend  to  contract  and  thus  to  force  the 
wires  together. 

In  the  case  (Fig.  507)  where  the  currents  are  flowing  in  opposite 
directions,  the  wires  will  be  repelled,  as  was  also  shown  by  Ampere  to 
be  the  case. 

The  magnitude  of  the  force  exerted  on  unit  length  of  one  of  the 
conductors  due  to  the  other  can  at  once  be  obtained.  Let  the  current 
in  the  conductor  which  passes  through  A  be  C],  and  that  in  the  conductor 
passing  through  B  be  Cg,  both  currents  flowing  upwards,  the  distance 
between  A  and  B  being  d.  Then  the  strength  of  the  field  at  A  due  to 
the  infinite  conductor  passing  through  B  is  by  §  478  iC^\d^  and  acts 


Fig.  507. 


through  A  and  in  the  direction  of  the  arrow.  Thus  we  have  a  conductor 
passing  through  A  in  which  a  current  Q  is  flowing  at  right  angles  to  the 
direction  of  a  magnetic  field  of  strength  ^C^jd',  hence  it  experiences 
per  unit  of  length  a  force  of  2C-^C\ld  {%  512),  in  a  direction  perpendicular 
to  both  the  direction  of  the  field  and  to  that  of  the  conductor,  that  is, 
parallel  to  the  line  AB.     A  consideration  of  the  rule  given  in  §  512  will 

show  that  the  force  acts  in  the  direction  AB.  If  the  direction  of  one  of 
the  currents  is  reversed  the  magnitude  of  the  force  will  remain  the  same, 

but  it  will  now  act  in  the  direction  BA,  that  is,  it  will  be  a  repulsion. 
Since  action  and  reaction  are  equal  and  opposite,  the  force  on  the  con- 
ductor B  will  be  in  every  case  exactly  equal  and  opposite  to  the  force 
acting  on  the  conductor  A. 

The  attraction  exerted  by  two  parallel  conductors,  in  which  the 
currents  are  flowing  in  the  same  direction,  can  be  very  strikingly  shown 
by  means  of  a  spiral  of  copper  wire  which  is  suspended  from  a  stand  by 
one  end,  and  is  allowed  to  hang  free  in  such  a  way  that  the  other  end 
of  the  wire  dips  in  a  mercury-cup.  If  a  current  is  sent  through  the 
spiral  by  connecting  the  fixed  end  to  one  pole  of  a  battery  and  the  other 
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pole  to  the  mercury,  since  the  different  turns  of  the  spiral  are  parallel, 
and  the  current  is  flowing  in  the  same  direction  in  each,  they  will  attract 
one  another.  As  a  result  the  spiral  will  contract,  and  in  contracting  the 
free  end  will  be  lifted  out  of  the  mercury  and  thus  break  the  circuit 
and  stop  the  current.    As  soon  as  the  current  is  broken  the  attraction 

between  the  spirals  will 
cease,  and  the  spiral  will 
elongate  under  the  influ- 
ence of  gravity,  and  the 
end  again  coming  in 
contact  with  the  mercury 
the  current  will  be  started, 
and  the  whole  cycle  of 
operations  again  be  gone 
through.  Not  only  does 
this  illustrate  the  attrac- 
tion of  parallel  currents, 
but  the  apparatus  is  a 
machine  by  means  of 
which  electrical  energy 
is  continuously  converted 
into  mechanical  energy, 
that  is,  into  the  energy  of 
motion  of  the  spiral. 

518.  The  Electro- Dy- 
namometer —  Electric 
Balance.— The  force  ex- 
erted by  one  circuit  in 
which  a  current  is  flowing 
on  another  c'rcuit  in  which 
the  same  current  is  flow- 
ing is  made  use  of  to 
measure  the  strength  of 
the  current,  and  in- 
struments for  measuring 
currents  depending  on 
this  principle  are  called 
electro-dynamometers. 

One  form  of  electro- 
dynamometer  consists  of 
via.  5o«.  (^o  ^q\\^  (^  and  B,  Fig. 

yjISS  of  large  radius,  placed  with  their  planes  parallel  to  one  another 
and  with  their  centres  at  a  distance  apart  equal  to  the  radius  of  either, 
thus  forming  a  Helmholtz  galvanometer  (9  481).  The  current  to  be 
measured  is  sent  round  these  two  coils  in  the  same  direction,  and  also 
through  a  small  suspended  coil  C,  which  hangs  in  a  symmetrical  position 
with  re'^pect  to  the  coils,  and  has  its  plane  vertical.  The  small  coil  is 
suspended  by  a  bifilar  suspension,  D  (§  119),  so  that  it  is  free  to  turn 
about  a  vertical  axis,  the  wires  of  the  bifilar  suspension  being  utilised  to 
lead  the  airrent  into  the  coil.  The  suspending  wires  are  so  arranged 
that,  when  no  current  is  passing  through  the  coils,  the  plane  of  the 
suspended  coil  is  at  right  angles  to  the  planes  of  the  large  coils.    When 
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the  anient  is  passed  tfaroogfa  the  fixed  and  suspended  coils  in  s^es, 
the  {dane  of  the  small  coil  being  at  light  angles  to  that  of  the  direction  of 
die  field  due  to  the  laige  coils,  there  will  be  a  toming  coople  acting  cm 
the  suspended  coil  whKli  will  tend  to  torn  it  into  the  same  plane  as  the 
laige  coils.  The  bifilar  sospenaon  will  oppose  this  taming,  and  the 
suspended  coil  will  take  op  a  position  such  diat  the  d^ecting  couple 
due  to  the  electro-magnetic  fi>roes  will  be  equal  and  opposite  to  the 
restoring  couple  doe  to  the  bifilar.  The  magmtnde  of  the  deflecting 
couple  can  be  calculated  in  tenns  of  the  current  by  the  processes  we 
have  already  given,  for  the  strength  di  the  fidd  due  to  the  large  coils 
at  the  place  where  the  suspended  coU  is  hung  can  be  calculated  by  the 
method  given  in  §  479,  if  the  radius  of  the  circles  and  the  number  of 
turns  of  the  wire  in  eadi  is  known,  while  the  couple  acting  on  the  coil  C, 
when  its  axis  makes  any  given  angle  with  the  direction  of  this  field,  can 
be  calculated  by  the  process  given  in  §  515.  The  value  of  the  c«>uple 
due  to  the  lafilar  can  also  be  calculated  from  the  weight  of  the  cml  and 
the  length  and  distance  apart  of  the  suspending  wires.  Hoice,  equating 
these  two  couples,  the  value  of  the  current,  which  is  the  only  unknown 
quantity,  can  be  calculated. 

In  performing  the  experiment,  account  must  be  taken  of  the  earth's 
field.  This,  however,  may  be  eliminated  if  the  whole  instrument  is 
turned  so  that  when  the  susp^ided  coil  comes  to  rest  under  the  acti<m 
of  the  current  its  axis  lies  magnetic  north  and  south. 

Another  method  of  determining  the  absolute  value  of  a  current  con- 
sists in  measuring  the  vertical  force  exerted  on  a  small  horizontal  cml  A 
(Fig.  509),  which  is  attached  to  one  of  the  arms  of  a  balance,  owing  to 
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the  magnetic  action  of  two  fixed  coils,  C  and  D.  The  current  to  be 
measured  is  passed  through  the  fixed  coils  and  the  suspended  coil  in 
series,  in  such  a  way  that  the  suspended  coil  is  repelled  by  one  of  the 
fixed  coils  and  attracted  by  the  other.  The  force  with  which  the  fixed 
coils  act  on  the  suspended  coil  can  be  calculated,  in  terms  of  the  current 
which  is  passing,  from  the  dimensions  of  the  coils,  and  hence,  by 
measuring  this  force  by  means  of  the  weights  which  have  to  be  put  in 
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the  scale  pan  E  of  the  balance  in  order  to  bring  the  beam  into  the 
horizontal  position,  the  value  of  the  current  can  be  calculated. 

Using  this  method,  Lord  Rayleigh  found  that  the  current,  which  by 
the  balance  was  equal  to  i  ampere,  when  passed  through  an  electrolytic 
cell  (§  542)  containing  a  solution  of  silver  nitrate  with  a  silver  anode 
and  a  platinum  cathode,  deposited  0.0011179  grams  of  silver  in  one 
second. 

This  value  for  the  electro-chemical  equivalent  (see  §  542)  of  silver  is 
generally  made  use  of  to  standardise  instruments  for  the  measurement 
of  currents  in  which  the  value  of  the  current  corresponding  to  a  given 
indication  cannot  be  directly  calculated  from  the  dimensions  of  the 
instrument 


PART  VII— ELECTRO-MAGNETIC 
INDUCTION 

CHAPTER   XIII 
INDUCED  CURRENTS 

519.  Induced  Currents.— In  1831  Faraday  took  a  ring  of  iron  and 
on  it  wound  two  coils, of  insulated  wire.  Having  connected  one  of  these 
coils  to  the  terminals  of  a  galvanometer,  he  passed  an  electric  current 
through  the  other  coil,  and  then  found  that  at  the  moment  of  starting  the 
current  the  needle  of  the  galvanometer  was  deflected,  showing  that  a 
current  was  passing  in  the  second  closed  circuit.  This  deflection  was 
only  momentary,  and  the  galvanometer  immediately  came  back  to  its 
undeflected  position,  although  the  current  in  the  magnetising  coil  was 
still  flowing.  On  breaking  the  current,  however,  another  momentary 
deflection  of  the  galvanometer  took  place,  but  in  the  opposite  direction 
to  that  which  had  occurred  when  the  current  was  started. 

He  next  wound  two  coils  alongside  one  another  on  a  wooden  cylinder, 
and  again  found  that  when  an  electric  current  was  either  started  or 
stopped  in  the  one  coil,  a  galvanometer  connected  with  the  other  coil 
indicated  the  passage  of  a  momentary  current,  the  direction  of  the 
current  when  the  main  current  was  started  being  opposite  to  that 
obtained  when  the  current  was  stopped. 

Finally  he  found  that  if  a  magnet  is  inserted  into  a  coil,  at  the  instant 
when  the  magnet  is  inserted  a  current  is  produced  in  the  coil,  and  that 
when  the  magnet  is  withdrawn  a  current  in  the  opposite  direction  is  also 
produced.  He  also  found  that  if  a  wire,  the  ends  of  which  are  connected 
to  the  terminals  of  a  galvanometer,  was  passed  between  the  poles  of  a 
powerful  horse-shoe  magnet,  so  that  the  direction  of  motion  of  the  wire 
was  such  that  it  cut  across  the  lines  of  force  of  the  magnet,  then  a  current 
was  produced  during  the  time  that  the  wire  was  being  moved  across  the 
lines  of  force. 

The  currents  which  are  produced  in  these  ways  in  a  closed  circuit 
when  a  current  in  a  neighbouring  circuit  is  started  or  stopped,  or  by  the 
relative  motion  of  the  circuit  and  a  magnet,  are  called  induced  currents. 

These  results  obtained  by  Faraday,  which,  as  we  shall  see,  are  the 
foundation  on  which  are  based  all  the  modern  methods  of  producing  the 
currents  that  are  used  in  such  numberless  ways,  such  as  in  the  produc- 
tion of  light,  the  moving  of  vehicles,  driving  machinery,  and  performing 
many  chemical  processes,  can  all  be  summed  up  in  the  following  short 
law  : — 

Whenever,  from  any  cause  whatever,  the  number  of  tubes  of  force 
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which  thread  through  any  conducting  circuit  is  altered,  an  electromotive 
force  will  be  produced  during  the  change  in  the  number  of  tubes,  and 
this  will  produce  or  tend  to  produce  a  current  in  the  circuit. 

620.  Lenz's  Law. — The  direction  in  which  the  induced  currents  flow 
has  been  put  into  a  concise  form  by  Lenz,  in  what  is  known  as  Lenz's 
law,  and  is  as  follows  : — 

The  direction  of  the  induced  current  produced  in  a  conductor  due  to 
the  movement  of  a  magnet,  or  to  that  of  a  circuit  in  which  a  current  is 
flowing,  is  always  such  as,  by  the  action  of  the  induced  current  on  the 
magnet  or  current-conveying  conductor,  to  produce  a  force  tending  to 
oppose  the  motion. 

Thus  suppose  there  are  two  parallel  conductors,  in  one  of  which  a 
current  is  flowing,  and  that  the  distance  between  the  conductors  is  de- 
creased, then  the  direction  of  the  induced  current  will  be  such  as  to 
oppose  the  motion,  that  is,  will  be  such  as  to  cause  repulsion  between  tlie 
conductors.  Hence,  since  repulsion  takes  place  when  the  currents  are  in 
opposite  directions,  it  follows  from  Lenz's  law  that,  when  the  conductors 
are  moved  nearer,  the  induced  current  will  be  in  the  opposite  direction 
to  the  inducing  current. 

If,  instead  of  the  distance  between  the  conductors  being  altered,  the 
current  is  either  started  or  its  strength  is  increased,  then  we  may  look 
upon  this  as  being  the  same  thing  as  if  the  conductor  in  which  the 
current  is  started  were  moved  up  to  its  present  position  from  an  infinite 
distance.  While  if  the  current  is  stopped  or  its  strength  decreased,  then 
this  is  equivalent  to  the  conductor  in  which  it  flows  being  removed  from 
the  neighbourhood  of  the  conductor  in  which  the  electro-magnetic  induc- 
tion is  produced.  Hence  it  follows  from  Lenz's  law  that  the  direction  of 
the  induced  current  when  the  current  is  started  or  increased  in  strength 
is  the  same  as  when  the  conductors  are  moved  nearer  together,  namely, 
in  the  opposite  direction  to  that  in  the  inducing  current ;  while  when  the 
current  is  stopped  the  direction  of  the  induced  current  is  the  same  as 
that  of  the  inducing  current  before  it  was  stopped. 

52L  Eleetro-magnetic  Induction.— We  will  now  proceed  to  examine 
different  cases  of  the  production  of  induced  currents  from  Faraday's 
point  of  view  as  to  tubes  of  force. 

In  the  first  place,  the  phenomenon  of  the  production  of  induced 
currents  is  said  to  be  due  to  electro-magnetic  induction.  It  is  called 
electro-magnetic  induction  rather  than,  as  is  sometimes  done,  simply  in- 
duction, for  the  sake  of  preventing  confusion  with  the  use  of  the  term 
induction  given  in  §  505. 

The  conductor  in  which  the  inducing  current  flows  is  called  the 
primary  conductor,  or  simply  the  primary,  while  the  conductor  in  which 
the  induced  current  is  produced,  or  at  any  rate  in  which  an  induced 
electromotive  force  is  developed,  is  called  the  secondary. 

First  let  us  consider  the  case  of  a  primary  which  consists  of  a  single 
circle  of  wire,  P  (Fig.  510),  in  which  a  current  is  caused  to  flow  by  a 
battery,  B,  and  in  which  there  is  a  key,  K,  by  means  of  which  the  circuit 
can  be  closed  or  opened,  and  thus  the  current  started  or  stopped.  Let 
the  secondary,  s,  consist  of  a  similar  circle  of  wire,  in  which,  if  we  like, 
we  may  suppose  a  galvanometer,  G,  is  included.  If  a  current  in  the 
direction  of  the  arrow  is  flowing  in  the  primary  circuit,  tubes  of  magnetic 
induction  will  thread  through  the  primary  in  the  direction  shown,  and 
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some  of  these  will  also  thread  through  the  neighbouring  secondary. 
Suppose  now  that  the  current  in  the  primary  is  stopped,  then  all  the 
tubes  of  induction  due  to  this  current  will  vanish.  Hence  the  number 
of  tubes  of  induction  which  thread  through  the  secondary  will  be 
diminished,  so  that  an  induced  current  will  be  pro- 
duced. From  Lenz's  law  it  follows  that  the  direction 
of  this  induced  current  will  be  the  same  as  that  of 
the  current  in  the  primary.  Now  the  induced  cur- 
rent in  the  secondary  will  produce  tubes  of  induc- 
tion, and  since  the  direction  of  the  induced  current 
is  the  same  as  that  of  the  primary  current,  the 
direction  of  the  tubes  of  induction  due  to  the  induced 
current  will  be  the  same  as  those  due  to  the  primary 
current.  Some  of  these  tubes  will  thread  through 
the  primary  circuit,  so  that  the  effect  of  the  induced 
current  is  to  tend  to  keep  the  number  of  tubes  which 
thread  through  the  primary  circuit  constant,  although 
on  account  of  the  stoppage  of  the  primary  current 
the  number  of  tubes  tends  to  become  less.  The  same  effect  occurs 
in  the  secondary  circuit,  for  the  tubes  due  to  the  induced  current,  which 
are  introduced  when  the  primary  current  is  broken,  are  such  as  to  tend 
to  keep  the  induction  through  the  secondary  constant. 

Next  take  the  case  where  the  current  in  the  primary  is  started.  The  ■ 
direction  of  the  induced  current  is  opposite  to  that  of  the  primary  current, 
hence  the  tubes  of  induction  which  thread  through  the  secondary,  due  to 
the  induced  current,  are  in  the  opposite  direction  to  those  which  are  being 
threaded  through  the  circuit  due  to  the  starting  of  the  primary  current. 
Hence  the  total  induction  through  the  secondary  during  the  time  the 
induced  current  lasts  is  the  difference  of  the  induction  through  this  circuit 
due  to  the  primary  and  the  induced  currents,  so  that  in  this  case  also  the 
induced  current  is  such  that  it  tends  to  keep  the  total  induction  through 
the  secondary  circuit  the  same  as  it  was  before  the  starting  of  the  primary 
current.  Also,  since  some  of  the  tubes  due  to  the  induced  current  will 
thread  through  the  primary,  the  effect  of  the  presence  of  the  secondary 
will  be  to  postpone  the  time  when  the  number  of  tubes  of  induction 
through  the  primary  reaches  its  final  value,  since  their  presence  tends  to 
keep  the  induction  through  the  primary  the  same  as  it  was  before  the 
starting  of  the  current. 

In  the  case  when  the  current  in  the  primary  is  kept  constant,  but  the 
distance  between  the  primary  and  secondary  circuits  is  varied,  the  same 
effect  takes  place,  namely,  the  induced  currents  are  in  such  a  direction  as, 
by  their  action,  to  keep  the  number  of  tubes  of  induction  which  pass 
through  the  secondary  circuit  the  same  as  it  was  before  the  motion.  Of 
course,  since  the  induced  current  only  lasts  while  the  number  of  tubes  of 
induction  is  varying,  the  final  induction  through  the  secondary,  as  well 
as  that  through  the  primary  itself,  is  quite  unaltered  by  the  fact  that 
an  induced  current  is  produced. 

Although  when  the  secondary  conductor  does  not  form  a  closed 
circuit  no  induced  current  will  flow  in  the  secondary,  yet  in  this  case 
there  will  be  an  electromotive  force  produced  owing  to  the  electro- 
magnetic induction,  the  direction  of  the  E.M.F.  being  such  that  if  the 
circuit  were  closed  the  current  which  would  be  produced  by  this  E.M.F. 
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would  be  that  which  we  have  been  considering  in  the  case  of  a  closed 
secondary. 

In  the  case  of  an  unclosed  secondary  circuit,  since  there  will  be  no 
induced  current,  there  will  be  no  tubes  of  induction  due  to  the  induced 
current,  which,  by  being  threaded  through  the  primary  circuit,  will  tend 
to  delay  the  induction  through  this  circuit  from  at  once  attaining  its  final 
value.  In  this  case,  as  well  as  in  that  where  there  is  no  secondary  near 
a  circuit  in  which  a  current  is  started  or  stopped,  we  might  expect  that 
the  current  would  instantly  attain  its  final  value  when  the  circuit  is  closed. 
This,  however,  is  not  the  case,  for  the  circuit  itself  acts  in  such  a  way  as 
to  tend  to  keep  the  induction  through  itself  constant.  Thus  before  the 
current  is  started  there  are  no  tubes  of  induction  passing  through  the 
circuit,  but  when  the  current  is  passing  there  are  a  certain  number  of 
these  tubes.  Hence  the  number  of  tubes  of  induction  threading  through 
the  circuit  has  been  increased,  and  during  the  time  that  they  were  being 
threaded  through  there  will  be  an  induced  current  produced  in  the  circuit 
itself,  just  as  in  the  case  of  a  circuit  in  which  the  increase  of  the  total 
induction  is  due  to  some  other  circuit.  As  we  have  seen,  the  direction  of 
the  induced  current  is  such  as  to  tend  to  keep  the  number  of  tubes  of 
induction  linked  through  it  constant.  Hence  when  the  current  is  started, 
so  that  the  number  of  tubes  is  increased,  the  induced  tubes  must  be  in 
the  opposite  direction  to  those  due  to  the  current  which  is  being  started, 
that  is,  the  direction  of  the  induced  current  must  be  the  opposite  to  that 
of  the  current  which  is  started.  The  effect  of  this  induced  current,  which 
is  said  to  be  due  to  sdf-induction^  is  to  delay  the  current  in  the  circuit 
attaining  its  full  value,  though  it  has  no  effect  on  the  final  value  which 
the  current  will  reach  ;  which  final  value  of  the  current,  in  a  simple 
metallic  circuit,  is  that  given  by  Ohm's  law. 

V/hen  the  current  in  a  circuit  is  stopped,  the  induced  current,  in  order 
that  it  may  tend  to  keep  the  induction  through  the  circuit  constant,  must 
be  in  the  same  direction  as  the  main   current.     The  presence  of  the 
induced  current  when  a  current  is  stopped  can  be 
very  clearly  shown  by  means  of  the  arrangement 
shown  in  Fig.  511.    A  coil,  C,  which  ought  to  have 
a  large  number  of  turns,  and  an  iron  core  (it  will 
be  remembered  how  the  presence  of  an  iron  core 
increases  the  inc' action  through  a  coil)  is  con- 
nected up  with  a  make  and  break  key,  K,  and  a 
battery,  B.     An  incandescent  electric  lamp,  L,  is 
connected   in   parallel  with   the  coil.      Although 
the  battery  may  not  be  of  sufficiently  high  electro- 
motive force  to  cause  the  lamp  to  glow  when  the 
Fig.  six.  current  is  passing  round   the  circuit,  yet,  when 

the  key  is  opened,  and  induced  E.M.P\,  due  to 
the  self-induction  of  the  coil,  will  be  so  great  that  sufficient  current 
will  flow  through  the  coil  and  the  lamp  circuit  to  cause  the  lamp  to 
glow  brightly  for  an  instant. 

622.  Magnitude  of  the  Induced  E.M.F.— We  have  hitherto  only 
considered  the  conditions  under  which  induced  currents  are  produced  and 
the  direction  in  which  they  flow,  and  we  now  have  to  consider  on  what 
conditions  the  magnitude  of  the  induced  current  depends. 
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In  the  first  place,  the  magnitude  of  the  induced  current  depends  on 
the  resistance  of  the  secondary,  and  since,  other  things  remaining  the 
same,  the  current  is  inversely  proportional  to  the  resistance,  we  shall  in 
future  consider  the  electromotive  force  induced  in  the  circuit  considered 
on  account  of  induction  ;  and  where  the  value  of  the  induced  current  is 
required,  this  can  be  calculated  according  to  Ohm's  law.  The  expression 
for  the  magnitude  of  the  induced  electromotive  force  was  first  given  by 
Neumann.  We  may  combine  Neumann's  results  with  Faraday's  law  as 
to  electro-magnetic  induction  as  follows  : — 

Whenever  the  number  of  tubes  of  induction  which  thread  through 
a  circuit  is  altering,  an  E.M.F.  is  produced  in  the  circuit  numeri- 
cally equal  to  the  rate  at  which  the  number  of  tubes  of  induction  is 
diminishing. 

The  direction  of  the  E.M.F.  obtained  by  this  rule  is  positive  when  it 
tends  to  produce  a  current  in  the  circuit  which  is  related  to  the  direction 
of  the  lines  of  force,  as  the  direction  of  rotation  of  a  corkscrew  is 
related  to  the  direction  of  translation.  Or  if  we  are  looking  along 
the  tubes  of  induction  towards  the  circuit,  then,  if  the  number  of  tubes 
is  decreasing,  the  E.M.F.  will  act  in  the  clockwise  direction  round  the 
circuit. 

The  direction  of  the  induced  E.M.F.  in  a  straight  conductor,  which  is 
moving  in  a  direction  at  right  angles  to  the  lines  of  force  of  a  magnetic 
field,  can  be  remembered  by  the  following  rule : — 

Hold  your  right  hand  with  the  index  finger  pointing  towards  the 
direction  in  which  the  conductor  is  moving,  and  with  the  middle  finger 
bent  in  the  manner  shown  in  Fig.  503,  and  pointing  in  the  direction  in 
which  a  north  pole  would  travel  in  the  field,  i.e.  so  that  the  tubes  of  force 
enter  the  hand  at  the  back,  then  the  outstretched  thumb  will  give  the 
direction  of  the  induced  E.M.F.  in  the  conductor. 

In  a  uniform  field  of  strength  F  the  cross-section  of  the  tubes  of 
induction,  or,  what  is  the  same  thing,  the  tubes  of  force,  is  i//^,  so  that 
F  tubes  cross  unit  area  at  right  angles  to  the  direction  of  the  tubes. 
If  then  a  straight  conductor  of  length  L  is  moved  with  a  velocity  z/  in  a 
direction  perpendicular  both  to  the  tubes  of  induction  of  the  field  and 
to  the  length  of  the  wire,  the  space  swept  out  by  the  wire  in  unit  time 
will  be  vL.  Hence  the  number  of  tubes  of  force  cut  through  by  the 
wire  in  unit  time  will  be  vL  .F.  This  then  is  the  rate  at  which  a  circuit, 
of  which  the  conductor  forms  a  part,  is  increasing  the  number  of  tubes 
of  induction  which  it  embraces.  Hence  the  electromotive  force  induced 
in  the  conductor  due  to  the  cutting  of  the  tubes  of  induction  of  the  field 
is  vLF. 

623.  The  Earth  Inductor.— Suppose  that  during  a  very  small  time 
ht  the  total  induction  through  a  circuit  is  changed  from  B  to  B-bB. 
Then  the  number  of  tubes  of  induction  which  thread  through  the  circuit 
have  in  the  time  decreased  by  the  amount  hB,  so  that  the  induced 
E.M.F.  acting  round  the  circuit,  which  is  equal  to  the  rate  at  which  the 
number  of  tubes  is  decreasing,  will  be  equal  to  hBj^t.  Hence,  if  the 
resistance  of  the  circuit  is  K,  the  induced  current  will  be  8B//\8t.  If  the 
rate  at  which  the  tubes  of  induction  leave  the  circuit  remains  constant 
during  the  time  8t,  the  current  induced  will  also  be  constant.  Hence 
the  quantity  of  electricity  which  will  flow  round  the  circuit  in  the  time 
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li  will  be  C8/  or  hBjR.  Thus  when  the  rate  at  which  the  tubes  of 
induction  are  cut  by  the  circuit  is  constant,  the  quantity  of  electricity 
which  will  flow  round  the  circuit  in  any  given  time  will  be  eaual  to  the 
quotient  of  the  number  of  tubes  cut  by  the  circuit  in  this  tmie  by  the 
resistance  of  the  circuit.  The  same  relation  must  also  hold  if  the  rate 
at  which  the  tubes  are  cut  is  not  uniform,  for  we  can  divide  the  interval 
considered  into  a  number  of  very  small  intervals  each  equal  to  8/,  in 
each  of  which  the  rate  at  which  the  tubes  are  being  cut  is  sensibly 
uniform,  and  the  quantity  of  electricity  which  traverses  the  circuit  during 
each  of  these  intervals  is  given  by  the  above  expression.  Hence,  adding 
together  all  the  intervals,  we  get  on  one  side  the  total  quantity  of 
electricity  which  passes  during  the  interval  considered,  and  on  the  other 
side  the  sum  of  the  decreases  of  the  number  of  tubes  of  induction,  that 
is,  the  total  decrease  in  the  number  of  tubes  divided  by  the  resistance  of 
the  circuit. 

If  the  circuit,  which  encloses  an  area  W,  is  placed  in  a  unifonn 
magnetic  field  of  strength  7/ with  its  plane  at  right  angles  to  the  direc- 
tion of  the  field,  the  total  number  of  tubes  of  induction  passing  through 
the  circuit  will  be  AH^  for  the  cross-section  of  a  tube  is  i///,  hence  H 
tubes  cross  unit  area  taken  perpendicular  to  the  direction  of  the  tubes, 
and  AH  will  cross  an  area  A.  If  the  circuit  is  now  turned  till  its  plane 
is  parallel  to  the  direction  of  the  tubes  of  force  of  the  field,  none  of  these 
tubes  will  pass  through  the  circuit,  and  hence  the  total  induction  through 
the  circuit  will  be  zero.  Thus  by  rotating  the  circuit  in  this  way  the 
number  of  tubes  of  induction  passing  through  the  circuit  has  been  de- 
creased by  AH^  and  hence,  if  R  is  the  resistance  of  the  circuit,  the 
quantity  of  electricity  which  passes  round  the  circuit  due  to  induction 
will  be  AH\R.  The  direction  in  which  this  electricity  will  be  displaced 
round  the  circuit  will  be  the  clockwise  direction  as  we  face  the  side  of 
the  circuit  at  which  the  tubes  of  induction  enter  the  space  enclosed  by 
the  circuit. 

If  now  the  circuit  is  rotated  through  another  right  angle  in  the  same 
direction  as  before,  so  that  it  is  again  at  right  angles  to  the  direction  of 
the  field,  but  with  the  tubes  of  induction  threading  through  in  the 
opposite  direction  to  what  they  did  before,  the  number  of  tubes  which 
thread  through  will  during  the  rotation  increase  from  zero  to  AH.  The 
result  will  be  that  a  quantity  of  electricity  equal  to  AH\R  will  again  be 
caused  to  circulate  round  the  circuit,  and  since  the  tubes  are  now  in- 
serted instead  of  being  withdrawn,  the. direction  in  which  the  current 
will  circulate  will  be  the  anticlockwise  one  if,  as  before,  we  face  the  side 
where  the  tubes  enter  the  circuit.  Since,  however,  the  position  of  the 
circuit  is  reversed  from  what  it  was  in  the  fonner  case,  the  direction  of 
the  induced  current,  as  far  as  the  circuit  itself  is  concerned,  will  be  the 
same  as  before.  If,  then,  starting  with  the  circuit  perpendicular  to  the 
lines  of  force  of  the  field,  it  is  rotated  through  180°,  the  quantity  of  elec- 
tricity which  will  traverse  the  circuit  due  to  the  electro-magnetic  induc- 
tion will  be  given  by 

Q  =  'iAHlR. 

Hence,  if  we   measure   Q  by  passing  the  induced  current   through  a 
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Fig.  512. 


galvanometer,  in  which  case  the  quantity  R  must  include  the  resistance 
of  the  coil  with  the  connecting  wires  and  the  galvanometer,  and  we  know 
the  quantity  A,  we  can  calculate  the  strength  of  the  magnetic  field  in 
which  the  coil  is  rotated. 

An  instrument  for  measuring  the  strength  of  magnetic  fields  on  this 
principle  is  shown  in  Fig.  512,  and  is  called  an  eartli  inductor,  from  the 
fact  that  it  is  often  used  to  measure  the  strength  of  the  earth's  field.  A 
coil,  AB,  containing  a  number  of  turns  of 
insulated  wire,  and  for  which  the  area 
included  by  each  turn  has  been  measured 
so  that  the  quantity  A,  which  is  the  sum 
of  the  areas  included  by  all  the  turns,  is 
known,  is  supported  in  a  frame  in  such  a 
way  that  it  can  be  rotated  through  two 
right  angles  about  an  axis  SS'.  The  ends 
of  the  coil  are  connected  to  a  galvano- 
meter by  means  of  which  the  quantity  of 
electricity  which  passes  round  the  circuit 
can  be  measured.  If  the  axis  SS'  is  placed 
vertical,  the  plane  of  the  coil  being  set 
magnetic  east  and  west,  and  the  coil  is 
rotated  through  two  right  angles,  and  if 
Q  is  the  quantity  of  electricity  which 
passes  through  the  galvanometer,  we  have 
Q=2AHIR\  for,  as  the  coil  has  been 
turned  about  a  vertical  axis,  it  has  not  in- 
tersected any  of  the  tubes  of  induction  of  the  vertical  component  of  the 
earth's  field,  and  hence  the  only  part  of  the  field  with  which  we  are 
concerned  is  the  horizontal  component,  H. 

Next  suppose  the  axis  of  rotation  of  the  coil  to  be  horizontal  and  in 
the  magnetic  meridian,  and  that,  starting  with  the  coil  in  a  horizontal 
plane,  it  is  again  rotated  through  two  right  angles,  the  quantity  of  elec- 
tricity, 2',  induced  being  measured.  In  this  case,  since  the  axis  about 
which  the  coil  is  rotated  is  parallel  to  the  direction  of  the  horizontal 
component,  the  coil  will  not  cut  through  any  of  the  tubes  of  induction 
corresponding  to  the  horizontal  component.  Hence  we  have  Q  =  2A  V/R, 
where  Vh  the  vertical  component  of  the  earth's  field.  Dividing  one  of 
these  expressions  by  the  other,  we  get 

V/B=QHQ. 

But  if  6  is  the  dip,  then  tan  6=  VjH.  Hence,  from  the  results  of  i  vo 
observations  with  the  earth  inductor,  one  with  the  axis  of  rotation  vertical, 
and  the  other  with  the  axis  horizontal,  we  can  calculate  the  value  of  the 
dip  at  the  place  where  the  observations  are  made. 

524.  Determination  of  the  Value  of  the  Ohm  by  the  B.A. 
Committee. — The  first  measurement  of  a  resistance  in  absolute  measure 
of  any  accuracy  was  performed  by  a  committee  of  the  British  Association, 
by  a  method  involving  the  induced  E.M.F.  produced  in  a  coil  when 
rotated  in  a  magnetic  field.  The  method  they  employed  consisted  in 
spinning  a  coil,  of  which  the  two  ends  of  the  wire  were  joined  together, 
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about  a  vertical  axis  in  the  earth's  field,  and  noting  the  deflection  pro- 
duced by  the  currents  induced  in  the  coil  on  a  magnetic  needle  placed  at 
the  centre  of  the  coil.  If  the  dimensions  of  the  coil  are  known,  and  they 
were  determined  during  the  winding,  and  the  speed  of  rotation  when  the 
deflection  is  measured  is  known,  it  is  possible  to  calculate  the  resistance 
of  the  coil  in  absolute  measure,  that  is,  in  c.g.s.  units.  For,  as  we  shall 
see  in  §  529,  when  a  coil  rotates  in  a  magnetic  field  an  induced  E.M.F. 
will  be  produced,  and  the  current  which  this  E.M.F.  will  send  round  the 
coil  will  be  inversely  proportional  to  the  resistance  of  the  coil,  while  the 
deflection  of  the  needle  will  be  proportional  to  the  current,  that  is,  inversely 
proportional  to  the  resistance. 

From  the  results  of  their  measurements  the  committee  constructed  a 
number  of  coils  consisting  of  platinum  silver  alloy,  the  resistance  of  each 
of  which  was  equal  to  what  from  their  measurements  appeared  to  be  the 
value  of  the  ohm  as  defined  in  §  483.  These  coils  have  been  preserved, 
and  are  known  as  the  B.A.  units.  More  recent  measurements  [made  by 
the  same  method,  as  well  as  by  several  different  methods,  have  shown 
that  the  B.A.  units  are  not  exactly  i  ohm,  the  true  value  being,  i  B.A. 
unit =0.9866  ohm. 

Experiment  has  also  shown  that  the  resistance  of  a  column  of  pure 
mercury  106.3  cm.  long  and  one  square  millimetre  in  cross-section,  when 
at  a  temperature  of  0°  C,  is  equal  to  one  ohm.  As  the  resistance  of  a 
solid  is  dependent  on  the  physical  state,  such  as  the  hardness,  &c.,  there 
is  some  doubt  whether  a  standard  resistance  composed  of  a  wire  may 
not  alter  in  time,  due  to  a  change  in  the  molecular  state  of  the  metal.  In 
the  case  of  a  liquid,  however,  such  a  molecular  change  is  not  to  be  feared, 
for  liquids  are  not  able  to  take  up  a  state  of  strain.  For  this  reason  the 
final  standards  of  resistance  are  composed  of  tubes  of  glass,  of  which  the 
dimensions  can  be  accurately  measured,  filled  with  pure  mercury,  and 
the  wire  standards  used  in  ordinary  work  are  compared  with  these 
mercury  standards. 

525.  Determination  of  the  Value  of  the  Volt— If  the  absolute 
value  of  a  current  and  of  a  resistance  is  known  from  the  measurements 
made  by  the  methods  described  in  §§518,  524,  then,  by  passing  the  current 
through  the  resistance,  the  absolute  value  of  the  E.M.F.  between  the 
terminals  of  the  resistance  will  be  known.  Hence  of  the  three  electrical 
quantities,  ampere,  ohm,  and  volt,  the  knowledge  of  the  absolute  value  of 
any  two  enables  us  to  obtain,  by  means  of  Ohm's  law,  the  value  of  the 
third. 

The  values  for  the  E.M.F.  of  the  Clark  and  cadmium  standard  cells, 
given  in  §§  558,  559,  have  been  determined  by  comparing  their  E.M.F. 
with  that  developed  between  the  terminals  of  a  wire  of  known  resistance 
when  a  current  is  passed,  the  value  of  the  current  being  obtained  from 
the  indications  of  a  current  balance. 

526.  Apago's  Experiment  —  Foueault  Cuprents.  —  Arago  dis- 
covered that  if  a  copper  disc  is  rotated  about  a  vertical  axis  below  a 
pivoted  magnetic  needle,  the  needle  is  deflected  in  the  direction  in  which 
the  disc  is  rotating,  and  if  the  speed  of  rotation  is  fairly  great  the  needle 
is  dragged  completely  round,  so  that  it  is  set  in  rotation.  The  inverse 
experiment  can  also  be  performed,  that  is,  if  a  magnet  is  rotated  near  the 
tace  of  a  copper  disc  which  is  free  to  turn,  the  disc  is  set  in  rotation,  the 
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direction  of  rotation  being  the  same  as  that  in  which  the  magnet  is  being 
rotated.  The  explanation  of  this  experiment  was  given  by  Faraday,  who 
showed  that  it  was  due  to  the  reaction  between  the  electric  currents 
induced  in  the  copper  disc  and  the  magnet. 

Let  AB  (Fig.  513)  be  the  copper  disc  which  is  rotated  in  the  direction 
shown  by  the  arrow,  and  let  NS  be  a  magnet  suspended  or  pivoted  above 
the  surface  of  the  disc.  The  tubes  of  induction  of  the  magnet  pass  from 
the  north  pole  N  to  the  south  pole  S,  spreading  out  in  the  air.  Some  of 
these  tubes  will  pass  down  below  the  copper  disc  near  the  pole  N,  and 
will  come  up  through  the  disc  near  S.  Hence  when  the  disc  is  set  in 
rotation  we  have  the  portions  of  the  conduct- 
ing disc  near  N  and  S  moving  so  as  to  cut 
through  the  tubes  of  induction,  and  hence  an 
E.M.F.  will  be  set  up  which  will  cause  cur- 
rents to  circulate  in  the  disc.  Now  by  Lenz's 
law  the  direction  of  the  induced  currents  must 
be  such  as  to  tend  to  check  the  motion,  that 
is,  such  that  the  force  which  will  be  called 
into  play  between  these  induced  currents  and 
the  inducing  magnet  will  be  so  directed  as  by 
their  action  to  check  the  motion  which  causes  Fig.  513. 

the  induced  currents.      Hence,   since   action 

and  reaction  must  always  be  equal  and  opposite,  a  force  will  act  on  the 
magnet  tending  to  move  it  in  the  same  direction  as  that  in  which  the 
disc  is  rotating.  The  direction  in  which  the  currents  must  flow,  so  as 
to  tend  to  turn  the  magnet  in  the  same  direction  as  that  in  which  the 
disc  is  rotating,  can  be  obtained  by  making  use  of  the  rule  given  in 
§  474.  If  we  imagine  a  man  in  the  disc  near  N  facing  the  pole  so  that 
he  must  be  on  his  back,  then,  in  order  that  the  pole  N  may  be  urged 
towards  his  left  hand,  he  must  lie  with  his  head  towards  the  circumfer- 
ence of  the  disc  and  his  feet  towards  the  centre.  If  when  he  is  in 
this  position  a  current  is  flowing  from  his  feet  to  his  head,  the  magnet 
pole  N  will  be  urged  towards  his  left  hand,  that  is,  in  the  same  direction 
as  that  in  which  the  disc  is  rotating.  In  the  same  way  it  can  be  shown 
that,  in  order  to  produce  a  force  between  the  magnet  and  the  disc  tend- 
ing to  check  the  motion  of  the  disc,  the  currents  in  the  portion  of  the  disc 
near  S  must  flow  from  the  circumference  towards  the  centre  of  the  disc. 
Hence  the  path  of  the  induced  currents  in  the  disc  is  somewhat  as 
shown  by  the  dotted  curves. 

Of  course,  we  could  have  arrived  directly  at  the  same  result  by 
making  use  of  the  rule  given  in  §  522  for  the  connection  between  the 
direction  in  which  a  conductor  is  moved  through  a  magnetic  field  and 
the  direction  of  the  induced  E.M.F.  Thus  the  portion  of  the  disc  under 
the  pole  N  is  moving  in  a  magnetic  field  where  the  tubes  of  induction 
are  running  downwards,  and  hence,  if  the  right  hand  is  placed  palm 
downwards  with  the  fingers  pointing  in  the  direction  the  portion  of  the 
disc  below  N  is  moving,  the  outstretched  thumb  will  give  the  direction 
of  the  induced  E.M.F.,  and  this  will  act  from  the  centre  of  the  disc 
towards  the  circumference. 

The  effects  of  the  currents  induced  in  a  mass  of  metal  when  it  is 
moved  in  a  magnetic  field  was  very  strikingly  shown  by  Foucault,  who 
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arranged  a  copper  disc  so  that  it  could  be  rotated  by  means  of  a  handle 
and  a  train  of  wheels  between  the  poles  of  a  powerful  electro-magnet. 
Although  it  was  easy,  when  the  magnet  was  not  excited,  to  rotate  the 
disc  at  a  rapid  rate,  on  starting  the  current  in  the  electro-magnet 
the  reaction  on  account  of  the  induced  currents  was  so  enormous  that 
the  disc  was  immediately  brought  almost  to  rest,  and  it  could  only  be 
rotated  at  a  comparatively  slow  speed.  These  currents,  which  are 
induced  within  a  mass  of  metal  when  it  is  in  a  changing  magnetic  field 
or  is  in  motion  in  a  steady  field,  are  generally  called  Foucault  currents. 
The  circulation  of  the  currents  is  of  course  accompanied  by  the  con- 
version of  electrical  energy  into  heat  according  to  Joule's  law,  so  that 
the  mechanical  energy  which  has  to  be  spent  in  moving  the  conductor 
appears  as  heat  developed  in  it. 

Use  is  often  made  of  Foucault  currents  to  check  the  oscillations  of 
a  suspended  magnetic  needle,  such  as  a  galvanometer  needle,  which 
are  often  a  source  of  considerable  loss  of  time,  since  the  needle  takes 
some  time  in  coming  to  rest  after  it  has  been  deflected.  If  the  needle 
is  surrounded  by  a  thick  copper  box  made  to  fit  as  near  the  needle  as 
possible,  when  the  needle  is  in  oscillation  induced  currents  will  be 
produced  in  the  copper,  which  will  tend  to  check  the  motion  of  the 
needle.  In  these  circumstances  the  motion  of  the  needle  is  said  to  be 
damped. 

527.  The  Induction  Coll.— By  means  of  electro-magnetic  induction, 
it  is  possible  to  produce  in  a  secondary  circuit  an  induced  E.M.F. 
which  is  higher  than  the  E.M.F.  employed  to  produce  the  current  in 
the  primary  circuit.  If  on  account  of  the  current  passing  in  a  primary 
circuit,  n  tubes  of  induction  pass  through  a  secondary  which  consists 
of  a  single  turn,  the  induced  E.M.F.  produced  when  the  current  in 
the  primary  is  varied  is  equal  to  the  rate  of  change  of  n.  If,  however, 
the  secondary  circuit  consists  of  two  turns,  so  that  the  n  tubes  of  force 
due  to  the  primary  thread  through  both  turns,  the  E.M.F.  induced 
in  each  turn  will  be  equal  to  the  rate  of  change  of  n^  and  hence  the 
total  E.M.F.  produced  in  the  circuit  will  be  the  sum  of  the  E.M.F.'s 
produced  in  the  two  portions  of  the  circuit,  that  is,  will  be  equal  to 
twice  the  rate  of  change  of  the  number  of  tubes  of  induction  which 
pass  through  the  secondary.  Thus  by  increasing  the  number  of  turns 
of  the  secondary  circuit,  the  induced  E.M.F.  produced  by  a  given 
rate  of  change  of  n  can  be  made  very  great.  One  of  the  best  known 
arrangements  for  obtaining  a  very  high  E.M.F.  by  means  of  electro- 
magnetic induction  is  the  induction  coil  which,  since  it  was  first  em- 
ployed by  Ruhmkorff,  is  often  called  Ruhmkorflf's  coil.  The  primary 
of  these  coils  consists  of  a  comparatively  small  number  of  turns  of  fairly 
thick  wire  which  are  wound  on  a  core  composed  of  soft  iron  wires.  The 
object  of  the  iron  core  is  to  increase  the  induction  through  the  primary 
produced  by  any  given  current,  as  was  explained  in  §  516.  The  reason 
why  wires  are  used  instead  of  a  solid  rod  is  to  prevent,  as  much  as 
possible,  the  formation  of  Foucault  currents  in  the  mass  of  the  iron,  since 
these  currents  would  not  only  waste  the  electrical  energy  used  to  work 
the  coil,  but  would  also,  by  their  reaction  on  the  primary  current,  tend 
to  keep  this  current  from  changing  rapidly.  For  they  would  produce 
tubes  of  induction  in  such  a  direction  as  to  keep  the  total  induction 
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through  the  primary  constant  when  the  strength  of  the  primary  current 
is  altered.  The  iron  used  must  be  of  a  very  soft  quahty,  so  that  the 
hysteresis  and  residual  magnetism  which  it  possesses  may  be  as  small 
as  possible,  for  the  effect  of  hysteresis  is  to  convert  some  of  the  electrical 
energy  into  heat  as  well  as  to  make  the  changes  in  the  induction 
through  the  coil  slower.  Round  the  outside  of  the  primary  coil  is 
wound  a  secondary  coil  consisting  of  a  very  large  number  of  turns 
of  fine  wire,  each  turn  being  very  well  insulated  by  means  of  a  covering 
of  silk  and  shellac.  The  ends  of  the  secondary  are  generally  connected 
to  two  insulated  brass  rods,  the  ends  of  which  form  a  spark-gap  of 
adjustable  length.  The  current  in  the  primary  circuit  being  alternately 
made  and  broken,  the  induction  through  the  secondary  changes  and 
an  induced  E.M.F.  is  produced  in  the  secondary,  which  is  in  one  direc- 
tion when  the  current  is  made  and  in  the  opposite  direction  when  the 
current  is  broken.  Various  arrangements  are  employed  for  automati- 
cally making  and  breaking  the  primary  current.  In  some  of  these 
a  small  electric  motor  makes  and  breaks  the  current  by  dipping  a 
rod  of  platinum  into  a  mercury-cup.  The  more  usual  arrangement, 
at  any  rate  on  small  coils,  is  to  have  a  small  piece  of  iron  fixed  to  the 
end  of  a  spring,  so  that  when  the  current  passes  and  magnetises  the 
iron  core  the  piece  of  iron  is  attracted.  When  no  current  is  passing, 
the  spring  keeps  the  iron  away  from  the  end  of  the  core,  and  makes 
contact  between  a  piece  of  platinum  fixed  to  the  back  of  the  iron  and 
a  platinum  point  which  is  attached  to  a  pillar  carried  by  the  base  of 
the  coil.  The  primary  current  passes  between  the  platinum  point  and 
the  spring,  and  hence  when  the  iron  hammer  is  attracted  by  the  core 
the  primary  current  is  interrupted.  The  interruption  of  the  current 
causes  the  core  to  lose  its  magnetism,  so  that  it  no  longer  attracts  the 
hammer,  and  hence  the  spring  forces  it  back  against  the  platinum  point, 
thus  again  completing  the  primary  circuit. 

Since  the  magnitude  of  the  induced  E.M.F.  depends  on  the  rate 
at  which  the  number  of  tubes  which  thread  through  the  secondary 
change,  it  is  of  importance  to  make  the  starting  and  stopping  of  the 
primary  current  as  sudden  as  possible.  Now  it  has  been  shown  in  §  521 
that,  on  account  of  the  self-induction  of  a  circuit  in  which  a  current  is 
stopped  or  started,  the  current  does  not  reach  its  full  value  at  once,  nor 
does  it  die  away  instantaneously.  The  eflfect  of  self-induction  is  shown 
very  markedly  by  the  spark  which  is  produced  every  time  the  primary 
current  is  broken.  It  has  been  found  that  the  intensity  of  the  spark 
formed  at  the  break  can  be  considerably  decreased,  and  hence  the 
rapidity  with  which  the  primary  current  stops  increased,  so  that  the 
induced  E.M.F.  is  also  increased,  by  using  a  condenser,  formed  by  a 
number  of  sheets  of  tinfoil  separated  the  one  from  the  other  by  sheets  of 
paraffined  paper,  one  armature  being  connected  with  the  spring  of  the 
interrupter  and  the  other  with  the  platinum  point.  In  this  way  the 
condenser  and  the  primary  coil  are  connected  in  parallel,  and  it  can  be 
shown  that  connecting  a  condenser  in  this  way  has  the  same  effect  as  if 
the  self-induction  of  the  coil  were  reduced. 

By  means  of  such  a  coil  it  is  possible  to  produce  a  spark  between 
the  terminals  up  to  about  20  inches  in  length,  and  this  when  the  E.M.F. 
used  to  produce  the  primary  current  is  only  a  few  volts,  and  would  be 
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quite  unable  to  produce  a  spark  of  a  hundredth  of  an  inch  in  length. 
Although  the  E.M.F.  of  the  induced  current  is  very  great,  the  quantity 
of  electricity  which  traverses  the  secondary  is  excessively  small,  for,  on 
account  of  the  great  length  of  the  secondary  wire  and  its  small  diameter, 
the  resistance  of  the  secondary  is  very  great 
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528.  Barlow's  Wheel.— One  of  the  simplest  arrangements  for  con- 
verting electrical  energy  into  mechanical  energy  is  that  known  as  Barlow's 
wheel,  and  is  shown  in  section  in  Fig.  514.  A  copper  disc,  A,  is  mounted 
on  a  horizontal  axle,  the  bottom  edge  of  the  disc  just  dipping  into  some 
mercury  placed  in  a  small  dish  D.  The  disc  A  turns  between  the  poles  of 
a  magnet,  NS,  and  a  current  is  passed 

through  the  disc  between  the  mercury 
dish  D  and  the  axle.  Thus  in  the  portion 
of  the  disc  A  between  the  poles  of  the 
magnet  we  have  an  electric  current  flow- 
ing at  right  angles  to  the  lines  of  force  of 
the  field,  and  therefore  the  conductor 
conveying  the  current,  that  is,  the  disc,  is 
acted  upon  by  a  force  tending  to  move  it 
at  right  angles  to  the  lines  of  force  and 
to  the  direction  of  the  current,  />.  to 
rotate  the  disc  about  the  axle. 

If  the  wheel  is  rotated  by  mechanical 
means,  and  the  wires  E  and  F  are  joined 
together,  a  current  will  be  produced  in 
this  circuit,  for  the  portion  of  the  circuit  which  is  formed  by  the  radius 
of  the  disc  between  the  axle  and  the  mercury-cup  will  be  moving  at  right 
angles  to  the  lines  of  force  of  a  magnetic  field,  and  hence  will  be  the  seat 
of  an  induced  E.M.F.  The  direction  of  the  rotation  of  the  wheel  in  the 
first  case,  and  that  of  the  induced  current  in  the  second,  can  easily  be 
obtained  by  means  of  the  rule  given  in  §  522. 

529.  Induced  Currents  produced  by  Rotating  a  Coil  in  a 
Magnetic  Field. — Suppose  that  a  rectangular  circuit  of  length  a  and 
breadth  d  is  rotated  about  an  axis  AB,  Fig.  5 1 5  (a\  which  is  at  right  angles  to 
the  lines  of  force  of  a  uniform  field  of  strength  //,  and  that  the  ends  of  the 
rectangle  are  connected  with  a  stationary  circuit,  the  resistance  of  this 
circuit  and  of  the  rectangle  being  A*.  Let  us  start  with  the  rectangle  in  the 
position  CD,  Fig.  515  {d),  in  which  it  is  at  right  angles  to  the  lines  of  force 
of  the  field,  so  that  the  number  of  tubes  passing  through  the  rectangle  is 
ad .  //.  Suppose  now  th'at  the  rectangle  is  turned  into  the  position  c'd', 
making  an  angle  6  with  CD.  The  number  of  tubes  which  now  pass 
through  the  rectangle  is  evidently  equal  to  the  apparent  area  of  the 
rectangle,  as  seen  in  the  direction  of  the  tubes,  multiplied  by  H.  But  the 
area,  as  seen  in  the  direction  of  the  tubes,  is  equal  to  a.EF  or  2«.ea.  But 
EA  =  AC  cos  6  =  3/2. cos  $.  Hence  the  number  of  tubcs  of  induction  pass- 
ing through  the  rectangle  in  its  new  position  is  abH  cos  6.     If  the  angular 
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velocity  of  the  coil  is  uniform  and  equal  to  «,  and  if  /  is  the  time  since  the 
coil  started  from  the  position  CD,  we  have  ^  =  <i>/.  Now  suppose  that  in 
the  small  time  U  the  coil  turns  through  the  angle  hO.  The  number  of 
tubes  now  passing  through  the  circuit  will  be  abH  cos  (d-\-B6).  Hence 
in  the  small  time  6/  the  number  of  tubes  has  decreased  by  adH{cos  {9  +  S6) 
-cos  6}.  Now  cos  (^  +  8^)  =  cos  6  cos  8^-  sin  0  sin  ^6.  If  8^  is  very 
small  cos  ^^=1  and  sin  80=89^  so  that  the  decrease  in  the  number  of 
tubes  in  the  time  St  is  adH  sin  6.86.  Now  the  decrease  in  the  number  of 
tubes  divided  by  the  time  during  which  this  decrease  takes  place  is,  if 
the  decrease  goes  on  at  a  constant  rate,  and  since  6/  is  very  small,  we 
may  consider  that  at  any  rate  during  this  time  that  this  is  so,  equal  to 
the  rate  of  decrease  of  the  number  of  tubes,  and,  as  we  have  seen,  this  is 
equal  to  the  induced  E.M.F.     Hence  the  induced  E.M.F.  is  equal  to 
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abH86  sin  ^/8/,  or  obHta  sin  6.  Hence  the  induced  electromotive  force 
is  at  any  time  proportional  to  the  sine  of  the  angle  which  the  plane  of  the 
coil  makes  with  a  perpendicular  to  the  lines  of  force  of  the  field.  Thus 
ME  is  the  induced  E.M.F.  at  the  time  /  after  the  instant  when  the  coil 
passed  through  the  position  CD,  we  have 

E  =  SH(j3  sin  6  =  S/ia>  sin  w/, 

where  5  has  been  written  for  the  inductive  area  of  the  coil.  Since  the 
resistance  of  the  coil  and  its  connected  circuit  is  /\\  an  electromotive  force 
E  will  produce  a  current, C  given  by  the  relation  C=E//^,  Hence  if  the 
current  in  the  coil  at  a  time  /  is  C,  we  have 

C— — ; — sm6'= — ; — sm  w/. 
A'  A 

Thus,  as  the  coil  rotates,  a  periodic  current  and  E.M.F.  will  be  pro- 
duced, the  maximum  current  occurring  when  ^  =  90°,  so  that  sin  ^=1, 
the  maximum  value  of  the  E.M.F.  being  to. S"/?^,  and  that  of  the  current 
(jiSHjR.  When  the  plane  of  the  coil  is  at  right  angles  to  the  lines  of 
force  of  the  field  ^  =  0  or  180°,  and  sin  ^  =  0.  so  that  the  induced  E.M.F. 
and  also  the  current  is  zero.  While  6  changes  from  180°  to  270°,  the 
induced  E.M.F.  changes  from  zero  to  -uS//,  and  the  current  increases 
from  o  to  -  (oSHlR.  The  minus  sign  shows  that  the  current  is  in  the 
opposite  direction  to  what  it  was  while  6  increased  from  0°  to  90°.  For 
6=270"  the  current  is  again  a  maximum,  but,  as  we  have  pointed  out,  in 
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the  negative  direction.  As  6  changes  from  270°  to  360",  the  current 
decreases  to  zero,  while  as  6  changes  from  0°  to  90°  the  current  is  again 
in  the  positive  direction  and  increases  from  o  to  oaSHj.R. 

Thus  in  the  circuit  attached  to  the  coil  a  current  will  be  produced 
which  changes  its  direction  twice  in  each  revolution  of  the  coil,  the 
maximum  current  in  each  direction  being  the  same.  Such  a  current  is 
called  an  alternating  current. 

By  suitable  arrangements  this  alternating  current  in  the  circuit 
attached  to  the  coil  can  be  changed  into  a  current  which  always  flows 
in  the  same  direction.  Under  these  conditions  the  alternating  current 
is  said  to  be  rectified.  A  method  of  rectifying  the  current  consists  in 
fitting  a  copper  ring  on  the  axle  on  which  the  coil  turns,  which  is  insulated 
from  the  axle,  and  is  in  addition  split  along  two  generating  lines  which 
are  on  opposite  sides  of  the  ring  as  shown  at 
abcdj  Fig.  516.  Two  copper  springs,  B^  and  Bg, 
called  brushes,  rest  against  the  copper  ring, 
and  are  connected  to  the  two  ends  of  the  external 
circuit.  One  end  of  the  coil  is  connected  to  ab 
and  the  other  to  cd.  The  positions  of  the  two 
brushes,  Bj,  Bg,  are  so  arranged  that  as  the  coil 
revolves  the  brushes  cross  the  gaps  ad  and  dc 
in  the  ring,  just  as  the  coil  is  passing  through 
the  position  in  which  its  plane  is  perpendicular 
to  the  lines  of  force  of  the  field,  and  hence  the 
induced  current  is  zero.  Suppose  that  when  the 
coil  is  in  the  position  c'd'  (Fig.  515)  the  end  of 
the  coil  connected  with  ab  is  at  the  higher 
potential,  so  that  the  current  in  the  external 
circuit  is  going  from  Bj  to  Bg.  When  the  coil  has  passed  through  the 
position  in  which  its  plane  is  at  right  angles  to  the  lines  of  force  of  the 
field,  the  direction  of  the  reduced  E.M.F.  will  be  reversed  ;  thus  dc  will 
now  be  at  the  higher  potential.  The  copper  conductor  dc  will  now  be  in 
contact  with  the  brush  B^,  and 
hence  the  current  in  the  ex-  + 
ternal  circuit  will  still  flow  from  uIq 
Bi  to  B2.  Although  the  current 
in  the  external  circuit  is  now 
always  in  the  same  direction, 
it  is  not  a  constant  current,  but 
twice  in  every  revolution  it  is 
zero,  and  twice  reaches  a  maxi- 
mum value  of  (oSHjR.  The 
difference  between  this  rectified 
current  and  the  alternating  cur- 
rent can  most  clearly  be  seen 
from  Fig.  517,  Where  A  repre- 
sents the  manner  in  which  the 
alternating  current  varies  with 
the  time,  which  is  taken  as  ab- 
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scissa,  while  at  B  the  corresponding  curve  in  the  case  of  the  rectified 
current  is  shown. 

If  a  second  coil  of  the  same  dimensions  as  the  first  were  fixed  to  the 
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same  axle,  so  that  its  plane  was  at  right  angles  to  that  of  the  first,  and 
it  were  supplied  with  its  own  commutator,  the  brushes  being  connected 
to  the  same  circuit  as  the  first  in  such  a  way  that  the  currents  produced 
by  the  two  coils  in  the  external  circuit  were  in  the  same  direction,  then 
the  actual  current  in  the  circuit  would  be  obtained  by  combining  two 
such  curves  as  that  in  Fig.  517  B.  From  the  fact  that  one  coil  is  placed 
a  quarter  of  a  revolution  in  advance  of  the  other,  the  two  curves  must 
be  displaced  by  a  time  equal  to  a  quarter  of  a  revolution,  the  one  with 
respect  to  the  other.  In  Fig.  517  C  the  dotted  curves  represent  the 
currents  due  to  the  two  coils  separately,  and  the  full-line  curve  the  actual 
current  due  to  the  combined  action  of  the  two.  It  will  be  noticed  how 
much  more  nearly  uniform  is  the  current  than  in  the  case  where  only 
one  coil  is  used,  and  hence  it  will  be  understood  how,  by  increasing  the 
number  of  coils,  what  is  practically  a  uniform  current  can  be  obtained. 

530.  Machines  for  the  Conversion  of  Mechanical  Energy  into 
ElectPieity. — The  arrangement  described  in  the  last  section,  although 
from  its  extreme  simplicity  it  was  useful  as  a  means  of  explaining  the 
production  of  the  currents  induced  in  a  coil  when  rotated  in  a  magnetic 
field,  yet,  on  account  of  the  weakness  of  any  uniform  field  of  the  extent 
we  there  supposed  and  one  produced  in  a  space  which  was  quite  free 
from  iron,  the  currents  induced  would  only  be  very  weak.  In  order  to 
obtain  stronger  currents,  it  is  necessary  to  have  recourse  to  the  use 
of  iron  in  order  to  increase  the  induction  through  the  rotating  coil. 
Although  the  systematic  description  of  even  one  or  two  of  the  different 
forms  of  machine  which  are  used  in  practice  for  obtaining  the  strong 
currents  which  are  now  used  is  quite  beyond  the  scope  of  this  book,  yet 
it  may  be  of  use  to  devote  a  few  pages  to  considering  the  more  general 
features  which  are  more  or  less  common  to  all. 

In  the  first  place,  from  a  historical  point  of  view  rather  than  a 
practical  one,  such  machines  can  be  divided  into  two  classes  according 
to  the  means  adopted  for  the  production  of  the  magnetic  field  in  which 
the  conductor  in  which  the  currents  are  induced  is  moved.  Machines 
in  which  the  field  is  produced  by  means  of  permanent  steel  magnets  are 
called  magneto  machines,  while  those  in  which  the  field  is  produced  by 
electro-magnets  are  called  dynamos. 

The  small  machines  which  are  used  for  the  production  of  the  currents 
of  electricity  used  in  medicine  are  examples  of  magneto  machines.  The 
field  is  produced  by  a  horse-shoe  magnet,  while  the  coils  in  which  the 
induced  currents  are  generated  are  wound  on  soft  iron  cores.  The  coils 
and  their  cores  are  rotated  near  the  poles  of  the  magnet  in  such  a  way 
that  the  ends  of  the  cores  are  brought  alternately  near  the  north  pole 
and  the  south  pole  of  the  magnet.  The  result  is  that  the  cores  become 
magnetised  alternately  in  one  direction  and  the  opposite,  and  hence  the 
induction  through  the  coils  which  are  wound  over  the  cores  is  changed, 
being  in  one  direction  when  the  core  is  opposite  the  north  pole,  and 
in  the  opposite  direction  when  the  core  is  opposite  the  south  pole.  If 
required,  the  alternating  currents  thus  produced  are  rectified  by  means 
of  a  commutator,  such  as  was  described  in  the  last  section. 

531.  Dynamo  Electrical  Machines.— In  dynamo  electrical  machines 
the  magnetic  field  is  produced  by  means  of  electro-magnets  which  are 
magnetised  by  sending  either  the  whole  or  part  of  the  current  produced 
by  the  machine  round  the  coils  of  these  magnets.     The  coil  in  which  the 
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current  is  induced  is  called  the  armature,  while  the  electro-magnets  are 
called  the  field  magnets.  There  are  a  great  number  of  different  forms  of 
armature  in  use,  and  we  shall  only  describe  the  principles  on  which  the 
action  of  three  of  these  forms  depend. 

The  Siemens  armature  consists  of  a  coil  of  insulated  wire  wound 
longitudinally  on  a  cylinder  of  soft  iron  as  shown  in  Fig.  518.     This 


Fig.  518. 

armature  is  rotated  between  the  poles  of  the  field  magnet  NS,  and  as 
it  rotates  the  induction  through  the  coil  changes  in  very  much  the  same 
way  as  occurs  in  the  simple  coil  considered  in  ^  529,  only  the  presence 
of  the  soft  iron  core  on  which  the  coil  is  wound  very  much  increases  the 
induction  through  the  coil  when  it  is  placed  in  a  given  magnetic  field. 
If  a  continuous  current  is  required,  a  commutator  is  used  to  rectify  the 
alternating  current. 

The  Gramme  armature  is  shown  diagrammatically  in  Fig.  520,  and 
the  construction  of  an  actual  armature  is  shown  in  Fig.  519.  This  arma- 
ture consists  of  a  soft  iron  ring  aa' 
(Fig.  520)  on  which  is  wound  a  con- 
tinuous coil  of  wire.  The  commu- 
tator used  consists  of  a  number  of 
copper  bars,  m  (Fig.  519),  which  are 
separated  from  one  another  by  some 
insulating  material,  usually  mica. 
Each  of  these  bars  is  connected  with 
a  point  on  the  wire  which  is  wound 
on  the  iron  ring.  The  armature  is 
capable  of  being  rotated  about  an 
axis  perpendicular  to  its  plane  be- 
tween the  poles,  NS,  of  an  electro- 
magnet. On  account  of  the  greater 
permeability  of  the  iron  of  the  ring 
than  that  of  the  air  or  other  non- 
magnetic materials  between  the 
poles,  the  lines  of  induction  crowd 
through  the  iron  in  the  manner  shown  in  Fig.  521.  Suppose  now  that 
the  armature  is  rotated  in  the  direction  indicated  by  the  arrow  in  Fig. 
520,  and  consider  one  turn  of  the  wire  <3:^^  which  is  wound  on  the  ring. 
In  the  position  in  which  the  turn  abc  is  shown  there  are  no  tubes  of 
induction  passing  through  it.  As,  however,  the  armature  rotates  the 
number  of  tubes  of  induction  passing  through  the  coil  increases  till  it 
reaches  the  position  def.     The  result  of  the  increase  of  the  number  of 
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tubes  of  induction  passing  through  the  coil  is  to  cause  the  production  of 
an  induced  E.M.F.  tending  to  send  a  current  in  the  direction  shown  by 
the  arrow.  As  the  coil  passes  from  def  to  ghi  the  number  of  tubes  of 
induction  which  pass  through  it  decreases,  and  an  induced  current  in 
the  reverse  direction  is  produced.     As  the  coil  passes  from  ghi  to  klm 

the  number  of  tubes  which 
thread  through  it  increases,  but 
since  they  now  pass  through  in 
the  opposite  direction,  the  in- 
duced E.M.F.  is  in  the  same 
direction  as  it  was  between  def 
and  ghi.  Between  klm  and  abc 
the  number  of  tubes  which  pass 
through  in  this  new  direction 
decreases,  and  since  this  is  the 
same  thing  as  an  increase  in  the 
number  of  tubes  passing  in  the 
opposite  direction,  the  induced 
E.M.F.  will  be  in  the  same 
direction  as  it  was  while  the 
ring  was  passing  from  abc  to 
def.  During  the  rotation  of  the 
armature  each  coil  in  succession 
goes  through  the  same  series  of 
conditions  as  the  one  we  have 
been  considering,  and  the  result 
is  that  the  induced  E.M.F.  in 
the  half  ADA'  of  the  coils  are  all 
in  the  same  direction,  and  so  the 
actual  induced- E.M.F.  between 
the  points/  and  m  is  the  sum  of  the  E.M.F.'s  induced  in  the  separate 
coils  between  these  points,  while  an  equal  and  opposite  E.M.F.  is  induced 
in  the  coils  in  the  half  a'CA.  Since  the  induced  E.M.F.'s  in  the  two 
halves  of  the  armature  are  equal  and  opposite,  there  is  no  E.M.F. 
tending  to  cause  a  current  to  circulate  round  the  armature,  although  this 
consists  of  a  closed  circuit,  but  an  E.M.F.  is  produced  between  the  bars 
X  and  J  of  the  commutator.  Hence  if  two  brushes,  B,  B',  make  contact 
with  the  commutator  at  x  and  y  respectively,  and  these  brushes  are 
connected  to  an  external  circuit,  a  current  will  be  produced  in  this  circuit. 
If  the  strength  of  the  current  produced  by  the  machine  is  C,  then  each 
half  of  the  armature  is  traversed  by  a  current  C/2. 

The  figure  also  shows  the  manner  in  which  the  current  produced  is 
used  to  magnetise  the  field  magnets.  When  the  machine  is  started,  on 
account  of  the  residual  magnetism  retained  by  the  cast  iron  of  which  the 
cores  of  the  field  magnets  are  composed,  there  exists  a  weak  field  between 
the  poles.  The  rotation  of  the  armature  in  this  field  produces  a  small 
current,  which  traverses  the  coils  of  the  field  magnets  and  increases  their 
magnetism,  and  this  increase  in  the  field  increases  the  induced  E.M.F., 
and  hence  also  the  current  passing  through  the  field  magnets.  This 
action  of  the  induced  current  in  increasing  the  strength  of  the  field 
goes  on,  till,  on  account  of  saturation,  the  magnetisation  of  the  magnets 
does  not  increase  as  the  magnetising  current  increases. 


Fig.  5aa 
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In  the  description  given  above  we  have  supposed  that  the  lines  of 
induction  of  the  magnet  which  pass  through  the  ring  remain  unaffected 
when  the  armature  rotates  and  the  machine  produces  a  current.  This, 
however,  is  not  the  case,  for  the  current  passing  through  the  armature 
causes  lines  of  induction  to  pass  through  the  ring.  Hence  the  form  of 
the  actual  tubes  of  induction  in  the  ring  is  obtained  by  compounding  the 
field  due  to  the  field  magnets  with  that  due  to  the  current  in  the  armature. 


Fig.  521. 
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Thus,  as  has  been  shown  by  Professor  Silvanus  Thompson,  the  tubes  of 
induction  have  the  form  shown  in  Fig.  522,  and  as  a  result  the  points  of 
the  armature  where  the  induction  through  the  coil  is  a  maximum,  instead 
of  being  along  the  line  AB,  as  we  have  supposed  in  our  description,  are 
along  the  line  a'b',  being  displaced  in  the  direction  in  which  the  arma- 
ture is  rotating.  The  magnitude  of  this  displacement  of  the  points  of 
maximum  induction,  and  hence  also  of  the  positions  where  the  brushes 
must  touch  the  commutator,  depends  on  the  strength  of  the  current  the 
machine  is  sending,  so  that  mechanism  is  usually  provided  to  allow  of 
the  position  of  the  brushes  being  adjusted. 

Since  in  the  Gramme  armature  the  inside  portion  of  each  turn  of  the 
wire  on  the  armature  moves  in  such  a  way,  that,  as  shown  in  Fig.  520,  it 
does  not  cut  any  lines  of  induction,  or  at  any  rate  very  few,  this  portion  of 
the  wire  has  very  little  beneficial  effect  as  far  as  the  production  of  an  induced 
E.M.F.  is  concerned,  while,  since  the  induced  current  has  to  pass  through 
this  wire,  electrical  energy  is  wasted  in  heating  the  wire,  according  to 
Joule's  law.  Hence  the  Gramme  armature  is  belter  fitted  for  the  pro- 
duction of  small  currents  at  a  high  potential  than  of  very  strong  currents. 
On  this  account  a  different  form  of  winding,  called  the  drum  winding,  is 
adopted.  In  one  form  of  armature  a  cylindrical  core  of  soft  iron  is 
mounted  so  as  to  be  capable  of  rotation  about  its  axis  between  the  poles 
of  the  field  magnets,  and  is  wound  with  wire  in  the  manner  shown  dia- 
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grammatically  in  Fig.  523,  in  which,  for  simplicity,  only  four  coils  are 
shown,  and  each  coil  is  supposed  to  consist  of  only  one  turn.  In  this 
arrangement,  each  turn,  or  set  of  turns,  which  builds  up  each  section  of 
the  armature,  is  wound  round  the  cylinder  in  very  much  the  same  way 
as  the  single  coil  in  the  Siemens  armature.  The  ends  of  each  turn  or 
coil  are  brought  to  consecutive  bars  of  the  commutator,  and  the  end  of 

one  turn  or  coil  is  connected  to  the  same 

^  '^ ■ — 7'^  bar  as  the  beginning  of  the  next  turn  or 

^f.y^±i\..  ..^^       /TJ        coil.     Taking  any  turn,  it  will  be  seen 

sA/^P^-A- -'-  ^^     A'    \      *^^^    ^^^    opposite    sides    are    cutting 

iL||^j\  \  I  "'^-v;'  1  through  the  tubes  of  induction  in  op- 
1 H  *  ^rVl^  '  /  ^ "  -  ^ f  posite  directions,  so  that,  as  in  the  case 
V  /T/  Jy  ''    /'        -/^    "f  ^^^^  simple  coil  considered  in  §  529, 

\/iy_  y \^:       y^     there  is  an  E.M.F.  acting  round  the  coil, 

j^'^^"  ~ ~ ^^    -^         and  both  sides  of  the  turn  cut  through 

p,Q  -  tubes  of  induction,  and  hence  contribute 

to  the  induced  E.M.F.  The  current  is 
taken  from  the  armature  by  means  of  two  brushes  making  contact  with 
the  commutator. 

In  the  case  of  each  of  the  fonns  of  dynamo  considered,  if  a  continuous 
current  is  sent  through  the  field  magnets  and  armature,  this  latter  will  be 
set  in  rotation,  so  that  they  will  also  function  as  electric  motors  for  con- 
verting electrical  energy  into  mechanical  work.  A  consideration  of  the 
force  which  acts  on  a  conductor  conveying  a  current,  when  it  is  placed 
at  right  angles  to  the  lines  of  force  of  a  magnetic  field,  will  at  once  show 
how  it  is  these  machines  will  act  as  motors. 

532.  Series,  Shunt,  and  Compound  Machines,— In  the  preceding 
section  we  have  supposed  that  the  armature  and  the  coils  of  the  field 
magnets  were  arranged  in  scries,  so  that  the  whole  of  the  current  pro- 
duced by  the  machine  passes  round  the  magnets.  This  arrangement  is 
called  a  series  machine.  Since  the  E.M.F.  induced  in  the  armature  is 
proportional  to  the  strength  of  the  magnetic  field  in  which  the  armature 
turns,  it  follows  that  in  a  series  machine  the  E.M.F.,  or  voltage  as  it  is 
called,  increases  as  the  current  which  the  machine  is  furnishing  increases, 
the  speed  of  rotation  being  supposed  constant.  Since,  as  we  have  pointed 
out,  the  constancy  of  the  voltage  supplied  to  incandescent  lamps  is  of 
great  importance,  this  dependence  of  the  voltage  given  by  a  series  machine 
on  the  current  being  taken  from  it  is  an  objection. 

Another  arrangement  used  is  not  to  send  the  whole  of  the  current 
which  traverses  the  armature  through  the  field  magnets,  but  to  let  the 
field  magnets  form  a  shunt  on  the  external  circuit.  This  arrangement  is 
called  a  shunt-wound  machine,  and  in  it  part  of  the  current  supplied  by 
the  armature  goes  through  the  field  magnets,  and  the  rest  through  the 
external  circuit.  If  now  the  resistance  of  the  external  circuit  is  reduced, 
so  that  the  current  sent  by  the  machine  increases,  the  proportion  of  the 
current  which  goes  through  the  field  magnet  is  reduced,  for  these  ^re 
now  shunted  by  a  less  resistance  than  before.  Hence  in  this  arrange- 
ment there  is  no  tendency  for  the  voltage  to  rise  when  the  resistance  of 
the  external  circuit  is  reduced,  so  that  the  machine  is  called  upon  to 
furnish  a  greater  current.  On  the  other  hand,  if  the  external  resistance 
is  very  much  reduced,  the  proportion  of  the  current  which  traverses  the 
field  magnets  is  so  small  that  the  voltage  will  fall.     For  this  reason  a 


§  533]  Back  E.M.F.  in  Motors  757 

combination  of  the  two  kinds  of  winding  is  sometimes  used,  in  which 
some  of  the  magnetising  current  of  the  field  magnets  is  supplied  by  a 
few  turns  of  wire  in  which  the  whole  current  passes,  these  coils  being  in 
series  with  the  armature,  and  the  rest  of  the  magnetising  field  is  supplied 
by  a  number  of  turns  of  wire  which  are  arranged  in  parallel  with  the 
external  circuit.  A  machine  wound  on  this  principle  is  called  a  compound 
machine. 

533.  Back  E.M.F.  in  Motors. — Suppose  that  the  resistance  of  the 
armature  and  field  magnets  of  a  motor  is  /v',  and  that  it  is  connected  to 
a  source  of  electromotive  force,  say  a  battery,  which  will  produce  a 
constant  difference  of  potential  of  V  volts  at  the  terminals  of  the 
machine.  Then  if  the  armature  is  at  rest,  a  current  C,  given  by  the 
equation  C=  VjR,  will  pass  through  the  armature.  If  now  the  armature 
is  set  free,  so  that  it  is  allowed  to  revolve,  then,  since  if  the  armature 
were  driven  round  in  the  same  direction  as  that  in  which  it  turns  an 
E.M.F.  would  be  developed  at  its  terminals  in  the  opposite  direction 
to  that  which  is  used  to  drive  it,  it  follows  that  the  armature  by  its 
motion  will  create  an  induced  E.M.F.  which  will  oppose  the  E.M.F.  V 
which  is  sending  a  current  through  the  motor.  This  counter  E.M.F., 
as  it  is  called,  will  increase  as  the  speed  of  the  motor  increases,  since 
the  induced  E.M.F.  depends  on  the  speed  with  which  the  conductors 
on  the  armature  cut  through  the  tubes  of  induction  of  the  field.  Let 
V  be  the  counter  E.M.F.  developed  at  any  given  speed,  then  the  effective 
E.M.F.  sending  a  current  through  the  machine  is  F-z/,  and  hence  the 
current  which  traverses  the  armature  is  given  by 

C=^{V-v)lR, 

If  the  machine  is  supposed  to  turn  without  friction  and  to  do  no  external 
work,  the  speed  will  go  on  increasing  till  the  counter  E.M.F.  is  equal  to  V. 
Under  these  conditions  there  will  now  be  no  force  acting  on  the  arma- 
ture tending  to  make  it  rotate,  and  hence,  since  we  have  postulated 
the  absence  of  friction,  the  machine  will  continue  to  turn  at  a  constant 
speed.  If  now  the  machine  is  caused  to  do  external  work,  say  to  wind 
up  a  weight,  then  the  speed  will  decrease,  and  the  back  E.M.F.  will 
decrease,  so  that  a  current  will  pass  through  the  machine. 

Suppose  that  the  power  developed  by  the  machine,  that  is,  the  rate 
at  which  it  does  work,  is  P,  and  that  either  the  friction  in  the  different 
parts  of  the  machine  is  so  small  as  to  be  negligible,  or,  what  comes 
to  the  same  thing,  that  the  power  P  includes  the  work  done  against 
friction.  If  then  the  back  E.M.F.  is  z/,  the  current  passing  through 
the  machine  will  be  {V-v)jR.  The  energy  corresponding  to  this 
current  will  be  spent  partly  in  heating  the  wire  forming  the  armature, 
and  partly  in  doing  the  work  P.  The  part  of  the  energy  spent  in  pro- 
ducing heat  is,  by  Joule's  law,  OR  or  {V—vfjR.  Since  the  E.M.F. 
between  the  terminals  of  the  machine  is  F,  the  energy  supplied  by  the 
current  C  in  one  second  when  flowing  through  this  drop  of  potential 
is  CV.     Hence  the  energy  available  for  doing  external  work  is 

{V-'V)V    {V-vf 
R  R     * 

or  P=v{V^v)lR, 
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From  this  expression  it  will  be  seen  that  P  is  zero,  that  is,  the 
machine  does  no  external  work,  both  when  V=v  and  when  v  =  o.  The 
first  case  is  that  which  we  have  already  considered,  when  the  motor 
revolves  at  such  a  speed  that  the  back  E.M.F.  is  equal  to  the  applied 
E.M.F.  The  other  case,  when  z/  =  o,  is  when  the  armature  is  at  rest, 
and  when  the  current  is  K//?,  and  hence  the  heat  developed  according 
to  Joule's  law  is  C^R  or  FC,  that  is,  is  equal  to  the  energy  supplied  by 
the  external  source,  so  that  there  is  none  available  for  doing  external 
work.  If  the  speed  of  the  motor  is  by  some  external  means  increased, 
so  that  V  is  greater  than  the  applied  E.M.F.,  the  motor  will  operate 
as  a  generator  and  will  send  a  current  in  the  reverse  direction  round 
the  circuit,  and  in  this  way  will  supply  energy  to  the  circuit. 

The  power  developed  by  the  motor  will  be  a  maximum  when  V=2v. 
Then  the  power  given  by  the  motor  is  J^MA',  and  the  energy  supplied 
will  be  V^J2A';  so  that  the  power  developed  will  be  a  maximum,  when 
the  speed  is  such  that  the  back  E.M.F.  is  half  the  applied  E.M.F., 
and  half  the  energy  supplied  will  be  converted  into  useful  work  and 
half  wasted  in  heat.  It  must,  however,  be  noted  that  although  this 
is  the  speed  for  which,  having  given  the  external  E.M.F.,  most  work 
can  be  done  by  the  motor,  it  is  by  no  means  iht  most  economical 
speed  at  which  to  run  the  motor.  The  energy  supplied  is  V{  V-  v)IRf 
while  the  energy  converted  into  work  is  v{V—v)II\.  Hence  the  ratio 
of  the  energy  converted  into  useful  work  to  the  energy  supplied  is 
v{  V—  v)l  V{  V-  v)  or  vj  V.  Thus  the  proportion  of  the  energy  supplied 
which  is  converted  into  useful  work  increases  as  v  is  made  more  nearly 
equal  to  V.  As  we  have  seen,  however,  as  the  speed  is  incieased,  so 
that  V  may  become  more  nearly  equal  to  K,  although  the  proportion 
of  the  energy  supplied  which  is  converted  into  useful  work  is  large,  yet, 
since  the  amount  of  energy  which  the  motor  is  then  capable  of  taking 
from  the  external  circuit  is  very  small,  the  power  developed  must 
also  be  small.  In  practice  it  is  usual  to  run  motors  at  speeds  so  much 
above  that  for  which  F=27/,  that  nearly  90  per  cent,  of  the  energy 
supplied  is  converted  into  useful  work. 

634.  Alternating  Currents— Transformers.— The  employment 
of  electricity  for  the  transmission  of  the  energy  developed,  say,  at  a 
waterfall,  to  the  neighbouring  towns,  over  distances  of  many  miles,  makes 
the  question  of  the  cost  of  the  conductors  employed  to  convey  the 
current  from  the  generating  point  to  the  place  where  it  is  used  of  con- 
siderable importance.  Suppose  that  it  is  required  to  transmit  power 
from  A  to  />',  so  that  the  energy  available  at  B  is  JF  watts.  If  R  is  the 
resistance  of  the  conductor  extending  from  A  io  B  and  back,  by  means 
of  which  the  current  is  conveyed,  and  C  is  the  current  transmitted,  while 
V  \s  the  E.M.F.  between  the  wires  at  the  generating  end.  Then  by 
Ohm's  law  the  fall  of  potential  along  the  wires  will  be  equal  to  RC^ 
and  hence  the  E.M.F.  available  at  B  will  be  V-RC.  Thus  the  energy 
available  at  i/ will  be  C(  F- /?C),  and  this  is  to  be  equal  to  W.  The 
watts  wasted  in  heat  in  the  conducting  wires  is  by  Joule's  law  C^R. 
Hence  the  object  is  to  make  C^R  as  small  as  possible,  while  keeping 
C{V-RC)  constant.  One  way  of  doing  this  is  to  reduce  the  value  of 
A',  that  is,  to  increase  the  diameter  of  the  wire  used  to  convey  the 
current.  This,  however,  involves  a  great  outlay  on  copper.  Another 
way  of  reducing  the  loss  of  energy  in  the  conducting  wires  is  to  reduce 
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the  current  C,  but  in  these  circumstances,  if  W  is  to  remain  constant, 
V  must  be  made  large  ;  that  is,  a  great  potential  difference  between  the 
wires  must  be  employed.  Since,  however,  an  accidental  contact  with 
the  wires  conveying  currents  at  high  potentials  is  fatal  to  life,  such 
currents  are  not  suitable  for  use  in  houses  for  lighting  purposes,  or  for 
driving  machinery  in  workshops.  There  is  a  further  difficulty,  that  to 
produce  directly  such  high  potential  currents  involves  very  complete 
insulation  between  the  separate  turns  of  the  armature  of  the  dynamo 
employed.  It  is  thus  evident  that  if  by  any  means  the  low-tension 
current  produced  by  the  generator  were  converted  into  a  high-tension 
current,  and  this  current  were  transmitted  to  the  distant  station  where 
it  was  again  converted  into  a  low-tension  current,  the  advantage  of  the 
small  loss  of  energy  during  the  transmission  with  the  absence  of  the 
danger  attached  to  the  use  of  high-tension  currents  would  be  attained. 
In  the  case  of  continuous  currents,  this  transformation  from  low  to  high 
tension  and  vice  versa  is  not  possible,  except  by  virtually  using  a  motor 
driven  by  the  one  current  to  drive  a  dynamo  to  produce  the  other,  but 
with  alternating  currents  the  case  is  quite  different. 

Suppose  that  an  iron  ring  (Fig.  524)  is  lapped  over  with  a  layer  of 
insulated  wire,  there  being  N  turns,  the  cross-section  of  the  iron  being 
s  and  the  axial  length  of  the  ring  /.  Then  if  a  current 
C  is  sent  through  this  coil,  we  shall  have  an  induction 
B  in  the  iron  equal  to  ^TvA^fj-Cjl,  For  suppose  that 
the  iron  were  removed,  then  by  §  478  the  work  which 
would  be  done  in  carrying  a  unit  pole  once  round  the 
inside  of  the  annular  space  which  was  occupied  by 
the  iron  will  be  4rrNC\  for  it  will  have  been  carried 
once  round  N  conductors,  in  each  of  which  a  cur- 
rent C  is  flowing.  If  //  is  the  strength  of  the  field 
within  the  coil  produced  by  the  current,  then  the 
work  done  in  carrying  a  unit  pole  once  round  will 
be  ///.  Hence,  equating  these  two  values,  we  get 
the  value  of  the  magnetising  field  when  no  iron  is  Fig.  524. 

placed  within  the  coil  as 

II=47rNCIl. 

But  if  fi  is  the  permeability  of  the  iron  for  the  magnetising  field  //,  then 
the  induction  B  is  given  by  B==/j-1/j  or,  substituting  for  H  the  value 
just  obtained, 

^_47rfiNC 

The  total  number  of  tubes  of  induction  which  pass  through  the  cross- 
section  of  the  iron  is  sB,  so  that  the  number  of  tubes  of  induction  which 
pass  round  the  ring  of  iron  is  given  by 

„_47r^i£7VC 

SB  J—. 

If  in  addition  a  second  coil  containing  n  turns  of  wire  is  lapped  round 
the  ring,  then  each  turn  of  this  coil  will  be  traversed  by  sB  tubes  of 
induction,  or  the  whole  coil  will  be  traversed  by  nsB  tubes.     If  now, 
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instead  of  the  current  being  constant  it  is  an  alternating  current,  and 
if  C  is  the  maximum  value  of  the  current,  the  induction  through  the 
secondary  coil  will  vary  from  +«jZ?  to  -nsH,  and  an  induced  E.M.F. 
will  be  produced.  If  A*  is  the  resistance  of  the  primary  coil,  then  by 
making  A'  small,  that  is,  having  a  few  turns  of  thick  wire,  the  applied 
E.M.F.  required  to  send  the  current  C  through  the  primary  coil  may  be 
made  small.  On  the  other  hand,  since  the  induction  sB  takes  place 
through  each  of  the  turns  of  the  secondary,  and  that  the  induced  E.M.F. 
in  the  whole  coil  is  the  sum  of  the  induced  E.M.F. 's  in  the  separate  turns, 
by  making  the  number  of  turns,  «,  in  the  secondary  large  the  induced 
E.M.F.  may  be  made  large.  Hence  by  sending  an  alternating  current 
through  one  of  the  coils  an  alternating  induced  current  will  be  produced 
in  the  other  coil,  and  by  suitably  varying  the  ratio  of  the  number  of  turns 
in  the  two  coils  the  induced  E.M.F.  may  be  made  to  bear  any  required 
relation  to  the  E.M.F.  used  to  send  the  current  in  the  primary  circuit. 
The  exact  relation  between  the  prhnary  and  the  secondary  E.M.F.'s  is 
complicated  by  the  effects  of  self  and  mutual  induction  as  well  as  by  the 
hysteresis  of  the  iron.  The  above  will,  however,  explain  the  general 
principles  on  which  transformers,  as  such  arrangements  are  called,  work. 
It  will  be  noticed  that  an  induction  coil  is  simply  a  transformer  in  which 
the  secondary  has  a  relatively  great  number  of  turns,  so  that  the  E.M.F. 
induced  in  it  is  very  great. 

In  the  employment  of  transformers  for  the  transmission  of  power  the 
generating  dynamo  gives  a  relatively  low  voltage  and  by  means  of  a 
transformer  the  current  produced  is  transformed  into  a  high-pressure 
current  which  is  transmitted  to  the  place  where  the  electrical  energy  is 
to  be  used.  Here,  by  means  of  a  second  transformer,  the  current  is 
again  converted  into  a  low-pressure  current. 

635*.  The  Magnetic  Circuit.— In  the  last  section  we  showed  that  if 
we  have  a  soft  iron  annulus  of  cross-section  s,  which  is  lapped  round 
uniformly  with  N  turns  of  wire,  the  length  of  the  iron  core  measured 
along  the  axis  being  /,  the  total  induction  through  the  iron  is  given  by 

Bs^A-^NCiisfl, 

where  C  is  the  current  flowing  in  the  wire.  If  we  call  the  total  induction 
through  any  cross-section  of  the  iron  (7,  we  may  write — 

CP=47rA'C:./*.j//. 

Now  if  the  iron  were  removed,  the  work  which  would  have  to  be  done 
to  carry  the  unit  pole  once  round  the  annular  space  which  was  occupied 
by  the  iron  would  be  47rA'C,  for  we  should  have  carried  the  unit  pole 
once  round  A^  circuits,  in  each  of  which  a  current  C  was  flowing.  Hence, 
if  we  call  this  quantity  of  work  M^  we  have 

G^M,ii.,sll, 

Thus  the  total  induction  through  the  iron  is  obtained  by  multiplying  M 
by  a  factor,  /x,  which  depends  on  the  nature  of  the  material  (iron)  forming 
the  annulus,  and  by  a  factor  j//,  which  depends  on  the  geometrical 
dimensions   of  the   portion  of  the  substance   considered.      Now  if  an 
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E.M.F,,  iS",  acts  between  the  ends  of  a  uniform  conductor,  of  which  the 
cross-section  is  s  and  the  length  /,  and  of  which  the  specific  conductivity 
is  k^  the  current  C  flowing  in  the  conductor  is  given  by 

The  E.M.F.,  £",  acting  between  the  ends  of  the  conductor  is  measured 
by  the  work  which  is  done  on  unit  quantity  of  electricity  as  it  flows  from 
one  end  of  the  conductor  to  the  other,  so  that  the  current  is  equal  fo  the 
product  of  this  quantity  of  work  into  a  factor,  k^  which  depends  on  the 
nature  of  the  conductor,  and  into  a  factor,  j-//,  depending  on  the  geo- 
metrical dimensions  of  the  conductor.  Stated  in  this  way  there  will  be 
seen  to  be  a  certain  parallelism  between  the  magnetic  equation  and  the 
electrical  equation,  and  this  parallelism  has  led  to  the  adoption  in  the 
magnetic  case  of  a  terminology  suggested  by  the  electrical  problem. 
Thus  the  quantity  M^  which  plays- the  same  part  in  the  magnetic 
equation  as  does  the  E.M.F.  in  the  electrical  problem,  is  called  the 
magneto-motive  force^  and  [j.  has  been  called  the  specific  magnetic  con- 
ductivity. In  the  same  way,  since  the  factor  llsk  represents  the  resistance 
of  the  conductor,  the  factor  //j/a  has  been  called  the  magnetic  resistance 
or  reluctance.  Using  this  terminology,  we  have  that  the  total  magnetic 
induction  through  a  magnetic  circuit  ^  is  equal  to  the  magneto-motive 
force  divided  by  the  reluctance. 

Although  this  manner  of  viewing  magnetic  problems  is  of  considerable 
use,  particularly  when  dealing  with  practical  problems,  such  as  the  design 
of  dynamos  and  transformers,  and  has  proved  suggestive  in  indicating 
new  paths  for  experimental  research,  it  must  be  remembered  that  the 
whole  analogy  is  a  mathematical  one,  built  up  on  the  similarity  of  the 
two  equations  considered  above,  there  being  no  physical  analogy  between 
the  two  cases.  Thus  there  is  no  known  magnetic  phenomenon  which 
is  physically  analogous  to  the  conduction  current,  while  physically  the 
analogue  of  permeability  is  not  specific  conductivity  but  specific  inductive 
capacity.  Again  while  the  resistance  of  a  conductor  is  independent  of 
the  strength  of  the  current,  the  reluctance  depends  on  the  magnetic 
induction,  for,  as  we  have  seen  in  §  507,  the  permeability  of  iron  varies 
enormously  with  the  induction. 

In  the  case  of  the  annulus  considered  above,  the  tubes  of  induction 
are  confined  to  the  iron,  and  the  magnetic  circuit  therefore  consists  of  one 
medium  only.  We  may,  however,  apply  the  idea  of  the  magnetic  circuit 
to  cases  where  the  tubes  of  induction  pass  through  media  of  different 
permeability. 

In  the  first  place,  let  us  take  the  case  of  the  iron  ring  already  con- 
sidered, but  suppose  that  the  magnetising  coil,  instead  of  being  wound 
uniformly  all  round  the  ring,  is  confined  to  a  small  portion  of  the  cir- 
cumference. In  these  circumstances,  some  of  the  tubes  of  induction 
will  leave  the  iron  in  the  part  of  the  ring  which  is  not  covered  by  the 

1  We  have  already  seen  that  every  tube  of  induction  is  an  endless  tube ;  thus  the 
portion  of  space  through  which  any  tube,  or  set  of  tubes,  passes  in  their  whole  length 
forms  a  closed  circuit,  and  it  is  therefore  known  as  a  magnetic  circuit.  A  magnetic 
circuit  may  be  formed  by  one  or  more  different  media,  and  may  be  single  or  branched, 
just  as  an  electrical  circuit  may  be  formed  by  different  substances,  and  may  have 
branches  forming  loops. 
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magnetising  coil  and  will  travel  through  the  air.  Since,  however,  the 
permeability  of  soft  iron  is  several  hundred  times  greater  than  that  of 
the  air,  at  any  rate  when  the  magnetising  field  is  not  very  great,  such  a 
large  proportion  of  the  tubes  of  induction  will  continue  all  the  way  through 
the  iron  ring,  that  we  may,  without  making  any  appreciable  error,  neglect 
the  ones  that  do  not.  If  the  iron  were  removed,  and  a  unit  pole  were 
carried  once  round  the  space  previously  occupied  by  the  iron  ring,  it 
woulcj  pass  once  round  each  of  the  turns  of  the  magnetising  coil.  Hence 
if  there  are  A'  turns  in  this  coil,  and  the  current  is  C,  the  work  done 
is  /^ttNCj  and  therefore  the  magneto-motive  force  is  ^vNC.  Also  the 
reluctance  of  the  iron  ring  is  Ijsfu  Thus  the  total  induction  through  the 
iron  is  given  by 

Reluctance 

This  result  is  slightly  greater  than  that  in  the  iron  which  is  furthest 
from  the  magnetising  coil,  on  account  of  the  tubes  of  induction  which 
thread  through  the  coil,  but  instead  of  passing  through  the  iron,  pass 
through  the  surrounding  air.  Still  the  result  obtained  is  a  very  near 
approximation  to  the  truth.  The  advantage  of  the  magnetic-circuit  point 
ol  view  is  apparent  if  we  consider  how  very  difficult  it  would  be  to  cal- 
culate the  value  of  the  magnetising  force  at  each  point  of  the  iron  ring, 
in  order  to  deduce  the  induction.  The  analogue  of  this  problem  in 
electricity  would  be  the  case  of  a  ring  of  copper  immersed  in  a  feebly 
conducting  medium,  such  as  water,  for  in  such  a  case  most  of  the  current 
would  traverse  the  copper,  but  some  would  traverse  the  water,  and  so  the 
resistance  of  the  circuit  would  be  somewhat  less  than  the  resistance  of 
the  copper  alone,  although  a  very  near  approximation  to  the  current 
would  be  obtained  if  we  neglected  the  portion  of  the  current  which  flows 
through  the  water. 

As  another  example  of  the  utility  of  the  idea  of  the  magnetic  circuit, 
we  may  take  the  case  of  the  iron  ring  which  is  lapped  over  with  a 
uniformly  wound  magnetising  coil,  but  which  at  one  place  has  been  cut 
so  that  the  continuity  of  the  iron  is  broken  by  a  narrow  air-gap.  As 
before,  the  magneto-motive  force  will  be  ^irNC.  The  magnetic  circuit  is 
no  longer  confined  to  a  single  medium,  but  at  the  gap  passes  from  iron 
to  air.  Hence  in  calculating  the  reluctance,  we  have  to  consider  the  two 
portions  of  the  circuit,  in  one  of  which  the  permeability  is  /*,  and  in  the 
other  portion  it  is  unity.  If  jr  is  the  width  of  the  gap,  the  length  of  the 
iron  circuit  is  l-x.  Hence  the  reluctance  of  the  iron  part  of  the  circuit 
is  {l~x)lfis.  If  the  air-gap  is  at  all  wide,  the  tubes  of  induction  will  spread 
out  at  the  gap,  and  hence  the  cross-section  of  the  magnetic  circuit  m  the 
gap  will  be  greater  than  s.  If,  however,  the  gap  is  very  narrow,  the 
spreading  of  ihe  tubes  will  be  inappreciable,  and  we  may  take  the  cross- 
section  of  the  circuit  at  the  gap  as  equal  to  s.  The  length  of  the  air  part 
of  the  circuit  being  x,  the  reluctance  is  x/s.  Hence  the  reluctance  of  the 
combined  iron  and  air  circuit  is 

{l-x)ltij+xls. 
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Thus  the  total  induction  through  the  circuit  is  given  by 
G=^irNC\{{l-x)\i»^^x\5\ 

=4irA^Oj/{/+:K/*-i)}. 

If  the  length  of  the  ring  had  been  /  +  ;»:(/*- i),  and  supposing  no  gap 
were  present,  the  induction  would  have  been 

47ryVOj/{/+;r(/*-i)}. 

Hence  the  effect  of  a  gap  of  length  x  in  reducing  the  induction  is  the 
same  as  would  be  produced  by  a  length  xiy.—  i)  of  iron.  If  the  mag- 
netising field  (47rA'C")  is  5  c.g.s.  units,  the  permeability  for  the  soft  iron, 
for  which  the  curve  in  Fig.  491  is  drawn,  is  2400.  Hence  if  the  length  of 
the  ring  is  30  cm.,  and  its  cross-section  4  sq.  cm.,  the  induction  with  a 
gap  a  millimetre  wide  is 

5  X  2400  X  4  48000       „^  o       •*  X  u 

—5 —. — r=2_ =177.8  unit  tubes, 

30  -f  o.  1  (2400  -  I )     269.9 

If  no  gap  were  present  the  induction  would  be 

5x2400x4^  ^600  unit  tubes. 
30 

It  will  thus  be  seen  how  enormously  the  presence  of  the  air-gap 
reduces  the  total  induction. 

536.  The  Electric  Telegraph. — Since  the  direction  in  which  a 
galvanometer  needle  is  deflected  depends  on  the  direction  of  the  current 
which  is  sent  through  it,  by  having  an  arrangement  at  one  station  by 
which  the  current  sent  by  an  electric  battery  can  be  reversed  in  direction, 
and  connecting  the  commutator  with  a  galvanometer  placed  at  the  other 
station  by  an  insulated  conducting  wire,  signals  can  be  transmitted  from 
the  battery  station  to  the  other.  Only  one  conducting  wire  is  in  general 
used,  the  earth  being  used  for  completing  the  circuit.  By  having  a 
battery  and  a  galvanometer  at  each  station,  which  by  means  of  keys  can 
be  connected  to  the  circuit  and  the  current  reversed,  messages  can  be 
sent  in  both  directions.  The  older  forms  of  electric  telegraph  were  on 
this  principle,  the  receiving  instruments  being,  in  fact,  somewhat  unsen- 
sitive  galvanometers  in  which  the  deflection  of  the  needle  to  right  and 
left  was  observed.  At  the  present  time  nearly  all  telegraphy  is  done  by 
means  of  the  Morse  sounder.  This  instrument  consists  of  a  small  electro- 
magnet, through  the  coils  of  which  the  current  sent  from  the  sending 
station  is  passed.  This  current  causes  the  electro-magnet  to  attract  a 
light  soft  iron  armature,  which  is  held  away  from  the  pole  of  the  electro- 
magnet by  means  of  a  spring.  The  armature,  when  it  strikes  the  pole, 
makes  a  distinct  click,  and  from  the  number  of  clicks  and  the  interval 
between  them,  the  operator  reads  the  signal.  The  current  is  sent  by 
means  of  a  key,  on  the  depression  of  which  the  circuit  of  the  battery  is 
completed.     In  the  following  table  the  code  ordinarily  employed,  and 
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called  the  Morse  code,  is  given.  A  long  stroke  means  that  the  interval 
between  that  click  and  the  next  has  to  be  longer  than  that  between  a 
short  stroke  and  the  next. 


The  Morse  Alphabet. 


A 

B 

Ic 

c 

D 

E  - 

L 
M 
N 
0 

G 

H 

I    -  - 

P 

Q 

R 

s 

T 

U 

V 

W 

X 

Y 

Z 


When  ihe  distance  between  the  sending  and  the  receiving  siaiions  is 
considerable,  on  account  of  the  resistance  of  the  connecting  wire,  the 
current  which  can  be  sent  is  not  sufficiently  strongs  to  attract  the  arma- 
ture of  the  receiving  instrument  and  make  it  give  an  audible  sound. 
In  these  circumstances  what  is  called  a  relay  is  employed.  This  con- 
sists of  an  electro-magnet,  round  the  coils  of  which  the  current  which 
is  sent  from  the  distant  station  is  sent.  When  the  current  passes 
through  this  electro-magnet  it  attracts  a  very  light  and  delicately  poised 
armature.  This  armature  works  between  two  stops,  and  when  it  is 
attracted  by  the  magnet  against  the  one  stop,  it  completes  the  circuit  of 
a  local  battery  which  has  the  sounder  in  its  circuit.  Hence  the  sounder 
is  worked  by  a  battery  at  the  station  at  which 
the  signal  is  received,  and  the  current  trans- 
mitted from  the  distant  station  is  only  used  to 
complete  the  circuit  of  the  local  battery. 

In  the  case  of  submarine  telegraphy,  where 
the  distances  between  the  stations  are  often  very 
great,  the  receiving  instrument  is  practically  a 
very  sensitive  mirror  galvanometer,  and  the 
message  signals  are  formed  by  deflections  of 
the  spot  of  light  reflected  from  the  mirror  to 
right  and  left,  a  deflection  to  the  right  cor- 
respK)nding  to  a  dash  in  the  Morse  alphabet, 
and  a  deflection  to  the  left  to  a  dot. 

In  duplex  telegraphy  two  messages  are  sent 
simultaneously  through  the  same  wire,  one  in 
each  direction.     This  is  accomplished  by  wind- 
ing the  receiving  instrument  G  (Fig.   525)  with 
two  coils,  which  are  so  arranged  that  when  the 
battery  B  is  connected  to  the  circuit  by  pressing 
the  key  K  so  as  to  rest  on  the  stud  a,  the  current 
which  passes  from  the  battery  divides  at  the  in- 
strument, part  going  through  one  coil  and  part 
through  the  other,  and  in  such  a  direction  that  the  effects  of  the  currents 
in  the  two  coils  on  the  needle  of  the  instrument  are  in  opposite  directions. 
One  coil  of  the  instrument  is  connected  to  the  line  which  goes  to  the 
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other  station,  while  the  second  coil  is  connected  through  a  variable 
resistance  R  with  the  other  pole  of  the  battery  and  the  plate  E,  which  is 
buried  in  the  earth.  If  then  the  resistance  of  the  one  coil,  the  line,  the 
receiving  instrument  at  the  other  station,  and  of  the  return  circuit 
through  the  earth,  is  the  same  as  that  of  the  second  coil  of  the  instru- 
ment at  the  sending  station,  together  with  the  resistance  R,  the  current 
which  passes  from  B  will  divide  into  two  equal  parts  ;  and  since  these 
parts  traverse  the  coils  of  G  in  opposite  directions,  they  will  exactly 
neutralise  each  other's  effects  on  the  instrument  G,  so  that  the  working 
of  the  key  K  will  not  affect  the  instrument  G.  The  current  sent  through 
the  line  will,  however,  only  traverse  one  of  the  coils  of  the  instrument  at 
the  other  station,  and  hence  it  will  affect  this  instrument. 

There  are  other  systems  of  duplex  telegraphy,  as  well  as  methods 
by  means  of  which  more  than  two  simultaneous  messages  may  be 
sent  through  the  same  line,  but  space  will  not  allow  of  these  being 
considered. 

537.  The  Telephone.— The  telephone  was  invented  by  Graham 
Bell,  and  a  section  of  a  Bell  telephone  receiver  is  shown  in  Fig.  526. 


Fig.  526. 

(From  Ganofs  **PhysitsD 

It  consists  of  a  steel  bar-magnet,  m,  fitted  inside  a  case,  L.  A  coil,  n,  of 
a  large  number  of  turns  of  fine  wire  fits  over  one  pole  of  the  magnet,  the 
ends  of  the  coil  being  connected  with  the  terminals  c.  At  a  distance 
of  about  a  millimetre  from  the  pole  of  the  magnet  on  which  the  coil  is 
wound  is  fixed  a  diaphragm,  D,  composed  of  a  sheet  of  thin  soft  iron. 
This  diaphragm  is  held  in  position  by  being  clamped  between  the 
mouth-piece  E  and  the  case  L. 

The  diaphragm  becomes  magnetised  by  induction,  and  this  induced 
magnetisation  reacts  on  the  permanent  magnetisation  of  the  magnet  M, 
the  amount  of  the  reaction  being  dependent  on  the  distance  of  the  centre 
of  the  diaphragm  from  the  surface  of  the  pole.  When  the  instrument 
is  spoken  into,  the  vibrations  of  the  air  cause  the  diaphragm  to  vibrate 
in  unison,  and  by  its  to-and-fro  motion  the  .diaphragm  causes  the 
magnetisation  of  the  magnet  to  vary  also  in  unison  with  the  incident 
air-vibrations.  The  changes  of  the  strength  of  the  magnet  mean  that 
the  number  of  tubes  of  induction  passing  through  the  coil  B  must  also 
vary,  and  hence  a  series  of  induced  currents  are  produced  in  a  circuit 
of  which  this  coil  forms  a  part.     If  the  terminals  C  are  connected  by 
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wires  to  a  second  instrument,  the  induced  currents  which  are  produced 
by  the  motion  of  the  diaphragm  D  will  traverse  the  coil  of  the  second 
instrument,  and  will  produce  a  change  in  the  magnetisation  of  the 
magnet  in  this  instrument.  These  changes  in  the  strength  of  the 
magnet  in  the  second  instrument  will  cause  changes  in  the  force  with 
which  the  magnet  attracts  its  diaphragm,  and  hence  this  diaphragm  will 
be  set  in  vibration  in  such  a  way  as  to  reproduce  the  vibrations  which 
were  produced  in  the  diaphragm  of  the  first  instrument ;  and  in  this  way 
the  air  in  the  neighbourhood  of  the  diaphragm  will  be  set  in  vibration,  and 
the  sounds  produced  near  the  transmitting  instrument  will  be  reproduced. 
The  amplitude  of  the  excursions  of  the  telephone  diaphragm  is 
excessively  small.  Thus  Barus  has  measured  it  and  found  it  to  be  about 
io~*  cm.  when  the  instrument  is  emitting  a  sound  which  is  just  audible. 
The  currents  which  are  produced  are  also  very  small,  being  about  2  x  io~* 
ampere  in  the  case  of  the  ordinary  transmission  of  speech. 

638.  The  Microphone. — The  microphone,  an  instrument  invented 
by  Professor  Hughes,  consists  essentially  of  an  arrangement  by  which 
one  part  of  a  circuit,  in  which  is  included  a  tele- 
phone and  an  electric  battery,  is  completed  by  two 
conductors  which  rest  lightly  the  one  on  the  other. 
One  form  of  the  microphone  is  shown  in  Fig.  527. 
A  piece  of  gas  carbon,  D,  pointed  at  each  end,  rests 
lightly  in  two  small  cup-shaped  hollows  made  in 
two  pieces  of  the  same  kind  of  carbon,  c,  c'.  The 
rod  D  is  not  clamped  between  the  other  rods,  but 
rests  on  the  lower  one,  and  is  prevented  from  fall- 
ing by  the  upper  end  resting  against  the  side  of 
the  cup  made  in  the  upper  rod.  The  terminals 
of  the  circuit  containing  the  battery  and  telephone 
are  attached  to  the  rods  C,  C*,  by  the  wires  A  and 
B.  When  a  disturbance  is  produced,  such  as  by  the  ticking  of  a  watch 
placed  on  the  base  of  the  instrument,  the  rod  D  is  set  in  motion,  so  that 
the  pressure  with  which  it  rests  against  the  upper  rod  varies.  Since  the 
resistance  of  carbon  changes  with  the  pressure  to  which  it  is  subjected, 
the  movements  of  d  cause  variations  in  the  resistance  of  the  circuit  in 
which  the  microphone  is  included,  and  these  changes 
in  resistance  cause  corresponding  changes  in  the  cur- 
rent which  traverses  the  circuit,  these  variations  in 
the  current  causing  the  telephone  to  sound.  The 
sensitiveness  of  the  instrument  is  very  great,  so  that 
even  a  very  minute  disturbance  produced  near  the 
base  of  the  instrument,  such  as  the  noise  made  by 
a  fly  walking  on  the  wood,  is  enough  to  cause  the 
telephone  to  reproduce  the  noise  in  quite  an  audible 
form. 

The  principle  of  the  microphone  has  been  applied 
to  replace  the  telephone  as  a  means  of  producing  the 
changing  currents  required  to  transmit  speech,  an 
ordinary  telephone  being  used  to  reproduce  the 
sounds.  The  Blake  form  of  microphone  transmitter 
consists  of  a  sheet-iron  diaphragm,  D  (Fig.  528),  held  in  position  behind 
a  mouthpiece  by  being  clipped  between  two  rubber  bands.      A  small 
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piece  of  platinum  wire,  P,  is  attached  to  a  slender  spring,  and  bears 
at  one  end  on  the  centre  of  the  diaphragm,  and  at  the  other  end  against 
a  piece  of  gas  carbon,  C,  which  is  itself  carried  by  a  spring,  B.  The 
springs  A  and  B  are  connected  to  a  circuit  in  which  are  included  a 
battery  and  the  telephone  at  the  receiving  station.  When  the  mouth- 
piece is  spoken  into  the  diaphragm  is  set  in  vibration,  and  so  causes  the 
platinum  P  to  press  on  the  carbon  block  with  a  variable  pressure,  and 
m  this  way  the  resistance,  and  hence  also  the  current  which  traverses 
the  instrument,  varies  in  unisen  with  the  motion  of  the  diaphragm.  In 
this  form  of  transmitter  the  energy  necessary  to  produce  the  motion 
of  the  diaphragm  at  the  distant  station  is  supplied  by  the  battery,  and 
is  not,  as  is  the  case  when  a  telephone  is  used  as  transmitter,  derived 
from  the  energy  of  motion  of  the  receiving  diaphragm.  Hence  in  the 
carbon  transmitter  the  receiving  diaphragm  only  has  to  control  the 
supply  of  energy  of  the  battery,  and  so  plays  the  part  of  the  relay 
used  in  long-distance  telegraphy. 


CHAPTER   XV 

ELECTRIC  AND  MAGNETIC  SYSTEMS  OF   UNITS 

539.  Dimensions  of  Electrical  and  Magnetic  Quantities.— In 
the  preceding  pages  nothing  has  been  said  as  to  the  dimensions  of  the 
different  electncal  and  magnetic  quantities  with  which  we  have  been 
dealing.  Two  systems  of  units  have  been  employed,  the  one,  the  electro- 
static system,  in  which  the  fundamental  quantity  was  the  quantity  of 
electricity,  and  was  defined  by  means  of  the  repulsion  exerted  between 
two  charges  when  in  air  ;  and  the  other,  the  electro-magnetic  system,  in 
which  the  fundamental  quantity  was  the  unit  pole.  Taking  first  the  case 
of  the  electro-static  system  of  units.  If  two  charges  of  Qs  *  units  are 
placed  at  a  distance  ri  apart  in  air,  the  force  F  with  which  they  act  the 
one  on  the  other  is,  by  the  definition  which  we  have  adopted  for  Q,  given 
by  the  equation  F—Q^lc^.  If,  however,  instead  of  being  placed  in 
air  the  charged  bodies  are  placed  in  a  medium  of  which  the  specific 
inductive  capacity  is  /T,  the  force  exerted  between  the  charged  bodies  is 
given  by  F=Qs^\Kd}.  Now,  just  as  in  the  case  of  temperature  con- 
sidered in  §  267,  we  were  not  able  to  determine  the  dimensions  of  tem- 
perature in  terms  of  the  fundamental  units  of  length,  mass,  and  time,  and 
hence  were  obliged  to  keep  in  our  dimensional  equations  a  symbol  to 
represent  the  unknown  dimensions  of  temperature,  so  in  the  electrical 
case  we  do  not  know  the  physical  nature  of  specific  inductive  capacity, 
and  cannot  therefore  determine  its  dimensions  in  terms  of  the  funda- 
mental units,  and  have  to  indicate  in  the  dimensional  formulae  the 
unknown  dimensions  of  specific  inductive  capacity  by  a  symbol,  A'.  The 
reason  the  quantity  K  docs  not  come  into  the  ordinary  expression  given 
for  the  definition  of  the  unit  quantity  of  electricity  on  the  electro-static 
system,  is  that  we  make  the  perfectly  arbitrary  assumption  that  the 
specific  inductive  capacity  of  air  is  unity.  Of  course,  if  the  specific 
inductive  capacity  were  independent  of  the  units  of  mass,  length,  and 
time,  and  not  simply  apparently  independent  on  account  of  our  want  of 
knowledge  of  the  tme  nature  of  specific  inductive  capacity,  then  the 
dimensions  of  K  would  be  zero,  and  would  not  appear  in  the  dimensional 
equations.  Many  writers  on  this  subject  assume,  although  there  is  no 
particle  of  justification  for  such  an  assumption,  that  the  dimensions  of  K 
are  zero,  and  then  proceed  to  develop  the  dimensional  equations  for  the 
different  electrical  quantities.  The  result  of  such  an  assumption  is  that 
we  are  led  to  equations  between  different  electrical  and  magnetic 
quantities,  the  two  sides  of  which  appear  as  if  they  were  of  different 
dimensions,  a  result  which  is  on  the  face  of  it  absurd. 

1  We  shall  use  a  subscript  s  to  indicate  that  the  quantity  is  measured  in  electro- 
static units.  Similarly  a  subscript  m  will  be  used  to  indicate  that  the  quantity  is 
measured  in  electro-magnetic  units. 
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Taking  the  symbol  K  to  represent  the  unknown  dimensions  of  specific 
inductive  capacity,  sir.ce  Q^  =  d^FK^  we  have  the  dimensional  equation 
[e.]  =  [Z^A^i].     Since  i^  is  a  force,  \F^^\_LMT-'^\     Hence 

Since  the  potential,  Fj,  at  a  point  is  equal  to  the  work  which  has  to  be 
done  in  moving  the  unit  charge  from  a  point  where  the  potential  is  zero 
to  the  given  point,  or  is  the  work  W  done  in  moving  a  charge  Qsy  divided 
by  Qs,  we  have  the  equation 

Hence  the  dimensional  equation  is 

or,  substituting  the  dimensions  of  Qs  and  of  IV([L^APT-^),  we  have 

The  capacity,  M,  of  a  conductor  being  equal  to  the  charge  divided  by  the 
potential  which  this  charge  produces,  or 

we  get  the  dimensional  equation 

or  [Ms]=nMiT'^/C^]i[LKl/^T-'K-^]  =  [Liri. 

Thus  the  capacity  of  a  conductor  depends  on  the  units  of  length  and  of 
specific  inductive  capacity  only.  This  agrees  with  the  "result  which  we 
obtained  in  §  467,  for  we  there  found  that  the  capacity  of  a  sphere  at  a 
great  distance  from  all  other  conductors  is,  in  air,  numerically  equal  to 
the  radius,  which  of  course  only  involves  the  unit  of  length. 

The  current,  G,  passing  along  a  conductor  is  measured  in  the  electro- 
static system  by  the  quantity  of  electricity,  Qsj  which  passes  through  the 
conductor  in  the  unit  of  time,  hence 

or  [c,]=[2r-i]=[z5j/i  r-^A-*]. 

In  the  electro-magnetic  system  the  fundamental  quantity  is  the  unit 
magnetic  pole,  which  is  defined  in  such  a  way  that  if  two  poles,  each  of 
strength  w,  are  placed  at  a  distance  d  apart  in  air,  the  force,  jF,  which 
they  will  exert  one  on  the  other  is  given  by  the  equation  J*'=m^/d\  If, 
instead  of  being  in  air,  the  poles  are  separated  by  a  medium  of  which 
the  permeability  is  fi,  the  force  exerted  between  them  is  given  by 

In  this  case  we  are  unable  to  express  the  permeability  m  in  terms  of  the 

3  C 
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fundamental  units,  and  hence  in  the  dimensional  equations  we  have  to 
keep  in  a  symbol  to  represent  the  dimensions  of/*.  Hence  if  we  indicate 
the  unknown  dimensions  of/*  by  [m]  we  get  the  dimensional  equation 

\m\ = [Zi^  V] = \lSm\  r-v*]. 

The  magnetic  force  Hm  at  a  point,  or  the  strength  of  the  magnetic  field 
at  the  point,  is  the  force  which  acts  on  the  unit  pole  when  placed  at  the 
point.  Hence  if  F  is  the  force  acting  on  a  pole  of  strength  m  when  placed 
at  the  point,  we  have 

F'^mHm. 

Thus  {_Hm\  =  [/•>«-']  =  [Z- W*  7- V-*]. 

Since  the  magnetic  induction,  B^  is  connected  with  the  strength  of  the 
magnetising  field  by  the  relation  B—p.H^  the  dimensions  of  B  are 
given  by 

\B^'\ = [//«^] = {L-^M^  r- V*J. 

The  magnetic  moment,  M\  of  a  magnet  being  the  product  of  the  strength 
of  the  pole  into  the  length,  /,  the  dimensions  are  given  by 

Intensity  of  magnetisation,  7,  being  the  magnetic  moment  per  unit  of 
volume,  we  have 

[7^]  =  [i»/'«]|[7:»]  =  [7J  J/*  7 '- V*]|[Z.']  =  [Z-i  J/*  T^V*]. 

The  susceptibility,  k^  is  equal  to  the  quotient  of  the  intensity  of  mag- 
netisation by  the  magnetising  force.     Hence 

\k'\ = [/«»]/[//«.] = [7:-*j/*  7^-v*]/[7.-^  J/*  r-v-*] = M. 

The  force,  7%  exerted  upon  a  pole  of  strength  in  when  placed  at  the 
centre  of  a  circle  of  radius  r,  when  a  current  C  flows  along  a  length  /  of 
the  circumference  of  this  circle,  is  given  by 

Hence  the  dimensions  of  current  are  given  by 

ME  is  the  electromotive  force  between  two  points  on  a  conductor,  then 
the  power,  /*,  which  has  to  be  used  to  cause  a  current  C  to  flow  against 
this  E.M.F.,  is  given  by 

P=EC, 
Hence 

The  resistance  of  a  conductor  is  the  ratio  of  the  difference  of  potential 
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between  the  ends,  when  traversed  by  a  current  (7,  to  that  current. 
Hence 

[i?«,]=[^^]/[c«]=[z«j/ir-v^]/[z*j/ir-v-*]=[^^-V]. 

Since  quantity  of  electricity  is  equal  to  the  product  of  the  current 
passing  into  the  time,  we  have  on  the  electro-magnetic  system 

\Qr^  =  \CmT\  =  \_L^M^ir^\ 

Proceeding  in  this  way,  we  may  find  the  dimensions  of  any  of  the  other 
electrical  or  magnetic  quantities  on  either  the  electro-static  or  electro- 
magnetic system. 

We  have  seen  in  §  505  that  the  induction,  magnetising  force,  and 
the  intensity  of  magnetisation  are  connected  together  by  the  equation 
^=7/-f-47rI.  Now,  since  each  term  of  any  physical  equation  must  be 
of  the  same  dimensions  as  the  other  terms,  this  equation  indicates  that 
B^  //,  and  /are  all  of  the  same  dimensions.  But  by  definition  B  =  ixH, 
so  that  the  dimensions  oi  B  and  /f  must  be  different  if  ai  is  not  a  simple 
number  having  no  dimensions.  The  reason  for  this  apparent  anomaly 
is  that  the  equation  between  B^  H^  and  /  given  above  is  not  a  general 
equation,  but  only  holds  when  the  magnetic  body  is  surrounded  by  a 
medium,  such  as  air,  of  which  the  permeability  is  taken  arbitrarily  as 
unity.  The  permeability  of  air  is  taken  as  unity  simply  because  our 
knowledge  as  to  the  nature  of  permeability  is  not  sufficient  to  tell  how 
to  measure  it  in  a  way  independent  of  the  properties  of  any  one  kind 
of  matter. 

If,  instead  of  taking  the  permeability  of  air  as  unity,  we  call  it  a^o, 
that  is,  we  use  the  symbol  /i©  to  indicate  the  permeability  measured  in 
absolute  units,  although,  on  account  of  our  ignorance  of  the  true  nature 
of  magnetism,  we  are  unable  at  present  to  say  how  it  is  to  be  measured, 
then  the  equation  connecting  B^  //,  and  /can  be  shown  to  be 

^//to=//+4'r//;«o. 

In  this  equation  B  and  /  refer  to  a  medium  of  absolute  permeability  ytt, 
and  Mo  is  the  absolute  permeability  of  the  medium  in  which  H  is 
measured.  In  this  equation  all  the  terms  are  of  the  same  dimensions, 
so  that  while  the  dimensions  of  B  and  /  are  the  same,  the  dimen- 
sions of  B  and  H  differ  by  the  dimensions  of  /*.  If  in  this  equation  we 
assume  arbitrarily  that  the  permeability  of  the  medium  (air)  in  which 
H  is  measured  is  unity,  we  get  B=H-\-^TrI.  When  treating  of  dimen- 
sions, however,  it  is  not  allowable  to  assume  that  the  dimensions  of 
permeability  is  zero,  so  that  the  corresponding  dimensional  equation 
must  always  include  a  symbol  to  represent  the  unknown  dimensions  of 
the  absolute  permeability  of  air. 

540.  Connection  between  the  Two  Sets  of  Units.— In  the  pre- 
ceding section  we  have  obtained  the  dimensions  of  quantity  of  elec- 
tricity in  both  the  electro-static  and  the  electro-magnetic  systems.  Since 
the  dimensions  of  any  physical  quantity  must  be  independent  of  the 
particular  system  of  units  adopted,  we  may  equate  the  two  values  for 
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the  dimensions  of  electrical  quantity,  and  we  thus  obtain  the  following 
equation : — 

[A'-*/*-*]=[Z7^i]. 

This    shows  that  ~7==  is  of  the   dimensions  of  a  velocity.      If  we 

are  using  the  dimensional  equations  simply  to  deduce  the  dimensions 
of  any  quantity  expressed  m  the  one  system  from  its  dimensions 
expressed  in  the  other  system,  then  the  above  relation  is  sufficient. 
If,  however,  we  require  to  find  the  numerical  equivalent  for  an  elec- 
trical or  magnetic  quantity  expressed  in  the  one  system  as  expressed 
in  the  other,  we  require  to  know  the  numerical  value  of  the  ratio 
K'\yr\lLT~^.  The  value  of  this  ratio  can  be  obtained  experimen- 
tally by  comparing  the  value  of,  say,  the  same  quantity  of  electricity 
as  measured  on  the  two  systems.  Suppose  that  a  certain  quantity  of 
electricity  is  equal  to  ns  electro-static  units,  that  is,  can  be  represented 
in  this  system  by  «,[cm.!  gram.i  sec.'^  K\\  where  K  is  supposed  to  be 
measured  in  the  c.g.s.  system.  Next  suppose  that  this  same  quantity 
of  electricity,  when  measured  in  the  electro-magnetic  system,  is  equal 
to  nm  units,  or  can  be  represented  by  «w[cm.i  gram.i  m"*],  where  as 
before  /*  is  measured  in  c.g.s.  unite.  Equating  these  two  expressions 
for  the  same  quantity  of  electricity,  which  we  may  do,  since  they  are 
both  expressed  m  c.g.s  units,  we  get — 

#fj[cmJ  gram.*  sec."*  A'*]  =  «»,[cm.i  gram.i  yr\\ 

Hence  !^L r-»]  =  \yr\  K-\\ 

nm 

The  quantity      — -   thus  represents  a   velocity  of  «x/«»r    centimetres 

per  second.  Experiment  has  shown  that  this  velocity  is  equal  to  the 
velocity  of  light,  so  that,  indicating  this  velocity  of  v^  we  have — 

[/i-i/ir-i]/[Z7^»]=t/, 

an  expression  which  allows  of  our  converting  electrical  quantities  ex- 
pressed in  one  system  into  the  other,  it  being  remembered  that  in  each 
case  the  units  of  length,  mass,,  and  time  employed  in  the  two  systems 
must  be  the  same.  When  these  units  are  the  centimetre,  the  second  and 
the  gram  v  is  equal  to  3X  io^°  cm./sec.  As  an  example  of  the  applica- 
tion of  this  method  of  converting  from  one  system  of  units  into  the 
other,  we  may  take  the  following  problem.  A  conducting  sphere  is 
placed  on  an  insulating  stand  at  a  great  distance  from  all  other  con- 
ductors, and  has  a  radius  of  10  cm.,  what  is  its  capacity  expressed  in 
electro-magnetic  units  ?  In  §  467  it  was  shown  that  the  capacity  of 
such  a  sphere  in  electro-static  units  was  numerically  equal  to  the 
radius.  Hence  the  capacity  of  the  sphere  in  electro-static  units  is 
io[cm.  K\      If  nnt  is  the  value  of  the  capacity  in   electro-magnetic 
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units,  then,  since    the    dimensions    of   capacity   in    this    system    are 
[Z'^T'V"'],  we  have  the  following  relation: — 


or 


=  io[/i-i/v:-i]-2|[z,r-i]-2 


10 


=  iox -0= 


2/2      9  X  lO^^ 


I.I  I  X  10" 


Hence  the  capacity  of  the  sphere  is  i.ii  x  lo"^®  electro-magnetic  units 
of  capacity.  Since  a  microfarad  is  equal  to  io~^^  electro-magnetic 
units  of  capacity,  the  capacity  of  the  sphere  is  equal  to  i.iixio"^ 
microfarads. 

641.  The  Practical  System  of  Electro-magnetic  Units.— It  will 
be  convenient  for  the  sake  of  reference  to  gather  together  the  relations 
between  the  c.g.s.  electro-magnetic  units  and  those  on  the  practical 
system,  and  the  following  table  exhibits  these  relations  : — 


Quantity. 

Name  of  Practical 
Unit. 

Equivalent  in  c.g-s. 
Units. 

Current        .... 
Quantity      .... 
Electromotive  force    . 
Resistance  .... 
Capacity      .... 
Induction  (self  or  mutual)  . 
Energy  or  work  . 
Power          .... 

Ampere  . 
Coulomb 
Volt 

Ohm       . 
Farad 
Henry     . 
Joule 
i  Watt       . 

io~i  electro-mag.  units. 

10             „ 

10^    ergs. 

10^  ergs  per  second. 

These  practical  units  are  those  which  would  be  obtained  if  10^  cm. 
were  taken  as  the  unit  of  length  and  io~^^  gram  as  the  unit  of  mass,  the 
unit  of  time  remaining  the  second.  Thus  the  dimensions  of  resistance 
being  [Z,7'~V]>  if  we  increase  the  unit  of  length  lo'^  times,  keeping  the 
unit  of  time  the  same,  we  shall  increase  the  unit  of  resistance  10^ 
times ;  that  is,  the  ohm  is  lo'-*  c.g.s.  units.  The  dimensions  of  current 
being  [L^M^7'~'^fi~^],  the  increase  of  the  unit  of  length  to  10^  cm.  will 
increase  the  unit  of  current  lol  times,  while  the  change  in  the  unit  of 
mass  to  io~^^  grams  will  reduce  the  unit  of  current  loV  times,  so  that 
the  net  result  is  that  the  unit  of  current  on  the  practical  system  is 
io(i-V)  times,  or  i/io  of  the  c.£:s.  unit. 

When  considering  the  thermal  effects  of  currents,  it  is  often  con- 
venient to  express  the  results  in  terms  of  calories.  Since  one  joule  is 
10'  ergs  and  one  calorie  is  equal  to  4.189  x  lo^  ergs,  we  get  that  a  joule 
is  equal  to  10'^  /  4.189  x  lo^  calories  or  0.2387  calories.  The  calorie 
employed  in  this  reduction  is  the  quantity  of  heat  required  to  raise  the 
temperature  of  one  gram  of  water  through  one  degree  Centigrade  at  a 
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temperature  of  1 5°  C.  Since  a  watt  is  equal  to  one  joule  per  second,  it 
is  equal  to  0.2387  calories  per  second. 

In  order  to  obviate  the  use  of  very  large  or  very  small  numbers,  units 
are  sometimes  used  which  are  a  million  times  (10*)  as  great  or  one 
millionth  (lo"^)  of  the  practical  units.  These  units  are  indicated  by  the 
prefixes  mega-  and  micro-  respectively. 

In  the  same  way  units  a  thousand  times  as  great  or  a  thousandth  of 
the  practical  units  are  indicated  by  the  prefixes  kilo-  and  milli-  respectively. 
The  following  table  gives  the  chief  of  these  auxiliary  units  : — 


Auxiliary  Units  in  the  Practical  System. 


Name. 

??a1^Tys.eS!     j     Equivalent  in  <^.,.Uni«. 

Megohm  .     . 
Microfarad    . 
Microvolt 
Microampere 
Kilowatt  .     . 
Millivolt   .     . 
Milliampere . 

10®  ohms 
io-»  farad 
10-^  volt 
io~*  ampere 
lo'  watts 
io~'  volt 
io~'  ampere 

10"  electro-mag.  units 

10'"  ergs  per  second 
10^  electro-mag.  units 

The  kilowatt  is  equal  to  1.341  horse- power. 


PART   VIII 

ELECTROLYSIS,  ELECTROMOTIVE  FORCE  OF  CELLS,  AND 
PASSAGE  OF  ELECTRICITY  THROUGH  GASES 

CHAPTER    XVI 
ELECTROLYSIS 


542.  Faraday's  Law.— We  have  in  the  preceding  pages  seen  that 
when  an  electric  current  passes  through  a  metallic  conductor  a  certain 
quantity  of  heat  will  be  developed  in  the  conductor ;  but  after  the 
passage  of  the  current,  except  for  changes  caused  by  the  rise  of  tempe- 
rature produced  by  the  heat  developed  in  this  way,  there  will  be  no 
change  either  in  its  chemical  composition  or  physical  state.  In  addition 
to  metals,  some  liquids  conduct  electricity,  and  are  called  electrolytes, 
and  we  now  proceed  to  consider  what  phenomena  accompany  the  pas- 
sage of  a  current  through  these  bodies.  The  magnetic  properties  of  a 
circuit  which  consists  wholly  or  in  part  of  electrolytes  differ  in  no  way 
from  those  of  a  circuit  composed  of  metals  only,  and  hence  do  not 
require  any  further  consideration.  The  passage  of  a  current  through  an 
electrolyte  is  accompanied,  however,  not  only  by  the  production  of  heat 
as  in  a  metallic  conductor,  but  also  by  certain  chemical  changes  which 
take  place  in  the  electrolyte,  and  we  now  proceed  to  consider  these  in 
detail. 

When  a  current  is  passed  through  an  electrolyte,  such  as  a  solution 
of  sulphuric  acid  in  water,  by  dipping  two  platinum  plates  into  the  solu- 
tion, and  connecting  one  of  these,  called  the  anode^  with  the  positive 
pole  of  a  battery,  and  the  other,  called  the  cathode,  with  the  negative 
pole,  decomposition  of  the  electrolyte  will  accompany  the  passage  of 
the  current.  The  two  products  of  the  decomposition  of  the  electrolyte, 
whether  they  are  either  or  both  elements  or  compounds,  will  be  liberated 
one  at  the  cathode  and  the  other  at  the  anode,  and  not  at  all  at  any 
point  of  the  liquid  between.  That  part  of  the  electrolyte  which  is 
liberated  at  the  anode  is  called  the  aniofiy  and  tllat  part  liberated  at  the 
cathode  the  cation.  It  does  not  necessari^Bplfcw  that  the  anion  and 
cation  are  actually  given  off  as  such  at  th^^Kole  and  cathode  respec 
tively,  for  secondary  chemical  changes  ofte 
and  the  electrodes,  as  the  plates  used  to 
are  called,  or  with  the  undecomposed  po 
in  the  case  of  the  electrolysis  of  a  solution 
cation  is  H,  while  the  anion  is  SO4.  But 
the  cathode,  at  the  anode  a  secondary 
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reacting  with  the  water  of  the  solution  so  as  to  produce  sulphuric  acid 
and  free  oxygen  according  to  the  equation 

S04  +  HjO  =  HjS04  +  0. 

The  laws  which  govern  electrolysis  were  discovered  by  Faraday,  and 
are  hence  known  as  Faraday's  laws.     These  are  :— • 

1.  The  quantity  of  an  electrolyte  decomposed  is  proportional  to  the 
quantity  of  electricity  which  passes. 

2.  The  mass  of  any  ion  liberated  by  a  given  quantity  of  electricity  is 
proportional  to  the  chemical  equivalent  weight  of  the  ion. 

In  the  case  of  elementary  ions  the  chemical  equivalent  weight  is  the 
atomic  weight  divided  by  the  valency,  while  in  that  of  a  compound  ion  it 
is  the  molecular  weight  divided  by  the  valency.  If  the  weight  of  an  ion 
liberated  by  the  passage  of  the  unit  quantity  of  electricity  is  called  the 
electro-chemical  equivalent  of  the  ion,  then  Faraday's  laws  can  be  put 
into  the  form  : — 

The  mass  of  an  ion  liberated  is  equal  to  the  product  of  the  quantity  of 
electricity  which  passes  into  the  electro-chemical  equivalent  of  the  ion  ; 
the  electro-chemical  equivalents  of  the  ions  being  to  one  another  as  the 
chemical  combining  weights  of  these  ions. 

Since,  if  the  electro-chemical  equivalent  of  any  one  ion  is  known,  that 
of  any  other  can  be  calculated  from  the  chemical  equivalent  weights,  it  is 
of  importance  to  determine  the  value  of  the  electro-chemical  equiva!  jr.t 
in  the  case  of  one  ion.  Accurate  experiments  have  shown  that  when  one 
coulomb  of  electricity  passes,  that  is,  when  a  current  of  one  ampere 
passes  for  one  second,  the  weight  of  silver  deposited  from  a  solution  of  a 
silver  salt  is  o.ooi  1 18  grams.  Since  the  atomic  weight  of  silver  is  107.94, 
and  the  valency  is  i,  while  the  atomic  weight  of  hydrogen  is  i,  and  its 
valency  is  also  i,  the  electro-chemical  equivalent  of  hydrogen  is  equal  to 
O.OOI  1 1 8/107.94,  or  .000010357.  Hence  a  current  oi  A  amperes  flowing 
for  /  seconds  will  liberate  1.0357  x  lor^At  grams  of  hydrogen,  or,  if  g  is 
the  chemical  equivalent  weight  of  any  ion,  will  liberate  m  grams  of  this 
ion  where  fn  is  given  by 

w=  1.0357  X  iQ-^qAt. 

As  an  example,  in  the  case  of  copper  as  a  cupric  salt,  the  atomic  weight 
is  63,  while  the  valency  is  2  ;  hence  the  chemical  equivalent  is  63/2,  and 
the  electro-chemical  equivalent  of  copper  is  1.0357  x  io~*x  31.5. 

Since  the  passage  of  i  coulomb  will  deposit  .001118  grams  of  silver,  it 
will  require  the  passage  of  107.94/.001118  coulombs,  or  96550  coulombs, 
to  deposit  I  gram  equivalent,  that  is,  the  chemical  equivalent  in  grams,  of 
silver.  By  Faraday's  second  law  it  follows  that  the  passage  of  96550 
coulombs  will  cause  the  separation  of  one  gram  equivalent  of  any  kind  of 
ion.  In  the  case  of  ions  which  can  have  more  than  one  chemical  valency 
there  will  be  more  than  one  chemical  equivalent.  Thus  iron  can  exist  in 
a  compound  either  in  the  ferric  condition,  when  it  has  a  valency  3,  and 
consequently  a  chemical  equivalent  of  56/3  or  18.7,  or  as  a  ferrous  salt, 
when  it  has  a  valency  of  2,  and  hence  the  chemical  equivalent  is  56/2,  or 
28.  Thus  when  a  ferric  salt  is  electrolysed  the  electro-chemical  equi- 
valent of  iron  is  1.0357  x  lo^^x  18.7  ;  while  when  a  ferrous  salt  is  electro- 
lysed the  electro-chemical  equivalent  is  1.0357  x  io~*  x  28. 
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We  may  suppose  that  the  electricity  passes  through  an  electrolyte 
by  a  kind  of  convection,'^  being  carried  by  the  ions,  each  cation  carrying 
a  definite  positive  charge  in  the  direction  of  the  current,  and  each  anion 
a  definite  negative  charge  in  a  direction  opposite  to  that  of  the  current. 
Hence,  since  the  passage  of  96,550  coulombs  liberates  one  gram 
equivalent  of  each  of  the  ions,  no  mattier  what  the  nature  of  the  ions,  it 
follows  that  the  charge  carried  by  one  gram  equivalent  of  any  kind  of 
ion  is  96,550  coulombs.2  If  we  assume  that  the  ion  of  hydrogen  is  the 
same  thing  as  the  atom  then  one  gram  of  hydrogen  ions  will  have  a 
charge  of  96,550  coulombs.  In  the  case  of  copper,  63/2  grams  of  copper 
ions  will  have  a  charge  of  96,550  coulombs,  but  as  this  mass  of  copper 
will  only  contain  half  the  number  of  atoms  that  there  are  in  one  gram 
equivalent  of  hydrogen  if  the  copper  ion  is  the  same  as  the  atom, 
each  ion  must  have  twice  the  charge  possessed  by  the  hydrogen  ion. 
Thus  on  the  above  assumption  as  to  the  identity  of  ions  and  atoms  the 
charge  on  each  univalent  ion  is  the  same,  but  the  charge  on  a  divalent 
ion  is  twice  as  great,  that  on  a  trivalent  ion  three  times  as  great,  and  so 
on.  In  the  case  of  atoms  which  can  have  more  than  one  valency  there 
will  be  more  than  one  electro-chemical  equivalent,  and  thus  ions  having 
different  charges.  Thus  in  the  ferric  condition  the  iron  ion  will  carry  a 
charge  three  times  as  great  as  that  on  the  hydrogen  ion,  and  in  the 
ferrous  condition  a  charge  only  twice  as  great  as  that  on  the  hydrogen  ion. 

643.  Electrolytic  Dissociation. — Careful  experiments  have  shown 
that  in  the  case  of  electrolytes  Ohm's  law  holds,  that  is,  an  electromotive 
force  acting  in  the  electrolyte  produces  a  current  which  is  proportional  to 
the  E.M.F.  As  we  shall  see  later  (§  547),  when  considering  the  E.M.F. 
which  is  acting  to  produce  a  current  through  an  electrolyte,  it  does  not 
do  to  measure  the  E.M.F.  between  the  electrodes  by  means  of  which  the 
current  is  conveyed  to  and  from  the  electrolyte,  for  it  requires  in  general 
a  definite  E.M.F.  to  cause  a  current  to  pass  from  a  metal  to  an  electro- 
lyte, so  that,  when  considering  the  connection  between  the  E.M.F., 
acting  between  two  points  in  the  electrolyte,  and  the  current  which  it 
produces,  that  is,  the  question  of  the  resistance  of  electrolytes,  the 
difference  of  potential  must  be  measured  between  two  points  within  the 
electrolyte  itself. 

Ohm's  law  being  true  for  electrolytes,  it  follows  that  Joule's  law  must 
also  be  true,  and  hence  all  the  energy  of  the  current  spent  when  traversing 
an  electrolyte  must  be  used  simply  in  the  production  of  heat,  and  none  of 
it  can  be  employed  in  doing  chemical  work  in  splitting  up  the  electrolyte 
into  ions.  Within  the  mass  of  the  electrolyte,  therefore,  the  action  of  the 
current  in  electrolysis  must  simply  consist  in  the  exertion  of  a  directive 
influence  on  the  charged  ions,  causing  them  to  move  towards  the  elec- 
trodes, where,  as  we  shall  see,  the  work  corresponding  to  the  splitting  up 
of  the  chemical  compound  is  performed.  When  seeking  the  explanation 
of  how,  at  any  rate,  a  part  of  the  electrolyte  can  be  in  such  a  condition  as 

1  We  shall  consider  this  convective  process  more  in  detail  in  §  544. 

2  If  we  knew  the  number  of  ions  in  a  gram  of  hydrogen  we  could  calculate  at 
once  the  charge  carried  by  each  ion.  Although  by  making  certain  assumptions  an 
approximate  measure  of  the  number  of  hydrogen  ions  which  weigh  a  gram  can  be 
made,  there  is  no  particular  utility  in  actually  obtaining  the  number.  It  is,  however, 
sometimes  convenient  to  have  a  symbol  to  represent  the  charge  carried  by  a  univalent 
ion,  and  we  shall  use  the  letter  c  to  represent  this  quantity. 
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to  allow  the  anions  and  cations  to  be  moved  in  opposite  directions,  we  are 
at  once  met  with  the  curious  fact  that  it  has  been  proved  experimentally 
that  perfectly  pure  water  is  practically  a  non-conductor,  as  is  also  gaseous 
hydrochloric  acid,  while  a  solution  of  hydrochloric  acid  in  water  conducts 
freely.  In  the  same  way  pure  sulphuric  acid  is  a  non-conductor,  or  at 
any  rate  a  very  bad  conductor,  while  a  dilute  solution  of  sulphuric  acid  is 
a  comparatively  good  conductor.  If  we  suppose  that  the  ionisation,  as 
the  process  which  consists  in  so  changing  the  relations  of  the  constituents 
of  a  compound  that  they  are  able  to  conduct  electricity  is  called,  is  due 
to  the  shaking  apart  of  the  ions  in  the  compound  molecule  during  the 
collisions  between  two  molecules,  then  we  should  expect  that  the  more 
frequent  the  collisions  the  greater  the  proportion  of  the  molecules  which 
are  ionised,  and  hence  the  greater  the  electrical  conductivity.  As  we 
have  mentioned,  however,  this  is  not  the  case,  for  pure  sulphuric  acid 
does  not  conduct. 

It  is  therefore  evident  that  the  hydrochloric  acid  and  the  sulphuric 
acid  when  they  are  dissolved  in  water  are  in  a  different  condition  from 
that  in  which  they  were  before  solution.  In  fact,  in  the  solution  a 
greater  or  less  proportion  of  the  molecules  are  either  permanently  split 
up  into  their  ions,  so  that  in  the  place  of  a  molecule,  say,  of  HCl  we 
have  a  hydrogen  ion  with  its  positive  charge  -he,  and  a  chlorine  ion  with 
its  negative  charge  -  f,  or  the  forces  which  bind  the  H  and  CI  ions  in 
the  molecule  of  HCl  are  so  reduced  that  during  the  collisions  which  occur 
these  ions  become  separated,  so  that  at  any  instant  a  finite  proportion  of 
ions  are  separated  one  from  the  other.  It  does  not  follow  that  the  same 
ions  are  always  thus  separated,  as  they  may  recombine,  but  that  taken 
as  a  whole  there  are  always  a  considerable  number  in  the  separate 
conditions.  In  either  case  the  HCl  is  said  to  be  dissociated  or  ionised 
by  its  solution  in  the  water.  In  very  weak  solutions  the  electrical  re- 
sistance is  such  that  it  would  appear  that  all  the  molecules  of  the  HCl 
are  dissociated,  while  in  stronger  solutions  only  a  fraction  of  the  HCl 
molecules  are  dissociated,  and  that  the  undissociated  molecules  play  no 
part  in  the  conduction  of  the  electricity  in  the  solution. 

In  order  to  account  for  the  dissociating  influence  of  water,  the  theory 
has  been  put  forward  that  the  forces  which  hold  the  ions  together  to  form 
a  molecule  are  due  to  the  electrical  attractions  between  the  oppositely 
charged  ions,  so  that  as  the  specific  inductive  capacity  of  water  is  very 
great,  this  force  is  very  much  reduced  when  the  molecule  is  dissolved  in 
water.  For,  as  we  have  already  seen  (§  465),  if  two  charged  bodies  are 
transferred  from  air  into  a  medium  of  which  the  specific  inductive 
capacity  is  K^  the  force  exerted  between  them  is  reduced  to  \\K th. 
Hence,  since  the  ions  are  supposed  to  have  a  constant  charge,  the  force 
exerted  between  the  ions  in  a  molecule,  tending  to  prevent  the  splitting 
up  of  the  molecule,  will  be  less  in  a  medium  of  high  specific  inductive 
capacity  such  as  water,  for  which  A"=79,  than  in  one  of  small  specific 
inductive  capacity. 

The  dissociation  or  ionisation  here  considered  is  of  a  different  nature 
from  that  which  may  be  produced  by  increasing  the  temperature  to  which 
a  pure  substance  is  subjected,  and  must  not  be  confused  with  it.  Thus 
ammonium  chloride  (NH4CI)  when  heated  dissociates  into  ammonia  (NH3) 
and  hydrochloric  acid  (HCl),  while  in  a  solution  of  NH4CI  in  water  dis- 
sociation takes  place  into  the  ions  N  H*  and  CL 


§  544]  Migration  of  the  Ions  779 

The  hypothesis  that  in  an  electrolyte  the  ions  exist  in  the  uncom- 
bined  condition  receives  further  support  from  the  other  properties  of  such 
solutions  considered  in  §§  164,  225,  227.  As  has  been  pointed  out,  in  the 
case  of  solutions  of  acids  and  alkalies,  the  osmotic  pressure,  the  lowering 
of  the  freezing-point,  and  the  lowering  of  the  vapour  pressure  are  in  all 
cases  much  greater  than  in  the  case  of  non-electrolytes.  If  we  remember 
that  on  Van't  Hoffs  hypothesis  these  effects  are  proportional  to  the 
number  of  molecules  present,  then,  in  order  to  extend  this  hypothesis  to 
electrolytes,  we  are  led  to  postulate  the  presence  of  a  greater  number 
of  molecules  than  appears  to  be  present,  if  we  suppose  that  the  body  is 
not  dissociated.  Thus,  as  shown  on  page  259,  the  molecular  depression 
of  the  freezing-point  produced  in  dilute  aqueous  solutions  of  such  non- 
electrolytes  as  sugar,  glycerine,  acetic  acid,  and  ethyl  alcohol,  is  about 
19.  In  the  case  of  hydrochloric  acid,  sulphuric  acid,  and  sodium  chloride, 
the  molecular  depression  is  about  36.  Now  if  in  the  dilute  solutions  the 
molecule  of  hydrochloric  acid  is  dissociated  into  H  and  CI  ions,  and  if 
each  ion  produces  the  same  effect  as  an  undissociated  molecule,  the 
solution  will  contain  twice  as  many  active  molecules  as  would  be  the 
case  if  no  such  dissociation  occurred,  and  hence  we  should  expect  the 
depression  of  the  freezing-point  to  be  twice  as  great  as  that  in  the  case 
where  no  dissociation  takes  place.  In  the  case  of  a  substance  like  barium 
chloride  (BaClg),  which  can  dissociate  into  a  barium  ion  and  two  chlorine 
ions,  we  should,  on  the  dissociation  hypothesis,  expect  the  molecular 
depression  of  the  freezing-point  to  be  three  times  as  great  as  in  the  casg 
of  an  undissociated  body.  As  a  matter  of  fact,  the  value  obtained  in  the 
case  of  barium  chloride  is  48.6,  and  although  this  is  not  quite  equal  to 
three  times  19,  yet  the  difference  can  be  satisfactorily  explained  by  sup- 
posing that  the  whole  of  the  barium  chloride  in  thfe  solution  employed 
in  determining  the  depression  of  the  freezing-point  was  not  dissociated, 
so  that  there  were  some  molecules  of  BaClg  present  which  would  only 
produce  a  third  of  the  depression  that  they  would  have  produced  had 
they  been  dissociated. 

While  some  supporters  of  the  dissociation  theory  maintain  that  in  a 
dilute  solution  the  ions  are  almost,  if  not  quite,  separate  and  remain  so 
all  the  time,  others  only  consider  that  in  an  electrolyte  the  ions  are  so 
loosely  joined  together  that  they  are  continually  exchanging  partners, 
and  that  the  influence  of  the  electromotive  force  used  to  send  the  current 
is  to  direct  those  ions  which  at  the  moment  happen  to  be  in  the  process 
of  changing  partners.  Several  attempts  have  been  made  to  devise  ex- 
periments to  show  that  the  ions  are  separate,  but  they  are  none  of  them 
conclusive.  It  does  not,  however,  much  matter  which  hypothesis  we 
adopt,  since  either  is  capable  of  explaining  the  observed  phenomena. 

544.  Migration  of  the  Ions.— If  a  solution  of  copper  sulphate  is 
electrolysed  between  copper  electrodes,  the  copper  cation  will  be  sepa- 
rated from  the  solution  and  be  deposited  on  the  cathode.  The  anion 
SO4  will  not,  however,  be  liberated  in  the  free  state  at  the  anode,  but 
will  attack  the  anode  forming  copper  sulphate.  The  result  is  that  for 
every  copper  ion  that  goes  out  of  solution  at  the  cathode,  another  copper 
ion  comes  into  solution  at  the  anode,  while  the  SO4  ions  remain  in  a 
constant  number  in  the  solution.  Thus  the  total  quantity  of  copper 
sulphate  in  the  solution  is  unaltered  by  the  process  of  electrolysis.  The 
concentration  of  the  solution,  however,  becomes  greater  near  the  anode, 
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while  it  becomes  less  near  the  cathode.  In  the  case  of  a  solution  of 
copper  sulphate  this  can  be  easily  seen,  if  the  electrodes  are  arranged 
one  above  the  other,  the  anode  being  below,  so  that  the  strength  of  the 
solution  does  not  tend  to  be  equalised  by  convection  currents  set  up  by 
the  differences  in  density  of  the  solution  near  the  electrodes.  After  the 
current  has  been  passed  for  some  time,  it  will  be  observed  that  the  colour 
of  the  solution  is  darker  near  the  anode  and  lighter  near  the  cathode  than 
it  was  before  the  passage  of  the  current. 

In  this  case  the  reaction  between  the  anion,  SO4,  and  the  anode  to 
produce  CUSO4  will  account  for  the  strengthening  of  the  solution  near  the 
anode.  This  explanation  will  not,  however,  hold  in  all  cases,  for  Hittorf, 
who  made  many  accurate  observations  of  the  changes  in  the  strength  of 
electrolytes  produced  by  the  passage  of  the  current,  found,  in  the  case 
of  many  electrolytes  where  no  secondary  reaction  between  the  liberated 
ions  and  either  the  electrodes  or  the  solvent  took  place,  that  the  solution 
became  weaker  near  one  electrode  than  near  the  other.  In  such  cases 
as  that  of  the  electrolysis  of  copper  sulphate,  where  secondary  reactions 
take  place,  it  is  found  that,  when  due  allowance  is  made  for  the  effects  of 
such  secondary  reactions  on  the  concentration  of  the  solution  near  the 
electrode  at  which  the  secondary  reaction  occurs,  still,  the  concentration 
varies  more  near  one  electrode  than  near  the  other.  In  order  to  account 
for  these  facts,  Hittorf  has  put  forward  the  hypothesis  that  the  ions,  when 
they  travel  through  the  liquid  under  the  influence  of  the  potential  differ- 
ence which  forces  the  current  through  the  solution,  do  not  travel  with  the 
Same  velocity,  but  that  for  a  given  concentration  of  the  solution,  and  a 
given  potential  gradient,  each  kind  of  ion  moves  with  a  constant  velocity, 
and  that  the  velocities  corresponding  to  different  ions  are  not  the  same. 
Hittorf  also  found  that  the  weakening  of  the  solution  took  place  exclu- 
sively in  the  immediate  neighbourhood  of  the  electrodes. 

Let  a  be  the  weight  of  salt  lost  by  the  solution  near  the  anode  during 
the  passage  of  a  given  quantity  of  electricity,  and  k  the  corresponding 
quantity  lost  near  the  cathode.  Then  Hittorf  found  that  the  ratio  alk  has 
a  fixed  value  for  every  electrolyte,  if  only  lh6  solution  is  very  dilute.  The 
totar^cilllil)!  uf  ixilL  lujt  fmui  lliL  sOlliLioh  15  a-t-J?,  and  ttife  ratio'/?  of  the 
loss  of  salt  near  the  cathode  to  the  total  loss,  or  kj{a-\-k),  is  called  the 
migration  constant  or  transport  number  of  the  anion.  In  the  same  way, 
al{a  +  k)  or  1  -«  is  called  the  migration  constant  or  transport  number  of 
the  cation. 

Assuming  that  the  differences  in  the  concentration  are  due  to  the 
fact  that  the  ions  move  or  migrate  with  different  velocities,  we  can  deduce 
the  relative  velocities  of  the  ions  in  the  case  of  any  electrolyte  if  we  know 
the  value  of  n.  Thus  suppose  that  a  dilute  solution  of  hydrochloric  acid 
is  electrolysed,  the  process  being  continued  till  96,550  coulombs  of  elec- 
tricity have  passed,  so  that  36.4  grams  (one  gram  equivalent)  of  the  acid 
are  decomposed,  then  one  gram  of  hydrogen  will  be  liberated  at  the 
cathode,  and  35.4  grams  of  chlorine  at  the  anode. 

In  the  first  place,  let  us  suppose  that  the  current  is  carried  from  the 
anode,  A  (Fig.  529),  to  the  cathode,  K,  exclusively  by  the  motion  of  the 
hydrogen  ions,  each  carrying  its  charge  +f.  If  then  the  hydrogen  ions 
are  represented  by  the  sign  -f ,  and  the  chlorine  ions  by  - ,  the  arrange- 
ment of  the  ions,  or,  if  we  like,  the  molecules  of  salt,  in  their  loosely 
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combined  condition  can  be  represented  diagrammatically  by  (a),  Fig. 
529.  During  the  passage  of  the  current,  all  the  H  ions  will  move  to  the 
left,  so  that  i  gram  of  hydrogen  ions  will  be  evolved  at  K,  and  the  solu- 
tion near  A  will  therefore  lose  i  gram  of  H  ions.  The  solution  will  also 
lose  35.4  grams  of  CI  ions  near 

A,  for  the  CI  ions  which  are  left        K  <     ■  A 

on  account  of  the  migration  of 


+  +  +  4-4-  +  4-  +  +  4--f4--+ 
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-4-  +  H-+  +  4-  +  +-4-+  + 


the  H  ions  will  be  liberated  at 

the  anode.    The  gram  of  H  ions 

will   give    up   96,550    coulombs 

of   positive    electricity    to    the        y, 

cathode,  while  the  35.4   grams        "^ 

of  CI  ions  liberated   at   A   will  -;. 

give    up    96,5^0    coulombs     of 

negative  electricity  to  the  anode, 

which  is  equivalent  to  the  pas-  ^f^\ 

sage    of    96,550    coulombs    of 

positive    electricity     from     the  Fig.  529. 

anode    to    the    solution.      The 

current    at   the    cathode    is    thus    entirely    carried    by    the    positively 

charged  ions,  and  the  current  at    the   anode   entirely  by  the   motion 

of  the  negatively  charged  ions.      Thus  the    solution   near  A   will  lose 

36.4  grams  of  HCl,  so  that  the  arrangement  of  the  ions  or  molecules 

after  the  passage  of  the  current  can  be  represented  by  {b).     Hence  the 

supposition  that  the  H  ions  are  the  only  ones  which  migrate,  necessitates 

the  whole  loss  of  concentration  of  the  electrolyte  occurring  at  the  anode. 

In  the  same  way,  if  we  suppose  that  the  CI  ions  are  the  only  ones  which 

convey  the  current,  each  moving  towards  the  anode  with  the  charge  — f, 

the  H  ions  remaining  distributed  uniformly  throughout  the  solution,  and 

not  moving  when  the  current  passes,  then  the  solution  near  the  cathode 

will  lose  the  whole  36.4  grams  of  HCl. 

Next  suppose  that  the  H  ions  move  with  a  velocity  «,  and  the  CI  ions 
with  a  velocity  v,  then  part  of  the  current  in  the  body  of  the  solution  will 
be  due  to  the  movement  of  the  positively  charged  H  ions  in  the  same 
direction  as  the  current,  and  the  remainder  will  be  due  to  the  movement 
of  the  negatively  charged  CI  ions  in  the  opposite  direction.  In  unit  time 
the  number  of  H  ions  which  reach  the  cathode  will  be  to  the  number  of 
CI  ions  which  reach  the  anode  2isu:v.  Hence  the  fraction  of  the  quantity 
of  electricity  which  passes,  which  is  due  to  the  movement  of  the  H  ions, 
is  uf{u  +  v)f  while  the  fraction  due  to  the  movement  of  the  CI  ions  is 
v/(u-\-v).  In  order  to  obtain  the  changes  in  concentration  of  the  solution 
at  the  two  electrodes,  we  have  therefore  to  calculate  what  quantity  of 
the  electrolyte  will   be  lost   near  the  cathode  due   to  the  passage  of 

V 

X  96550  coulombs  carried  by  the  CI  ions,  and  the  loss  near  the 

anode  due  to  the  carrying  of  x  96550  coulombs   by   the    H  ions. 

From   a   consideration   of   what    happened    when    the    whole    of   the 
electricity  was  supposed  to  be  carried  by  the  H  ions,  we  see  that  if 

u 
— —  X  96550  coulombs  IS  carried  by  the  H  ions,  the  loss  {a)  of  HCl  near 
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the  anode  will  be  36.4  x  — — —  grams.  In  the  same  way,  the  loss  {k)  neai* 
the  cathode  will  be  36.4  x  — --  gn'ams. 

Hence  -  =  ?=-^^,  where  n  is  the  migration  constant  for  the  anion, 

V     k         ft 

as  determined  by  Hittorf.  It  will  be  noted  that  in  unit  time  «  hydrogen 
ions  move  away  from  the  anode,  and  hence  u  chlorine  ions  will  be  left 
alone  near  the  anode,  and  will  be  evolved.  In  the  same  way,  when  v  CI 
ions  move  away  from  the  cathode,  v  H  ions  will  be  left,  and  these  also 
will  be  liberated,  so  that  at  both  anode  and  cathode  u-\-v  ions  will  be 
liberated. 

At  the  cathode  the  current  is  entirely  carried  by  positively  charged  H 
ions,  while  at  the  anode  the  current  is  entirely  carried  by  the  negatively 
charged  CI  ions.  In  the  intervening  electrolyte  the  current  which 
traverses  any  given  section  taken  right  across  is  partly  carried  by  the 
motion  in  one  direction  of  the  positively  charged  ions  and  partly  by  the 
motion  in  the  opposite  direction  of  the  negatively  charged  CI  ions. 

646.  The  Moleculap  Conductivity  of  Eleetpolytes— lonie  Velo- 
cities.—Let  c  be  the  number  of  gram  equivalents  (J5  542)  of  an  electrolyte 
contained  in  a  litre  of  solution,  then  the  actual  number  of  molecules  in  a 
cube  of  which  each  edge  is  one  centimetre  will  be  proportional  to  c. 
Hence,  if  the  whole  number  of  molecules  of  the  salt  are  dissociated,  the 
number  of  ions  contained  in  the  unit  cube  of  the  solution  will  be  propor- 
tional to  c.  If  now  an  E.M.F.  e  acts  between  the  opposite  faces  of  the 
unit  cube,  and  a  current  C  passes,  and  if  K  is  the  conductivity  (§  484)  of 
the  solution,  we  have  K==Cle.  If  further  we  assume  that  the  current  is 
conveyed  exclusively  by  the  ions,  and  that,  as  long  as  the  rate  of  fall  of 
potential  along  the  solution  is  constant,  that  is,  in  the  case  before  us  if  e 
is  constant,  the  velocity  of  the  ions  is  constant  whatever  the  concentra- 
tion of  the  solution,  it  follows  that  the  current  must  be  proportional  to 
the  number  of  ions  between  the  opposite  faces  of  our  unit  cube.  Hence 
the  conductivity  must  be  proportional  to  the  number  of  ions  contained  in 
the  unit  cube,  so  that  if  K  is  the  specific  conductivity  of  the  solution,  that 
is,  the  conductivity  between  the  opposite  faces  of  the  unit  cube,  we  have 

K^mc^ 

where  w  is  a  constant,  and  is  called  the  molecular  conductivity  of  the  salt 
which  forms  the  electrolyte. 

Kohlrausch,  who  has  made  a  number  of  measurements  of  the  con- 
ductivity of  solutions  of  electrolytes  of  different  concentrations,  found 
that  for  fairly  strong  solutions  the  molecular  conductivity  was  not  con- 
stant, but  that  it  increased  as  the  dilution  increased.  As  the  solution 
became  very  dilute,  however,  the  value  obtained  for  the  molecular  con- 
ductivity for  any  given  salt,  in  general,  became,  constant.  Thus  in  the 
case  of  solutions  of  potassium  chloride  the  following  table  exhibits  the 
values  which  he  obtained. 

The  first  column  contains  the  value  of  the  concentration,  that  is,  the 
number  of  gram  equivalents  of  the  salt  contained  in  a  litre  of  the  solu- 
tion (i   gram   equivalent  of  KC1  =  74.4  grams).     The  second  column 
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contains  the  specific  conductivity  of  the  solution  at  18°  C,  measured  in 
ohms"^  cm.~\  while  the  third  column  contains  the  values  of  the  molecular 
conductivity  deduced  from  the  values  given  in  the  first  two  columns. 

Conductivity  of  Solutions  of  KCl. 


Concentration  in 

Gram  Equivalents  of 

KCl  per  Litre. 

Specific  Conductivity  in 
Ohms~i  cm.~i 

Molecular  Con- 
ductivity. 

3.0 
1.0 

•5 

.01 
.001 
.0001 
.00001 

.2637 

.0977 

.0509 

.01113 

.001219 

.0001268 

.00001285 

.000001293 

.0879 
.0977 
.1018 
.1113 
.1219 
.1268 
.1285 
.1293 

This  table  very  clearly  shows  the  increase  of  the  molecular  conductivity 
as  the  dilution  is  increased,  and  it  will  be  noticed  that,  while  the  conduc- 
tivity of  a  solution  containing  one  gram  equivalent  in  the  litre  is  0.0977, 
if  a  solution  of  one-tenth  of  a  gram  equivalent  per  litre  is  taken,  the 
conductivity  is  0.01113.  Hence,  while  the  ratio  of  the  concentrations 
is  0.1,  the  ratio  of  the  specific  conductivities  is  .0977/.01113  or  0.114. 
It  would  thus  appear  that  as  the  concentration  decreases  the  salt 
conducts  better.  This  change  is  explained  on  the  ionic  hypothesis 
by  supposing  that,  at  the  greater  concentration,  only  part  of  the  total 
number  of  molecules  of  the  salt  present  in  the  solution  is  dissociated 
into  ions,  and  so  the  number  of  ions  capable  of  conveying  the  current  is 
less  than  the  number  calculated  on  the  supposition  that  all  the  salt  is 
dissociated,  and  further  that  the  proportion  of  salt  dissociated  increases 
as  the  dilution  is  increased.  As  the  dilution  is  increased,  the  molecular 
conductivity  increases,  and  for  very  great  dilution  becomes  practically 
constant,  owing  to  the  fact  that  at  great  dilutions  the  whole  of  the  salt 
present  is  dissociated.  Hence,  when  calculating  the  molecular  conduc- 
tivity we  do  not,  as  is  the  case  at  greater  concentrations,  include  the 
undissociated  molecules,  which,  although  they  are  reckoned  in  the 
value  taken  for  the  concentration,  <:,  are  not  effective  in  the  current 
conduction.^ 

.  By  a  study  of  the  molecular  conductivity  of  very  dilute  solutions  of 
different  salts  containing  a  common  anion,  such  as  potassium  chloride 
and  sodium  chloride,  and  of  similar  solutions  of  salts  containing  the 
same  cation,  such  as  sodium  chloride  and  sodium  nitrate,  Kohlrausch 
was  led  to  the  conclusion  that  the  maximum  molecular  conductivity  of 
an  electrolyte  can  be  calculated  by  adding  together  two  constants,  the 


1  The  change  of  molecular  conductivity  with  concentration  may  also  be  explained 
on  the  supposition  that  the  ionic  velocities  vary  with  the  concentration,  without  pos- 
tulating any  increase  in  the  dissociation  with  dilution. 
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values  of  which  depend  on  the  nature  of  the  anion  and  cation  respec- 
tively. Further,  that  these  two  constants  for  the  ions  of  any  given 
electrolyte  must  be  proportional  to  the  migration  velocities  u  and  v  of 
the  ions. 

To  see  how  this  consequence  follows  from  the  ionic  theory,  we  may 
consider  a  column  of  the  electrolyte  of  which  the  cross-section  is  one 
square  centimetre,  and  suppose  that  the  difference  of  potential  between 
the  ends  of  a  length  of  this  cylinder  of  one  centimetre  is  e  c.^.s.  units,  the 
specific  conductivity  being  K.  The  current  C  flowing  through  the 
liquid  Will  by  Ohm's  law  be  given  by  C=eK.  Now  if  we  consider  a 
partition  across  the  column  of  electrolyte,  and  if  u  is  the  migration 
velocity  of  the  cation  and  v  that  of  the  anion,  and  if  A'  is  the  number  of 
anions  and  of  cations,  respectively,  contained  in  the  unit  of  volume,  the 
number  of  anions  which  cross  this  partition  in  unit  time  is  AV,  while  the 
number  of  cations  which  cross  in  the  opposite  direction  is  A^u.  Since 
each  cation  carries  a  charge  of  +f,  and  each  anion  one  of  -f,  the  total 
quantity  of  electricity  carried  across  the  partition  in  one  second  is 
(i/  +  z/)/Vf,  for  a  charge  -<AV  carried  in  the  opposite  direction  to  that 
in  which  the  current  is  flowing  is  the  same  as  the  passage  of  +  fNv  in 
the  same  direction  as  that  of  the  current.  But  the  total  quantity  of 
electricity  which  crosses  the  partition  in  one  secdhd  is  the  same  thing  as 
the  current  C  which  is  passing  through  the  liquid.     Hence 

Now  iVe  is  the  total  charge  on  all  the  ions  of  one  sign  within  one  cubic 
centimetre  of  the  solution,  and  we  have  seen  on  p.  777  that  the  total 
charge  on  all  the  ions  corresponding  to  one  gram  equivalent  is  96,550 
coulombs  or  9655  c.g.s.  units.  Hence,  if  the  solution  we  are  considering 
contains  c  gram  equivalents  per  litre,  that  is,  ex.  io~'  gram  equivalents 
per  cubic  centimetre,  the  total  charge  on  the  ions  of  one  sign  in  i  cc 
will  be  9655  X  ^x  lo-*,  so  that  AV  =  9655  x  ^x  lo"*.     Hence 


If  the  potential  gradient  is  one  volt  per  centimetre,  so  that  e  is  one  volt 
or  10^  c.g.s.  units,  we  get — 


v 


u  +  v=  1.0.357  X  lO^— . 


But  KJc  is  the  molecular  conductivity  m.     Hence 


«+«/=  1.0357  X  16'  .ntj 

where  m  is  measured  in  c.g.s.  units,     li  m'  \s  the  moIe^Kr  conductivity 
measured  in  ohms~^  cm.~*,  since  i  ohm  =  iG^  cg.s.  units — 


«  +  z/= 
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Now  we  have  already  seen  that  the  migration  constant  of  the  anion  was 
connected  with  the  migration  velocities  by  the  equation 

V 

n  = 

u-\-v 

Hence,  knowing  from  migration  data  the  value  of  the  ratio  Of^the  velocity 
of  the  anion  to  the  sum  of  the  velocities  of  the  two  ions,  and  from  the 
conductivity  data  the  value  of  the  sum  of  the  two  velocities,  the  absolute 
value  of  each  of  these  quantities  can  be  calculated.  In  the  following 
table  a  few  of  the  values  of  the  migration  velocities  obtained  in  this  way 
are  given,  as  well  as  the  data  from  which  they  are  calculated.  The 
temperature  is  18°  C.  and  the  potential  gradient  i  volt  per  cm.  The  first 
column  contains  the  name  of  the  electrolyte,  the  second  the  molecular 
conductivity  for  an  infinitely  dilute  solution,  in  which  all  the  salt  may  be 
considered  to  be  dissociated,  the  third  column  contains  the  sum  of  the 
ionic  velocities  obtained  by  multiplying  the  numbers  in  the  second 
column  by  1.0357  xio"^.  The  fourth  column  contains  the  numbers 
obtained  by  Hittorf  for  the  ratio  of  the  loss  of  salt  at  the  cathode  to  the 
total  loss,  that  is,  the  values  of  n^  while  in  the  last  two  columns  the  values 
of  the  velocities  of  the  cations  and  anions  are  given  as  derived  from  the 
numbers  in  the  third  and  fourth  columns. 


Migration  Velocity  of  the  Ions. 


Substance. 

Woo 

u  +  v 

V 

u 

V 

cm.  per  sec. 

u  +  v 

cm.  per  sec. 

cm.  per  sec. 

KCl  .     .    . 

I307X  10-'' 

135 X IQ-^ 

.5. 

66  X iQ-s 

69 X  IQ-^ 

NaCl     .     . 

1095 

)? 

113       JJ 

.62 

43      JJ 

70        „ 

LiCl.     .     . 

lOIO 

» 

105       „ 

.68 

34      ,j 

71         „ 

NH4CI  .     . 

1297 

jj 

134       ,j 

•51 

71      „ 

63        J, 

HCl  .     .     . 

3752 

>» 

3^9      JJ 

.21 

3"       J, 

78        „ 

KNO3  .     . 

1254 

JJ 

130      „ 

.50 

65      JJ 

65         ,J 

NaNOj      . 

1042 

JJ 

108      „ 

.61 

42      „ 

66      „ 

AgNOg.         . 

II59 

JJ 

120      „ 

•53 

56      „ 

64      „ 

KOH     .     . 

2360 

» 

244      » 

•74 

63      „ 

181      „ 

NaOH  .     . 

2137 

J) 

221      „ 

.84 

35      » 

186      „ 

It  will  be  seen  that  the  numbers  obtained  for  the  same  ion  from 
different  salts  agree  fairly  well  together,  the  differences  being  probably 
due  to  inaccuracies  in  the  values  for  the  migration  data.  This  is  rendered 
extremely  probable  on  account  of  the  difficulty  of  accurately  measuring 
the  loss  of  salt  near  the  electrodes.  Further,  it  is  to  be  noted  that  the 
migration  data  have  only  been  determined  for  comparatively  concentrated 
solutions,  and  that  the  values  of  the  migration  constants  seem  to  change 
slightly  with  the  concentration,  so  that,  instead  of  using  the  values  given 
in  the  table,  we  ought  to  use  those  for  a  very  dilute  solution,  such  as  is 
employed  in  deriving  the  molecular  conductivity.  Kohlrausch  has  at- 
tempted to  allow  for  this  effect  of  concentration  on  the  migration  constant, 

3  i> 
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and  the  values  for  the  ionic  velocities  which  he  considers  to  be  the  most 
accurate  are  given  in  the  following  table  : — 


Velocity  of  the  Ions. 


Cations. 

Anions. 

K     .     .     . 
Na  .     .     . 
Li    .     .     . 
H     .     .     . 
Ag.     .     . 

66  X  10-*  cm.  per  sec. 

45       n                 » 

36      „              ,, 
320      „ 

57      „ 

CI    .    .     . 

N03  .  . 

OH.     .     . 

69  X  iQ-"  cm.  per  sec. 

64      »              „ 
182      „ 

Direct  experimental  measurements  have  been  made  of  the  velocities 
of  some  ions,  and  the  results  obtained  agree  with  those  given  in  the 
above  table,  which  have  been  calculated  from  migration  and  conductivity 
data. 

546.  The  lonisation  Coefficient.— If  we  assume  that  the  increase 
of  the  molecular  conductivity  with  dilution  is  due  to  increased  dissocia- 
tion and  not  to  an  increase  of  the  ionic  velocities,  we  can  obtain  from  the 
obser\'ed  values  of  the  molecular  conductivity  the  fraction  of  the  total 
number  of  molecules  of  the  salt  which  are  dissociated.  If  a  is  the  fraction 
of  the  total  number  of  molecules  of  the  salt  present  which  have  become 
dissociated  at  the  given  concentration,  then,  since  it  is  only  the  dis- 
sociated molecules  which  can  conduct,  it  follows  that  the  molecular 
conductivity  at  any  given  concentration  must  be  to  the  molecular  con- 
ductivity at  infinite  dilution,  when  all  the  molecules  are  dissociated,  as 
the  number  of  molecules  actually  dissociated  in  the  solution  considered 
is  to  the  total  number  of  molecules  in  the  solution.  Hence,  if  vie  is  the 
molecular  conductivity  when  the  concentration  is  c  and  m^  the  molecular 
conductivity  for  an  infinitely  dilute  solution, 

The  quantity  a,  which  expresses  on  the  dissociation  theory  the  fraction 
of  the  number  of  molecules  present  which  exist  in  the  solution  in  the 
ionic  condition,  is  called  the  ionisation  coefficient  or  the  dissociation 
coefficient. 

Now  according  to  Van't  HoflPs  theory  of  solutions  the  osmotic  pres- 
sure (§  164)  of  a  given  solution  is  proportional  to  the  number  of  molecules 
present  in  the  solution.  Suppose  that  N  molecules  of  potassium  chloride 
are  dissolved  in  i  c.c.  of  water,  then,  if  none  of  the  molecules  become 
dissociated,  the  osmotic  pressure  ought  to  be  proportional  to  ^V.  If,  how- 
ever, n  of  the  molecules  of  KCl  become  dissociated  into  the  ions  K  and 
CI,  the  number  of  molecules  present  will  be  {N—7i)  undissociated  mole- 
cules of  KCl  together  with  in  ions.  Hence,  if  we  suppose  that  the  effect 
of  each  of  the  ions,  into  which  the  molecule  is  split,  in  producing  the 
osmotic  pressure  is  the  same  as  that  produced  by  one  of  the  undissociated 
molecules,  the  osmotic  pressure  will  be  proportional  to  N-\-n.     Thus, 
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by  determining  first  the  osmotic  pressure,  /,  produced  when  N  molecules 
of  some  body,  such  as  sugar,  which  is  not  an  electrolyte  and  hence  is 
not  dissociated,  is  dissolved  in  unit  volume  of  water,  and,  secondly,  the 
osmotic  pressure,  p\  produced  when  the  same  number  of  molecules  of 
an  electrolyte  is  dissolved,  we  can  calculate  the  ratio  of  the  number  of 
molecules,  w,  which  are  dissociated  to  the  total  number  of  molecules 
present,  that  is,  calculate  the  ionisation  coefficient  a.     Thus 

/     N-\-n        ,  n 


or 


J-P 


In  the  same  way,  from  the  comparison  of  the  depression  of  the  freezing- 
point  (§  225)  produced  by  TV  molecules  of  a  non-electrolyle  with  that  pro- 
duced by  the  same  number  of  molecules  of  an  electrolyte  we  can,  making 
the  same  supposition  as  to  each  of  the  ions  of  a  dissociated  molecule 
producing  the  same  depression  as  an  undissociated  molecule,  calculate 
from  such  observations  the  value  of  the  ionisation  coefficient. 

In  the  following  table  the  values  of  the  ionisation  coefficient  as 
obtained  from  these  entirely  different  data  are  given,  and  it  will  be 
noticed  that  the  agreement  of  the  numbers  obtained  in  the  various  ways 
is  on  the  whole  very  fair.  Whether  we  accept  the  dissociation  hypothesis 
or  not,  at  any  rate  these  numbers  show  that  there  must  be  some  intimate 
relation  between  the  cause  of  the  conductivity  of  electrolytes,  the  depres- 
sion of  the  freezing-point  and  the  osmotic  pressure. 

Ionisation  Coefficients. 


Substance. 

Concentration 

in 
Gram- Molecules 

Coefficient  of  lonisation  deduced 

from 

from  Depression 

per  Litre. 

Conductivity. 

of  Freezing-Point. 

r 

0.002 

1.00 

0.98 

HCl          .         .         A 

O.OI 

0.99 

0.96 

I 

O.I 

0.94 

0.89 

r 

0.003 

0.90 

0.86 

H2SO4  .     .     \ 

0.005 

0.85 

0.84 

I 

0.05 

0.62 

0.61 

{ 

0.002 

I.OO 

0.98 

KOH      .        .        A 

0.0 1 

0.99 

0.94 

I 

o.l 

0-93 

0.83 

' 

0.002 

0.99 

0.98 

NaOH     . 

0.0 1 

0.99 

0.94 

0.05 

0.90 

0.88 

0.003 

0.91 

0.96 

Na^COg  .        .        . 

0.005 

0.86 

0.96 

0.05 

0.65 

0.73 
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547.  Polarisation.— If  an  electrolytic  cell  is  prepared  containing  a 
solution  of  sulphuric  acid,  the  electrodes  being  composed  of  platinum 
plates,  and  this  cell  and  a  galvanometer  are  included  in  a  circuit  together 
with  a  source  of  E.M.F.,  the  following  phenomena  will  occur.  If  the 
E.M.F.  of  the  battery  is  less  than  about  1.7  volts,  on  closing  the  circuit 
the  galvanometer  will  indicate  that  a  current  passes  in  the  circuit.  The 
strength  of  the  current  will,  however,  rapidly  decline,  till  after  a  short 
time  only  a  very  minute  current  will  continue  to  pass.  If  the  E.M.F.  of 
the  battery  is  greater  than  1.7  volts  the  current  will  decrease  in  strength 
for  some  time  after  the  closing  of  the  circuit,  but  it  will  never  become 
evanescent,  as  was  the  case  when  the  E.M.F.  was  below  1.7  volts.  If, 
after  the  passage  of  a  current  through  the  electrolytic  cell,  the  battery  is 
removed  and  the  circuit  completed  by  joining  together  the  ends  of  the 
wires  which  were  connected  to  the  poles  of  the  battery,  a  current  will 
pass  round  the  circuit  for  some  time  in  the  opposite  direction  to  that  in 
which  the  current  sent  from  the  battery  passed.  Thus  the  plates  of 
platinum  immersed  in  the  electrolyte  possess  the  power  not  only  of 
practically  stopping  the  passage  of  a  current  in  a  circuit  in  which  the 
E.M.F.  is  less  than  1.7  volts,  that  is,  are  capable  of  exerting  an  E.M.F. 
in  the  opposite  direction  to  that  which  is  due  to  the  battery,  and  so 
of  preventing  the  passage  of  a  current ;  but  also  this  opposing  E.M.F. 
continues  for  some  time  after  the  removal  of  the  external  E.M.F.,  so  that 
the  electrodes  are  able  to  send  a  current  through  the  circuit.  This  pheno- 
menon is  called  polarisation,  and  the  electrodes  are  said  to  be  polarised. 
If  a  current  is  passed  through  an  electrolytic  cell  containing  dilute  sul- 
phuric acid,  and  in  which  the  electrodes  are  of  platinum,  and  the  E.M.F. 
between  the  electrodes  is  measured  immediately  after  the  removal  of  the 
external  E.M.F.,  it  will  be  found  to  be  1.07  volts,  the  anode  being  at  the 
higher  potential. 

It  must  be  noticed  that,  although  according  to  the  ionic  hypothesis 
the  ions  exist  in  the  electrolyte  in  the  dissociated  condition,  it  does  not 
follow  that  no  work  has  to  be  done  to  liberate  the  ions  from  the  solution. 
In  the  solution  each  ion  has  its  appropriate  charge;  when  the  ion  is 
liberated  at  the  electrode,  however,  this  charge  has  been  removed,  so  that 
the  condition  of  the  liberated  ions  is  quite  different  from  that  when  they 
were  in  the  solution.  If  we  assume  that  the  hydrogen,  say,  as  it  is  given 
off,  consists  of  molecules  each  containing  two  atoms,  these  atoms  being 
held  together  by  chemical  forces  so  as  to  form  a  compound,  containing, 
however,  only  one  kind  of  element ;  then  if,  as  seems  probable,  chemical 
combination  really  consists  in  the  holding  together  of  the  atoms  by  the 
electrical  forces  in  play  between  their  charges,  we  are  led  to  the  necessity 
for  supposing  that  the  molecule  of  hydrogen  given  off  at  the  cathode 
must  consist  of  a  positively  charged  atom  and  a  negatively  charged  atom. 
Hence  in  the  process  of  electrolysis,  while  one  hydrogen  atom  retains  its 
positive  charge  the  other  loses  its  positive  charge,  and  takes  up  from 
the  cathode  an  equal  negative  charge,  and  the  two  combine  to  form  a 
molecule  of  neutral  hydrogen.  As  far  as  the  passage  of  electricity  through 
the  electrolytic  cell  is  concerned,  the  giving  up  of  its  positive  charge  to 
the  cathode  by  a  hydrogen  ion  is  exactly  the  same  thing  as  taking  an 
equal  negative  charge  from  the  cathode,  so  that  although  all  the 
hydrogen  ions  do  not  lose  their  charge  when  they  are  liberated,  as  we 
have  tacitly  assumed  in  the  preceding  pages,  the  quantity  of  electricity 
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which  passes  through  the  cell,  while  a  given  number  of  H  ions  are 
liberated,  is  the  same  as  it  would  be  if  all  the  H  ions  gave  up  all  their 
charges  to  the  cathode. 

The  explanation  of  the  fact  that  the  polarised  electrodes  are  able, 
when  the  E.M.F.  sending  a  current  through  the  cell  is  removed,  to  send 
a  current  through  the  circuit  in  the  reverse  direction,  is  that  the  gases 
produced  at  the  electrodes  are  not  entirely  liberated  and  given  off,  but 
that  the  platinum  absorbs  a  certain  quantity  of  the  gas.  On  the  removal 
of  the  E.M.F.  this  absorbed  gas  tends  to  return  into  the  solution,  and 
each  ion  of  the  cation,  when  it  leaves  the  cathode,  becomes  charged  posi- 
tively, while  each  anion  as  it  leaves  the  anode  is  negatively  charged. 
Thus  positive  electricity  is  taken  away  from  the  cathode  and  negative 
from  the  anode,  and  hence  in  the  external  circuit  connecting  the  elec- 
trodes a  current  will  flow  from  the  anode  to  the  cathode,  that  is,  in  the 
reverse  direction  to  the  original  current. 

There  are  two  distinct  effects  which  are  in  general  included  under  the 
term  polarisation.  One  of  these  is  the  back  E.M.F.,  which  must  exist 
when  chemical  decomposition  is  being  performed  by  the  current,  in  order 
that  the  requisite  amount  of  energy  may  be  supplied  by  the  current.  The 
other  is  an  effect  due  to  the  accumulation  of  the  products  of  the  decom- 
position on  or  near  the  electrodes.  Thus  in  the  case  of  the  electrolysis 
of  dilute  sulphuric  acid  between  unplatinised  platinum  electrodes,  the 
polarisation  E.M.F.  amounts  to  about  1.7  volts.  Le  Blanc  has,  however, 
shown  that  if  platinised  electrodes  are  employed,  water  may  be  decom- 
posed with  an  E.M.F.  of  only  1.07  volts'.  When  unplatinised  electrodes 
are  used  the  gases  are  evolved  in  the  form  of  bubbles  which  form  on  the 
plates,  and  it  would  appear  that  a  certain  amount  of  work  has  to  be  done 
in  producing  these  bubbles.  With  platinised  electrodes,  on  the  other 
hand,  a  much  larger  quantity  of  the  gases  separated  by  the  passage  of 
the  current  will  not  be  liberate''  in  the  gaseous  form,  but  will  be  absorbed 
by  the  platinum,  and,  in  addition,  the  numerous  small  points  which  are 
present  on  the  platinised  surface  seem  to  facilitate  the  evolution  of  the 
bubbles.  Hence  we  are  led  to  the  conclusion  that  1.07  volts  represents 
the  E.M.F.,  which  corresponds  to  the  chemical  work,ithat  is,  the  splitting 
up  of  the  chemical  compound  that  forms  the  electrolyte,  which  is  done  in 
the  cell,  while  the  greater  value,  1.7  volts,  which  is  necessary  to  produce 
decomposition  when  unplatinised  platinum  electrodes  are  employed,  is 
due  to  the  additional  work  which  has  to  be  done  at  the  electrodes  in 
performing  the  mechanical  work  of  separating  the  liberated  gases  from 
the  electrodes. 

The  term  polarisation  is  also  used  in  yet  another  sense,  when  the 
increase  of  the  resistance  of  an  electrolytic  cell,  due  to  the  fact  that  the 
bubbles  of  gas  which  adhere  to  the  electrodes  virtually  diminish  the  cross- 
section  of  the  liquid  conductor,  and  hence  increase  the  resistance,  is 
spoken  of  as  being  due  to  polarisation. 

It  is  better,  however,  to  call  such  an  effect  as  this  a  transition  or 
secondary  resistance.  The  magnitude  of  these  mechanical  effects 
depends  on  the  current  density,  that  is,  the  quotient  of  the  current  pass- 
ing by  the  area  of  the  electrode,  on  the  solubility  of  the  gases  Hberated 

^  We  shall  return  to  the  subject  of  the  connection  between  the  E.M.F.  and  the 
energy  required  to  perform  the  chemical  work  in  §  562. 
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in  the  electrolyte,  and  on  the  occlusion  of  the  gases  by  the  electrodes. 
So  that  if  the  term  polarisation  is  taken  to  include  all  these  effects  its 
value  is  most  indefinite. 

In  the  case  of  the  electrolysis  of  a  solution  of  copper  sulphate  between 
electrodes  of  copper  we  have  copper  deposited  on  the  cathode,  and  the 
SO4  ion  attacks  the  anode  producing  copper  sulphate.  Hence  in  such  a 
case  the  energy  which  is  required  to  split  up  the  salt  is  regained  by  the 
formation  of  an  equal  mass  of  the  salt  at  the  anode,  so  that  no  work  has 
to  be  done  by  the  current  in  producing  chemical  energy  of  separation. 
We  should  therefore  expect  that  in  this  case  there  would  be  no  counter 
E.M.F.  of  polarisation,  which  as  a  matter  of  fact  is  found  to  be  the 
case.  Similarly,  when  a  solution  of  zinc  sulphate  is  electrolysed  between 
electrodes  of  zinc  there  is  no  polarisation.  When  there  is  no  polarisa- 
tion, the  difference  of  potential  between  the  electrodes  during  the 
passage  of  a  current  is  equal  to  the  product  of  the  current  into  the 
resistance  between  the  electrodes  according  to  Ohm's  law.  If,  however, 
there  is  an  opposing  E.M.F.  of  polarisation  e  developed  when  a  current 
C  is  passed,  the  resistance  of  the  electrolyte  between  the  electrodes 
being  /v",  then  by  Ohm's  law  there  will  be  a  difference  of  potential 
between  the  portions  of  the  electrolyte  near  the  anode  and  cathode 
respectively  given  by  RC.  Hence  in  this  case  the  difference  of  potential 
between  the  electrodes  will  be  given  by  E=RC-\-e^  so  that  C  =  {£-e)//^. 
Hence,  when  we  are  considering  the  passage  of  a  current  between  the 
electrodes  in  a  cell  where  polarisation  occurs,  the  applied  E.M.F.  must 
be  reduced  by  the  E.M.F.  of  polarisation  in  order  to  calculate  the 
current,  according  to  Ohm's  law,  from  the  resistance  of  the  cell. 

The  measurement  of  the  polarisation  produced  by  a  given  current 
must  be  made  very  quickly  after  the  removal  of  the  external  E.M.F. 
which  was  sending  the  current,  for  the  magnitude  of  the  polarisation 
E.M.F.  falls  rapidly.  The  experiment  may  be  performed  by  means  of 
the  arrangement  shown  in  Fig.  530.     The  electrodes  of  the  electrolytic 

cell  c  are  connected,  one  with  the 
stem  of  an  insulated  tuning-fork  F, 
and  the  other  with  one  pole  of  a 
battery,  and  with  one  of  the  pairs 
of  quadrants  of  a  quadrant  electro- 
meter. The  other  pole  of  the 
battery  and  the  other  quadrants  of 
the  electrometer  are  connected  to 
two  small  mercury-cups,  a  and  d. 
Two  platinum  wires  are  attached 
to  the  prongs  of  the  fork  in  such  a 
way  that  when  the  prongs  move 
towards  one  another  one  wire  dips 
into  the  mercury-cup  ^,  and  connects  the  electrolytic  cell  with  the 
battery,  while  when  the  prongs  move  away  from  each  other  the 
wire  attached  to  one  prong  is  withdrawn  from  the  cup  ^,  while  that 
attached  to  the  other  is  dipped  into  the  cup  a,  and  hence  connects  the 
electrolytic  cell  with  the  electrometer.  Thus  as  the  fork  vibrates  the 
electrolytic  cell  is  alternately  connected  with  the  battery  and  with  the 
electrometer,  and  from  the  deflection  of  the  electrometer  the  E.M.F.  of 
polarisation  can  be  obtained. 
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As  the  E.M.F.  of  the  battery  is  increased  it  is  found  that  at  first  the 
polarisation  E.M.F.  increases,  and  is  ahuost  exactly  equal  to  the  E.M.F. 
of  the  battery.  As  the  primary  E.  M.F.,  however,  gets  larger  the  polarisa- 
tion E.M.F.  increases  more  slowly,  but  recent  experiments  seem  to  show 
that  it  goes  on  increasing  very  slightly  even  after  the  primary  E.M.F.  has 
reached  such  a  value  that  an  appreciable  current  will  pass  through  the 
cell,  so  that  no  definite  maximum  of  polarisation  can  be  said  to  exist. 

A  phenomenon  which  is  intimately  related  with  that  of  polarisation, 
and  which  has  already  been  referred  to,  is  the  minimum  E.M.F.  required 
to  produce  continuous  decomposition.  This  E.M.F.  must  of  course  be 
greater  than  the  polarisation  E.M.F.  for  the  corresponding  current,  for 
otherwise  no  current  would  pass  through  the  cell,  and  hence  no  continuous 
decomposition  would  take  place. 

Numerous  experiments  on  the  minimum  E.M.F.  required  to  produce 
continuous  decomposition  have  been  made  by  Le  Blanc,  and  some  of  the 
values  he  has  obtained  for  solutions  containing  i  gram  equivalent  per 
litre  are  given  in  the  following  table  : — 


Minimum  E.M.F. 

Minimum  E.M.F. 

for  Continuous 

Solution  of 

for  Continuous 

Solution  of 

Decomposition 

Decomposition, 

(Unplatinised 
Electrodes). 

ZnS04.     .     • 

2.35  volts. 

H2SO4.     .     . 

1.67 

ZnBrg   .     .     . 

1.80      „ 

HNO3.     .     . 

1.69 

Pb(N03)2.     . 

1.52      „ 

H3PO,       .     . 

1.70 

AgNOg        .        . 

0.70      „ 

HCl     ... 

I-3I 

Cd(N03)2.       . 

1.98      „ 

CdSO^.     .     . 

2.03      „ 

CdClg  .    .     . 

1.78      „ 

It  will  be  noticed  that,  in  the  case  of  acids  which  on  electrolysis  evolve 
hydrogen  at  the  cathode  and,  owing  to  secondary  reactions,  oxygen  at 
the  anode,  decomposition  starts  with  a  potential  difference  of  1.7  volts. 
Experiments  on  the  influence  of  the  concentration  of  the  solutions  on  the 
minimum  E.M.F.  required  to  produce  continuous  decomposition  have 
shown  that,  in  the  case  of  solutions  of  acids  where  the  value  is  about  1.7, 
this  value  is  practically  independent  of  the  concentration.  In  the  case  of 
such  acids  as  hydrochloric  acid,  however,  where  the  value  is  considerably 
below  1.7,  the  minimum  E.M.F.  increases  as  the  dilution  is  increased,  and 
approaches  the  value  1.7  for  very  great  dilutions.  It  is  of  interest  to  note 
that  in  a  very  dilute  solution  of  HCl  the  gas  liberated  at  the  anode  is  no 
longer  chlorine,  but  that  a  secondary  reaction  takes  place  and  oxygen  is 
evolved  ;  so  that  at  these  great  dilutions  the  electrolysis  of  HCl,  as  of  the 
other  acids,  involves  the  evolution  of  H  and  O,  and  in  these  circum- 
stances the  minimum  E.M.F.  is  the  same  for  all. 

548.  Measurement  of  the  Resistance  of  Electrolytes.— As 
has  already  been  pointed  out,  when  measuring  the  resistance  of  an 
electrolyte  it  is  in  general  not  sufficient  to  measure  the  difference  of 
potential  E  between  the  electrodes  when  the  electrolyte  is  traversed  by  a 
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given  current  C,  and  then  deduce  the  value  of  the  resistance  from  the 
relative  R=EIC^  the  reason  being  that  part  of  the  E.M.F.  E  is  employed 
in  overcoming  the  polarisation  at  the  electrodes.  The  most  usual  manner 
of  overcoming  this  difficulty  is  to  include  the  electrolytic  cell  in  one  arm 
of  a  Wheatstone's  bridge,  the  electrodes  being  so  chosen  as  to  reduce 
the  polarisation  to  a  minimum,  and  to  use  an  alternating  current  on  the 
bridge.  In  order  to  supply  this  alternating  current  a  small  induction 
coil  (§  527)  is  employed,  the  secondary  of  the  coil  being  joined  to  the 
terminals  of  the  bridge  to  which  the  battery  is  usually  connected. 
Since,  when  an  alternating  current  is  employed,  the  current  which 
traverses  the  galvanometer  branch  when  the  bridge  is  not  balanced  is 
also  alternating,  an  ordinary  galvanometer  cannot  be  employed  ;  the 
reason  being  that  although  the  bridge  may  not  be  balanced,  yet  the 
galvanometer  would  be  undeflected,  for  it  would  be  traversed  by  a 
current  first  in  one  direction  and  then  in  the  other.  Hence,  since  the 
period  of  the  galvanometer  needle  has  to  be  much  greater  than  the 
period  of  the  alternations,  before  the  needle  has  time  to  move  appreciably, 
under  the  influence  of  the  current  in  one  direction,  the  direction  of  the 
current  is  reversed,  and  thus  the  motion  is  checked.  The  usual  arrange- 
ment is  to  replace  the  galvanometer  by  a  telephone,  and  to  move  the 
point  of  contact  on  the  slide  wire  of  the  bridge  till  the  telephone  is 
silent.  When  this  adjustment  is  made,  no  alternating  current  is  passing 
through  the  telephone,  and  the  ordinary  relation  between  the  resistances 
of  the  bridge  holds.  In  order  that  complete  silence  may  be  secured,  it 
is  important  that  none  of  the  resistances  forming  the  bridge  should  have 
either  self  or  mutual  induction.  This  method  of  measuring  the  resistance 
of  electrolytes  is  known  as  Kohlrausch's  method. 


CHAPTER   XVII 
CONTACT  E.M.F.   AND   THE    VOLTAIC   CELL 

649.  Contact  Electrification.— If  a  metal  needle,  a  (Fig.  531), 
having  the  shape  of  half  a  quadrant  electrometer  needle,  is  suspended 
by  a  fine  wire  so  as  to  be  able  to  turn  about  a  vertical  axis  through 
B,  just  above  two  metal  semicircles,  one  of  which,  z,  is  of  zinc,  and  the 
other,  C,  of  copper,  then  on  electrifying  the  needle,  if  it  is  symmetrically 
arranged,  no  deflection  will  occur  if  the  zinc  and  copper  are  insulated 
the  one  from  the  other.  If,  however,  the  zinc  and 
copper  are  put  in  contact,  either  directly  or  through 
a  conducting  wire,  the  needle  will  be  deflected.  If 
the  needle  is  charged  with  positive  electricity,  the  de- 
flection will  be  away  from,  the  zinc  and  towards  the 
copper,  thus  indicating  that  the  zinc  is  at  a  higher 
potential  than  the  copper.  This  difference  of  poten- 
tial between  the  zinc  and  copper,  as  indicated  by  the 
charged  needle  suspended  over  the  metals,  is  said  to 
be  due  to  contact  electrification.  The  magnitude  of 
the  contact  difference  of  potential  does  not  depend 
on  the  time  the  metals  are  in  contact,  nor  on  the 
area  of  the  surface  of  contact ;  it  does  however  depend 
on  the  nature  of  the  metals,  both  chemical  and  physical,  Fig.  531. 

and  on  the  temperature.  The  nature  of  the  surfaces  of 
the  metals  which  are  exposed  to  the  air  also  has  an  important  bearing 
on  the  magnitude  of  the  contact  difference  of  potential.  A  list  of  the 
metals  can  be  drawn  up  such  that  any  metal  in  the  list  when  put  in 
contact  with  any  of  the  following  metals  is  at  the  higher  potential,  but  is 
at  the  lower  potential  when  put  in  contact  with  any  of  the  metals  before 
it  in  the  list.  The  following  is  such  a  list :  Zinc,  lead,  tin,  iron,  copper, 
silver,  gold.  This  list,  which  was  first  given  by  Volta,  who  discovered 
the  contact  effect,  is  called  Volta's  series. 

If  three  metals,  A,  B,  and  C,  are  put  into  contact  in  pairs,  the  diff"er- 
ence  in  potential  between  any  two  is  equal  to  the  algebraic  sum  of  the 
difference  in  potential  produced  by  the  contact  of  each  of  the  metals 
with  the  third.  Thus  suppose  the  difference  in  potential  produced  by 
the  contact  of  A  and  B  is  pi,  while  that  between  B  and  C  is  /g?  ^^^^  the 
diff"erence  of  potential  produced  by  the  contact  of  A  and  C  is  pi  ■\-p^. 

This  law  can  be  very  clearly  exhibited  by  means  of  diagrams  in 
which  the  potential  of  a  metal  is  represented  by  the  height  of  a  rect- 
angle. Thus  in  the  case  of  the  three  metals,  tin,  copper,  and  iron,  the 
difference  in  potential  between  tin  and  copper  is  0.5  volts,  the  tin  being 
at  the  higher  potential  ;  hence,  if  we  take  i  cm.  to  represent  a  volt,  we 
draw  the  rectangles  (a),  Fig.  532,  such  that  the  height  of  the  tin  rectangle 
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is  0.5  cm.  greater  than  that  of  the  copper  rectangle.  The  difference 
in  potential  between  tin  and  iron  is  0.3  volts,  so  that,  the  tin  rectangle 
being  drawn  the  same  height  as  before,  the  iron  rectangle  will  be  0.3 
cm.  lower,  as  shown  at  {b).  The  difference  in  potential  between  the 
copper  and  the  iron  will  be  two-tenths  of  a  volt,  and  if  the  rectangle 
for  the  copper  is  drawn  of  the  same  height  as  in  {a\  the  rectangle  repre- 
senting the  iron  will  be  0.2  cm.  higher,  that  is,  it  will  be  of  the  same 
height  as  in  {b). 

If  we  imagine  the  copper  and  the  iron  both  put  into  contact  with 
the  same  piece  of  tin,  then  it  is  at  once  evident,  from  a  consideration 
of  Fig.  532  {d\  that  the  difference  in  potential  between  the  copper  and 
the  iron  is  the  same  as  it  is  when  they  are  put  in  direct  contact.  Thus 
the  difference  in  the  potential  of  any  two  metals  is  the  same,  whether 
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they  are  put  in  direct  contact  or  whether  they  are  joined  by  means  of  a 
wire  composed  of  another  metal 

It  follows  from  the  above  law  that  if  we  arrange  a  circuit  of  which 
the  parts  are  of  different  metals,  but  the  first  and  last  metals  are  the 
same,  then  there  will  be  no  difference  in  potential  between  these  end 
portions. 

If,  however,  the  first  and  last  metals  are  different,  say  ^  and  Bj 
the  difference  in  potential  between  these  metals  being  p,  then  the  dif- 
ference in  potential  between  the  end  metals  will  be  equal  to  p^  although 
they  are  connected  together  by  other  metals. 

It  might  at  first  sight  appear,  since  we  have  two  metals  A  and  B  at 
a  difference  of  potential  /,  and  that  owing  to  the  contact  difference  of 
potential  they  are  kept  at  this  constant  difference,  that  on  connecting  A 
and  B  by  means  of  a  wire,  a  current  would  be  set  up  in  this  wire.  This, 
however,  is  not  the  case,  for  suppose  we  attempt  to  connect  A  and  B 
by  a  wire  of  the  metal  A,  then  the  difference  of  potential  between  the 
end  of  this  wire  and  the  metal  B  is  /,  but  when  the  wire  touches  B, 
owing  to  the  contact,  a  difference  in  potential  of/  will  be  developed  at 
the  point  of  contact,  and  this  difference  of  potential  will  prevent  the 
difference  of  potential  which  exists  between  the  metals  A  and  B,  forming 
the  end  of  the  chain,  forcing  electricity  through  the  wire.  The  same 
can  be  shown  to  be  true  whatever  the  nature  of  the  wire  by  which  A 
and  B  are  joined,  so  that  by  no  arrangement  of  metals,  all  at  the  same 
temperature,  can  we  obtain  a  current  in  a  circuit  which  is  composed  ex- 
clusively of  metals. 

The  case  when  we  are  dealing  with  the  contact  differences  of  poten- 
tial between  liquids,  or  between  metals  and  liquids,  is  however  quite 
different.     Thus  when  copper  is  in  contact  with  a  solution  of  sulphuric 
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acid,  the  copper  is  at  the  higher  potential,  while  zinc,  which  is  at  the 
higher  potential  when  in  contact  with  copper,  ought,  if  the  liquid 
behaved  as  a  metal  would,  according  to  the  above  law,  to  be  at  a 
higher  potential  than  the  sulphuric  acid  solution,  instead  of  which  it 
is  at  a  lower  potential.  Hence  it  is  possible  to  arrange  a  circuit  com- 
posed partly  of  solid  and  partly  of  liquid  conductors,  such  that  a  difference 
of  potential  exists  between  two  parts  of  the  circuit,  even  when  these 
parts  are  connected  by  a  conducting  wire.  Thus  suppose  we  have  a 
circuit  composed  of  a  plate  of  copper  dipping  in  a  solution  of  sulphuric 
acid,  a  plate  of  zinc  also  dipping  in  this  solution,  and  a  copper  wire 
touching  the  zinc.  The  diagram  of  the  potentials 
is  shown  in  Fig.  533.  The  copper,  Cu,  is  at  a 
higher  potential  than  the  solution,  H2SO4,  while  the 
solution  is  at  a  higher  potential  than  the  zinc,  Zn. 
The  zinc  is  at  a  higher  potential  than  the  copper 
wire,  Cu',  so  that  the  wire  is  at  a  lower  potential 
than  the  copper  plate.  Hence  by  this  arrange- 
ment we  have  got  two  portions  of  the  same  metal 
(copper),  which  owing  to  contact  differences  of 
potential  are  at  different  potentials,  and,  since  when 
the  copper  wire  is  put  in  contact  with  the  copper  plate  we  are  dealing 
with  the  contact  of  the  same  metal,  and  therefore  no  contact  difference 
of  potential  is  produced  which  would  annul  the  tendency  of  the 
existing  difference  of  potential  to  cause  electricity  to  move  in  the 
circuit,  we  have  here  an  arrangement  suitable  for  producing  an  electric 
current.  *" 

It  is  not  even  necessary  for  the  contact  of  dissimilar  metals  to  occur 
in  the  circuit,  or  even  that  two  metals  be  employed,  for  a  galvanic 
element  can  be  produced  in  which  no  such  contact  of  dissimilar  metals 
occurs,  or  in  which  only  a  single  metal 
is  employed.  Thus,  when  immersed 
in  dilute  sulphuric  acid,  copper  is  at  a 
higher  potential  than  lead,  while  when 
immersed  in  a  solution  of  sodium  sul- 
phide (NajS),  copper  is  at  a  lower 
potential  than  the  lead.  Hence  if  we 
have  two  glass  vessels,  one  containing 
dilute  acid  and  the  other  a  solution  of 
sodium  sulphide,  and  place  a  strip  of 
lead  so  that  one  end  dips  in  the  acid 
and  the  other  end  dips  in  the  solution 
of  the  sulphide,  while  one  plate  of 
copper  is  placed  in  the  acid  and  another 
in  the  sulphide  solution,  then  as  shown 
by  the  diagram  in  Fig.  534,  the  copper 
is  at  a  higher  potential  than  the  lead 
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copper  in  the  vessel  b,  containing  the 
sodium  sulphide  solution,  is  at  a  lower  potential  than  the  lead.     Hence 
the  copper  plate  C  is  at  a  higher  potential  than  the  copper  plate  D,  and 
if  they  are  joined  by  a  copper  wire,  a  current  of  electricity  will  flow 
through  the  wire,  although  there  is  no  contact  of  dissimilar  metals. 
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550.  Magrnitude  of  the  Contact  Difference  of  Potential.— In  a 
voltaic  cell  coHbisling,  say,  of  a  plate  of  zinc  and  a  plate  of  copper  in 
dilute  sulphuric  acid  solution,  there  are  three  different  contacts  between 
dissimilar  materials,  namely  zinc/copper,  copper/acid,  and  acid/zinc,  and 
hence  we  have  to  deal  with  three  contact  differences  of  potential.  The 
question  as  to  the  relative  magnitude  of  these  three  contact  differences 
is  one  which  has  occasioned  an  immense  amount  of  discussion.  The 
question  does  not  lend  itself  to  experimental  decision,  for  no  method  has 
as  yet  been  devised,  which  is  free  from  all  objection,  for  measuring  the 
contact  difference  of  potential  between  two  bodies  without  the  interven- 
tion of  one  or  more  other  media,  although,  as  we  shall  see  in  §  553,  this 
can  be  got  over  if  we  accept  the  ionic  theory.  Thus,  in  the  experiment 
of  the  charged  electrometer-needle  suspended  over  the  zinc  and  copper 
quadrants  described  in  §  549,  what  is  measured  is  not  the  potential 
difference  between  the  sine  and  the  copper  but  the  difference  in  potential 
between  the  air  in  the  neighbourhood  of  the  zinc  and  that  of  the  air  in 
the  neighbourhood  of  the  copper.  Hence  if  we  indicate  the  true  contact 
difference  of  potential  between  zinc  and  copper  by  Zn/Cu  and  so  on,  then 
what  is  actually  measured  is  the  sum  of  the  three  contact  differences  of 
potential,  air/Zn  + Zn/Cu +  Cu/air.  Thus  if  the  two  quantities  air/Zn 
and  Cu/air  are  not  both  zero  or  equal  and  opposite,  it  does  not  follow 
that  the  quantity  Zn/Cu  is  not  zero,  or  at  any  rate  very  small,  so  that  the 
two  metal  quadrants  may  be  really  at  the  same  potential,  and  we  need 
not  necessarily  have  two  parts  of  a  conductor  at  different  potentials  when 
the  electricity  is  at  rest. 

Althod^h  it  is  impossible  to  obtain  an  experiment  showing  that  the 
difference  of  potential  of  about  0.7  volts,  which  is  observed  between  the 
air  in  the  neighbourhood  of  a  piece  of  zinc  and  a  piece  of  copper  which 
are  in  contact,  is  really  due  to  the  fact  that  the  metals  themselves  are  at 
this  difference  of  potential,  yet  the  following  considerations  indicate  that 
such  a  difference  almost  certainly  cannot  exist.     Suppose  that  a  copper 

and  a  zinc  wire  when  joined  together 
^  were  actually  at  a  difference  of  poten- 

tial of  0.7  volts,  and  that  a  current  C 
were  passed  through  these  wires  in 
the  direction  from  the  copper  to  the 
zinc.  The  fall  of  potential  along  the 
combined  wire  can  then  be  shown  dia- 
grammatically  as  in  Fig.  $35.  The  cur- 
rent passing  in  the  direction  OPQ,  there 
is  a  continuous  fall  of  potential  along 


p  Q  the  copper  wire  OP  according  to  Ohm's 

Fig.  S3S.  ^^^^'  ^^'^^  '^  represented  by  the  line  AB. 

At  P,  however,  where  the  copper  and 
zinc  meet,  there  will  be  a  contact  difference  of  potential  which  will  raise 
the  potential  of  the  end  of  the  zinc  wire  0,7  volts  above  that  of  the  copper, 
so  that  while  the  potential  of  the  point  P  on  the  copper  is  represented  by 
the  point  B  on  the  curve,  that  of  the  point  P  on  the  zinc  wire  will  be 
represented  by  C.  In  the  zinc  wire,  from  P  to  Q,  the  fall  of  potential  will 
be  regular  and  according  to  Ohm's  law.  Now  as  the  current  passes 
from  the  copper  to  the  zinc  ii  has  to  move  against  an  E.M.F.  represented 
by  bC,  that  is,  0.7  volts,  and  the  result  is  that  an  amount  of  work  must 
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be  done  represenied  by  0.7  C.  joules  in  each  second,  for  the  electricity 
has  at  the  junction  been  raised  to  a  higher  "  level,"  and  so  its  potential 
energy  is  increased.  This  increase  in  the  electrical  energy  will  take 
place  at  the  expense  of  the  heat  of  the  junction,  so  that  there  will  be  an 
absorption  of  heat  at  the  junction  equal  in  electriq^l  units  to  0.7  C.  watts. 
Or  since  a  watt  is  equal  to  0.2387  calories  per  second,  there  will  be,  if 
the  current  is  one  ampere,  0.167  calories  absorbed  per  second.  This 
absorption  of  heat  will  be  reversible,  so  that  on  reversing  the  direction 
of  the  current  the  same  quantity  of  heat  would  appear  at  the  junction. 
Now  in  §  503  we  have  in  fact  considered  this  very  problem  when  dealing 
with  the  Peltier  efifect,  and  it  was  there  mentioned  that  the  quantity  of 
heat  absorbed  under  the  conditions  we  have  been  considering  is  really 
only  1.6  X  io~*  calories  per  second.  We  are  therefore  led  to  the  conclusion 
that  no  such  difference  of  potential  as  0.7  volts  can  really  exist  between 
a  piece  of  copper  and  a  piece  of  zinc  when  in  contact,  and  that  the 
difference  of  potential  which  has  been  called  the  contact  difference  of 
potential  is  mainly,  at  any  rate,  a  difference  of  potential  between  the  air 
in  the  neighbourhood  of  the  two  metals. 

If  we  conclude  that  the  actual  difference  of  potential  between  two 
metals  in  contact  is  that  which  is  deducible  from  the  value  of  the  Peltier 
effect,  that  is,  of  the  order  of  0.0007  volts,  then,  in  most  of  the  considera- 
tions as  to  the  electromotive  forces  in  circuits  containing  metals  and 
electrolytes,  the  contact  difference  of  potential  between  metals  may  be 
neglected.  We  shall  now  proceed  to  consider  more  in  detail  the  question 
of  the  contact  difference  of  potential  between  metals  and  electrolytes,  and 
between  two  electrolytes. 

551.  Electrolytic  Solution  Pressure. — The  existence  of  a  contact 
difference  of  potential  between  a  metal  and  an  electrolyte  has  been 
explained  by  Nernst  on  the  ionic  hypothesis  in  the  following  manner. 
Suppose  a  plate  of  metal,  say  zinc,  is  dipped  into  a  dilute  solution  of 
sulphuric  acid,  then  Nernst  supposes  that  there  exists  a  tendency  for  the 
zinc  in  contact  with  the  solution  to  enter  into  the  ionic  condition.  Now 
each  zinc  ion  must  carry  a  charge  of  -f-2e,  and  as  whenever  a  positive 
charge  is  produced  we  always  find  an  equal  and  opposite  negative  charge 
formed  at  the  same  time,  for  each  zinc  ion  that  goes  into  solution  in  the 
water  a  negative  charge  -  2e  will  be  developed  on  the  plate  ;  so  that  the 
zinc  will  become  negatively  electrified  and  the  water  positively,  due  to  the 
presence  of  the  positively  charged  zinc  ions.  If  we  further  suppose  that 
the  tendency  of  the  zinc  to  form  ions  is  not  indefinitely  great,  that  is,  that 
for  a  given  metal  and  liquid  there  exists  a  definite  pressure  tending  to 
make  the  metal  assume  the  ionic  condition,  then  the  ions  will  be  produced 
till  the  positive  charge  of  the  water  and  the  negative  charge  on  the  plate 
exert  such  an  electro-static  force  on  each  positively  charged  ion  that  is  on 
the  point  of  moving  off  into  the  water  as  to  exactly  balance  the  difference 
between  the  electrolytic  solution  pressure  tending  to  cause  the  zinc  to 
become  ionised  and  the  pressure  of  the  zinc  ions  which  have  already  gone 
into  solution.  This  hypothesis  of  a  solution  pressure  is  analogous  to  the 
vapour  pressure  of  a  liquid,  for  evaporation  goes  on  till  the  pressure  of 
the  vapour  is  equal  and  opposite  to  the  pressure  which  tends  to  make  the 
liquid  particles  assume  the  gaseous  form.  Since  a  milligram  of  zinc  ions 
carries  a  charge  of  about  3  coulombs,  it  is  not  necessary  to  assume  that 
a  weighable  quantity  of  the  zinc  passes  into  the  water  in  the  ionic  con- 
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dition  to  account  for  the  observed  difference  of  potential.  We  have  in 
§  540  calculated  the  capacity  of  a  sphere  20  centimetres  in  diameter  and 
found  it  to  be  io~"  farads.  Thus  the  charge  in  a  milligram  of  zinc  ions 
would  charge  such  a  sphere,  supposing  it  were  possible,  to  a  potential  of 
3  X  10"  volts.  Even  if  the  capacity  of  the  electrolytic  cell  were  a  micro- 
farad, the  potential  would  be  3X  10"  volts. 

If  the  metal  is  in  a  solution  which  already  contains  its  own  ions,  as  for 
instance  a  plate  of  zinc  in  a  solution  of  zinc  sulphate,  then  the  ions  already 
present  in  the  solution  will  offer  an  opposition  to  the  entrance  of  any  more 
of  the  same  ions,  or  we  may  suppose  that  they  exert  a  pressure  tending  to 
drive  them  out  of  the  solution,so  that  the  difference  of  potential  necessary  to 
produce  equilibrium  is  less  than  when  no  zinc  ions  are  in  the  solution.  If 
the  electrolyte  is  such  that  the  tendency  of  the  ions  it  already  contains  to 
leave  the  solution  is  greater  than  the  solution  pressure  of  the  metal,  then 
a  certain  number  of  the  ions  will  leave  the  solution  and  become  electrically 
neutral  on  the  metal.  In  this  way  the  metal  will  acquire  a  positive  charge 
and  the  solution  a  negative  one.  As  before,  the  positive  charge  on  the 
plate  will  exert  a  repulsive  force  on  the  positively  charged  ions  remain- 
ing in  the  solution,  while  the  negatively  charged  solution  will  exert  an 
attraction,  so  that  both  of  these  forces  will  oppose  the  passage  of  the  ions 
on  to  the  metal,  and  a  state  of  ecjuilibrium  will  be  set  up  in  which  the 
electro-static  force  and  the  solution  pressure  of  the  metal  are  together 
equal  and  opposite  to  the  force  with  which  the  ions  in  the  liquid  tend  to 
leave  the  solution  and  attach  themselves  to  the  metal. 

Contact  differences  of  potential  not  only  exist  between  two  different 
electrolytes  in  contact,  but  also  between  two  solutions  of  the  same 
electrolyte  if  the  concentration  is  different.  Nemst  has  explained  the 
difference  of  potential  existing  between  two  solutions  of  the  same  salt,* 
when  the  concentrations  differ,  in  the  following  way.  Suppose  that  a 
strong  solution  of,  say,  hydrochloric  acid  is  in  contact  with  pure  water, 
then  the  acid  will  diffuse  into  the  water.  Since,  on  the  ionic  theory,  the 
hydrogen  ions  and  the  chlorine  ions  are  regarded  as  being  capable  of 
independent  motion,  and  since  their  velocities  of  migration  are  regarded 
as  different,  that  of  the  hydrogen  being  the  greater,  the  H  ions  will 
travel  faster  into  the  water  than  the  CI  ions.  Hence,  as  the  H  ions 
carry  a  positive  charge,  the  water  will  become  positively  charged,  owing 
to  the  presence  of  an  excess  of  H  ions,  and  the  solution  negatively,  owing 
to  the  excess  of  CI  ions.  The  process  will  not  go  on  indefinitely,  for  as 
the  water  becomes  positively  charged  an  electro-static  repulsion  will  be 
produced,  tending  to  check  the  advent  of  the  positively  charged  H  ions, 
and  to  accelerate  the  negatively  charged  CI  ions.  Thus  the  H  ions  will 
diffuse  more  quickly  at  first,  till  the  difference  of  potential  produced 
between  the  water  and  the  solution  is  so  great  that  the  electro-static 
forces  on  the  charged  ions  cause  the  H  and  CI  ions  to  diffuse  at  the 
same  rate.  As  the  diffusion  continues,  the  number  of  ions  in  the  weaker 
solution  will  increase,  and  hence  the  tendency  of  the  ions  from  the 
stronger  solution  to  move  into  the  weaker  solution  will  also  decrease, 
and  the  difference  of  potential  necessary  to  prevent  the  H  ions  diffusing 
more  quickly  than  the  CI  ions  will  be  less.  In  other  words,  the  contact 
difference  of  potential  will  decrease  when,  owing  to  diffusion,  the  con- 
centrations of  the  two  solutions  become  more  nearly  equal. 

In  the  case  of  electrolytes  it  is  impossible  to  make  a  list  such  as 
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Volta's  list  for  the  metals,  so  that  it  is  possible  to  arrange  a  series  of 
electrolytes  to  form  a  circuit  which  can  produce  a  current  through  the 
circuit.  Such  a  circuit  (Fig.  536)  consists 
of  a  fairly  strong  solution  of  potassium 
chloride  (KCl),  a  weak  solution  of  KCl,  a 
weak  solution  of  hydrochloric  acid  (HCl),  a 
fairly  strong  solution  of  HCl,  this  solution 
being  in  contact  with  the  strong  solution  of 
KCl,  when  a  current  will  circulate  through 

the  solutions  as  shown  diagrammatically  in    V"^  \  ^  J  J^i 

Fig.   536.     A  current-producing  circuit  can-     Vo.  \^     "^^^^a 
not,  however,  be  formed  by  a  series  of  dif- 
ferently concentrated  solutions  of  the  same 
electrolyte. 

552.   The   Capillary   Electpometep.—  Fig.  536. 

The  measurement  of  the  contact  difference 

of  potential  between  a  metal  and  a  liquid  has  been  rendered  pos- 
sible owing  to  a  discovery  made  by  Lippmann,  who  found  that  when 
a  current  is  passed  across  the  surface  separating  mercury  and  dilute 
sulphuric  acid,  in  thiB  direction  from  the  acid  to  the  mercury,  the 
area  of  the  surface  of  separation  tends  to  decrease,  as  if  the  surface 
tension  (§  156)  had  increased.  Conversely,  if  by  any  means  the  area 
of  the  surface  of  separation  is  varied,  a  current  will  be  produced  in  a 
wire  connecting  the  mercury  and  the  solution.  The  effect  of  the  applica- 
tion of  an  E.M.F.  across  the  surface  of  separation  of  mercury  and  dilute 
sulphuric  acid  on  the  surface  tension  has  been  applied  by  Lippmann  to 
the  construction  of  an  electrometer.  A  simple  form  of  capillary  electro- 
•  meter  is  shown  in  Fig.  537.  A  glass  tube,  AB, 
is  drawn  off  at  the  bottom  into  a  fine  capillary, 
C.  To  the  side  of  this  tube  is  connected  a 
reservoir,  D,  by  means  of  a  flexible  indiarubber 
tube.  AB  and  D  are  filled  with  mercury,  so  that 
by  raising  D  the  height,  to  which  the  mercury 
rises  in  ab  can  be  varied,  and  hence  also  the 
pressure  which  acts  tending  to  drive  the  mercury 
out  through  the  capillary.  The  end  of  the 
capillary  dips  in  a  vessel,  E,  containing  a  dilute 
solution  of  sulphuric  acid  above  and  some  mer- 
cury below.  Platinum  wires  are  fused  through 
the  tube  ab  at  X,  and  through  the  vessel  E  at  Y, 
so  that  an  E.M.F.  may  be  applied  between  the 
mercury  in  AB  and  that  in  E.  Since  the  angle 
of  contact  between  mercury  and  sulphuric  acid 
solution  and  glass  is  greater  than  90°,  the  sur- 
face tension  tends  to  drive  the  mercury  up  the 
capillary  tube,  and  a  condition  of  equilibrium 
will  be  reached  when  the  capillary  force  is 
just  balanced  by  the  head  of  mercury  in  AB.  The  position  of  the 
meniscus  separating  the  mercury  and  the  solution  in  the  capillary  is 
observed  by  means  of  a  microscope,  T.  Since,  as  we  have  seen  in  §  1 59, 
the  pressure  which  the  capillary  forces  will  sustain  depends  on  the 
diameter  of  the  capillary,  and  as  the  capillary  is  never  cylindrical,  but  is 


Fig.  537. 
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slightly  conical,  the  meniscus  will  move  till  it  reaches  a  point  in  the 
capillary  where  the  diameter  of  the  bore  is  such  that  the  capillary  forces 
just  balance  the  head  of  mercury.  If  the  head  of  mercury  is  increased 
the  meniscus  will  move  down  into  a  narrower  part  of  the  capillary,  and 
vice  versd.  If  after  equilibrium  has  been  attained  the  surface  tension  is 
in  any  way  reduced,  the  meniscus  will  move  down  to  a  narrower  part  of 
the  capillary  till  the  increase  of  the  capillary  forces  due  to  the  reduced 
diameter  just  makes  up  for  the  reduction  in  the  surface  tension,  and  to 
bring  the  meniscus  back  to  its  original  position,  as  indicated  by  the  cross 
wires  of  the  microscope,  the  head  of  mercury  will  have  to  be  reduced  by 
lowering  the  reservoir,  D  ;  and  the  decrease  in  the  head  as  measured  by 
a  scale  fixed  alongside  ab  will  be  a  measure  of  the  decrease  in  the  surface 
tension.  In  the  same  way,  if  the  surface  tension  increases  the  meniscus 
will  move  up  to  a  wider  part  of  the  capillar)',  and  to  bring  it  back  to  the 
fixed  position  the  head  of  mercury  will  have  to  be  increased.  If  the 
head  of  mercury  is  so  adjusted  that  the  meniscus  is  in  the  sighted  posi- 
tion when  the  wires  X  and  Y  are  connected  together,  so  that  no  external 
E.M.F.  is  acting  across  the  meniscus,  it  is  found,  on  applying  such  an 
E.M.F.,  that  the  meniscus  moves,  and  that  to  bring  it  back  to  its  sighted 
position  the  head  of  mercury  in  AB  has  to  be  altflred.  For  small  differ- 
ences of  potential  the  alteration  which  has  to  be  made  in  the  pressure 
applied  to  the  mercury  to  bring  the  meniscus  back  to  its  sighted  position 
is  proportional  to  the  applied  E.M.F.  The  working  of  the  capillary 
electrometer  has  been  explained  by  von  Helmholtz  in  the  following 
manner.  At  the  surface  of  separation  between  the  mercury  and  the 
solution  there  will  exist  a  contact  difference  of  potential,  and  since  both 
the  mercury  and  the  solution  are  conductors,  and  at  their  surface  of 
separation  they  are  very  near  together,  the  difference  of  potential  will 
cause  an  accumulation  of  electricity  on  the  two  sides  of  the  bounding 
surface.  For  instance,  if  we  have  two  plates  of  conducting  material 
separated  by  a  thin  sheet  of  a  dielectric,  say  ebonite,  then  if  a  difference 
of  potential  is  produced  between  the  conductors  we  know  that  the 
arrangement  will  act  as  a  condenser,  and  the  charge  on  the  two  con- 
ductors will  accumulate  on  the  surfaces  which  are  in  contact  with  the 
ebonite.  The  same  thing  occurs  in  the  case  of  the  mercury  and  the 
solution.  Since  a  difference  of  potential  is  maintained,  how  it  is  main- 
tained is  immaterial,  and  we  do  not  know  for  certain,  although  in  §  551 
an  explanation  has  been  given,  the  effect  is  just  as  if  a  non-conducting 
sheet  had  been  interposed  between  the  mercury  and  the  solution,  and 
then  the  two  had  been  charged  to  a  difference  of  potential  equal  to  the 
contact  difference  of  potential. 

Since  the  mercury  is  positive  to  the  solution,  we  must  suppose  that 
this  double  layer  of  electricity  on  the  surface  of  separation  consists  of 
positive  electrification  on  the  mercury  side,  and  negative  on  the  solution 
side. 

We  have  now  to  consider  the  influence  of  this  double  layer  on  the 
surface  tension  of  the  surface  of  separation.  In  §  156  it  was  shown  that 
if  T'\s  the  observed  surface  tension  of  the  surface  separating  two  media, 
and  the  area  of  this  surface  is  increased  by  an  amount  j,  the  work  which 
has  to  be  done  is  sT.  Now  the  surface  of  separation  between  the  mercury 
and  acid  solution  with  its  double  layer  may  be  regarded  as  a  condenser, 
of  which  the  two  armatures  are  charged  to  a  potcniial  difference  ^,  where 
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e  is  the  contact  difference  of  potential  between  the  mercury  and  the  solu- 
tion. Now,  in  any  condenser  of  which  the  plates  are  kept  at  a  constant 
difference  of  potential,  the  electrical  forces  tend  to  iitcrease  the  capacity 
of  the  condenser.  Hence,  in  the  case  of  the  double  layer,  there  is  a 
tendency  for  the  capacity  to  increase,  that  is,  for  the  area  of  the  double 
layer  to  increase.  The  result  is  that,  on  account  of  the  electrical  forces, 
the  area  of  the  surface  of  separation  between  the  niercury  and  the  solu- 
tion tends  to  increase,  and  so  the  electrical  forces  will  reduce  the  amount 
of  work  which  has  to  be  done  against  the  purely  surface  tension  effects 
when  the  area  of  the  surface  of  separation  is  increased.  Thus  if  T  is  the 
value  the  surface  tension  would  have,  suppose  no  electrical  double  layer 
were  present,  the  work  done  in  increasing  the  area  of  the  surface  of 
separation  by  an  amount  s  would  be  sT.  Therefore  s7\  the  actual 
amount  of  work  done  in  increasing  the  surface,  is  less  than  sT\  the 
amount  of  work  which  would  have  to  be  done  if  no  electrical  double  layer 
existed,  by  the  amount  of  work  done  by  the  electrical  forces  owing  to  the 
increase  in  the  capacity  of  the  double  layer.  Thus  J",  the  actual  surface 
tension,  is  less  than  7",  the  surface  tension  supposing  no  double  layer 
existed,  the  presence  of  the  double  layer  causing  a  diminution  in  the 
observed  surface  tension. 

Suppose  the  contact  difference  of  potential  between  the  mercury  and 
the  solution  be  ^,  the  mercury  being  at  the  higher  potential.  Then,  if  an 
external  E.M.F.  be  applied,  so  that  the  wire  X  is  positive,  the  difference 
of  potential  between  the  mercury  and  solution  will  be  greater  than  e  by 
the  amount  of  the  applied  E.M.F.,  and  hence  the  charges  on  the  double 
layer  will  be  increased,  so  that  the  surface  tension  will  be  decreased,  and 
to  keep  the  meniscus  in  its  sighted  position  the  head  of  mercury  in  AB 
must  be  reduced.  If,  however,  the  applied  E.M.F.  is  in  such  a  direction 
that  it  acts  in  the  opposite  direction  to  the  contact  difference  of  potential 
at  the  meniscus,  then  the  strength  of  the  double  layer  will  decrease,  and 
hence  the  surface  tension  will  increase.  This  increase  will  go  on  till  the 
applied  E.M.F.  is  exactly  equal  and  opposite  to  the  contact  difference  of 
potential,  for  when  this  occurs  there  will  be  no  double  layer,  and  hence 
the  surface  tension  will  possess  the  value  which  it  would  have  if  no  elec- 
trical charges  were  present.  If  the  applied  E.M.F.  is  further  increased, 
but  still  in  the  opposite  direction  to  the  contact  difference  of  potential, 
then  a  double  layer  will  again  be  formed,  but  with  the  negative  charge  on 
the  mercury  side.  This  inverted  double  layer  will  cause  a  decrease  in 
the  surface  tension,  since  the  presence  of  such  a  double  layer  must 
decrease  the  surface  tension  whichever  side  is  positive.  Hence,  by  apply- 
ing an  external  E.M.F.  so  as  to  make  the  mercury  negative,  and  increasing 
it  till  the  surface  tension,  as  indicated  by  the  pressure  which  has  to  be 
applied  to  bring  the  meniscus  to  its  sighted  position,  is  a  maximum,  we 
shall  have  that  the  applied  E.M.F.,  when  this  maximum  is  reached,  will 
be  exactly  equal  and  opposite  to  the  contact  difference  of  potential  between 
the  mercury  ^and  the  sulphuric  acid  solution.  In  this  way,  Lippmann 
found  that  the  contact  difference  of  potential  between  mercury  and 
sulphuric  acid  solution  was  about  10  volt. 

The  value  of  the  surface  tension  when  the  applied  E.M.F.  is  exactly 
equal  and  opposite  to  the  contact  difference  of  potential  will  be  the  value 
of  the  surface  tension  unaffected  by  electrical  disturbances,  and  Ostwald 
has  found  that  this  maximum  surface  tension  is  frequently  independent  of 
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the  nature  of  the  electrolyte,  although  the  values  obtained  in  the  ordinary 
way  differ  considerably  with  different  electrolytes. 

553.  Values  of  the  Contact  Differences  of  Potential  between 
Metals  and  Liquids. — Having,  by  means  of  the  capillary  electrometer, 
determined  the  contact  difference  of  potential  between  mercury  and 
any  given  electrolyte  (other  electrolytes  besides  sulphuric  acid  may  be 
employed),  the  value  of  the  contact  difference  of  potential  between  any 
other  metal  and  the  electrolyte  can  be  obtained.  For,  suppose  we  have 
a  metal  A/,  and  we  require  to  find  the  contact  difference  of  potential 
between  this  metal  and  sulphuric  acid.  If  a  plate  of  the  metal  M  is 
dipped  in  a  vessel  containing  a  solution  of  sulphuric  acid  and  also  some 
mercury,  and  if  ^^  is  the  contact  difference  of  potential  between  mercury 
and  the  solution,  and  e^  that  between  M  and  the  solution,  the  difference 
of  potential  between  the  mercury  and  the  metal  will  be  equal  to  e^-e^. 
Hence,  since  we  can  measure  this  difference  of  potential  between  the 
metal  and  the  mercury,'  and  we  know  ^j,  we  can  calculate  e^  The  fol- 
lowing values  for  the  contact  differences  of  potential  have  been  obtained 
in  this  way,  the  potential  of  the  electrolyte  being  taken  in  all  cases  as 
zcFO^  and  the  solution  containing  one  gram  equivalent  per  litre  : — 

Contact  Differences  of  Potential. 


Metal. 

Electrolyte. 

H^^04. 

Sulphate. 

HCL 

Chloride. 

Nitrate. 

Zinc 

Cadmium   .     .     . 
Copper  .... 
Silver     .... 
Mercury     .     .     . 

-0.62 
-0.22 
+0.46 

+  0.73 
+  0.86 

-0.52 
-0.16 
+0.52 
+  0.97 
+  0.98 

-0.54 
-0.24 
+  0.35 
+  0.57 
+  0.57 

-0.50 
-0.17 

-0.47 
-0.12 
+  0.62 
+  1.06 
+  1.03 

554.  The  Voltaic  Cell. — If  a  plate  of  copper  and  one  of  zinc  are 
dipped  in  a  vessel  containing  a  dilute  solution  of  sulphuric  acid,  then, 
from  the  table  given  above,  it  will  be  seen  that  if  the  potential  of  the 
solution  is  taken  as  zero,  the  potential  of  the  copper  will  be  +0.46 
volts,  and  that  of  the  zinc  will  be  -  0.62  volts.  Hence  the  copper  will  be 
at  a  potential  of  1.08  volts  higher  than  that  of  the  zinc,  so  that  if  the 
copper  and  zinc  plates  are  joined  by  a  conducting  wire,  this  wire  will  be 
traversed  by  an  electric  current.  This  arrangement  is  called  a  simple 
galvanic  or  voltaic  cell  or  battery. 

When  the  copper  plate  is  connected  to  the  zinc  by  the  conducting 
wire,  positive  electricity  will  flow  from  the  copper  to  the  zinc,  and  so  the 
potential  of  the  copper  with  reference  to  the  solution  will  decrease.  The 
result  will  be  that  the  electro-static  force  which  opposed  the  precipitation 
of  the  hydrogen  ions  of  the  electrolyte  on  the  copper  eltctrode  will  be 
reduced,  and  so  more  of  these  ions  will  be  able  to  discharge  themselves 
on  the  copper.  In  the  same  way,  the  increase  of  the  potential  of  the  zinc 
due  to  the  passage  of  electricity  round  the  conducting  wire  will  decrease 

'  Supposing  that  the  contact  difference  of  potential  between  the  metai  M  and 
mercury  is  so  small  as  to  t)e  negligible. 
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the  electro-static  force  which  opposes  the  solution  pressure  of  the  zinc, 
and  so  more  zinc  ions  will  be  able  to  go  into  solution,  carrying  their  posi- 
tive charge  with  them.  Thus  the  passage  of  a  current  in  the  wire  from 
the  copper  pole  to  the  zinc  pole  is  accompanied  by  the  solution  of  the 
zinc  at  one  electrode  and  the  liberation  of  hydrogen  at  the  other.  For 
every  equivalent  of  the  zinc  dissolved  an  equivalent  of  hydrogen  will  be 
liberated,  and  the  passage  of  96,550  coulombs  of  electricity  in  the  wire 
will  be  accompanied  by  the  solution  of  the  equivalent  of  zinc,  and  the 
liberation  of  the  equivalent  of  hydrogen.  Thus  the  cell  behaves,  as  far 
as  the  chemical  changes  which  take  place  within  it  are  concerned,  exactly 
as  if  it  were  an  electrolytic  cell  through  which  a  current  is  sent  by  some 
external  agency. 

The  potentials  of  the  different  portions  of  the  simple  cell,  considered 
before  the  external  circuit  was  closed,  may  be  represented  by  the  curve 
{a\  Fig.  538,  in  which  the  ordinates  represent  the  potentials  of  the  dif- 
ferent portions  of  the  circuit.  It  will  be  seen  that  the  copper,  the  zinc, 
and  the  solution  are  each  at  the  same  potential  throughout.  When 
the  external  circuit  is  closed,  so  that  a  current  flows  in  the  external  wire. 
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the  end  A  of  the  copper  wire  being  in  contact  with  the  end  F  of  the 
zinc,  these  two  points  will  be  at  the  same  potential.  We  are  here 
neglecting  the  contact  difference  of  potential  between  the  copper  and 
the  zinc,  since  this  is  so  very  small  compared  with  the  contact  differ- 
ences between  the  metals  and  the  solution.  Since  there  is  a  current 
flowing  in  the  copper  wire  in  the  direction  ba,  there  will,  by  Ohm's 
law,  be  a  fall  of  potential  along  the  wire  as  indicated  by  the  line  BA, 
(Fig.  538)  {b).  In  the  same  way,  as  a  current  is  passing  through  the  zinc 
in  the  direction  FE,  there  will  be  a  fall  of  potential  along  this  wire 
a3  shown  by  fe.  Similarly,  since  Ohm's  law  applies  to  the  electrolyte, 
there  will  be  a  fall  of  potential  in  the  liquid  between  D  and  c.  Study 
of  the  figure  will  show  that,  although  the  copper  plate  is  still  at  a 
potential  of  0.46  volts  above  that  of  the  solution  in  its  immediate 
neighbourhood,  as  represented  by  BC,  and  that  of  the  zinc  plate  is  at 
0.62  volts  below  that  of  the  electrolyte  in  its  immediate  neighbourhood, 
as  represented  by  de,  yet,  owing  to  the  fall  of  potential  along  the 
electrolyte  so  that  the  end  D  is  at  a  higher  potential  than  the  end  c, 
the  difference  of  potential  between  the  copper  and  zinc   plates,  that 
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is,  between  the  poles  of  the  cell,  is  less  when  a  current  is  passing  than 
when  the  cell  is  on  open  circuit.  The  change  produced  on  this  account 
can  immediately  be  calculated,  for  if  r  is  the  resistance  of  the  electro- 
lyte between  the  copper  and  zinc  plates,  that  is,  the  resistance  of  the 
cell,  then,  when  a  current  C  is  passing,  the  fall  of  potential  will  by  Ohm's 
law  be  ejqual  to  rC.  Hence  the  potential  between  the  poles  of  the  cell, 
when  it  is  producing  a  current  C,  will  be  i.o8-rC. 

The  above  discussion,  in  the  case  of  such  a  cell  as  the  one  described, 
only  applies  to  the  first  moment  of  closing  the  circuit,  for  after  an  appre- 
ciable current  has  passed,  polarisation  effects  will  occur  which  will 
decrease  the  available  E.M.F.  The  polarisation  with  which  we  are 
here  concerned  is  of  the  second  kind  considered  in  §  547,  that  is,  it  is 
due  to  the  effect  of  the  hydrogen  liberated  at  the  copper  plate  and  to 
a  less  extent  due  to  the  dissolved  zinc  ions  not  diffusing  away  from  the 
zinc,  so  that  the  effect  of  the  solution  pressure  of  the  zinc  will  be  dimi- 
nished owing  to  the  presence  of  an  increased  number  of  zinc  ions  in  the 
solution  near  the  plate.  The  polarisation  due  to  the  hydrogen  is  pro- 
duced, in  the  first  place,  by  the  copper  becoming  coated  with  a  layer 
of  fine  ^as-bubbles  which  increases  the  resistance  of  the  cell,  owing -to 
the  dimmished  surface  of  the  copper  available  for  the  passage  of  the 
current ;  and,  in  the  second  place,  by  the  copper  becoming  coated  with 
hydrogen,  the  positive  plate  becomes  practically  a  plate  of  hydrogen, 
and,  since  hydrogen  has  a  smaller  contact  difference  of  potential  with 
the  solution  than  copper,  the  E.M.F.  of  the  cell  is  decreased.  A  cell 
such  as  the  above,  in  which,  owing  to  polarisation,  the  E.M.F.  decreases 
rapidly  when  a  current  is  allowed  to  pass,  is  called  an  inconstant  cell.  In 
order  to  obviate  the  polarisation,  we  must  so  choose  our  electrolyte  that 
the  chemical  processes  which  take  place  when  a  current  passes  do  not 
cause  the  accumulation  of  the  ions  on  the  electrodes  in  such  a  way  as 
to  increase  the  resistance  or  decrease  the  contact  differences  of  potential 
between  the  electrodes  and  the  electrolyte.  Cells  which  fulfil  this  con- 
dition more  or  less  completely,  and  are,  at  any  rate  at  first,  free  from 
polarisation,  and  of  constant  E.M.F.  even  after  sending  a  current,  are 
called  constant  cells,  and  we  shall  now  proceed  to  describe  some  of 
the  commoner  forms  of  such  cells.  It  must  be  remembered  that  there 
must  always  be  a  decrease  in  the  difference  of  potential  between  the 
poles  numerically  equal  to  rC^  where  r  is  the  resistance  of  the  cell  and 
Cthe  current  which  is  passing.  This  apparent  reduction  in  the  E.M.F. 
is  due  to  the  fact  that  the  liquid  of  the  cell  has  appreciable  resistance, 
and  hence,  by  Ohm's  law,  a  certain  proportion  of  the  available  E.M.F. 
has  to  be  employed  in  driving  the  current  through  the  liquid,  that  is, 
in  moving  the  H  ions,  in  the  simple  cell  previously  considered,  to  the 
copper  pole,  and  the  SO4  ions  to  the  zinc  pole.  This  effect  being  quite 
independent  of  the  polarisation,  will  not  be  affected  by  any  change 
calculated  to  diminish  the  polarisation,  and  can  only  be  reduced  to  a 
minimum  by  making  the  resistance  of  the  liquid,  that  is,  r,  as  small  as 
possible. 

555.  The  Daniell  Cell.— This  form  of  cell  consists  of  a  zinc  plate 
dipping  in  a  solution  of  sulphuric  acid  or  zinc  sulphate  and  a  copper 
plate  in  a  solution  of  copper  sulphate,  the  two  solutions  being  prevented 
from  mixing  by  the  interposition  of  a  partition  composed  of  porous 
earthenware.     In  some  forms  of  the  cell,  called  gravity   DanicUs,  the 
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porous  partition  is  done  away  with,  the  copper  plate  Cu  (Fig.  539)  being 
placed  at  the  bottom  of  a  glass  vessel  and  covered  with  a  saturated 
solution  of  copper  sulphate.     The  zinc  sulphate, 
which  has  a  less  density  than  the  copper  sul- 
phate solution,  floats  on  the  top  of  the  latter,  ^ 
and,  since  convection  currents  cannot  be  formed 
and  the  process  of  diffusion  is  very  slow,  the 
solutions    do    not    mix  for    some    time.     The 
negative  plate  is  formed  by  a  horizontal  disc 
of  zinc,  Zn.     The  connection  with  the  copper 
plate  is  made  by  means  of  a  wire,  A,  which 
passes  down  to  the  copper  and  is  enclosed  in 
an  insulating  tube,  generally  of  glass. 

The  E.M.F.  of  the  Daniell  cell  is  due  to  Fig.  539. 

the  sum  of  the  contact  differences  of  potential, 

CU/CUSO4,  CuS04/ZnS04,  ZnS04/Zn,  Zn/Cu,  and  is  about  1.096  volts. 
Since  it  is  very  probable  that  the  contact  differences  of  potential  Zn/Cu 
and  CuS04/ZnS04  are  very  small,  we  may  calculate  the  E.M.F.  of  the 
cell  by  means  of  the  table  given  on  page  802.  Thus  Cu/CuS04=  +0.52 
and  ZnS04/Zn=  +0.52,  so  that  the  E.M.F.  is  1.04  volts,  a  number  agree- 
ing approximately  with  the  value  1.096  obtained  by  direct  measurement. 
The  E.M.F.  of  a  Daniell  cell  is  increased  by  increasing  the  strength  of 
the  copper  sulphate  solution  and  by  diluting  the  zinc  sulphate  solution. 

When  the  external  circuit  of  a  Daniell  cell  is  closed,  so  that  a  current 
passes,  the  zinc  goes  into  solution  as  zinc  sulphate,  while  the  cation  of 
the  copper  sulphate  solution,  that  is,  the  copper,  is  deposited  as  metallic 
copper  on  the  copper  plate  of  the  cell.  It  will  thus  be  seen,  since  the 
deposition  of  copper  on  the  copper  cathode  will  in  no  way  affect  either 
the  resistance  of  the  cell  or  the  contact  difference  of  potential  between 
the  copper  sulphate  solution  and  the  copper,  that  the  E.M.F.  of  this 
form  of  cell  will  not  be  decreased  on  account  of  polarisation.  When 
the  cell  sends  a  current  the  SO4  ions,  each  carrying  a  charge  of  -2f, 
move  from  the  neighbourhood  of  the  copper  pole  to  the  zinc  pole,  and 
the  copper  ions  which  are  left  at  the  copper  pole  are  deposited,  giving 
up  their  positive  charge.  At  the  same  time  the  zinc  ions  enter  the 
solution  from  the  zinc  pole,  each  carrying  a  positive  charge,  and  these 
positive  ions,  together  with  the  negative  SO4  ions  which  have  migrated 
from  near  the  copper  pole,  being  in  equivalent  proportions  in  the  solution, 
prevent  the  solution  becoming  charged. 

556.  The  Grove  Cell— The  Bunsen  Cell. -The  positive  pole  of  the 
Grove  cell  consists  of  a  plate  of  platinum  in  a  strong  solution  of  nitric  acid, 
and  the  negative  pole  is  a  zinc  plate  in  a  fairly  strong  solution  of  sulphuric 
acid  (i  of  acid  to  10  of  water),  the  liquids  being  separated  by  a  porous 
earthenware  partition.  The  E.M.F.  of  this  cell  is  about  1.97  volts.  When 
a  current  passes,  the  zinc  goes  into  solution,  forming  zinc  sulphate  with 
the  SO4  ions  of  the  sulphuric  acid  solution  ;  while  the  H  ions  migrate, 
each  carrying  its  positive  charge,  to  the  platinum  plate,  where  they  give 
up  their  charge  and  thus  transport  the  current  through  the  cell.  The 
hydrogen  is  not,  however,  given  off  at  the  platinum,  but  a  secondary 
reaction  takes  place  between  it  and  the  nitric  acid,  which  results  in  the 
combination  of  the  hydrogen  with  part  of  the  oxygen  of  the  acid  to  fornr 
water,  and  leaves  an  oxide  of  nitrogen  in  the  solution.     The  E.M.F.  of 
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the  cell  gradually  falls  off,  owing  to  the  exhaustion  of  the  nitric  acid 
allowing  polarisation  to  take  place,  as  well  as  the  gradually  increasing 
concentration  of  the  zinc  ions  in  the  solution  diminishing  the  potential 
fall  from  the  acid  to  the  zinc. 

The  Bunsen  cell  is  the  same  as  the  Grove  cell,  except  that  the  posi- 
tive pole  consists  of  a  plate  of  gas  carbon.  A  solution  of  chromic  acid 
is  sometimes  used  in  place  of  the  nitric  acid,  the  action  being  of  a 
similar  nature.  Since  the  presence  of  chromic  acid  near  the  zinc  does 
not  materially  alter  the  solution  pressure  of  the  zinc  ions,  and  does  not 
produce  any  secondary  chemical  action  with  the  zinc,  the  porous  cell 
separating  the  chromic  acid  and  the  sulphuric  acid  solution  may  be 
omitted.  This  form  of  cell  is  called  the  chromic  acid  cell,  or,  since 
bichromate  of  potash  is  sometimes  used  in  place  of  the  chromic  acid, 
the  bichromate  cell. 

557.  The  Leclaneh6  Cell. —The  positive  pole  of  this  cell  consists  of 
a  plate  of  carbon  packed  round  with  a  mixture  of  powdered  carbon  and 
manganese  dioxide  (MnOj).  The  negative  pole  consists  of  zinc,  and  the 
electrolyte  is  a  solution  of  ammonium  chloride  or  sal-ammoniac  (NH4CI). 
During  the  passage  of  the  current  CI  ions  move  towards  the  zinc,  forming 
zinc  chloride,  while  the  NH4  ions  move  towards  the  carbon  cathode, 
where  they  break  up  into  ammonia  (NHj),  which  dissolves  in  the  solution, 
and  hydrogen,  which  combines  with  part  of  the  oxygen  of  the  MnOj  to 
form  water  and  MnO.  The  E.M.F.  of  this  cell  on  open  circuit  is  about 
1.6  volts,  and  with  any  but  small  currents  the  cell  polarises  rather  rapidly. 
After  a  short  rest,  however,  the  cell  recovers,  and  it  possesses  the  great 
advantage  that  no  chemical  action  goes  on  when  no  current  is  passing, 
and  as  there  is  only  one  kind  of  electrolyte,  diffusion  of  one  electrolyte 
into  the  other,  which  always  occurs  in  time  when  two  electrolytes  are 
employed,  does  not  occur. 

558.  The  Clark  Cell.— This  cell  is  not  used  for  sending  any  but  the 
very  smallest  currents,  but  is  employed  as  a  standard  of  E.M.F.,  and  con- 
sists of  an  amalgamated  zinc  anode  in  a  saturated  solu- 
tion of  zinc  sulphate  and  a  mercury  cathode  covered  with 
a  paste  formed  by  mixing  mercurous  sulphate  with  satu- 
rated zinc  sulphate  solution. 

The  form  of  the   Clark   cell   recommended  by  the 
British  Board  of  Trade   is  shown   in    Fig.   540.      The 
mercury  is  placed  at  the  bottom  of  a  small  glass  tube, 
contact  being  made  by  means  of  a  platinum  wire,  which 
either  passes  down  a  glass  tube  or  is  fused  through  the 
bottom  of  the  glass.      The  mercurous   sulphate  paste 
forms  a  layer,  B,  on  the  surface  of  the  mercury,  while 
the  saturated  ZnS04  solution  c  floats  on  the  top  of  this 
paste.     The  zinc  rod  passes  through  a  disc  of  cork,  D, 
and  the  remainder  of  the  tube  above  the  cork  is  filled 
with  marine  glue,  which  serves  to  seal  the  cell  and  thus 
Fig.  540.        prevent  the  evaporation  of  the  solution.     Since  the  con- 
stancy of  the  E.M.F.   of  the  cell  depends  on  the  zinc 
sulphate  solution  remaining  saturated,  even  when  the  temperature  rises 
so  that  the  solubility  of  the  salt  increases,  it  is  usual  to  pack  the  space 
above  the  paste  with  small  crystals  of  zinc  sulphate. 

The  E.M.F.  of  this  form  of  cell,  at  a  temperature  of  o"  C,  is  1.4488 
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volts,  while  the  E.M.F.  at  a  temperature  f  C.  is  given  by  the  expression 

£■/=  1.4322  -  1 16  X  iQT^it-  15)-  io-»(/-  15)2. 

The  somewhat  large  change  in  the  E.M.F.  with  temperature  is  no  doubt 
partly  due  to  the  change  in  the  solubility  of  the  zinc  sulphate  with  tem- 
perature, and  since  when  the  temperature  rises,  in  order  that  the  formula 
given  above  may  hold,  it  is  necessary  that  the  solution  should  remain 
saturated  at  this  new  temperature  by  some  of  the  crystals  dissolving,  it 
is  important  that  this  solution  should  be  assisted  in  every  way,  and  that 
the  zinc  anode  at  any  rate  should  always  be  in  a  portion  of  the  solution 
which  is  saturated.  In  the  form  of  cell  shown  in  Fig.  540  there  is  a 
tendency  for  the  denser  saturated  solution  to 
accumulate  on  the  surface  of  the  paste  when  the 
temperature  is  raised,  so  that  the  solution  sur- 
rounding the  zinc  may  not  be  saturated.  With 
a  view  of  remedying  this  defect,  the  form  of 
cell  shown  in  Fig.  541  has  been  devised.  The 
cell  is  contained  in  an  H-shaped  glass  tube,  the 
mercury  A  being  placed  at  the  bottom  of  one 
of  the  limbs.  An  amalgam  containing  about 
10  per  cent,  of  zinc  is  used  for  the  anode, 
and  is  placed  at  the  bottom  of  the  other  limb, 
Zn.  The  use  of  an  amalgam  in  the  place  of 
pure  zinc  does  not  affect  the  E.M.F.  of  the  cell, 
for  it  has  been  found  that  when  an  alloy  of  two 
metals,  such  as  zinc  and  mercury,  is  placed  in  Fig.  541. 

contact  with  an  electrolyte  it  takes  up  a  differ- 
ence of  potential  from  the  liquid  which  corresponds  to  that  which  would 
occur  if  the  metal  of  which  the  solution  pressure  is  the  greater  (Zn) 
were  alone  present,  so  long  as  the  other  metal  is  not  in  great  excess. 
Communication  is  made  with  the  mercury  and  the  amalgam  by  means 
of  platinum  wires,  which  are  fused  through  the  bottoms  of  the  limbs 
of  the  glass  containing  vessel.  The  mercurous  sulphate  paste  B  is 
placed  on  the  top  of  the  mercury,  and  a  layer  of  zinc  sulphate  crystals, 
C,  is  placed  above  the  amalgam,  so  that  when  the  temperature  alters 
the  solution  may  remain  saturated.  In  this  form  of  cell  it  will  be 
noticed  that,  as  the  zinc  is  below  the  solution,  the  denser  saturated 
solution  will  fall  and  cover  the  zinc,  so  that  the  solution  near  the  zinc 
surface  will  always  be  saturated. 

559.  The  Cadmium  Cell.— This  is  another  form  of  cell  used  as  a 
standard  of  electromotive  force,  and  not  to  furnish  a  current,  and  it  pos- 
sesses the  advantage  over  the  Clark  cell  that  the  E.M.F.  changes  much 
less  with  temperature.  It  consists  of  a  mercury  cathode  covered  with  a 
paste  formed  of  mercurous  sulphate  and  a  saturated  solution  of  cadmium 
sulphate.  The  anode  consists  either  of  a  rod  of  cadmium  or  of  an 
amalgam  of  cadmium,  while  the  electrolyte  in  which  the  cadmium  is 
placed  is  a  saturated  solution  of  cadmium  sulphate. 

The  arrangement  of  the  materials  to  form  the  cell  is  exactly  the  same 
as  that  adopted  in  the  case  of  the  Clark  cell.  The  E.M.F.  of  the  cadmium 
cell,  at  a  temperature  f*  C,  is  given  by  the  expression 

^/=i.oi84-3.8x  io-'*(/-2o)-o.o65  x  \Qr\t-^Qf. 
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560.  Reversibility  of  Cells.— If  a  current  is  passed  through  a 
Daniell  cell  by  means  of  an  external  source,  so  as  to  enter  the  cell  at  the 
copper  pole  and  leave  by  the  zinc  pole,  the  chemical  reactions  which  will 
take  place  will  be  exactly  the  reverse  of  those  that  occur  when  the  cell 
itself  sends  a  current,  for  the  copper  will  be  dissolved  to  form  copper 
sulphate,  and  the  zinc  deposited  from  the  zinc  sulphate  solution.  Hence, 
passing  an  electric  current  in  the  reverse  direction  through  a  Daniell  cell 
of  the  type  Zn,  ZnS04,  CUSO4,  Cu,  is  accompanied  by  chemical  changes 
such  that,  when  the  cell  is  itself  allowed  to  send  a  current,  the  inverse 
chemical  changes  take  place.  Thus  part  at  any  rate  of  the  energy  spent 
in  sending  the  original  current  through  the  cell  is  stored  up  in  such  a  way 
that  it  may  at  a  future  time  be  reconverted  into  electrical  energy.  Any 
other  form  of  cell  may  be  used  in  the  same  way,  provided  the  products  of 
the  chemical  actions  which  take  place  during  the  working  of  the  cell  arc 
retained  either  on  the  electrodes  or  in  the  electrolyte,  and  are  not  given 
off.  The  simple  voltaic  cell,  consisting  of  a  plate  of  copper  and  one  of 
zinc  in  dilute  sulphuric  acid,  is  not  reversible,  since  the  hydrogen  which 
is  evolved  at  the  cathode  when  the  cell  is  sending  a  current  escapes  in 
the  gaseous  form.  A  form  of  cell  which  is  specially  designed  to  store  up 
electrical  energy,  so  that  it  can  be  recovered  at  a  subsequent  time  in  the 
form  of  a  current,  is  called  a  storage  cell. 

561.  The  Storag-e  Cell.— The  commonest  form  of  storage  or 
secondary  cell  consists  of  two  lead  grids,  the  interstices  being  filled  with 
lead  sulphate  formed  by  making  a  paste  with  one  of  the  oxides  of  lead, 
litharge  or  red  lead,  and  dilute  sulphuric  acid.  These  plates  are  immersed 
in  a  dilute  solution  of  sulphuric  acid,  and  then  a  current  is  passed  through 
the  cell  from  one  plate  to  the  other.  During  the  passage  of  the  current, 
the  hydrogen  ions  of  the  sulphuric  acid  travel  to  the  cathode,  where  they 
react  on  the  lead  sulphate,  forming  sulphuric  acid  and  metallic  lead, 
which  remains  in  the  interstices  of  the  plate  in  a  very  spongy  condition. 
The  SO4  ions  travel  to  the  anode,  where  they  also  react  on  the  lead 
sulphate,  forming  peroxide  of  lead  and  sulphuric  acid  according  to  the 
equation 

PbS04  +  S04-l-2H20  =  PbOs  +  2H,S04. 

The  peroxide  of  lead  is  left  in  the  interstices  of  the  grid. 

When  nearly,  if  not  quite  all,  the  lead  sulphate  on  the  grids  has  been 
changed  in  this  way,  the  hydrogen  ions  will  be  liberated  at  the  cathode 
in  the  form  of  gas,  while  at  the  anode,  owing  to  the  secondary  reaction 
between  the  SO4  ions  and  the  water  of  the  solution,  which  has  already 
been  referred  to  when  considering  the  electrolysis  of  dilute  sulphuric  acid 
between  platinum  electrodes,  oxygen  is  liberated.  When  this  evolution 
of  gases  occurs,  the  cell  is  no  longer  working  in  a  reversible  manner,  and 
it  has  received  the  maximum  charge  of  which  it  is  capable. 

If,  after  being  charged  in  this  way,  the  plates  are  connected  by  a  con- 
ducting wire,  a  current  will  be  obtained  in  the  reverse  direction  to  that 
employed  to  charge  the  cell,  the  chemical  changes  taking  place  in  the 
reverse  direction,  the  spongy  metallic  lead  becoming  converted  into  the 
sulphate,  and  the  peroxide  ajso  forming  the  same  compound. 

The  E.M.F.  of  a  freshly  charged  accumulator  is  about  2.1  volts,  which 
gradually  falls  to  about  1.8  volts  as  the  discharge  goes  on.  The  lead 
accumulator  is  a  wonderfully  efficient  means  of  storing  energj',  since 
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about  80  per  cent,  of  the  energy  spent  in  charging  the  cell  is  recover- 
able if  the  discharge  takes  place  within  a  fairly  short  interval  after  the 
charge.  The  disadvantage  of  the  lead  storage  cell  lies  in  the  fact  that, 
owing  to  the  considerable  changes  in  volume  which  take  place  in  the 
active  material  during  charge  and  discharge,  the  grids  disintegrate  pretty 
rapidly,  and  hence  the  expense  of  the  renewals  of  these  plates  has  to  be 
taken  into  account  when  considering  the  efficiency  of  the  cells  from  a 
practical  standpoint. 


CHAPTER   XVIll 
ENERGETICS  OP  THE    VOLTAIC  CELL 

562*.  Source  of  the  Energry  of  the  Current  given  by  a  Voltaic 
CelL — We  have  considered  the  question  as  to  how  the  E.M.F.  of  a 
vohaic  cell  is  produced,  and  now  we  have  to  consider  more  in  detail  from 
whence  the  energy  necessary  for  the  maintenance  of  a  current  is  derived. 
This  energy  is  evidently,  in  part  at  any  rate,  derived  from  the  energy  of 
the  chemical  processes  which  take  place  in  the  cell  during  the  time  when 
it  is  sending  a  current.  In  §  228  we  have  considered  the  energy  which 
is  liberated  or  absorbed  during  certain  chemical  changes,  and  the  question 
arises  as  to  the  connection  between  the  total  quantity  of  energy  which  is 
evolved  as  heat,  when  the  reaction  takes  place  without  the  production  of 
an  electric  current,  and  the  energy  represented  by  the  current  when  this 
is  produced.  It  was  thought  for  some  time  that  the  whole  of  the  energy 
corresponding  to  any  chemical  change  was  converted  into  electrical 
energy  when  the  change  took  place  in  a  voltaic  cell,  and  the  fact  that 
the  E.M.F.  of  the  Danieil  cell,  when  calculated  on  this  hypothesis  from 
the  thermo-chemical  data  for  the  chemical  changes  which  take  place  in 
this  cell,  agreed  very  well  with  the  value  as  obtained  by  direct  measure- 
ment, supported  this  view. 

Thus  in  §  228  we  have  seen  that  when  65  grams  (one  gram  atom)  of 
zinc  are  dissolved  in  dilute  sulphuric  acid  according  to  the  equation 
Zn  +  H2S04  =  ZnS04+H^  38,066  calories  are  evolved.  Experiment  has 
shown  that  when  63  grams  of  copper  are  converted  into  copper  sulphate 
in  solution  in  water  according  to  the  equation  Cu  +  H2S04  =  CuS04  +  H2, 
12,500  calories  are  absorbed,  so  that  12,500  calories  are  evolved  when 
CUSO4  is  split  up  into  Cu  and  H2SO4.  Hence  when  one  equivalent, 
that  is,  since  zinc  is  a  diad,  65/2  grams  of  zinc  are  converted  into  the 
sulphate,  while  at  the  same  time  one  equivalent  of  copper  (63/2  grams) 
is  deposited  from  the  sulphate,  19033+6250=25283  calories  are  on  the 
whole  evolved. 

Now  the  reactions  considered  above  are  those  which  go  on  in  the 
Danieil  cell  when  it  is  sending  a  current,  and  we  have  seen  that  the 
quantities  of  zinc  and  copper  considered  above  are  dissolved  and  pre- 
cipitated respectively  when  96,550  coulombs  of  electricity  pass  through 
the  cell.  If  the  E.M.F.  of  the  cell  is  E  volts,  then  the  passage  of  96,550 
coulombs  of  electricity  will  correspond  to  96550  x  10^  x  E  ergs,  for  one 
volt  is  equal  to  10'  c.£:s.  units,  and  one  coulomb  is  io~^  c.^.s.  units.  If, 
then,  the  whole  of  the  energy  corresponding  to  the  chemical  reaction  is 
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converted  into  electrical  energy,  we  shall  have,  since  25,283  calories  is 
equal  to  25283  x  4.2  x  10^  ergs,  or  1068  x  10®  ergs, 

96550  X  id'E=  1068  X  10^  ergs 
106800 

""96550 

=  1.106  volts. 

Now  direct  measurement  has  given  the  value  1.096  volts  for  the  E.M.F. 
of  a  Daniel!  cell,  so  that  in  this  case  it  would  seem  that  the  electrical 
energy  of  the  cell  is  equal  to  the  chemical  energy  corresponding  to  the 
reactions  which  go  on  in  the  cell  during  the  passage  of  the  current. 

When,  however,  the  same  method  of  calculation  came  to  be  applied  to 
other  forms  of  cells  it  was  found  that  the  E.M.F.'s  calculated  on  this 
hypothesis  differed  from  the  observed  values  by  more  than  could  be 
accounted  for  by  errors  of  experiment.  The  reason  for  these  differences 
was  shown  by  Helmholtz  to  be  due  to  the  fact  that  the  hypothesis  that 
the  electrical  and  chemical  energies  were  in  all  cases  exactly  equal  was 
not  true.  He  showed  that  this  was  only  true  in  the  case  of  cells  in  which 
the  E.M.F.  does  not  vary  with  the  temperature,  the  Daniell  being  a  cell 
of  this  kind. 

In  order  to  see  the  reason  for  this,  we  may  consider  the  case  of  a 
reversible  cell  in  which  all  the  chemical  changes  that  take  place  when 
the  cell  is  allowed  to  send  a  current  can  be  reversed  when  a  current  is 
sent  through  the  cell  in  the  reverse  direction. 

Suppose  that  when  the  temperature  of  the  cell  is  T^j  (on  the  absolute 
scale)  the  E.M.F.  is  Aj,  and  that  when  the  temperature  is  reduced  to  T^ 
the  E.M.F.  falls  to  E^.  If  now,  when  the  temperature  of  the  cell  is  7\^  it 
be  allowed  to  send  a  current  till  Q  units  of  electricity  have  passed,  the 
work  done  is  Q/'\^  and  is  represented  by  the 
area  of  the  rectangle  abmo  (Fig.  542).  Now  Y 
let  the  temperature  of  the  cell  be  reduced  to 
7 2,  so  that  the  E.M.F.  is  £"25  ^^^  ^^^  ^  quantity 
of  electricity  Q  be  passed  through  the  cell  in 
the  reverse  direction.  The  work  which  will 
have  to  be  done  will  be  QE^'t  ^^^  ^^  represented 
by  the  rectangle  CDOM.  During  the  passage 
of  this  electricity  in  the  reverse  direction,  the 
chemical  changes  which  took  place  in  the  cell 
during  the  time  when  it  was  sending  a  current 
will  be  exactly  reversed,  so  that  if  the  cell  be 
now  heated  up  to  the  temperature  1\  it  will 
be  in  exactly  the  same  condition  as  that  in 
which  it  was  at  the  start,  that  is,  it  will  have 

been  carried  through  a  cycle  of  operations  (§  262).  Since,  as  the  cell 
is  a  reversible  cell,  none  of  the  products  of  the  chemical  changes  which 
go  on  during  the  passage  of  a  current  escape  from  the  cell,  and  also 
since  the  elements  carry  their  atomic  heats  into  their  compounds,  it 
will  require  the  same  quantity  of  heat  to  raise  the  temperature  of  the  cell 
from  7^2  to  7\  as  it  did  to  cool  it  from  T^  to  T^,  and  hence  these  opera- 
tions exactly  balance  one  another  and  need  not  be  considered.  Also 
any  external  work  done  on  account  of  change  of  volume  will  be  negligible. 
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Fig.  542. 
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A  consideration  of  the  diagram  shows  that  an  amount  of  external  work 
represented  by  the  rectangle  A  BCD  has  been  done  during  the  cycle,  and 
since  the  chemical  state  of  the  cell  is  the  same  at  the  end  as  at  the  start, 
it  follows  that  this  work  cannot  have  been  done  at  the  expense  of 
chemical  energ>',  but  must  have  been  derived  from  some  other  source. 
In  other  words,  the  electrical  energy  of  the  cell  when  it  was  sending  a 
current  must  have  been  greater  than  the  chemical  energy  corresponding  to 
the  chemical  changes  which  took  place  during  the  passage  of  this  current. 

Next  suppose  that  the  E.M.F.  of  the  cell  decreases  as  the  temperature 
increases,  so  that  when  the  temperature  is  'I\  the  E.M.F.  is  represented 
by  OD,  while  when  the  temperature  is  7\  the  E.M.F.  is  OA.  Then,  if  when 
the  cell  is  at  a  temperature  T'j,  it  is  allowed  to  send  a  circuit  till  Q  units 
of  electricity  have  passed,  the  work  done  will  be  represented  by  DCMO, 
while  the  work  which  must  be  done  to  drive  Q  units  m  the  reverse  direc- 
tion when  the  temperature  is  lowered  to  T^  is  represented  by  abmo. 
Hence  in  this  case  more  work  has  to  be  done  by  the  external  source 
than  is  done  by  the  cell  when  such  a  cycle  is  traversed,  that  is,  the 
electrical  energy  which  the  cell  supplies  is  not  as  great  as  would  be 
expected  from  thermo-chemical  data. 

Since  energy  can  neither  be  created  nor  destroyed,  it  follows  that  in 
the  first  case  considered,  namely,  when  the  E.M.F.  of  the  cell  decreased 
with  decrease  of  temperature,  since  more  work  is  done  by  the  cell  when 
sending  the  current  than  is  supplied  by  the  chemical  changes  which  take 
place,  the  extra  energy  will  have  to  be  supplied  at  the  expense  of  the 
heat  of  the  cell,  so  that  if  no  outside  heat  is  supplied  the  cell  will  get 
cooler  as  the  current  passes,  or  to  keep  it  at  a  constant  temperature  heat 
must  be  supplied.  In  the  second  case,  where  increase  of  temperature 
causes  decrease  of  E.M.F.,  the  opposite  is  the  case,  and  the  cell  will  get 
hotter  when  sending  a  current,  and  to  keep  its  temperature  constant 
heat  must  be  abstracted. 

By  means  of  the  second  law  of  thermo-dynamics  it  is  possible  to 
calculate  the  quantity  of  heat  which  must  be  supplied  or  abstracted  in 
this  way.  Consider  the  first  case,  where  the  temperature  coefficient  of 
the  cell  is  positive,  that  is,  where  increase  of  temperature  is  accompanied 
by  increase  in  the  E.M.F.  Here  heat  has  to  be  supplied  while  the  cell 
is  passing  from  the  condition  represented  by  the  point  a  to  that  repre- 
sented by  B,  and  abstracted,  since  we  are  now  sending  the  current  in 
the  reverse  direction,  while  passing  from  c  to  D.  Let  //,  be  the  heat 
(measured  in  ergs)  supplied  at  the  temperature  7\^  and  y/j  the  heat 
abstracted  at  the  temperature  T^  then,  by  the  second  law  of  thermo- 
dynamics (§  263), 


But  H^-H^  is  the  heat  used  during  the  cycle,  and  is  equal  to  the 
rectangle  ABCD,  which  we  have  seen  is  equal  to  Q{E^-E^.     Hence 
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But  -^ — 7^  is  the  rate  of  change  of  the  E.M.F.  of  the  cell  with  tempera- 

ture,  that  is,  the  temperature  coefficient,  so  that  if  we  represent  this  by 

^,  and  if,  further,  we  take  Q  as  one  unit,  we  have  that  the  quantity  of 

heat  h  converted  into  electrical  energy  during  the  passage  of  the  unit 
quantity  of  electricity  is 

If  the  E.M.F.  decreases  with  increase  of  temperature,  so  that  the 
temperature  coefficient  is  negative,  we  have  simply  to  change  the  sign 

Hence  if  h'  is  the  total  quantity  of  heat  produced  by  the  chemical 
changes  which  go  on  in  a  cell  during  the  passage  of  unit  quantity  of 
electricity,  and  E  is  the  E.M.F.  of  the  cell,  the  following  equation 
will  hold : — 

Thus,  in  order  to  be  able  to  calculate  the  E.M.F.  of  a  cell  from  thermo- 
chemical  data,  it  is  necessary  to  know  the  temperature  coefficient  of 
the  cell. 

Since  in  the  case  of  the  Daniell  cell  the  E.M.F.  calculated  without 
taking  account  of  the  effect  of  the  temperature  coefficient  agrees  with 
the  observed  value,  it  is  evident  that  in  the  case  of  this  cell  the  E.M.F. 
can  only  vary  very  little  with  temperature,  and  experiment  has  shown 
that  this  is  the  case,  the  temperature  coefficient  being  +0.000034. 

563*.  Experimental  Verification  of  the  Helmholtz  Formula.— 
The  direct  experimental  verification,  by  means  of  thermal  measure- 
ments, of  the  correctness  of  Helmholtz's  expression  for  the  difference 
between  the  electrical  energy  available  in  a  cell  and 
the  chemical  energy  corresponding  to  the  processes 
which  go  on  in  the  cell  during  the  time  it  is  sending 
a  current,  has  been  undertaken  by  Jahn.  The  cell 
to  be  examined  was  placed  within  a  Bunsen's  ice-calori- 
meter (§  212),  while  there  were  two  external  circuits 
each  containing  a  galvanometer.  One  of  these  circuits, 
AGjB  (Fig.  543),  was  of  low  resistance,  and  the  other, 
AG2B,  of  very  high  resistance.  This  being  so,  practi- 
cally the  whole  of  the  current  sent  by  the  cell  passes 
through  the  galvanometer  Gj,  and  this  reading  of  the 
galvanometer  serves  to  measure  the  current  passing. 
The  very  small  current  which  passes  through  the  high  p 

resistance   galvanometer,    G2,    is    proportional    to    the 
difference  in  potential    between   the   points   A  and    B,  so  that  the  de- 
flection  of   this    galvanometer    serves    to    measure    the    difference  of 
potential  between  a  and  B. 

Let  C  be  the  current  sent  by  the  cell  and  e  the  difference  in  potential 
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between  the  points  A  and  B  when  this  current  is  passing.  Of  course  e 
will  be  less  than  the  E.M.F.  E  of  the  cell  on  open  circuit,  since  the  cell 
itself  has  resistance  as  well  as  the  wires  connecting  the  poles  to  the 
points  A  and  B,  and  therefore,  according  to  Ohm's  law,  there  will  be  a 
fall  of  potential  when  a  current  is  passing.  The  heat  developed  in  the 
branch  AG,B  in  the  time  /  will  be  equal  to  eCt  in  electrical  units  or  aeCt 
in  calories,  where  a  is  the  value  of  one  joule  in  calories,  that  is,  0.2387. 
If  ri  is  the  resistance  of  the  wires  connecting  the  terminals  of  the  cell 
with  the  points  A  and  B,  between  which  e  is  measured,  the  energy  spent 
in  these  wires  during  a  time  /  will  be  by  Joule's  law  r^C^t  joules,  or 
aryOt  calories.  Hence  the  total  energy  expended  by  the  cell  on  the 
portions  of  the  circuit  outside  the  calorimeter  is  aC(^-f-Crj)/. 

In  addition  to  the  heat  developed  in  the  external  circuit  of  the  cell, 
there  will  be  heat  developed  within  the  cell  itself,  owing  to  the  passage 
of  the  current  through  the  electrolyte,  and  if  rj  is  the  resistance  of  the 
cell,  the  quantity  of  heat  developed  in  this  way  will  be  oTjC*/  calories. 
The  total  heat  developed  in  the  circuit  will  thus  be 

aC(^+Cr,)/-»-ar,C*/, 

and  this  represents  the  total  quantity  of  energy  transformed  during  the 
passage  of  Ct  units  of  electricity  through  the  cell.  We  have  seen  in 
^554  that  if  li  is  the  E.M.F.  on  open  circuit  of  a  cell  of  which  the 
internal  resistance  is  r^  then  the  E.M.F.  between  the  terminals,  when 
it  is  sending  a  current  C,  is  B-r^C\  so  that  the  difference  of  potential 
between  the  points  TN  (Fig.  543)  is  E  —  r^C^  where  E  is  the  E.M.F.  of 
the  cell  measured  on  open  circuit.  Since  the  resistance  of  the  two 
wires  PA  and  BN  is  r,,  there  will  be  a  further  decrease  in  the  difference 
of  potential,  equal  to  r^C^  so  that  the  difference  of  potential  between  the 
points  A  and  n  will  be  g^ven  by 

Hence  E»e+C{r^  +  r^, 

and  therefore  aC(^+Cri)/+orjCV=-aC£/    .     .     .     (1). 

Each  side  of  this  equation  represents  the  total  quantity  of  energy  directly 
or  ultimately  transformed  into  heat  when  67  units  of  electricity  pass 
through  the  cell.  The  total  quantity  of  energy  transformed  into  heat 
outside  the  calorimeter  is  aC{e-\-Cr^t.  Now  we  can  observe  the  quan- 
tity of  heat  actually  evolved  in  the  calorimeter,  but  this  heat  will  not 
be  equal  to  argCV,  because,,according  to  Helmholtz*s  theory,  there  is  a 

6E 
quantity  of  heat  aCTj= .  t  absorbed  from  the  environment  when  a  quan- 
tity of  electricity  Ct  passes  at  constant  temperature  T  through  a  rever- 
sible  cell  of  E.M.F.  E^  if  ^  represents  the  rate  at  which  the  E.M.F. 

of  the  cell  increases  with  increase  of  temperature.  Thus  W^  the  actually 
observed  quantity  of  heat  evolved  in  the  calorimeter,  is  given  by 

?\E 
\V  =  ariC*t-aCT^t, 


§  563]  Calculation  of  E.M.F.  of  Cell  815 

and  therefore  by  substitution  in  equation  ( i )  we  get 
aC(^  +  Cri)/+  Py  +  aC7gy,/=aC£/. 

Since  o.C{e-^Cr^t  represents  the  quantity  of  energy,  expressed  in  thermal 
units,  converted  into  heat  in  the  portion  of  the  circuit  outside  the  calori- 
meter, if  Q  is  taken  to  represent  the  total  quantity  of  energy,  in  thermal 
units,  which  passes  from  the  cell  and  circuit  to  its  surroundings  during 
the  passage  of  C/  units  of  electricity,  we  have 

Op 


or 


aCT^t=aCEt-Q     .     .     .     (2). 


Hence,  by  measuring  the  current  strength  C,  the  difference  of  potential 
between  A  and  B  and  the  heat,  IV,  developed  in  the  calorimeter,  Q  can 
be  calculated,  and  then,  knowing  the  E.M.F.  E  of  the  cell  on  open 

8B 
circuit,  by  means  of  equation  (2),  the  value  of  the  term  aT^TpCt  can 

be  calculated.  Since  the  cell  is  placed  in  an  ice-calorimeter,  its  tem- 
perature will  be  0°  C.  or  273°  on  the  absolute  scale,  so  that  T  is  273. 
The  quantities  a,  C,  and  t  being  known,  the  value  of  the  temperature 

coefficient  ^=  can  be  calculated,  and  the  value   thus  obtained  from 

thermal  measurements  can  be  compared  with  the  value  found  by  direct 
electrical  measurements,  and  the  agreement  or  otherwise  between  these 
values  will  be  evidence  as  to  the  accuracy  of  Helmholtz's  theory. 

In  an  experiment,  using  a  Daniell  cell  in  which  the  concentration 
of  the  electrolytes  was  in  each  case  i  gram  molecule  of  the  salt  to 
100  gram  molecules  of  water,  Jahn  found  that  E,  the  E.M.F.  on  open 
circuit,  was  1.096  volts  at  0°  C.  Hence,  if  the  quantity  of  electricity 
Ct  which  passes  is  one  coulomb,  the  term 

a£C/=.2387  x  1.096 
=  .2617  calories. 

In  the  calorimetric  experiment  the  current  was  allowed  to  pass  for  an 
hour,  and  the  mean  value  of  the  current  was  0.066573  ampere.  The 
mean  value  of  the  product  of  the  current  into  the  difference  of  potential, 
<?,  between  the  points  A  and  B  was  0.011222.  During  the  course  of  the 
experiment  the  motion  of  the  mercury  thread  of  the  calorimeter  indi- 
cated that  52.394  calories  had  been  developed,  so  that  is  the  value  of 
W.  Hence,  noting  that  the  resistance  7\  of  the  wires  AP  and  BN  was 
0.1  ohm,  the  following  quantities  of  heat  were  developed  : — 

(xCet=  9.659  calories. 
ar^CH=  0.381      „ 
^  P^=  52.394      » 

Hence  Q  =  62.434. 
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Since  the  mean  value  of  the  current  was  0.066573  ampere,  and  it  flowed 
for  I  hour  or  3600  seconds,  the  total  quantity  of  electricity  which  flowed 
through  the  cell  was  0.066573  x  3600  or  239.66  coulombs. 

If  one  coulomb  had  passed  through  the  cell  the  heat  developed  in 
the  whole  of  the  circuit  would  have  been 

^'^^  =  .2604  calories. 
239.66 

Hence,  when  the  quantity  of  electricity,  C/,  which  passes  through  the 
circuit  is  one  coulomb,  we  have 

ar?^,C/-aC£/-Q-a26i7 -0.2604, 
=0.0013  calories. 

Therefore,  since  T  is  273  and  o  is  0.2387,  we  get 

JL  —  — ?^^-   =aoooo2  volts  per  degree 
57     .2387x273  ^         ^ 

The  value  of  the  temperature  coefficient  of  the  Daniell  got  from  direct 
electrical  measurements  is  0.000047,  a  number  which  agrees  very 
well  with  that  obtained  above  from  the  calorimetric  measurements,  on 
the  supposition  that  Helmholtz's  theory  is  correct.  Although  20  and 
47  may  seem  very  different,  it  must  be  remembered  that  the  coefficient 
obtained  is  practically  zero,  and  such  differences  as  appear  are  quite 
within  the  limits  of  experimental  error. 

As  another  example,  we  may  take  the  cell  consisting  of  a  plate  of 
silver  surrounded  with  silver  chloride  and  a  plate  of  zinc  in  a  solution 
of  zinc  chloride.  The  zinc  chloride  solution  contained  one  gram  mole- 
cule of  ZnClj  in  50  gram  molecules  of  water. 

The  E.M.F.  E  on  open  circuit  of  this  cell  is  1.0171  volts.  Hence, 
when  one  coulomb  passes  through  the  cell,  we  have 

a£C/=  .2387  X  1.017 1  =0.2428  calories. 

The  experiment  lasted  an  hour,  the  mean  current  being  0.093041 
amperes,  and  the  mean  value  of  the  product  eC  being  0.0233669  joules. 
The  heat  liberated  in  the  calorimeter  during  the  experiment  was  64.192 
calories.     Hence 

a  C>/=  20.339 

ariCV=     .744 

1^  =  64.192 

.-.         g  =  85-275 

The  total  quantity  of  electricity  which  passed  through  the  cell  was 
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0.093041  X  3600  =  334.94  coulombs.  Hence  if  one  coulomb  had  passed, 
the  total  quantity  of  heat  developed  in  the  circuit  would  have  been 

o5'275 ^02546  calories. 
334-94 

Hence  aT^  C/= 0.2428- 0.2546  = -o.oi  18  calories. 

?-g=  -     Q-Q^  ^^     =  -  .00018  volt  per  degree. 
6r        .2387x273  ^ 

The  temperature  coefficient  of  this  cell  obtained  by  direct  measurement 
is -0.0002 1  volt  per  degree,  so  that  the  agreement  is  very  satisfactory. 

When  a  lead  accumulator  sends  a  current  the  sulphuric  acid  solution 
is  electrolysed,  the  hydrogen  ions  go  to  the  positive  plate  (the  lead  peroxide 
plate),  and  the  SO4  ions  to  the  negative  plate,  that  is,  the  metaUic  lead 
plate.  The  hydrogen  ions  act  on  the  lead  peroxide  according  to  the 
equation 

PbOg  +  H2  =  PbO  +  H2O  +  58300  calories. 

That  is,  during  this  reaction,  in  which  one  gram  molecule  of  the  com- 
pounds take  part,  there  is  an  evolution  of  heat  of  58,300  calories.  Next 
the  sulphuric  acid  acts  on  the  lead  oxide  to  form  lead  sulphate  according 
to  the  equation 

PbO  +  H2S04=  PbS04+ H2O  +  23400  calories. 

Thus  the  total  thermal  value  of  the  changes  at  the  positive  plate  is  81,700 
calories. 

At  the  negative  plate  the  SO4  ions  react  with  the  water  to  form  H2SO4 
and  O.  Now  the  passage  of  the  current  has  split  sulphuric  acid  into  Hg 
and  SO4,  and  then  this  SO4  has  by  combination  with  water  reformed 
sulphuric  acid  so  that  the  whole  reaction  amounts  to  the  splitting  up  of 
water  into  hydrogen  and  oxygen,  for  just  as  much  heat  will  be  given  out 
when  the  acid  is  reformed  as  was  absorbed  when  it  was  split  up.  Hence 
we  have  to  include  in  our  thermal  equations  the  splitting  up  of  water  into 
hydrogen  and  oxygen,  that  is, 

H2O  =  Hg  +  O  4- 68400  calories. 

The  oxygen  combines  with  the  lead  to  form  lead  oxide,  and 

Pb  +  O  =  PbO  +  50300  calories. 

This  lead  oxide  is  then  converted  into  lead  sulphate,  and 

PbO  +  H2S04=  PbS04+  HgO  +  23400  calories. 

Thus  the  total  thermal  value  of  these  changes  is  5300  calories.  Hence 
for  the  whole  cell  we  have  that  the  thermal  value  of  the  chemical  changes 
which  take  place  is 

81700  +  5300  or  87000  calories. 

This  is  the  quantity  of  heat  which  corresponds  to  the  electrolysis  of 

3  F 
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one  gram  molecule  of  sulphuric  acid,  or  the  hberation  of  two  gram 
equivalents  of  hydrogen.  This  corresponds  to  the  passage  of  96550x2 
coulombs.  Also  since  one  joule  is  equal  to  0.2387  calories  the  mechani- 
cal value  of  the  thermochemical  changes  which  go  on  in  the  cell  is 
87000/0.2387  joules. 

If  /'  is  the  E.M.F.  of  the  cell,  then  the  passage  of  965  50  x  2  coulombs 
corresponds  to  the  performance  of  965 50X  2  F  joules  of  work.  Thus, 
assummg  that  the  temperature  coefficient  of  the  cell  is  zero,  we  have  the 
equation 

96550  X  2  K=  87000/0.2387, 


f^- 


87000 


96550x2x0.2387 
-1.888 

Hence  the  E.M.F.  corresponding  to  the  chemical  changes  is  1.888 
volts.  Experiments  have  shown  that  the  temperature  coefficient  of  a  cell 
made  with  solution  of  the  concentration  of  that  used  in  the  thermal 
measurements  is  +0.00014.  Hence  at  a  temperature  of  15"  C,  or  288' 
absolute, 

r^^= 288  X  0.00014  =  040. 

Thus  the  E.M.F.  of  such  a  cell  at  15°  C.  is  1.888+0.040  volts,  or  1.928 
volts.  An  experimental  measurement  of  the  E.M.F.  gave  1.900,  a 
number  which  is  in  very  fair  agreement  with  that  deduced  from  the 
thermal  data.  The  agreement  between  the  number  calculated  and  the 
observed  value  is  also  a  strong  argument  in  favour  of  the  accuracy  of  the 
account  which  has  been  given  above  of  the  chemical  changes  which  take 
place  in  the  accumulator. 

564.  Heat  developed  in  a  Circuit  when  the  Current  performs 
Mechanical  Work.— We  have  hitherto  considered  that  the  whole  of  the 
energy  of  the  current  has  been  spent  either  in  the  production  of  heat  in 
the  circuit,  or  in  the  performance  of  chemical  work.  The  current  may, 
however,  do  niechanical  work  ;  for  instance,  it  may  drive  an  electric 
motor,  and  this  motor  may  be  employed  in  raising  a  weight  against 
gravity,  or  pumping  water  from  a  lower  to  a  higher  level.  In  such  a 
case,  since  some  of  the  energy  is  converted  into  potential  energy  in  the 
raised  weight  or  water,  the  amount  of  heat  developed  in  the  circuit  during 
a  given  amount  of  chemical  change  in  the  cell,  will  not  be  so  great  as 
when  no  external  work  is  done. 

Let  us  consider  the  case  of  a  cell,  say  an  accumulator,  for  in  this  case 
the  internal  resistance  of  the  cell  is  so  small  that  it  may  be  neglected, 
connected  to  an  electric  motor.  Let  the  resistance  of  the  circuit,  includ- 
ing the  motor  and  the  leads,  be  /?,  and  the  E.M.F.  of  the  cell,  E.  In  the 
first  place,  let  the  armature  of  the  motor  be  fixed  so  that  it  cannot  rotate, 
and  therefore  none  of  the  electrical  energy  will  be  converted  into  energy 
of  motion  of  the  motor.  If  C  is  the  current  which  flows  through  the 
circuit  under  these  conditions,  then  by  Ohm's  law  C—E\R^  and  the  heat 
developed  in  the  circuit  in  a  time  /  is  equal  to  tO-R.  Now  Ct  is  the 
quantity  of  electricity  Q  which  passes  round  the  circuit,  so  that  the  heat 
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developed  is  RCQ  or  EQ.  Next  suppose  that  the  armature  is  released, 
but  that  it  is  allowed  to  turn  freely,  so  that  all  the  energy  supplied  to  the 
motor  is  employed  in  overcoming  the  friction  of  the  different  parts  of  the 
motor,  and  in  the  production  of  heat  in  the  armature  and  field-magnet 
coils.  Let  e  be  the  back  E.M.F.  produced  in  the  armature  (§  533)  when 
the  motor  has  reached  a  steady  state,  so  that  it  is  rotating  at  a  uniform 
speed.  Then  the  effective  E.M.F.  in  the  circuit  is  E  —  e.  Hence  the 
current  which  passes  is  now  {E  -e)jR.  The  heat  developed  in  the  wire 
constituting  the  leads,  the  armature,  and  the  field-magnet  coils  during 
the  passage  of  Q  coulombs  will  now  be  Q{E  —  e).  In  addition,  since  a 
quantity  of  electricity  Q  is  forced  against  an  E.M.F.,  <?,  an  amount  of 
work  will  have  to  be  done  represented  by  Qe.  Since  the  motor  is  doing 
no  work,  the  energy  represented  by  Qe  will  simply  be  frittered  away  as  heat 
due  to  friction  of  the  different  moving  parts,  so  that  the  total  amount  of 
heat  produced  in  the  circuit  during  the  passage  of  Q  coulombs  will  be 
Q{ E  -e)-\-  Qe  or  QE.  Hence,  as  before,  the  whole  of  the  electrical  energy 
derived  from  the  cell  is  converted  into  heat. 

Next  suppose  that  the  motor  is  employed  in  the  performance  of 
external  work,  say  the  raising  of  a  weight,  and  that  during  the  passage  of 
Q  coulombs  of  electricity  the  work  done  is  W.  \i e  is  the  back  E.M.F 
in  this  case,  the  effective  E.M.F.  for  sending  a  current  in  the  circuit  is 
E  —  e,  and  hence  the  heat  developed  in  the  circuit,  according  to  Joule's 
law,  is  {E  —  e)Q.  In  addition  to  the  work  done  in  raising  the  weight, 
which  will  be  stored  up  as  potential  energy,  a  certain  amount  of  work 
will  have  to  be  done  to  overcome  the  friction  at  the  bearings,  &c.,  of  the 
motor  and  the  mechanism  which  is  used  to  raise  the  weight ;  this  work 
will  appear  as  heat  developed  owing  to  the  friction,  and  if  h  is  the  amount 
of  such  work  which  corresponds  to  the  passage  of  Q  coulombs  of  elec- 
tricity through  the  circuit,  we  have,  since  the  total  work  done  by  the  cell 
must  be  equal  to  the  product  of  the  E.M.F.,  E  into  the  quantity  of  elec- 
tricity which  is  sent  through  the  circuit  by  the  cell,  that  is,  QE, 

QE=^Q{E-e)+W+h. 

Here  {E-e)Q  +  h  represents  the  quantity  of  energy  which  is  converted 
into  heat,  and  IV  is  the  energy  which  is  stored  up  as  potential  energy  due 
to  the  weight  which  has  been  raised. 

565*.  Heat  of  lonisation.— We  have  seen  that  the  relation  between 
the  E.M.F.  of  a  reversible  cell,  the  chemical  energy  of  separation  trans- 
formed, and  the  heat  taken  from  the  surroundings  of  the  cell  while  working 
at  constant  temperature,  is  expressed  by  an  equation  of  the  form 

in  which  h  is  the  loss  in  intrinsic  "  chemical "  energy  of  the  system  when 

unit  quantity  of  electricity  passes,  and  T^  is  the  corresponding  quantity 

of  heat  absorbed  from  the  environment,  according  to  Helmholtz's  theory. 
Recently  a  very  interesting  attempt  has  been  made  to  analyse  still  further 
the  processes  which  go  on  in  the  cell.     We  shall  briefly  indicate  the 
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nature  of  this  analysis,  taking  for  the  purpose  of  illustration  the  case  of 
the  reversible  Daniell  cell. 

When  this  cell  is  allowed  to  produce  2  x  96550  coulombs  of  electricity 
by  closing  the  circuit,  65  grams  of  Zn  are  dissolved  from  the  Zn  electrode, 
and  63  grams  of  Cu  are  deposited  on  the  Cu  electrode.  The  change  in 
intrinsic  energy  which  here  occurs  is  obviously  the  same  as  that  which 
takes  place,  when,  by  the  introduction  of  a  zinc  plate  into  a  solution  of 
copper  sulphate,  63  grams  of  copper  are  precipitated.  The  heat  evolved 
during  this  latter  process  has  been  observed  to  be  about  501,000  calories. 

If  we  represent  by  ie^  the  quantity  of  electricity  passing  when  65 
grams  of  Zn  are  dissolved,  and  63  grams  of  copper  precipitated,  then 

where  H  represents  an  amount  of  energy  equal  to  501,000  calories.  This 
Quantity,  //,  is  usually  taken  to  represent  the  loss  of"  chemical "  energy  by 
the  system,  but  no  attempt  is  made  to  analyse  it  further.  On  the  ionic 
hypothesis,  the  following  is  what  has  occurred  :  65  grams  of  Zn  have 
passed  from  the  neutral  state  into  the  solution,  where  they  exist  as  ions, 
and  63  grams  of  Cu,  originally  existing  in  the  solution  as  ions,  have 
passed  into  the  state  of  ordinary,  electncally  neutral  copper.  We  may 
represent  the  change  as 

Zn  +  Cu*  •S04''Aq  =  Zn-|S04"Aq  +  Cu  + //, 

where  Zn  and  Cu  signify  electrically  neutral  equivalent  weights  of  the 
respective  metals,  possessing  the  amounts  of  energy  corresponding  to 
these  states,  and  Cu'  *  and  Zn*  *  signify  the  same  weights  of  Cu  and  Zn, 
with  the  amounts  of  energy  which  they  possess  when  ionised.  The 
symbol  SO/'  refers  to  the  ionised  acid  radicle,  and  the  equation  assumes 
that  the  degree  of  dissociation  of  the  ZnSO^  solution  is  the  same  as  that 
of  the  CUSO4  solution. 

It  is  clear  that  we  may  regard  the  change  as  consist'ng  in  the  ionisa- 
tion  of  an  equivalent  weight  of  Zn,  and  the  passage  from  the  ionic  to  the 
neutral  state  of  an  equivalent  weight  of  Cu.  Now,  we  may  suppose  that 
there  is  some  definite  relation  between  the  energy  of  a  given  mass  of  an 
element  in  the  neutral  state  and  the  energy  of  the  same  mass  when  in 
the  ionic  state.  If  the  energy  in  the  ionic  state  is  the  smaller,  then 
ionisation  will  be  accompanied  by  development  of  heat,  which  we  may 
call  the  "heat  of  ionisation."  It  is  evident  that  H  in  the  above  equation 
signifies,  following  this  idea,  the  difference  between  the  respective  heats 
of  ionisation  of  Zn  and  Cu.     Thus  we  may  write 

Zn  =  Zn**.Aq+Ai 

and  Cu  =  Cu-'.Aq+^2, 

where  ^,  and  h<^  represents  the  heats  of  ionisation  of  Zn  and  Cu  respec- 
tively, and  are  connected  by  the  relation 
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The  question  now  arises  whether  there  is  any  means  by  which  we 
may  obtain  the  separate  heats  of  ionisation,  and  not  their  difference 
merely.     The  expression 

is  a  particular  case  of  a  general  theorem  which  can  be  applied  to  the 
changes  that  occur  at  each  electrode-electrolyte  surface.  Thus,  if  E-^ 
represents  the  amount  by  which  the  potential  of  the  solution  exceeds  that 
of  the  Zn  electrode,  and  ^2  that  by  which  the  copper  exceeds  that  of  the 
solution  in  its  neighbourhood,  we  have 

2^o^i  =  '^i  +  2^o^-g7^» 

and  2^0  £"2  =  -  h<,^  +  2<?o  ^Ty?« 

On  addition  these  equations  give 

2^0(^1  +  E^  =  {h^  -  h^  +  ie,  r^^^^)^ 

and  are  thus  seen  to  be  equivalent  to  the  original  Helmholtz  equation 

(§  562).     The  quantities  2e^T -^.  and  2e^T-K^  represent  the  respective 

quantities  of  heat  absorbed  at  the  electrode-electrolyte  surface  when 
65  grams  of  Zn  pass  into  solution  and  when  63  grams  of  Cu  pass  out 
of  solution.  The  values  of  these  quantities  can  be  estimated  from  obser- 
vations upon  the  thermal  effects  at  the  electrodes,  when  a  salt  of  each 
metal  is  electrolysed  between  electrodes  of  the  same  metal.  In  order  to 
determine  h^  and  h^,  it  is  further  necessary  to  know  the  values  of  E^  and 
E^.  If  we  suppose  these  to  be  known  from  capillary  electrometer  data, 
we  can  finally  determine  h^  and  h<^. 
Thus  for  copper  we  get 

7^2=  - 17700  calories, 

and  for  zinc  i4i  =  33 100  calories. 

And  hence  hy  —  h,^  =  50800  calories, 

which  result  agrees  sufficiently  nearly  with  the  observed  value, 

//=  50100  calories. 

The  results  may  also  be  expressed 

Zn  =  Zn*  "4-33100 
Cu  =  Cu-*- 17700. 

It  would  thus  appear  that  the  intrinsic  energy  of  ionised  Zn  is  less 
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than  that  of  an  equal  mass  of  electrically  neutral  Zn,  while  the  opposite 
is  true  in  the  case  of  copper.  The  tendency  of  the  Zn  to  ionise  and  of 
the  Cu  to  become  neutral,  as  exhibited  during  the  working  of  the  Daniell 
cell,  follows  naturally  from  these  results. 

Considerations  of  this  kind  appear  to  mark  a  distinct  advance  towards 
a  more  complete  physical  theory  of  chemical  change. 


CHAPTER   XIX 

PASSAGE   OF  ELECTRICITY   THROUGH   GASES- 
RADIO-ACTIVITY 

566.  Passage  of  Electricity  through  Gases.— In  the  preceding 
pages  we  have  considered  the  passage  of  electricity  through  solid  and 
liquid  conductors,  and  have  now  to  examine  the  conditions  under  which 
electricity  passes  through  gases.  Till  within  the  last  few  years  the 
subject  of  the  passage  of  electricity  through  gases,  although  one  of 
extreme  interest  from  the  beauty  and  intricacy  of  the  phenomena  ex- 
hibited, consisted  to  all  intents  and  purposes  of  a  collection  of  dis- 
connected facts.  Quite  recently,  however,  this  has  been  entirely  altered, 
and  the  experimental  work  which  has  been  done  in  this  branch  of  physics 
has  enabled  us  to  obtain  an  insight  into  the  mechanism  of  the  conduction 
of  electricity  in  gases,  so  that  there  promises  very  shortly  to  arrive  a  time 
when  in  this  branch  of  physics,  as  in  so  many  others,  we  know  much 
more  as  to  what  is  going  on  in  the  case  of  a  gas  than  we  do  in  the  case 
of  a  solid  or  a  liquid. 

When  a  gas  is  in  the  normal  condition  it  conducts  electricity  to  a 
very  small  extent,  even  when  the  electromotive  force  is  small.  This 
conductivity  is,  however,  so  very  small  that  it  is  extremely  difficult  to 
measure  it,  and  avoid  spurious  effects,  so  that  the  observations  made  on 
such  gas  were  very  contradictory.  Of  recent  years  means  have  been 
discovered  of  artificially  increasing  the  conductivity  of  gases  so  as  to 
permit  of  measurements  being  made  with  very  considerable  accuracy. 

There  are  a  number  of  ways  in  which  a  gas  may  be  put  into  a  state 
in  which  it  will  conduct  electricity  freely,  or,  as  we  may  say  for  short, 
put  into  the  conducting  state,  or  ionised.  Thus  a  gas  is  put  into  the 
conducting  state  when  it  has  its  temperature  raised  sufficiently,  when  it 
has  been  traversed  by  Rontgen  rays,  Lenard  rays,  cathode  rays,  and  the 
rays  that  are  given  out  by  certain  substances,  such  as  uranium,  radium, 
thorium,  &c.  We  shall  in  the  following  sections  study  the  action  of  these 
different  agents,  but  it  will  be  convenient  in  the  first  place  to  study  the 
behaviour  of  a  gas  when  in  the  conducting  state  without  reference  to  the 
particular  method  in  which  it  has  been  put  into  this  state. 

A  gas  remains  in  the  conducting  state  for  some  time  after  the  agent 
by  which  it  was  rendered  conducting  has  ceased  to  act.  The  conduc- 
tivity, however,  decreases  and  finally  disappears,  the  rate  of  decrease 
varying  very  much  in  different  circumstances.  The  gas  may  be  caused 
to  lose  its  conducting  power  by  bubbling  through  water  or  being  forced 
through  a  plug  of  glass-wool,  or  a  long  metal  tube  of  fine  bore.  The 
conductivity  is  also  lost  if  a  current  of  electricity  is  caused  to  flow  through 
the  gas  by  passing  it  between  two  metal  plates  which  are  maintained  at 
a  fairly  high  difference  of  potential. 

8a3 


824 


Magnetism  and  Electricity 


[§566 


From  ilie  fact  that  the  cause  of  the  gas  being  in  the  conducting  con- 
dition can  be  removed  by  filtration,  and  that  when  the  gas  is  subjected 
to  an  electric  field  the  gas  loses  its  conductivity  at  the  same  time  that  a 
current  passes,  shows  that  the  conductivity  must  be  due  to  something  of 
the  nature  of  particles  mixed  with  the  gas,  and  that,  whatever  this  some- 
thing is,  it  is  charged  with  electricity  so  that  in  an  electrical  field  it  moves 
under  the  action  of  the  electrical  forces.  Further,  experiment  having 
shown  that  when  a  given  volume  of  gas  is  put  into  the  conducting  con- 
dition the  gas  as  a  whole  possesses  no  charge,  it  follows  that  the  particles 
must  be  some  positively  and  some  negatively  charged.  These  electrified 
particles,  to  the  presence  of  which  the  conductivity  of  the  gas  may  be 
referred,  we  may  call  ions  ;  we  shall  see,  however,  that  the  ions  in  the 
case  of  the  conduction  of  electricity  through  gases  are  not  the  same  as 
the  ions  in  the  case  of  the  electrolysis  of  solutions. 

The  passage  of  electricity  through  a  gas  in  the  conducting  state, 
which  for  brevity  we  may  call  the  ionised  gas,  can  be  studied  by  the 

arrangement  shown  in  Fig.  544.  The 
ionisation  of  the  gas  is  caused  by  the 
Rontgen  ray  tube  D  (§  571),  which  is  en- 
closed in  a  lead  box  with  a  window  f. 
The  object  of  this  box  is  to  prevent  the 
escape  of  the  Rontgen  rays,  except  in  the 
direction  of  the  gas  under  observation, 
which  occupies  the  space  between  two 
insulated  metal  plates  a  and  B.  One  of 
these  plates  is  connected  to  a  quadrant 
electrometer  c  (§  470)  and  the  other  to 
one  pole  of  a  battery  E.  The  other  pole 
of  the  battery  is  connected  to  the  electro- 
meter. When  the  tube  D  is  in  action 
the  gas  between  the  plates  is  traversed 
by  the  rays  and  becomes  ionised,  and 
a  current  passes,  as  indicated  by  a 
gradually  increasing  deflection  of  the 
electrometer,  the  rate  at  which  the 
electrometer  deflection  increases  being 
a  measure  of  the  current  passing  through  the  gas.  By  measuring 
the  current  for  different  values  of  the  difference  of  potential  between  A 
and  B  and  plotting  the  current  as  ordinate  and  the  E.M.F.  as  abscissa  a 
curve  such  as  that  shown  in  Fig.  545  is  obtained.  For  small  values  of 
the  E.M.F.  the  curve  is  a  straight  line  showing  that  the  current  is  pro- 
portional to  the  E.M.F.,  and  hence  Ohm's  law  is  obeyed.  As  the  E.M.F. 
is  increased  the  current  increases  more  slowly  than  would  be  the  case  if 
Ohm's  law  continued  to  hold,  and  a  condition  is  reached  when  for  a  very 
considerable  increase  of  E.M.F.  the  current  remains  constant.  When, 
however,  the  E.M.F.  is  increased  up  to  a  value  nearly  great  enough  to 
cause  a  spark  to  pass  between  the  plates  a  and  B  there  is  a  very  rapid 
increase  of  the  current.  The  current  corresponding  to  the  flat  portion  of 
the  curve  is  called  the  saturation  current  for  the  gas  under  the  given 
conditions. 

The  phenomena  observed  can  be  explained  if  we  suppose  that  under 
the  influence  of  the  Rontgen  rays  ions,  that  is,  positively  and  negatively 
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charged  particles,  are  produced  throughout  the  gas,  the  production  taking 
place  at  a  constant  rate. 

Suppose  that  in  the  space  between  the  plates  there  are  q  positive  and 
q  negative  ions  produced  every  second.  Then  if  e  is  the  charge  carried 
by  each  ion,  and  there  is  a  current  i  passing  between  the  plates,  then  in 
a  second  there  will  be  i\e 
positive  ions  driven  against 
the  negative  electrode  B,  Fig. 
544,  and  the  same  number  of  | 
negative  ions  driven  against  I 
the  positive  electrode  A.  Now,  I 
when  a  steady  state  is  reached  H 
the  number  of  ions  removed  2 
per  second  cannot  be  greater  q- 
than  the  number  produced  by  q: 
the  ionising  agent.  Hence,  if  3 
the  ionising  agent  produces  q     ^  E  M  F 

ions  of  either  sign  per  second  "    pj^' 

the  current   through    the    gas 

cannot  be  greater  than  qe^  and  hence  qe  is  the  value  of  the  saturation 
current.  When  the  E.M.F.  between  the  plates  is  smaller  than  that 
required  to  produce  the  saturation  current,  then  since  the  rate  of  pro- 
duction of  the  ions  is  greater  than  the  rate  at  which  they  are  removed  by 
the  current  the  supply  of  ions  in  the  gas  will  be  maintained.  The  supply 
will  not  go  on  increasing  indefinitely,  since  it  is  found  that  there  is  a  limit 
to  the  number  of  ions  which  a  given  gas  can  contain.  This  limit  is 
probably  reached  when  the  rate  at  which  the  ions  recombine,  owing  to 
accidental  collisions,  is  equal  to  the  rate  at  which  the  ions  are  being  pro- 
duced by  the  ionising  agent.  Thus  as  long  as  the  saturation  current  has 
not  been  reached  the  number  of  ions  between  the  plates  remains  constant. 
The  velocity  with  which  the  ions  travel  towards  the  electrodes  depending 
on  the  magnitude  of  the  electrical  field  between  the  plates,  that  is,  on  the 
E.M.F.  applied,  the  rate  at  which  the  ions  reach  the  plates  will  increase 
as  the  E.M.F.  is  increased.  This  will  go  on  till  the  rate  of  removal  of 
the  ions  is  greater  than  the  rate  of  production,  when,  of  course,  the 
increased  field  cannot  remove  more  ions  than  are  produced.  When  a 
very  high  E.M.F.  is  applied  then  a  new  phenomenon  makes  its  ap- 
pearance, namely,  the  strong  electric  field  applied  to  the  gas  seems  to 
have  the  power  of  itself  ionising  the  gas,  and  hence  the  supply  of  ions, 
and  therefore  also  the  maximum  current  which  can  pass,  is  increased. 
Similar  results  are  obtained  with  the  other  ionising  agents  previously 
mentioned. 

If  the  ionising  agent  acts  on  all  the  gas  between  the  parallel  plates, 
the  ionisation  being  the  same  throughout  the  gas,  that  is,  each  cubic 
centimetre  of  the  gas  containing  the  same  number  of  ions,  then  the 
saturation  current  will  increase  as  the  volume  of  the  gas  between  the 
plates  increases,  that  is,  as  the  distance  between  the  plates  increases. 
The  reason  is  that  the  greater  the  volume  of  the  gas  acted  upon  by  the 
ionising  agent  the  greater  the  number  of  ions  produced  per  second,  and, 
therefore,  the  greater  the  saturation  current.  This  result  shows  a  very 
marked  difference  between  the  conduction  of  electricity  through  gases 
and  that  through  solids  and  liquids,  for  in  the  case  of  such  conduc- 
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tors  the  current  would  decrease  as  the   distance  between  the  plates 
is  increased. 

567.  Nature  of  the  Ions.— Experiments  have  been  made  on  the 
rates  of  diffusion  of  the  ions  in  different  gases,  using  different  agents  to 
produce  the  ionisation.  In  the  following  table  are  given  some  of  the 
results  obtained  by  Townsend  : — 


Coefficients  of  Diffusion  of  the  Ions. 


Ions  produced  by 

In 

Coefficients  of  Diffusion  in 

Dry  Gas. 

Moist  Oils.         1 

-i-Ions. 

-Ions. 

+  Ions 

-Ions 

Rontgen  rays      .    . 
»»            »i         •     • 

Radio-active  body  . 

Air 
CO, 
H 
Air 

.028 
.023 
.123 
.032 

•043 
.026 
.190 
•043 

.032 
.025 
.128 
.036 

•035 
.026 
.142 
.041 

From  this  table  it  will  be  seen  that,  except  in  the  case  of  carbon  dioxide, 
the  diffusion  of  negative  ions  is  more  rapid  than  that  of  the  positive  ions 
when  the  gas  is  dry,  but  that  in  moist  gas  the  difference  is  nothing  like 
so  marked,  owing  mainly  to  the  reduction  in  the  velocity  of  diffusion  of 
the  negative  ions.  Finally,  the  ions  produced  by  Rontgen  rays  and  by 
the  action  of  radio-active  substances  diffuse  at  the  same  rate,  and  so 
appear  to  be  the  same.  Thomson  has  suggested  that  the  reduction  in 
the  velocity  of  diffusion  of  the  negative  ions  is  due  to  the  fact  that  they 
get  loaded  with  moisture  and  so  are  retarded  in  their  movements  through 
the  surrounding  gas.  In  support  of  this  theory  we  have  the  fact  that 
water  vapour  condenses  much  more  readily  on  negative  ions  than  on 
positive  ones.  The  diffusion  of  the  ions  is  only  about  a  tenth  of  the  speed 
with  which  the  molecules  of  the  ordinary  so-called  permanent  gases 
diffuse. 

The  velocities  of  the  ions  in  an  electrical  field  has  also  been  measured, 
and  the  following  table  gives  a  few  results,  obtained  by  Zeleny,  which 
will  give  some  idea  of  the  magnitude  of  the  quantities  involved  : — 


Velocities  of  the  Ions  in  an  Electric  Field  of  i  Volt 
PER  Cm.  at  Atmospheric  Pressure. 


Gas. 

Velocity  of  Ions  in  Cm/Sec, 

+  Ions. 

-  Ions. 

Air  (dr>0 

Air  (moist)         .... 
Oxygen  (dry)     .... 
Oxygen  (moist)      .     .     . 
Hydrogen  (dry)     .     .     . 
Hydrogen  (moist)  ,     .     . 

1.36 

1-37 
1.36 
1.29 
6.70 
5.30 

1.87 
I.51 
1.80 
1.52 

7.95 
5.60 
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From  the  coefficients  of  diffusion  of  the  ions  and  their  velocities  in  an 
electrical  field  it  is  possible  to  calculate  the  charge  carried  by  each  ion. 
In  this  way  J.  J.  Thomson  has  shown  that  the  charges  carried  by  the 
gaseous  ions  are  the  same  whatever  the  nature  of  the  gas  in  which  the 
ions  are  produced,  and  that  this  charge  is  the  same  as  that  carried  by 
the  hydrogen  ion  in  the  electrolysis  of  solutions. 

568.  Passage  of  Eleetpieity  through  Gases  which  have  not 
been  Ionised  by  an  External  Source.— When  a  gas  has  not  been 
ionised  by  some  external  source,  such  as  the  passage  of  Rontgen  rays, 
the  conductivity  for  small  E.M.F.'s  is  so  extremely  small  as  to  be  almost 
negligible.  If,  however,  the  E.M.F.  is  gradually  increased  a  spark  will 
finally  be  produced,  and  the  gas  in  the  path  of  the  spark  will  become 
ionised,  so  that  a  very  much  reduced  E.M.F.  is  able  to  continue  forcing  a 
current  across.  The  E.M.F.  required  to  produce  a  spark  is  found  to 
depend  not  only  on  the  nature  and  pressure  of  the  gas,  but  also  on  the 
shape  and  distance  apart  of  the  conductors  between  which  the  spark  has 
to  pass,  and  to  a  small  extent  on  the  material  of  which  the  conductors 
are  made.  As  a  measure  of  the  electrical  stress  in  the  gas  necessary  to 
produce  a  spark  we  may  take  the  fall  of  potential  per  unit  length.  This 
quantity  is  called  the  electromotive  intensity. 

The  effect  of  the  distance  apart  of  the  conductors  forming  the  spark- 
gap  on  the  electromotive  intensity  is  very  clearly  shown  by  the  numbers 
given  in  the  following  table,  which  shows  the  potential  difference 
(measured  in  electro-static  units)  required  to  cause  a  spark  between  two 
spheres  of  9.76  cm.  radius  when  they  are  separated  by  different  distances 
in  air  at  a  pressure  of  76  cm.  of  mercury  : — 


Spark  Length 

Potential  Difference 

Electromotive 

in  cm. 

(Electro-static  Units). 

Intensity. 

.0066 

2.63 

399 

.Oil 

3.36 

320 

.1 

15.00 

150 

.56 

63.70 

114 

1.07 

110.78 

104 

It  will  be  observed  that  the  electromotive  intensity  necessary  to  pro- 
duce a  spark,  when  the  distance  between  the  spheres  is  small,  is  very 
much  greater  than  when  this  distance  is  comparatively  great. 

After  the  passage  of  the  spark  the  gas  along  the  track  of  the  spark 
remains  ionised  for  some  time,  so  that  if  this  ionised  air  is  blown  aside  by 
a  current  of  air  the  next  spark,  instead  of  springing  across  the  shortest 
distance  between  the  knobs,  will  pass  partly  through  the  displaced 
ionised  air,  although  to  do  so  it  has  to  traverse  a  longer  path.  Thus 
while  the  first  spark  is  straight  the  second  spark  is  curved,  the  concave 
side  being  turned  towards  the  current  of  air. 

If  the  pressure  of  the  gas  is  altered,  the  difference  of  potential  neces- 
sary to  produce  a  spark  varies  very  greatly.  As  the  pressure  is  reduced 
from  the  atmospheric  pressure  the  difference  of  potential  required  to 
produce  a  spark  of  a  given  length  decreases  at  first  ;  but  this  decrease 
does  not  go  on  indefinitely,  for  a  critical  pressure  will  eventually  be 
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reached,  and  when  the  pressure  is  further  decreased  the  potential 
necessary  to  produce  a  spark  will  increase,  and  this  increase  wjll  go  on 
as  lonp  as  the  pressure  is  decreased,  so  that  at  the  highest  vacua  attain- 
able the  gas  will  be  a  perfect  insulator,  and  it  will  be  impossible  to  pass 
a  spark.  The  critical  pressure,  at  which  the  electromotive  intensity  is  a 
minimum,  varies  with  the  distance  between  the  electrodes.     Thus  while 


Fig.  546. 

for  a  spark  length  of  i/loo  mm.  the  critical  pressure  in  air  is  equal  to 
the  pressure  of  25  cm.  of  mercury,  for  a  spark  length  of  several  milli- 
metres in  length  the  critical  pressure  is  less  than  that  due  to  a  millimetre 
of  mercury. 

The  appearance  of  the  discharge  changes  in  a  very  marked  manner 
as  the  pressure  of  the  gas  is  reduced.  Thus  at  atmospheric  pressure  the 
spark  consists  of  a  brilliant  line  of  light  which  is  sharply  defined,  and  is 
either  straight  if  the  spark  length  is  small  or  is  bent  in  a  very  charac- 
teristic manner,  being  sometimes  of  a  forked  nature. 

Suppose  that  a  glass  tube,  such  as  is  shown  in  Fig.  546  with  platinum 
wires  fused  through  the  ends,  these  wires  being  connected  with  a  small 


Fig.  547. 

aluminium  plate  K  and  a  wire  a,  is  gradually  exhausted,  and  that  a  dis- 
charge is  passed  through  the  gas  in  the  tube,  the  wire  A  being  positive, 
or,  as  we  may  call  it,  the  anode,  and  K  the  cathode.  When  the  pressure 
is  equal  to  about  8  cm.  of  mercury  there  will  be  a  line  of  light  stretching 
down  the  axis  of  the  tube  somewhat  as  shown  in  the  figure.  If  the 
pressure  is  reduced  to  about  half  a  millimetre  of  mercury,  then  the 
general  appearance  when  the  discharge  passes  is  that  shown  in  Fig.  547. 
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At  the  cathode  K  there  will  be  seen  a  soft  glow  which  moves  about  over 
the  surface  of  the  electrode.  Next  to  the  cathode  there  is  a  space,  B, 
which  is  comparatively  free  from  luminosity,  and  which  is  called  Crookes's 
space,  or  the  first  dark  space.  The  distance  from  the  cathode  through 
which  this  dark  space  stretches  increases  as  the  exhaustion  of  the  gas 
increases.  The  termination  of  the  dark  space  nearest  the  anode  is  quite 
sharp,  and  is  very  approximately  the  surface  on  which  would  lie  the  ends 
of  equal  normals  drawn  from  the  surface  of  the  cathode.  Beyond  the 
dark  space  is  a  luminous  space  C,  called  the  negative  column.  The 
position  of  the  negative  column  does  not  depend  on  that  of  the  anode, 
so  that  if  the  anode  is  placed  in  a  side  tube  the  negative  column  does 
not  bend  round  into  the  side  tube,  but  goes  straight  on  and  fills  the 
portion  of  the  tube  beyond  the  point  where  the  side  tube  containing  the 
anode  leaves  the  main  tube. 

Beyond  the  negative  column  there  is  a  second  comparatively  dark 
space  D,  called  the  second  negative  dark  space.  This  dark  space  varies 
very  much  in  size,  and  may  sometimes  be  entirely  absent.  Beyond  this 
dark  space  there  is  another  luminous  column,  E,  which  extends  up  to  the 
anode,  and  is  called  the  positive  column.  The  luminosity  of  the  positive 
column  is  often  not  continuous,  but  consists  of  alternate  bands  of  bright 
light  and  comparatively  dark  spaces.  These  bright  bands  are  called 
striae,  and  often  present  a  very  striking  appearance.  The  colour  of  the 
striae  depends  on  the  nature  of  the  gas  within  the  tube,  and,  according  to 
Crookes,  when  a  mixture  of  gases  exists  within  the  tube  each  gas  pro- 
duces a  separate  series  of  striae. 

While  the  negative  column  and  the  dark  space  are  confined  to  the 
neighbourhood  of  the  cathode,  and  do  not  increase  in  size  if  the  distance 
between  the  anode  and  cathode  is  increased,  the  positive  column  always 
stretches  up  to  the  anode,  passing  along  the  shortest  path  from  the 
cathode  to  the  anode.  Professor  J.  J.  Thomson  has  passed  a  discharge 
through  an  exhausted  tube  50  feet  in  length,  and  with  the  exception  of  a 
few  inches  near  the  cathode  the  positive  column  filled  the  whole  of  the 
tube  and  exhibited  very  well  marked  striations  throughout  its  length. 

When  the  exhaustion  of  the  tube  is  carried  considerably  below  that 
for  which  the  discharge  has  the  appearance  just  described,  the  character 
of  the  discharge  is  quite  altered,  and  a  series  of  subsidiary  phenomena 
occur  which,  especially  of  late  years,  have  attracted  much  attention.  It 
will  be  convenient  to  consider  these  phenomena  at  very  high  vacua  in  a 
separate  section. 

569.  Cathode  Rays. — When  the  exhaustion  within  a  tube,  such  as 
is  shown  in  Fig.  548,  is  carried  to  below  a  thousandth  of  a  millimetre  of 
mercury,  the  positive  column  gradually  vanishes,  and  the  sides  of  the 
tube  exhibit  a  brilliant  phosphorescent  glow.  The  colour  of  this  glow 
depends  on  the  nature  of  the  glass,  thus  with  lead,  or  English  glass, 
the  glow  is  blue,  while  with  German,  or  soda  glass,  the  phosphorescence 
is  of  a  beautiful  emerald  green.  The  appearance  presented  is  as  if 
something  were  projected  by  the  cathode  in  a  direction  normal  to  its 
surface  which,  when  it  strikes  the  glass,  has  the  power  of  exciting 
phosphorescence. 

Whatever  the  nature  of  the  emanation  from  the  cathode,  or  the 
cathode  rays  as  they  are  called,  they  under  ordinary  conditions  pro- 
ceed in  straight  lines,  so  that  if  a  screen,  such  as  is  shown  in  Fig.  549, 
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is  placed  between  the  cathode  and  the  sides  of  the  tube  a  clear  shadow 
of  the  screen  will  be  produced  on  the  walls  of  the  tube,  no  phosphores- 
cence taking  place  within  the  portion  of  the  wall  in  the  geometrical 


Fig.  548. 

shadow.  It  is  immaterial  in  this  experiment  whether  the  screen  be 
composed  of  a  conductor  or  a  dielectric.  If,  instead  of  a  plane  plate, 
a  concave  plate  is  used  for  the  cathode,  the  cathode  rays  are  approxi- 
mately brought  to  a  focus  at  the  centre  of  curvature  of  the  cathode,  and  if 
a  body  is  placed  at  this  focus  it  will  be  raised  to  a  bright  incandescence, 
or,  if  the  discharge  is  sufficiently  strong,  even  melted  owing  to  the  impact 
of  the  rays.  In  this  way  platinum  can  be  melted.  Other  substances 
besides  glass  phosphoresce  when  the  cathode  rays  are  allowed  to  (all  0:1 


Fig. 
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them.  Thus  if  some  rubies  are  enclosed  in  a  vacuum  tube  and  the  dis- 
charge is  passed,  the  cathode  rays  falling  on  the  rubies  will  cause  them 
to  give  out  a  brilliant  ruby-red  light. 

The  cathode  rays  are  deflected  when  a  magnet  is  brought  near  in  the 
direction  which  would  occur  if  they  formed  a  flexible  metallic  conductor 
conveying  the  current  from  the  anode  to  the  cathode.  Thus  if  a  screen 
pierced  with  a  slit  is  placed  before  the  cathode  as  shown  in  Fig.  550,  so 
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that  a  narrow  beam  of  the  cathode  rays  is  obtained,  when  no  magnet  is 
near  these  rays  will  travel  straight  on  and  strike  the  glass  at  C,  where 
they  will  cause  phosphorescence.  When  a 
magnet  is  brought  near  the  tube  so  that  the 
lines  of  force  are  at  right  angles  to  the  paper, 
the  rays  are  deflected  and  the  phosphorescent 
patch  on  the  glass  is  moved  down  into  the 
position  D. 

Crookes  originally  advanced  the  theory 
that  the  cathode  rays  consist  of  negatively 
charged  particles  shot  out  from  the  neigh- 
bourhood of  the  cathode.  But  this  theory 
was  not  accepted  by  some  observers,  who  supposed  that  the  cathode 
rays  are  really  ether  waves  of  the  same  general  nature  as  light 
waves  but  of  different  wave-length,  so  that  their  effects  cannot  be 
observed  by  the  ordinary  means  used  to  study  light  waves.  The 
fact  that  the  cathode  rays  are  deflected  by  a  magnet  is,  however,  a 
strong  argument  against  this  view,  since  no  one  has  ever  been  able  to 
detect  that  a  magnetic  field  has  any  deflecting  effect  on  light  waves.  In 
addition  it  can  be  shown  experimentally  that  along  the  path  of  the  cathode 
rays  there  is  a  transport  of  nega- 
tive electricity.  The  experiment 
was  originally  devised  by  Perrin, 
and  has  been  modified  by  J.  J. 
Thomson.  A  tube  is  taken  of  the 
form  shown  in  section  in  Fig.  551, 
in  which  K  is  the  cathode  and  A 
is  the  anode.  In  a  side  branch 
a  metal  tube,  C,  with  a  slit  at  the 
end,  is  placed  and  connected  to 
earth.  Inside  this  tube,  but  in- 
sulated from  it,  is  another  metal 
tube,  D,  which  also  has  a  slit 
which  is  opposite  the  slit  in  the 
outer  tube.  This  tube  is  con- 
nected with  an  electrometer.  When 
the  discharge  is  passed  the  cath- 
ode rays  travel  straight  across  the 
tube  and  strike  the  glass  at  the 
point  B  and  the  electrometer  is 
undeflected.  If,  however,  by  means 
of  a  magnet  the  cathode  rays  are 
made  to  enter  the  slit  in  the  tubes 
C  and  D  the  electrometer  will  be 

deflected,  showing  that  the  tube  D  has  acquired  a  negative  charge. 
The  outer  tube  C  which  is  connected  with  the  earth  will  screen  off 
from  the  inner  tube  all  electrical  disturbances  other  than  such  as  enter 
by  the  slit.  When  the  negatively  charged  particles  enter  the  inner  tube, 
since  they  are  at  the  inside  of  a  conductor,  they  will  either  give  up  their 
charges  to  the  conductor  or  will  induce  a  positive  charge  on  the  inside  of 
the  conductor,  and  the  corresponding  negative  charge  will  cause  the 
electrometer  to  be  deflected.     Hence  the  deflection  of  the  electrometer 


To  Electrometer 
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seems  clearly  to  indicate  that  the  cathode  rays  are  at  any  rate  always 
accompanied  by  the  projection  of  negatively  charged  particles,  and  hence 
it  is  only  natural  to  suppose  that  they  really  consist  of  such  negatively 
charged  particles. 

We  have  hitherto  only  considered  the  behaviour  of  cathode  rays 
within  the  highly  exhausted  tube  where  they  are  produced.  Lenard  has, 
however,  found  that  the  cathode  rays  can  be  obtained  in  the  space  out- 
side the  tube.  Thus  if  a  small  window  in  the  tube  is  covered  with  very 
thin  aluminium,  and  the  cathode  rays  are  directed  on  to  this  window, 
rays  are  found  to  proceed  from  this  window  which  are  deflected  by  a 
magnet  and  are  capable  of  producing  phosphorescence  in  the  same  way 
as  do  the  cathode  rays  within  the  tube.  These  rays  are  also  found  to 
carry  a  negative  charge.  At  first  this  possibility  of  passing  the  rays 
through  a  sheet  of  aluminium  seems  a  very  strong  argument  against  the 
theory  that  they  consist  of  negatively  electrified  particles.  It  has,  how- 
ever, been  found  that  if  a  piece  of  metal  inside  a  Crookes'  tube  is  placed 
in  the  path  of  the  cathode  rays  it  acquires  the  property  of  itself  givmg  off 
cathode  rays,  as  if  the  shock  due  to  the  impact  of  the  cathode  rays  were 
capable  of  driving  oftthe  negatively  charged  particles  from  the  other  side  of 
the  metal  plate  if  this  plate  is  very  thin.  Tnus  the  cathode  rays  outside 
the  tube  in  Lenard's  experiment  are  not  due  to  the  motion  of  the  same 
particles  which  struck  the  inside  of  the  aluminium  plate,  but  consist  of 
a  new  set  of  electrified  particles  which  are  shot  out  from  the  outside 
surface  of  the  plate,  owing  to  the  impact  of  the  charged  particles  which 
strike  the  inside  surface. 

By  measuring  the  curvature  of  the  path  of  the  cathode  rays  when 
subjected  to  a  magnetic  field  and  the  deflection  of  the  rays  produced  by 
an  electrical  field  it  is  possible  to  calculate  the  velocity  with  which  the 
negatively  charged  particles  are  moving  and  also  the  ratio  which  the 
negative  charge  e  carried  by  each  particle  bears  to  the  mass  ;//  of  the 
particle.  The  following  values  have  been  determined  by  this  method  by 
J.  J.  Thomson  and  others,  the  gas  in  every  case  being  at  a  very  low 
pressure  : — 


Source  of  Ions. 

Gas. 

Velocity. 

elm. 

Cathode  rays     .    . 

Air 

3.6  X  10^  cm./sec. 

7.7  X  lo'' 

»          n       •     • 

Hydrogen 

2.5xioJ»      „ 

6.7  X  10" 

»          i«       •     • 

CO2 

2.2  X  IO«       „ 

6.7  X  \<^ 

Lenard  rays .     .     . 

Air 

7.3x10'      » 

6.39  X  IO» 

Radium     .... 

Air 

i.6xio^»     „ 

10  X  10* 

It  thus  appears  that  the  velocity  of  the  particles  and  the  ratio  elm 
are  both  independent  of  the  nature  of  the  gas  in  which  the  cathode  rays 
are  produced.  It  is  also  found  that  the  nature  of  the  electrodes  has  no 
influence  on  either  of  these  quantities. 

Both  the  velocity  v  and  the  ratio  e\in  have  been  measured  for  the 
Lenard  rays  and  for  the  rays  produced  by  the  discharge  of  negative 
electricity  through  a  gas  at  a  very  low  pressure  from  a  cathode  illumi- 
nated by  ultra-violet  light  and  the  numbers  obtained  a.cfree  with  those 
obtained  with  cathode  rays. 
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It  is  of  very  great  interest  to  compare  the  value  of  the  ratio  e\m  for 
the  ions  in  the  case  of  the  cathode  rays  with  the  value  in  the  case  of 
the  electrolysis  of  solutions.  The  greatest  value  of  the  ratio  e\tn  obtained 
in  electrolysis  occurs  in  the  case  of  the  hydrogen  ion  where  ^  e\m  is  of 
the  order  lo"*.  Now  we  shall  see  that  measurements  of  the  magnitude  of 
the  charge  carried  by  the  negative  ion  (§  570)  show  that  this  charge  is 
the  same  as  that  carried  by  the  hydrogen  ion  in  the  electrolysis  of  a 
solution.  It  therefore  follows  that  the  mass  of  the  hydrogen  ion  in  elec- 
trolysis must  be  about  1000  times  as  great  as  that  of  the  ion  in  the  case 
of  the  cathode  rays.  For  this  reason  J.  J.  Thomson  has  proposed  to  call 
the  carrier  of  the  negative  charge  in  the  case  of  the  cathode  rays,  which 
has  a  mass  very  much  smaller  than  that  of  the  hydrogen  atom,  a  negative 
corpuscle. 

It  is  only  at  very  low  pressures  that  the  mass  of  the  negative  corpuscle 
is  found  to  be  so  small.  At  higher  pressures  the  corpuscles  seem  to  act 
as  centres  round  which  molecules  of  the  gas  collect  so  that  the  ratio 
e\m  becomes  small  compared  with  its  value  at  low  pressures. 

In  the  case  of  the  positive  ion  it  has  been  found  that  the  ratio  e\m 
is  of  the  same  order  of  magnitude  as  in  the  case  of  liquid  electrolysis  even 
when  the  pressure  of  the  gas  is  very  low. 

570.  Detepmination  of  the  Charge  carpied  by  the  Negative 
Ion.— As  has  been  said  in  the  last  section,  the  value  oi  elm  for  the  nega- 
tive ion  at  low  pressures  is  very  much  smaller  than  for  the  ions  in  liquid 
electrolysis,  and  the  question  therefore  arises,  is  this  difference  due  to  the 
charges  on  the  ions  in  the  two  cases  being  different  or  to  the  masses  of 
the  ions  being  different,  or  to  both  causes  combined?  This  question 
has  been  answered  by  J.  J.  Thomson,  who  has  measured  the  charge 
carried  by  an  ion.  The  method  employed  depends  on  the  observation 
made  by  Wilson  that  if  a  mass  of  gas  containing  ions  and  free  from  dust 
particles  and  saturated  with  moisture  is  caused  to  expand  to  1.25  of  its 
original  volume  a  cloud  will  be  produced.  This  cloud  is  due  to  the  fact 
that  owing  to  the  expansion  producing  a  fall  of  temperature  of  the  gas 
this  latter  becomes  supersaturated.  In  the  absence,  however,  of  dust 
and  of  ions  the  supersaturation  produced  by  the  amount  of  expansion 
used  is  not  enough  to  produce  drops  of  liquid.  When,  however,  either 
dust  particles  or  ions  are  present  these  act  as  nuclei  for  the  condensation 
of  water  (see  §  222).  If  there  is  r^o  dust  and  the  ions  are  not  too 
numerous,  then  each  ion  will  form  the  centre  of  a  single  drop  of  water, 
and  the  number  of  drops  will  be  equal  to  the  number  of  ions  present. 
To  determine  the  number  of  drops  in  the  cloud  formed  by  expansion  the 
velocity  with  which  the  cloud  settles  down  is  observed.  Now  Stokes  has 
obtained  an  expression  giving  the  velocity  with  which  a  drop  of  water 
will  fall  through  a  gas  in  terms  of  the  diameter  of  the  drop  and  the 
viscosity  of  the  gas.  Hence  from  the  rate  of  subsidence  of  the  cloud  the 
mean  diameter  of  the  drops  is  obtained.  The  total  mass  of  water  de- 
posited from  each  cubic  centimetre  of  the  air  can  be  calculated  from  the 
amount  of  cooling  corresponding  to  the  given  adiabatic  expansion  and 
the  latent  heat  of  evaporation  of  water.  Thus  knowing  the  total  mass  of 
the  drops  contained  in  unit  volume  and  the  mean  radius  of  the  drops,  the 

1  One  gram  of  hydrogen  ions  carry  96,550  coulombs,  or  9655  electro- magnetic 
absolute  units,  and  this  is  very  nearly  equal  to  10*. 
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number  of  drops,  and  hence  the  number  of  ions  contained  in  unit  volume, 
can  at  once  be  calculated. 

Knowing  the  number  of  ions  and  the  velocity  with  which  the  ions 
move  in  a  unit  electrical  field,  if  we  measure  the  total  charge  carried  by 
the  ions  through  unit  area  when  in  a  field  of  known  strength  we  obtain 
the  charge  carried  by  each  ion.  In  this  way  J.  J.  Thomson  has  found 
thai  the  charge  carried  by  an  ion  is  equal  to  3.4  x  lo""*  electro-static  units, 
or  1.13X  io~''  coulomb.  By  making  certain  assumptions  it  is  possible 
to  calculate,  by  means  of  the  kinetic  theory  of  gases,  the  number  of 
molecules  of  a  gas  in  a  cubic  centimetre  at  standard  pressure.  The 
numbers  thus  obtained  vaiy  between  lo^^  and  .2  x  lo**.  Hence  from 
the  density  of  hydrogen  the  weight  of  a  molecule  of  hydrogen  can  be 
calcuL'ited,  the  values  ranging  between  9  x  \o~'^  and  45  x  lo"^'  gram. 
If  then  the  ion  in  the  electrolysis  of  solutions  has  the  same  mass  as  the 
atom^  from  the  fact  that  one  gram  of  hydrogen  ions  carry  96,550  coulombs 
we  can  calculate  the  charge  carried  by  each  hydrogen  ion.  The  num- 
bers thus  obtained  range  between  .43x10-'®  and  2.ixio~"  coulomb. 
It  will  thus  be  seen  that  the  number  obtained  for  the  charge  carried  by 
the  gaseous  ion  is,  within  the  limits  of  experimental  error,  equal  to  the 
charge  carried  by  the  univalent  ion  in  electrolysis.  Making  the  assump- 
tion that  this  identity  exists,  we  may  work  back  to  the  number  of  mole- 
cules contained  in  unit  volume  of  a  gas,  when  the  number  obtained  is 
3.8  X  lo'*,  this  number  being  obtained  without  making  any  assumption  as 
to  the  shape  of  the  molecule. 

From  the  results  of  his  investigations  J.  J.  Thomson  concludes  that 
in  all  cases  the  charge  on  a  gaseous  ion  is  equal  to  the  charge  on  the 
hydrogen  ion  in  electrolysis,  but  that  the  charge  on  the  gaseous  ion  does 
not,  as  is  the  case  in  liquids,  depend  on  the  nature  of  the  substance  from 
which  the  ion  is  produced.  Further,  at  low  pressures  where  the  negative 
ion  escapes  becoming  entangled  with  the  molecules  of  the  gas  the  mass 
of  the  negative  ion  is  very  much  smaller  than  the  mass  of  the  smallest 
portion  of  ordinary  matter  with  which  we  are  acquainted,  namely,  the 
hydrogen  atom,  while  the  positive  ions  are  always  associated  with  masses 
which  are  of  the  same  order  as  ordinary  atoms  of  gases.  Hence  Thom- 
son supposes  that  negative  electrification  consists  of  a  collection  of  cor- 
puscles each  having  a  definite  charge  and  mass,  the  mass  being  very 
much  smaller  than  the  mass  of  the  hydrogen  atom,  and  that  the  trans- 
ference of  electricity  from  one  place  to  another  takes  place  by  the 
movement  of  these  corpuscles  from  the  place  where  there  is  a  gain  of 
positive  electrification  to  a  place  where  there  is  a  gain  of  negative 
electrification.  A  positively  electrified  body  will  then  be  one  which  has 
been  deprived  of  some  of  its  corpuscles.  A  negative  ion  is  thus  a  cor- 
puscle which  at  a  low  pressure  exists  alone,  but  in  a  gas  at  ordinary 
pressures  may  have  attached  to  it  one  or  more  molecules  of  the  gas,  that 
is,  molecules  which  have  not  lost  any  of  their  corpuscles  and  therefore 
possess  an  equal  charge  of  positive  and  negative  electricity.  A  positive 
ion  is  a  molecule  of  the  gas  which  has  lost  one  or  more  corpuscles.  For 
an  account  of  the  manner  in  which,  on  this  theory,  we  may  explain  the 
properties  of  the  molecules  of  the  different  elements  the  reader  must  be 
referred  to  Professor  J.  J.  Thomson's  book,  "Electricity  and  Matter." 

571.  Rontgen  Rays. — When  the  cathode  rays  strike  upon  matter, 
in  addition  to  inducing  phosphorescence  and  raising  the  temperature 
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and  in  certain  cases  causing  the  emission  of  cathode  rays,  there  is  pro- 
duced a  kind  of  rays  which  differ  from  the  cathode  rays  and  from  ordinary 
light  rays  in  very  many  particulars.  These  rays  were  first  discovered  by 
Rontgen,  and  are  therefore  called  Rontgen  rays  or  X  rays.  They  differ 
from  cathode  rays  in  that  they  pass  through  glass  and  many  other 
materials  with  comparatively  little  absorption,  and  they  are  not  deflected 
by  a  magnet  as  are  the  cathode  rays.  They  differ  from  ordinary  light 
rays  in  that  they  do  not  appear  to  be  refracted  when  they  pass  from  one 
medium  to  another,  while  it  has  been 
found  impossible  to  obtain  by  their 
means  any  signs  of  interference  pheno- 
mena. 

The  form  of  tube  which  has  been 
found  best  for  producing  these  rays 
is  shown  in  Fig.  552.      It  consists  of  y\g  552. 

a  concave  aluminium  cathode  K,  and 

a  platinum  plate,  A,  as  anode,  which  is  inclined  at  45°  to  the  axis  of 
the  cathode.  The  tube  itself  is  formed  of  soda  glass,  since  it  is  found 
that  lead  glass  is  very  opaque  to  the  rays.  The  cathode  rays  arc  focussed 
on  the  platinum  anode  and  the  Rontgen  rays  proceed  as  if  they  came  in 


straight   lines   from   the   point   of  the   anode   where   the   cathode  rays 
strike  it. 

The  presence  of  Rontgen  rays  can  be  detected  either  by  their  action 
on  a  photographic  plate  or  by  the  fluorescence  which  they  excite  when 
they  fall  on  some  substances,  such  as  the  double  cyanide  of  potassium 


836 


Magnetism  and  Electricity 


[§57» 


and  platinum.  The  tnost  strilring  peculiarity  of  these  rays  is  that  they 
are  capable  of  penetrating  many  substances  which  are  opaque  to  ordinary 
light.  Thus  black  paper,  wood,  and  aluminium  are  transparent,  while 
the  more  dense  metals,  such  as  lead,  are  opaque  to  the  rays.  The  most 
important  practical  application  of  the  differences  between  the  trans- 
parency of  different  bodies  to  these  i-ays  is  owing  to  the  fact  that  while 
flesh  is  fairly  transparent  the  bones  are  very  much  more  opaque.  Thus 
if  a  tube  producing  Rontgen  rays  is  placed  above  the  hand  while  a 
photographic  plate  is  placed  below  the  hand,  the  rays  will  pass  through 
the  flesh  of  the  hand  and  will  act  on  the  plate-  The  bones,  however,  will 
stop  the  rays,  and  hence  those  parts  of  the  plate  within  the  shadow  of 
the  bones  will  only  be  slightly  affected,  and  on  developing  the  plate  a 
shadow  of  the  bones  of  the  hand  will  be  obtained.  Such  a  photograph 
is  shown  in  Fig.  553,  and  it  will  be  observed  that  the  bones  are  much 
more  opaque  than  the  flesh.  Instead  of  using  a  photographic  plate,  a 
paper  screen  which  is  coated  with  one  of  the  salts  which  fluoresces  when 
the  Rontgen  rays  fall  on  it  may  be  used,  when  the  salt  will  fluoresce 
where  the  rays  arc  transmitted  by  the  flesh,  but  not  where  the  rays  have 
been  absorbed  by  the  bones,  and  so  a  dark  shadow  of  the  bones  will 
appear  on  the  screen. 

No  conclusive  experimental  evidence  as  to  the  nature  of  the  Rontgen 
rays  has  yet  been  obtained.  It  is,  however,  probable  that  they  are  of 
the  nature  of  a  wave  disturbance  in  the  ether,  the  wave-length  being 
very  small  compared  with  that  of  blue  light.  J.  J.  Thomson  has  shown 
that  waves  which  would  have  the  same  properties  as  the  Rontgen  rays, 
in  that  they  would  not  be  refracted  or  show  interference,  would  be  pro- 
duced in  the  ether  if  we  suppose  that  the  cathode  rays  are  really  nega- 
tively charged  particles  which  strike  the  body  which  is  producing  the 
rays.  The  disturbance  produced  would  not  be  so  much  a  wave  motion 
as  a  single  wave  or  impulse  which  would  travel  out  through  the 
medium. 

572.  Mechanical  Effects  produced  by  the  Cathode  Rays.— 
Crookes  has  shown  that  when  the  cathode  rays  fall  on  a  small  wheel 


Fig.  554. 

with  vanes,  such  as  is  shown  in  Fig.  554,  in  such  a  way  that  the  rays 
only  strike  the  vanes  on  one  side  of  the  axis  of  the  wheel,  this  latter  will 
rotate.  By  deflecting  the  rays  with  a  magnet  so  as  to  strike  the  vanes 
first  below  the  axis  and  then  above,  the  wheel  can  be  caused  to  rotate 
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in  either  direction.  It  is  pretty  certain  that  this  rotation  is  not  due  to 
the  momentum  of  the  charged  particles  of  gas  shot  out  from  the  cathode, 
for  if  we  calculate  the  momentum  possessed  by  the  particles  from  the 
data  given  in  the  preceding  sections,  the  result  is  very  much  too  small 
to  account  for  the  mechanical  affects  observed.  It  has  been  suggested 
that  the  motion  observed  is  due  to  secondary  thermal  effects  produced 
by  heat  developed  in  the  vanes  due  to  the  impact  of  the  cathode 
rays. 

673.  Distribution  of  Potential  along  an  Exhausted  Tube 
during  the  Passage  of  a  Current. — When  a  current  is  passed  through 
a  metallic  conductor  the  fall  of  potential  between  any  two  points  on  the 
wire  is  proportional  to  the  current  passing,  and  if  the  wire  is  uniform 
the  fall  of  potential  along  the  wire  will  also  be  uniform.  In  the  case 
of  an  electrolyte,  while  the  fall  of  potential  along  the  electrolyte  is  uni- 
form, yet  in  the  cases  where  there  is  polarisation  at  the  electrodes  an 
abrupt  change  of  potential  takes  place  at  the  surface  of  separation  of 
the  liquid  and  the  electrodes.  In  the  case  of  the  passage  of  electricity 
through  a  gas  in  a  rarefied  condition  in  a  tube,  such  as  that  shown  in 
Fig.  547,  the  potential  gradient,  that  is,  the  difference  of  potential  which 
is  shown  between  two  auxiliary  electrodes  fixed  between  the  cathode 
and  anode  divided  by  the  distance  between  these  electrodes,  varies 
greatly  from  one  part  of  the  tube  to  another.  Further,  in  the  positive 
column  the  potential  gradient  is  almost  independent  of  the  strength  of 
the  current  passing  through  the  gas.  The  greater  part  of  the  fall  of 
potential  which  occurs  between  the  anode  and  the  cathode  occurs  in 
the  immediate  neighbourhood  of  the  cathode.  Although  experiments 
on  this  point  are  subject  to  considerable  question  as  to  what  they 
really  represent,  they  seem  to  indicate  that  a  considerable  potential 
difference  is  necessary  to  cause  the  charged  particles  of  a  gas  to  give 
up  their  charges  to  a  cold  metal  electrode.  If,  however,  the  electrodes 
are  raised  to  a  white  heat  the  passage  of  electricity  from  the  gas  to 
the  electrodes  seems  to  be  very  much  facilitated.  Thus  in  the  arc  dis- 
charge, where  the  carbons  are  in  air  at  a  very  high  temperature,  the 
potential  difference  necessary  to  continue  the  discharge  through  the 
air  is  comparatively  small  compared  with  what  would  be  necessary  to 
cause  a  discharge  between  cold  electrodes  which  are  separated  by  the 
same  distance. 

574.  Radio-Activity.— Shortly  after  Rontgen's  discovery  of  the  rays 
which  go  by  his  name,  Becquerel  discovered  that  uranium,  as  well  as 
all  salts  containing  this  metal,  emits  rays  which  are  able  to  pass  through 
black  paper  and  a  sheet  of  thin  glass  and  affect  a  photographic  plate. 
These  rays  which  are  given  out  by  uranium  possess  the  property  of  dis- 
charging both  positive  and  negative  electricity,  that  is,  they  ionise  the 
gas  through  which  they  pass.  In  fact,  the  uranium  rays  behave  as 
regards  their  electrical  and  photographical  action  just  as  Rontgen  rays. 
Their  action  is,  however,  very  much  more  feeble.  This  power  of  a  body 
of  giving  out  rays  which  ionise  gases  is  called  radio-activity. 

Radio-activity  is  also  possessed  by  thorium  and  to  about  the  same 
extent  as  uranium.  By  treating  large  quantities  of  the  mineral  pitch- 
blende, which  contains  uranium  and  thorium  and  is  radio-active,  M.  and 
Mme.  Curie  prepared  by  chemical  means  two  active  substances  the  radio- 
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activities  of  which  are  enormously  greater  than  that  of  either  uranium 
or  thorium.  These  two  substances  have  been  called  polonium  and 
radium.  They  exist  in  very  minute  quantities  in  pitchblende,  so  that 
from  a  ton  of  the  mineral  only  a  decigram  or  two  of  an  impure  salt  of 
radium  is  obtained. 

The  radiation  given  out  by  radium  is  very  intense.  Thus  a  screen 
covered  with  zinc  sulphide  when  brought  near  a  very  small  quantity 
(two  or  three  centigrams)  of  pure  radium  bromide  is  brightly  lighted  up. 
In  the  same  way  a  charged  electroscope  brought  near  is  immediately 
discharged.  One  of  the  most  remarkable  properties  of  the  salts  of 
radium  is  that  discovered  by  Curie  and  Laborde,  namely,  that  they 
always  keep  at  a  temperature  of  several  degrees  above  that  of  the  sur- 
rounding air.  Owing  to  this  excess  of  temperature  above  that  of  its 
surroundings  heat  must  be  continuously  passing  from  the  radium,  and  it 
has  been  calculated  that  a  gram  of  radium  would  emit  a  quantity  of  heat 
of  about  loo  calories  per  hour.  Further,  it  has  been  calculated  that  the 
energy  of  the  rays  emitted  per  hour  by  a  gram  of  pure  radium  would  be 
about  70  calories.  We  shall  see  later  the  theory  which  has  been 
advanced  to  account  for  the  supply  of  the  energy  which  radium  is  con- 
tinually giving  out  in  the  form  of  rays  and  heat. 

It  has  been  found  that  there  are  three  distinct  kinds  of  rays  given 
out  by  radio-active  bodies.  The  first  of  these  rays  are  easily  absorbed 
by  metals  and  even  gases,  and  appear  to  consist  of  projected  bodies  and 
not  waves,  and  are  called  u  rays.  The  projected  particles  have  a  mass 
approximately  equal  to  the  mass  of  the  hydrogen  atom  and  carry  a 
positive  charge.  They  travel  with  a  velocity  which  is  approximately  a 
tenth  of  the  speed  of  light.  The  second  type  of  rays,  called  ft  rays, 
possess  all  the  properties  of  the  cathode  rays  considered  in  §  569,  and 
carry  a  negative  charge.  The  third  type  of 
rays,  called  y  rays,  resemble  in  many  ways 
Rontgen  rays.  They  have,  however,  a  very 
great  penetrating  power.  For  example,  these 
y  rays  are  able  to  ionise  a  gas  and  thus 
render  it  conductive  after  passing  through 
30  centimetres  of  iron. 

The  three  types  of  rays  differ  noticeably 
in  respect  of  the  way  they  behave  when 
passed  through  a  magnetic  field  which  is  at 
right  angles  to  the  direction  of  the  rays.  Thus 
the  a  rays  are  very  slightly  deviated,  the  /8 
rays  are  strongly  deviated,  the  paths  of  the 
particles  being  circles  of  comparatively  small 
radius,  while  the  7  rays  are  apparently  un- 
deviated  by  the  magnetic  field.  This  differ- 
ence in  the  behaviour  of  the  rays  is  very 
clearly  indicated  by  Fig.  555,  which  is  due 
to  Mme.  Curie.  The  radium  is  supposed 
placed  at  the  bottom  of  a  small  hole  bored  in  a  block  of  lead  so 
that  a  narrow  pencil  of  the  three  types  of  rays  escapes  vertically 
upwards.  A  strong  magnetic  field  is  supposed  to  be  applied  at  right 
angles  to   the  plane   of  the  paper  and   the   direction  of  the   lines   of 
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force  being  downwards.  In  order  to  show  the  fact  that  the  a  rays  are 
deviable,  it  has  been  necessary  in  the  figure  to  very  much  exaggerate  the 
magnitude  of  the  deviation. 

A  sheet  of  aluminium  .01  centimetres  thick  or  a  sheet  of  ordinary 
writing-paper  is  sufficient  to  completely  absorb  the  a  rays.  The  greater 
part  of  the  /?  rays  can  be  absorbed  by  a  screen  of  aluminium  having  a 
thickness  of  .5  centimetre.  Most  of  the  photographic  action  of  the  rays 
given  by  radium  is  due  to  the  ^  rays.  The  a  rays  are,  however,  most 
effective  in  producing  ionisation  in  the  neighbourhood  of  a  radium 
salt. 

Thorium  and  radium  possess  the  property  of  producing  temporary 
radio-activity  in  all  bodies  in  their  neighbourhood.  This  "excited" 
radio-activity  appears  to  be  due  to  the  deposition  on  the  body  of  a  layer 
of  radio-active  matter.  This  layer  can  be  dissolved  off  in  some  acids 
when  the  activity  is  found  in  the  liquid,  but  on  evaporation  of  the  solvent 
the  active  matter  is  left  behind.  The  excited  radio-activity  gradually 
decreases  after  the  removal  of  the  radio-active  body  which  has  pro- 
duced it. 

The  radio-active  bodies,  radium,  thorium,  and  actinium,  are  continu- 
ally emitting  into  the  surrounding  space  a  material  emanation  which  has 
the  property  of  a  radio-active  gas.  Uranium  and  polonium  do  not, 
however,  give  such  an  emanation.  The  emanation  is  able  to  diffuse 
through  gases  and  porous  substances  exactly  like  a  gas,  and  can  be 
separated  from  the  gas  with  which  it  is  mixed  by  the  action  of  cold. 
Thus  when  a  stream  of  air  which  has  been  passed  over  radium,  so  as  to 
become  charged  with  the  emanation,  is  passed  through  a  tube  surrounded 
by  liquid  air,  the  emanation  condenses  in  the  tube.  Passage  of  the 
emanation  through  a  platinum  tube  heated  to  bright  redness  has,  how- 
ever, no  effect  on  the  emanation. 

To  account  for  the  above  phenomena  it  has  been  suggested  that  the 
atoms  of  the  radio-active  elements  are  gradually  and  spontaneously 
undergoing  an  atomic  change. 

This  theory  that  the  phenomenon  of  radio-activity  is  due  to  atomic 
changes  is  supported  by  the  observations  of  Rutherford  and  Soddy  that 
the  radio-activity  of  thorium  is  due  to  the  presence  of  a  substance  which 
they  call  thorium-X,  and  which  can  be  separated  from  the  rest  of  the 
thorium  by  chemical  means.  After  the  removal  of  the  thorium-X  the 
thorium  is  left  without  activity,  the  activity  being  found  in  the  thorium-X. 
After  a  time,  however,  the  thorium  regains  its  activity  while  the 
thorium-X  loses  its  activity,  the  rate  of  gain  of  the  one  being  equal  to 
the  rate  of  loss  by  the  other.  To  account  for  these  effects  it  is  supposed 
that  a  certain  very  small  proportion  of  the  thorium  atoms  are  continually 
breaking  down,  and  in  the  process  produce  thorium-X.  This  thorium-X 
then  changes  into  the  emanation  and  the  substance  which  constitutes 
the  a  rays.  Further,  it  has  been  found  by  Ramsay  and  Soddy  that  if 
the  radium  emanation  is  collected,  and  its  spectrum  examined  in  a 
vacuum  tube,  a  spectrum  is  at  first  obtained  which  the  observers  con- 
sider to  be  new  and  to  be  the  spectrum  of  the  emanation  itself.  After  a 
few  days,  however,  the  spectrum  of  helium  makes  its  appearance, 
apparently  indicating  that  the  final  product  of  the  changes,  at  any  rate  in 
the  case  of  radium,  is  helium. 
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It  seems  quite  possible  that  the  energy  which  is  continually  being 
given  out  by  a  radio-active  body  owes  its  origin  to  such  atomic  changes 
as  those  mentioned  above.  Thus,  if  the  radium  atom  possesses  more 
potential  energy  than  is  possessed  by  the  products  of  its  disintegration, 
the  energy  liberated  during  the  change  may  be  sufficient  to  supply 
the  energy  radiated  in  the  form  of  heat  and  the  active  rays. 


PART    IX— MAXWELL'S    ELECTRO- 
MAGNETIC  THEORY 


CHAPTER  XX 

TRANSFERENCE    OF   ELECTRO-MAGNETIC    ENERGY   AND 
MAXWELVS  ELECTRO-MAGNETIC  THEORY  OF  LIGHT 

575.  Poynting's  Theory. — We  have  seen  how,  according  to  the  views 
of  Faraday  and  Maxwell,  if  ^  is  the  strength  of  the  electro-static  field  at  a 
given  point,  and  K  the  specific  inductive  capacity  of  the  medium,  the 
energy  stored  up  in  each  unit  of  volume  of  the  dielectric  at  the  given 
point  is  equal  to  KF^j^ir.  It  can  also  be  shown  that  in  the  same  way  the 
energy  stored  up  in  each  unit  of  volume  of  a  medium  of  which  the  per- 
meability is  )tt  at  a  point  of  a  magnetic  field  where  the  strength  of  the  field 
is  Hy  is  equal  to  /jl/J^/Stt.  Hence  the  electric  and  magnetic  energy  per 
unit  volume  of  a  medium,  which  is  the  seat  of  both  electro-static  and 
magnetic  forces,  is  KF^/87r+fMHySTr. 

Suppose  a  condenser,  AB,  Fig.  556,  is  charged  so  that  the  plate  A  is 
positive,  then  tubes  of  force  will  stretch  from  the  plate  A  to  the  plate  B. 
The  greater  pro- 
portion of  these 
tubes  will  stretch 
across  the  space 
between  the  two 
plates,  so  that  most 
of  the  energy  due 
to  the  charge  will 
be  stored  up  in  the 
dielectric  between 
the  plates.  The 
whole  energy  is  in 
this  case  in  the 
form  of  electro- 
static strain  in  the 
medium,    since 

there  is  no  electro-magnetic  force  produced  in  the  medium.  If  the 
plates  of  the  condenser  are  connected  by  a  conducting  wire,  which  we 
may  suppose  of  very  great  resistance,  so  that  the  condenser  takes  an 
appreciable  time  to  discharge,  this  wire  will  be  traversed  by  an  electric 
current,  and  at  the  same  time  the  difference  of  potential  between  the 
plates  of  the  condenser  will  diminish.  During  the  passage  of  the  elec- 
tricity through  the  wire,  there  will  be  produced  an  electro-magnetic  field 
in  its  neighbourhood,  that  is,  the  surrounding  medium  will  possess  energy 
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due  to  the  magnetic  strain  set  up.  Also  the  passage  of  the  electricity 
will  be  accompanied  by  the  production  of  heat  in  the  wire  according  to 
Joule's  law.  When  the  discharge  is  complete,  the  whole  of  the  energy 
which  was  originally  stored  up  as  electro-static  strain  of  the  medium 
between  the  plates  of  the  condenser  will  have  been  converted  into  heat 
in  the  connecting  wire.  During  the  process,  however,  a  certain  pro- 
portion will  have  existed  in  the  medium  surrounding  the  wire  in  the  form 
of  energy  of  the  magnetic  field,  although  it  also  finally  becomes  changed 
into  heat  in  the  wire.  An  interesting  question  now  arises  as  to  the  way 
in  which  the  energy  travels  from  the  medium  between  the  plates  to  the 
wire.  Poynting  has  shown  that  the  energy  travels  through  the  medium 
separating  the  plates  and  surrounding  the  wire,  and  that  the  paths  along 
which  the  energy  moves  are  the  intersection  of  the  equipotential  surfaces 
of  the  electro-static  and  the  electro-magnetic  fields.  Thus  in  the  case 
of  the  condenser  discharging  through  the  wire,  the  tubes  of  force  are 
supposed  to  spread  out  from  the  space  between  the  plates,  the  ends  of 
the  tubes  remaining  on  the  plates.  These  tubes  will  meet  the  wire,  and 
when  they  do  this,  they  will  be  broken  up  and  the  energy  which  each 
contained  will  be  delivered  to  the  wire,  where  it  will  appear  as  heat. 
The  breaking  up,  or  rather  absorption,  of  each  tube  by  the  wire  will 
allow  another  tube  to  expand  from  the  space  between  the  plates  For 
each  outside  tube,  since  it  exerts  a  lateral  compression  on  the  inside 
tubes,  will  tend  to  prevent  them  leaving  the  space  between  the  plates. 
The  absorption  of  a  tube  by  the  wire  will  reduce  the  lateral  pressure 
exerted  on  the  inside  tubes,  and  hence  more  tubes  will  be  able  to  swell 
out  from  the  space  between  the  plates. 

On  Poynting's  theory  the  energy  which  is  transmitted,  say,  along  a 
telegraph  cable  is  not  transmitted  along  the  conducting  wire  but  through 
the  insulating  sheath,  the  object  of  the  wire  being  to  direct  the  path  along 
which  the  energy  travels. 

The  telegraph  cable  may  be  regarded  as  a  wire  surrounded  by  a  con- 
centric conductor,  the  sheath,  the  interspace  being  filled  with  a  dielectric. 
When  the  wire  is  positively  electrified  and  the  sheath  negatively  by 
connecting  the  wire,  say,  to  the  positive  plate  of  a  charged  condenser, 
the  negative  plate  being  put  to  earth,  that  is,  connected  to  the  sheath, 
tubes  of  force  will  stretch  across  from  the  wire  to  the  sheath.  These 
tubes  will  travel  forward,  each  carrying  its  share  of  electrical  energy.  If 
we  suppose  the  thickness  of  the  insulating  covering  to  remain  the  same 
throughout,  then  the  length  of  the  tubes  of  force  will  remain  the  same  as 
they  travel  onward.  The  difference  of  potential  between  the  ends  of 
each  tube  will,  however,  diminish  as  the  tube  advances,  according  to 
Ohm's  law.  Since  the  difference  of  potential  between  the  wire  and  the 
sheath  decreases,  the  work  which  would  have  to  be  done  to  carr>'  unit 
charge  from  the  neighbourhood  of  the  wire  to  that  of  the  sheath  will  de- 
crease, and  since  the  distance  between  the  two  is  supposed  to  remain 
the  same,  it  must  follow  that  the  force  acting  on  the  unit  charge  will 
also  diminish,  that  is,  the  strength  of  the  field,  /%  between  the  wire 
and  the  sheath  will  decrease  as  we  go  from  the  sending  end  of  the  cable. 
Now  we  have  seen  that  the  energy  contained  in  unit  length  of  each 
tube  of  force  is  equal  to  Fli.  Hence,  since  the  length  of  the  tubes 
remains  constant  and  F  decreases,  the  quantity  of  energy  contained  in 
each  tube  will  decrease  as  the  tube  travels  away  from  its  starting-point. 
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The  passag^e  of  the  current  through  the  wire  and  sheath  is,  we  know, 
accompanied  by  the  conversion  of  a  certain  proportion  of  electrical 
energy  into  heat,  and  this  decrease  in  the  electrical  energy  of  each  tube 
as  it  travels  along  represents  the  loss  of  energy  in  the  conductor,  accord- 
ing to  Joule's  law^ 

Since  the  electro-static  lines  of  force  are  radial,  the  electro-static 
e(^uipotential  surfaces  will  be  cylinders  which  are  concentric  with  the 
wire  and  the  sheath.  The  magnetic  lines  of  force  are  circles  with  the  . 
wire  as  centre  and  in  planes  at  right  angles  to  the  length  of  the  wire,  so 
that  the  magnetic  equipotential  surfaces  are  planes  which  pass  through 
the  wire.  The  intersection  of  the  two  sets  of  equipotential  surfaces  will 
be  lines  which  are  parallel  to  the  axis  of  the  wire,  and  it  is  along  these 
lines  that  the  energy  travels  out  from  the  battery  at  the  sending  station 
to  the  distant  end  of  the  telegraph  cable. 

The  supposition  that  electro-static  equipotential  tubes  are  cylinders 
of  which  the  axis  of  the  wire  is  the  axis  is  not  quite  true,  for  as  we  go 
away  from  the  sending  point  the  difference  of  potential  between  the 
wire  and  the  sheath  will  decrease  by  Ohm's  law,  so  that  the  number  of 
equipotential  surfaces  included  between  the  wire  and  the  sheath  must 
decrease,  the  surfaces  being  supposed  to  be  drawn  for  a  given  difference 
of  potential  between  consecutive  surfaces.  The  result  is  that  the  equi- 
potential surfaces  are  really  frustra  of  cones.  These  cones  will  intersect 
the  wire  and  the  sheath  at  intervals  along  the  cable,  and  it  is  along  the 
line  of  intersection  of  such  a  cone  with  the  magnetic  equipotential  sur- 
faces that  the  electrical  energy  travels  which  enters  the  wire  or  sheath 
and  is  converted  into  heat.  If  the  wire  and  sheath  were  composed  of 
conductors  of  zero  resistance  there  would  be  no  fall  of  potential  along  the 
wire,  and  in  this  case  the  electro-static  equipotential  surfaces  would 
nowhere  intersect  either  the  wire  or  the  sheath,  so  that  no  electrical 
energy  would  travel  into  the  wire  or  sheath,  and  hence  no  heat  would  be 
generated. 

When  a  current  is  flowing  in  a  circuit,  say  a  coil,  the  space  surround- 
ing the  coil  will  be  a  magnetic  field,  and  hence  there  will  be  a  certain 
amount  of  energy  stored  up  in  this  magnetic  field.  If  now  the  current  is 
stopped  the  magnetic  field  will  cease  to  exist,  and  the  question  arises, 
what  becomes  of  the  energy  which  was  stored  up  in  the  field  ?  This 
energy,  if  the  circuit  is  at  a  distance  from  other  circuits,  returns  to  the 
circuit  and  gives  rise  to  the  induced  current  within  the  circuit  which  is 
produced  when  the  current  is  stopped.  Thus  the  phenomenon  of  self- 
induction  (§  521)  is  due  to  the  return  to  the  circuit  of  the  energy  which 
during  the  passage  of  the  current  is  stored  up  in  the  magnetic  field  pro- 
duced by  the  current.  When  a  current  is  started  in  a  circuit,  some  of  the 
energy  of  the  battery  employed  to  send  the  current  is  used  up  in  providing 
the  energy  of  the  magnetic  field.  When  a  second  circuit  is  near  the  cir- 
cuit in  which  the  current  is  flowing,  on  stopping  this  current  some  of  the 
energy  of  the  magnetic  field  will  soak  into  this  neighbouring  circuit  and 
will  produce  in  it  an  induced  current. 

576.  Magnetic  Force  caused  by  the  Motion  of  Electro  static 
Tubes  of  Force. — We  have  seen  that  when  electricity  moves  from  one 
part  of  a  conductor  to  another,  that  is,  when  a  current  passes  through  a 
conductor,  that  a  magnetic  field  is  produced  in  the  neighbourhood  of  the 
conductor  in  which  the  electricity  is  moving.     It  might  be  conceived  that 
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the  magnetic  field  produced  in  this  way  by  the  movement  of  electricity 
was  due  to  some  special  properly  of  the  electricity  when  it  is  moving 
from  one  part  of  a  conductor  to  another.  When  a  conductor  is  charged 
with  electricity,  the  electricity  being  at  rest,  the  space  surrounding  the 
charged  body  is  in  such  a  condition  that  electro-static  .forces  are  set  up, 
that  is,  there  is  an  electro-static  field.  In  the  last  section  we  have  seen  how 
the  passage  of  an  electric  current  through  a  wire,  which  for  simplicity  we 
took  double  so  that  the  outgoing  and  return  were  close  together  (it  must 
be  remembered  that  there  must  always  be  a  return  ;  it  may  be  at  a 
considerable  distance  from  the  portion  of  the  circuit  we  are  immediately 
considering,  but  it  is  there  nevertheless),  is  accompanied  by  the  motion 
of  the  electro-static  tubes  of  force  through  the  medium  between  the  wires. 
Since  by  the  motion  of  electricity  in  a  conductor  which  is  accompanied 
by  the  motion  of  the  tubes  of  electro-static  force,  or,  as  we  may  call  them, 
the  Faraday  tubes,  to  distinguish  ihem  from  the  tubes  of  magnetic  force, 
magnetic  forces  are  set  up  m  the  dielectric  surrounding  the  conductor, 
the  question  arises,  would  magnetic  forces  be  set  up  in  the  same  way  in 
the  surrounding  dielectric  if  we  were  to  cause  the  motion  of  Faraday 
lubes  through  the  dielectric  by  moving  the  body  on  which  a  charge 
exists  ?  Thus  suppose  we  consider  two  metal  plates  placed  parallel  to 
one  another  in  air,  one  charged  positively  and  the  other  negatively. 
The  Faraday  tubes  will  then  stretch  across  from  the  positive  plate  to 
the  negative  plate,  and  in  the  space  between  the  plates  we  have  an 
electro-static  field  ;  but  as  long  as  the  charges  on  the  plates  are  at  rest 
there  will  be  no  magnetic  field.  Suppose  now  the  two  plates  are  moved 
parallel  to  their  own  plane  and  at  the  same  speed,  then  the  tubes  will 
not  move  with  reference  to  the  charged  plates  but  they  will  sweep 
through  the  air  which,  owing  to  the  motion  of  the  plates,  will  pass 
through  the  space  between  the  plates.  In  this  case,  then,  we  have  pro- 
duced a  motion  of  the  Faraday  tubes  with  reference  to  the  dielectric  (air) 
without  any  motion  of  electricity  on  conductors,  and  the  question  arises, 
will  the  air  between  the  plates  in  which  the  Faraday  tubes  are  moving 
be  the  seat  of  a  magnetic  field,  as  it  certainly  would  be  if  the  motion 
of  the  tubes  were  going  on  owing  to  the  motion  of  electricity  ?  This 
question  was  answered  by  Rowland,  who  found  by  experiment  that  a 
magnetic  field  was  produced  by  the  motion  of  the  tubes  caused  by  the 
motion  of  the  charged  body  with  reference  to  the  dielectric.  Since  this 
experiment  shows  that  magnetic  force  can  be  produced  by  the  motion  of 
Faraday  tubes  through  a  medium,  it  seems  only  legitimate  to  suppose 
that  in  every  case  the  production  of  a  magnetic  field  by  a  current  is  due 
to  the  motion  of  the  Faraday  tubes,  which  is  always  going  on  when  such 
a  magnetic  field  exists.  If  we  adopt  Ampere's  hypothesis  that  the 
magnetism  of  permanent  magnets  is  due  to  currents  which  circulate  in 
the  molecules  of  the  iron,  then,  since  these  currents  must  be  accompanied 
by  the  motion  of  Faraday  tubes,  in  this  case  also  the  magnetic  field  pro- 
duced can  be  considered  as  due  to  the  motion  of  these  tubes. 

Although  to  go  into  this  subject  any  further  would  lead  us  beyond 
the  scope  of  this  work,  we  may  mention  that  Professor  J.  J.  Thomson  has 
shown  how  the  various  phenomena  of  the  magnetic  field  can  be  explained, 
if  we  suppose  that  the  motion  of  the  Faraday  tubes  produces  a  magnetic 
field  the  direction  of  which  is  perpendicular  both  to  the  length  of  the 
tube  and  to  the  direction  in  which  the  tube  is  moving. 
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577.  Displacement  Currents. — When  an  electromotive  force  or 
difference  of  potential  acts  between  two  points  of  a  conductor,  then  a 
motion  of  electricity  is  produced  in  the  conductor,  that  is  to  say,  a 
current  is  produced.  If  the  conductor  is  an  electrolyte,  then  a  current 
is  produced,  but  while  there  will  be  a  certain  amount  of  energy  converted 
into  heat,  at  the  same  time  the  passage  of  the  current  will  be  accom- 
panied by  certain  chemical  changes.  In  both  of  these  cases  the  passage 
of  the  current  will,  if  we  leave  out  of  consideration  opposing  E.M.F.'s 
produced  by  polarisation,  continue  as  long  as  the  difference  of  potential 
is  maintained.  In  the  case  of  a  difference  of  potential  being  produced 
between  two  points  in  a  dielectric  the  circumstances  are  quite  different, 
for  in  this  case  no  current  passes  through  the  dielectric,  neither  does  any 
chemical  change  take  place. 

As  we  have  seen,  however,  the  dielectric  is  evidently  in  a  state  of 
strain,  for  it  has  become  doubly  refracting,  while  the  fact  that  if  the 
difference  of  potential  exceeds  a  certain  value  a  spark  passes,  shows  that 
the  medium  cannot  support  an  indefinitely  great  electric  stress. 

In  order  to  account  for  the  different  properties  of  dielectrics,  Maxwell 
supposed  that  when  a  dielectric  is  subjected  to  an  electromotive  force, 
that  is,  to  an  electrical  stress,  a  displacement  of  electricity  takes  place  in 
the  dielectric  in  the  direction  of  the  electrical  stress,  but  that,  unlike  what 
is  the  case  with  conductors,  a  dielectric  is  able  to  continuously  support 
the  stress,  the  corresponding  strain  being  the  displacement  of  positive 
electricity  in  the  direction  of  the  electromotive  force  and  negative  elec- 
tricity in  the  opposite  direction  ;  the  difference  between  a  conductor 
and  a  dielectric  with  reference  to  the  electric  stress  being  similar  to  that 
between  a  liquid  and  a  solid  with  reference  to  a  sheering  stress.  In  the 
solid  a  sheering  strain  is  accompanied  by  a  stress  which  opposes  the 
strain,  and  is  equal  and  opposite  to  the  strain.  In  the  case  of  a  liquid, 
however,  as  long  as  the  strain  is  changing  there  will  be  a  certain  stress 
called  into  play,  as  we  saw  when  considering  the  viscosity  of  liquids, 
but  no  permanent  strain  can  be  kept  up,  so  that  this  case  corresponds 
to  that  of  a  conductor  in  which  no  permanent  electrical  displacement 
can  be  kept  up. 

Let  A  and   B  be   two  parallel  metal  plates  forming  a  condenser. 
Consider  any  one  of  the  tubes  of  force  stretching  between  the  plates, 
then  this  tube  will  start  from  a  portion  of  the  plate  A,  containing  a  unit 
positive  charge,  and  will  end  on  a  portion  of  the  plate  B,  containing  a  unit 
negative    charge.      Now    Maxwell   sup- 
poses  that  the    charges   which    appear  ^--^^^*^— ^ 
on  the  metal  plates  are  simply  the  mani-                          /'"'^     ^""N. 
festations  of  the  state  of  strain  existing                A     /  \ 

in   the  dielectric  contained  within  the     r q      -Lg 

tube  of  force.  1  T 

Suppose  that  A  and  B  (Fig.  557)  are  "     V  J 

the  two  plates  of  a  condenser  and  that  ^ ^ 

these  are  connected  by  a  wire,  w,  in  Fig.  557. 

which  is  placed  a  source  of  E.M.F.,  say 

an  electric  battery,  E.     Owing  to  the  action  of  the  E.M.F.,  suppose  that 

a  quantity  of  electricity,  g,  is  displaced  along  the  wire,  so  that  a  becomes 

positively  electrified  and  B  negatively  electrified.     The  effect  of  these 

electrifications  of  A  and  B  will  be  to  produce  an  electro-static  force  acting 
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from  A  to  B  in  the  dielectric  between  the  plates.  Now  Maxwell  supposes 
that  this  force  will  produce  an  electric  displacement  within  the  dielectric, 
the  positive  electricity  being  moved  from  A  towards  P,  and  further,  that 
if  we  consider  any  plane,  CU,  drawn  so  as  to  separate  the  dielectric 
between  the  plates  into  two  strata,  then  the  total  quantity  of  electricity 
which  will  cross  this  plane  owing  to  the  displacement  will  be  equal  to  Q. 
Hence  at  the  same  time  that,  owing  to  the  E.M.F.,  E^  a  (quantity  of 
electricity,  (2,  is  forced  across  every  cross-section  of  the  wire,  w,  an 
equal  quantity  of  electricity  will  be  forced  across  every  cross-section  of 
the  dielectric.  If  the  E.M.F.  in  the  wire  is  removed  the 'condenser  will 
discharge  through  the  wire  w,  and  while  Q  units  of  electricity  will  flow 
through  the  wire  froiu  a  to  B,  (2  units  will  also  cross  every  plane,  such  as 
CD,  drawn  across  the  dielectric  in  the  direction  from  B  to  A.  Hence  the 
charge  and  the  discharge  of  a  condenser  may  be  regarded  as  the  motion  of 
cieciricity  in  a  closed  circuity  just  as  is  the  case  when  we  have  to  do  with 
circuits  which  are  composed  exclusively  of  conductors.  The  difference 
of  the  two  cases  lies  in  the  fact  that  when  the  circuit  consists  of  con- 
ductors only,  the  resistance  which  opposes  the  displacement  is  inde- 
pendent of  the  quantity  of  electricity  which  has  been  displaced  through 
the  circuit,  while,  when  a  portion  of  the  circuit  consists  of  a  dielectric,  the 
displacement  of  electricity  through  the  dielectric  is  accompanied  by  the 
manifestation  of  a  force  which  opposes  the  displacement,  and  which  is 
proportional  to  the  displacement  and  opposes  it.  The  movement  of 
electricity  will  therefore  go  on  in  the  circuit  till  the  opposing  force  pro- 
duced in  the  dielectric,  due  to  the  displacement,  will  be  exactly  equal 
and  opposite  to  the  E.M.F.  which  tends  to  produce  a  current  in  the 
circuit  On  the  removal  of  this  E.M.F.,  then,  just  as  a  deformed  spring 
on  the  removal  of  the  deforming  force  will  sprinsj  back  to  its  original 
shape,  so  the  dielectric  elastic  force,  being  no  longer  opposed  by  the 
external  applied  deforming  force,  will  cause  the  springing  back  of  the 
electrical  displacement,  that  is,  will  cause  the  passage  of  a  current  in  the 
circuit  in  the  opposite  direction  to  the  charging  current.  According  to 
Maxwell's  theory  of  electricity,  in  considering  the  magnetic  actions  which 
accompany  the  charge  and  discharge  of  the  condenser,  we  must  include 
not  only  the  actions  of  the  currents  which  flow  in  the  wire  w,  but  also 
the  magnetic  effects  of  the  displacements  which  take  place  in  the  dielectric. 
In  other  words,  magnetic  effects  may  be  produced  both  by  conduction 
currents,  such  as  we  have  exclusively  considered  hitherto,  and  also  by 
displacement  currents  in  the  dielectric. 

Let  us  now  consider  more  in  detail  the  effects  of  regarding  a  dielectric 
as  an  elastic  medium  in  which  a  stress,  due  to  the  action  of  electro-static 
force,  or  rather  induction,  produces  electrical  displacement.  Let  us  con- 
sider the  case  of  two  infinite  plane  conducting  plates  placed  parallel  to 
one  another  at  a  distance  d  apart.  If  <r  is  the  charge  on  each  unit  of  area 
of  the  positively  charged  plate,  then  there  will  be  a  tubes  of  force  start- 
ing from  each  unit  of  area  of  this  plate.  Since  the  plates  are  infinite,  the 
tubes  of  force  are  of  uniform  cross-section,  and  are  everywhere  at  right 
angles  to  the  plates.  If  we  consider  a  single  tube  of  force,  its  cross- 
section  will  be  i/<r.  The  total  displacement  across  any  plane  drawn 
between  the  plates  will  be  equal  to  the  charge  on  the  plates,  and  since 
the  plates  are  so  large  that  the  effects  of  the  edge  may  be  neglected,  the 
displacement  through  each  unit  of  area  of  a  plane  drawn  parallel  to  the 
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plates  will,  at  any  rate  near  the  centre,  be  equal  to  a.  Now,  if  the 
specific  inductive  capacity  of  the  dielectric  is  A',  the  force  acting  at  any 
point  between  the  plates  will  be  /^irajK.  Hence  the  stress  acting  to 
produce  electrical  displacement  is  ^ttct//^,  and  the  strain  produced  across 
unit  area,  that  is,  the  displacement  across  unit  area,  is  <r.  Now,  when 
considering  the  effects  of  a  stress  on  an  elastic  material  (§  122),  the  ratio 
of  the  stress  to  the  strain  was  called  the  elasticity  of  the  material.  Hence 
by  analogy  we  may  call  the  ratio  of  the  electric  force  to  the  displacement 
it  produces  the  coefficient  of  elasticity  of  the  medium.  Thus  the  electrical 
coefficient  of  elasticity  of  a  dielectric  is  equal  to  47r/A',  where  A'  is  the 
specific  inductive  capacity  of  the  medium. 

The  reason  why,  although  displacement  takes  jplace  throughout  the 
mass  of  the  dielectric,  it  is  only  on  the  bounding  surface  between  the 
dielectric  and  a  conductor  that  an  electric  charge  is  manifest,  is  similar 
to  the  reason  that  although  a  magnetised  bar  is  magnetised  throughout 
its  mass,  it  is  only  at  the  ends  that  this  magnetism  is  evident.  Within 
the  mass  of  the  magnetic  material  the  opposite  magnetisation  of  adjacent 
portions  of  the  material  neutralise  each  other's  external  effect.  In  the 
same  way,  in  the  case  of  the  dielectric,  although  there  is  displacement 
throughout  the  mass,  yet,  since  the  displacement  in  any  small  portion  of 
the  medium  will  cause  it  to  become  electrified  positively  on  one  side  and 
negatively  on  the  other,  these  charges  will  not  produce  any  external 
effect,  since  the  neighbouring  portions  of  the  medium  will  also  be  electri- 
fied in  such  a  way  that  their  sides  turned  towards  the  first  portion  will 
exhibit  an  equal  and  opposite  electrification. 

578.  Maxweirs  Eleetro-magnetie  Theory  of  Light.— Although 
Maxwell's  theory  of  electrical  displacement  does  not  in  any  way  attempt 
to  tell  us  what  electricity  is,  yet,  by  showing  how  the  observed  facts  can 
be  accounted  for  by  ascribing  certain  elastic  properties  to  the  medium,  it 
is  of  very  great  importance,  and  it  led  Maxwell  himself  to  the  important 
conclusion  that  it  must  be  possible  to  produce  waves  in  a  dielectric,  the 
periodic  disturbance  by  which  they  are  constituted  being  electric  dis- 
placement currents  in  the  dielectric.  Further,  an  examination  of  the 
properties  of  such  waves  showed  that  they  will  be  propagated  with  a 
definite  velocity,  this  velocity  being  that  with  which  light  is  propagated 
in  the  given  medium.  The  medium  in  which  the  waves  are  propagated 
is  not  matter,  for  electrical  forces  can  be  transmitted  through  a  vacuum, 
so  that  we  are  led  to  postulate  on  this  account  the  existence  of  an  ether 
which  pervades  all  space. 

Although  the  matter  is  not  the  medium  in  which  the  waves  are  pro- 
duced, there  is  no  doubt  that  the  presence  of  matter  does  influence  the 
velocity  with  which  the  electrical  waves  are  propagated.  Now  when 
considering  the  propagation  of  light  we  have  been  led  to  similar  con- 
clusions, for  the  velocity  of  light  depends  on  the  nature  of  the  matter 
occupying  the  space  through  which  the  light  is  travelling,  and  since  light 
can  travel  through  space  where,  as  far  as  we  can  tell,  no  matter  exists, 
some  other  medium  besides  ordinary  matter  has  to  be  postulated.  Hence 
what,  till  Maxwell's  time,  were  regarded  as  two  entirely  distinct  sciences, 
namely,  light  and  electricity,  lead  to  the  postulation  of  the  existence  of 
an  ether,  and  since  the  velocity  with  which  waves  of  electrical  disturbance 
travel  through  the  ether  was  found  by  Maxwell,  according  to  his  way  of 
regarding  the  phenomena,  to  be  the  same  as  the  velocity  of  light,  he 
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naturally  concluded  that  the  two  phenomena  were  identical,  and  that 
that  which  we  call  light  is  really  due  to  the  passage  of  electrical  waves. 
In  some  such  way  was  Maxwell  led  to  his  electro-magnetic  theory  of 
light,  which,  when  it  was  first  proposed,  received  hardly  any  support, 
but  which  now  is  accepted  by  every  one,  and  we  shall  now  proceed  to 
review  very  briefly  some  of  the  experimental  evidence  in  support  of 
this  theory. 

If  we  consider  the  vibrations  set  up  in  a  spring  which  is  clamped  at 
one  end,  it  is  evident  that  two  conditions  have  to  be  fulfilled  for  these  to 
take  place.  In  the  first  place,  there  must  be  an  elastic  force  called  into 
play  when  the  spring  is  bent,  tending  to  move  the  spring  back  into  its 
undeflected  position^  This  alone  is  not,  however,  sufficient,  for  unless 
the  spring  possessed  inertia  it  would  not  possess  any  kinetic  energy 
when  it  reached  its  position  of  equilibrium,  and  therefore  would  not  swing 
past  this  position  against  the  elastic  forces  which  oppose  its  motion. 
In  the  electrical  case  we  have  just  seen  how  a  consideration  of  the 
electrical  properties  of  dielectrics  has  led  us  to  endow  them  with  electri- 
cal elasticity,  and  we  have  now  to  consider  what  evidence  there  is  for 
supposing  that  electricity  possesses  something  of  the  nature  of  inertia, 
for  if  electrical  waves  are  to  occur  it  must  possess  such  inertia.  In  §  521 
we  saw  how,  when  we  attempt  to  start  or  stop  a  current  in  a  circuit,  or 
more  generally,  if  by  any  means  we  attempt  to  alter  the  number  of 
magnetic  tubes  of  induction  passing  through  a  circuit,  electrical  forces 
are  called  into  play  which  tend  to  oppose  such  an  alteration.  Thus  the 
phenomena  of  self  and  mutual  induction  both  indicate  that  electricity 
possesses  something  of  the  nature  of  momentum. 

In  the  case  of  a  moving  body  the  momentum  is  equal  to  the  product 
of  the  mass  into  the  velocity,  that  is,  into  the  rate  of  change  of  the  position 
of  the  body.  The  force  which  produces  the  momentum  is  equal  to  the 
rate  of  change  of  the  momentum,  that  is,  the  product  of  the  mass  into 
the  acceleration  or  the  change  of  position  per  second  per  second. 

In  the  electrical  case  the  electromotive  force  necessary  to  change  a 
current  flowing  in  a  circuit  is  equal  to  the  rate  of  change  of  the  induction, 
B^  through  the  circuit.  The  induction  through  a  circuit  is  equal  to  the 
product  of  the  magnetising  force  into  the  permeability,  /*,  while  the 
magnetising  force  is  proportional  to  the  rate  of  change  of  the  electrical 
displacement  in  the  circuit.  Hence  the  electrical  force  necessary  to 
change  the  induction  through  a  given  circuit  is  proportional  to  the  pro- 
duct of  the  permeability  into  the  change  of  displacement  per  second  per 
second.  Comparing  this  case  with  the  mechanical  case  considered  above, 
we  see  that  permeability  in  the  electrical  case  plays  the  same  part  as 
mass  does  in  the  mechanical  one. 

The  velocity  with  which  an  undulatory  disturbance  will  be  propagated 
through  a  medium  being  equal  to  the  square  root  of  the  quotient  of  the 
elasticity  of  the  medium  by  the  density,  it  will  be  understood,  from  what 
has  been  said  above,  how  Maxwell's  expression  for  the  velocity,  v,  of 

electrical  waves,  v=  ^  / -77^^  is  obtained,  for  the  elasticity  is  proportional 
V  A^/* 

toi/Ar(§577). 

We  have  seen  that  the  value  ^^  fj  -^^  ^s  obtained  firom  a  comparison 
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of  the  values  of  the  electro-static  units  with  the  corresponding  electro- 
magnetic ones,  was  equal  to  the  velocity  of  light,  so  that  this  formula  of 
Maxwell's  shows  that  electrical  waves  will  travel  with  the  velocity  of  light. 

When  electrical  waves  are  passing  through  a  dielectric,  then,  at  any 
point  we  shall  have  an  electrical  displacement  produced  which  will  be  in 
a  direction  at  right  angles  to  the  direction  of  motion  of  the  waves.  The 
displacement  will  occur  first  in  one  direction,  reach  a  maximum  value, 
gradually  decrease  to  zero,  and  then  become  negative,  and  so  on.  Thus 
the  electrical  displacement  will  play  the  same  part  in  electrical  waves  as 
does  the  displacement  in  a  vertical  direction  of  the  water  particles  in  a 
water  wave.  As  we  have  seen,  the  displacement  within  a  dielectric  is 
accompanied  by  a  stress  which  opposes  the  displacement,  and  this  stress 
plays  the  same  part  as  the  action  of  gravity  in  the  case  of  water  waves. 

Suppose  we  consider  a  cylindrical  portion,  AB  (Fig.  558),  of  a  medium 
through  which  electrical  waves  are  passing,  the  direction  in  which  the 
waves  are  moving  being  at  right  angles  to  the  axis  of  the  cylinder  and 
as  shown  by  the  arrow.  As  the  waves  pass,  the  electrical  displacements 
in  the  cylinder  AB  will  take  place  parallel  to  the  axis, 
that  is,  at  right  angles  to  the  direction  of  motion  of 
the  waves.  The  sense  of  the  displacement  will  be  alter-" 
nately  in  the  direction  AB  and  in  the  direction  BA. 
Now  a  displacement  in  the  direction  AB  will  produce 
the  same  magnetic  field  as  a  current  in  the  cylinder 
from  A  to  B,  and  will  therefore  produce  a  system  of 
magnetic  lines  of  force  which  will  be  a  series  of  circles 
having  their  centres  on  AB  and  lying  in  planes  at  right 
angles  to  AB.  Hence  the  wave  of  electro-static  dis- 
placement will  be  accompanied  by  a  wave  of  magnetic 
force,  for  when  the  displacement  changes  sign  the 
direction  of  the  magnetic  force  will  also  change  sign. 
From  considerations  similar  to  those  adopted  in  §  275,  when  considering 
Huyghens's  construction  for  the  wave-front,  it  will  be  evident  that  the 
only  portion  of  the  line  of  force  due  to  the  cylinder  AB  that  will  pro- 
duce a  magnetic  field  will  be  that  portion  which  is  perpendicular  to 
the  direction  of  motion  of  the  wave,  that  is,  the  portion  in  the  wave- 
front.  For  if  we  imagine  a  second  cylinder  in  the  dielectric  alongside 
AB,  then,  if  these  are  both  in  the  wave-front,  the  displacement  cur- 
rents in  them  will  be  in  the  same  phase,  and  hence  the  lines  of  mag- 
netic force  in  the  space  between  them  will  be  in  the  opposite  direction, 
and  will  therefore  interfere  with  one  another.  Hence  every  electrical 
wave  will  be  accompanied  by  a  magnetic  wave,  the  directions  of  the 
electrical  displacement  and  the  magnetic  force  being  at  right  angles, 
but  both  being  in  the  wave-front.  Since  it  is  impossible  to  obtain  one 
wave  without  the  other,  we  shall  often  speak  of  the  one  only  when 
discussing  the  phenomena  of  electro-magnetic  waves  ;  it  must  be  re- 
membered that  the  other  always  exists. 

A  somewhat  more  concrete  picture  of  the  condition  of  a  dielectric 
through  which  electric  waves  are  passing  may  be  formed  by  considering 
the  motion  of  Faraday  tubes. 

Along  each  Faraday  tube  there  exists  an  electrical  displacement,  and 
hence,  when  a  tube  moves  through  a  dielectric,  the  portion  of  the 
dielectric  which  at  any  given  instant  is  included  within  the  tube  is  the 

3H 


Fig.  558. 


850 


Magnetism  and  Electricity 


[§579 


+  ♦   -h   ♦    ♦ 


seat  of  an  electrical  displacement     The  displacement  takes  place  in  the 
direction  of  the  length  of  the  tube  and  towards  the  positive  end.'     Thus 

if  we  have  a  series  of  tubes, 
^   ^    4    ^   ;^  such   as   those  shown  in 

Fig.  559,  moving  in  the 
direction  of  the  arrow,  the 
displacement  produced  at 
-^  any  point  within  the  di- 
electric will  be  upwards 
when  any  of  the  tubes 
which  have  their  positive 
ends  upwards  are  passing 
the  point,  and  downwards 
Fig.  559.  whenever  one  of  the  tubes 

having  its  negative  end 
upwards  is  passing.  In  this  manner  of  picturing  the  passage  of 
electrical  waves,  the  accompanying  magnetic  field  is  that  which  we 
have  already  seen  occurs  whenever  we  have  motion  of  Faraday  tubes, 
the  direction  of  the  magnetic  field  being  at  right  angles  both  to  the 
length  of  the  tubes  and  to  the  direction  of  their  motion,  that  is,  at  right 
angles  to  the  plane  of  the  paper. 

Since  each  Faraday  tube  is  the  seat  of  a  certain  amount  of  energy 
stored  up  in  the  form  of  electrical  strain,  this  energy  will  be  carried 
forward  by  the  motion  of  the  tubes,  and  so  we  have  here  a  picture  of 
how  the  energy  corresponding  to  the  waves  travels.  Each  tube  behaves 
very  much  like  a  stretched  rod  of  india-rubber,  for  such  a  rod  would 
possess  energy  owing  to  its  strained  condition,  and  would  be  made  to 
do  work  while  regaining  its  unstrained  condition.  There  is,  however, 
this  important  difference,  that  in  the  case  of  the  rubber  the  portion  of 
matter  which  is  in  the  state  of  strain  is  carried  forward.  In  the  elec- 
trical case  it  is  otherwise,  for  the  strain  in  the  ether  is  handed  on  from 
one  portion  to  the  next,  and  at  present  the  mechanism  by  which  this 
handing  on  is  perfonned,  as  well  as  the  nature  of  the  electrical  strain 
itself,  is  unknown,  and  till  these  are  known  we  are  unable  to  answer  the 
question,  "What  is  electricity?''  Since  the  motion  of  the  energy  takes 
place  at  right  angles  to  the  tubes  of  force,  that  is,  to  the  direction  of  the 
electro-static  field,  and  also  at  right  angles  to  the  magnetic  field,  we  have 
here  a  confirmation  of  Poynting's  theory  on  this  subject  (^  575). 

579.  Connection  between  Refractive  Index  and  Specific  In- 
ductive Capacity. — If  7/ is  the  velocity  of  electro-magnetic  waves  in  air. 


then,  according  to  Maxwell's  theory,  we  have 


-sfh 


where  m  and 


K  are  the  permeability  and  specific  inductive  capacity  of  air.     Similarly, 
if  v*  is  the  velocity  in  a  medium  for  which  the  permeability  and  specific 

inductive  capacity  are  a*'  and  A",  then  1/  —  f^f  _L_. 


1  Of  course,  by  the  term  direction  of  the  displacement,  we  refer  to  the  direction  of 
the  displacement  of  positive  electricity.  There  will  be  a  displacement  of  negative 
electricity  in  the  opposite  direction,  but  as  the  displacement  of  positive  electricity  in 
one  direction  is  equivalent  to  the  displacement  of  negative  electricity  in  the  opposite 
direction,  we  need  only  speak  of  the  displacement  of  the  positive  electricity. 
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Thus 


^/^=  Vc/rv/A-At). 


Now  in  the  case  of  all  transparent  bodies  m  has  very  nearly  the  same 
value,  so  that  for  such  substances  we  have 


But  the  ratio  of  the  velocity  of  light  in  air  to  the  velocity  in  a  given 
medium  is  called  the  refractive  index  of  the  medium,  while  the  ratio 
FCIK  is  the  specific  inductive  capacity  of  the  medium  taken  with  refer- 
ence to  air.  Thus  if  n  is  the  refractive  index,  and  K  the  specific  in- 
ductive capacity,  both  taken  with  reference  to  air,  we  have   • 

That  is,  the  refractive  index  is  equal  to  the  square  root  of  the  specific 
inductive  capacity. 

When  we  attempt  to  test  the  accuracy  of  this  conclusion  by  experi- 
ment, we  are  met  with  the  difficulty  that  since  the  refractive  index 
changes  with  the  wave-length,  that  is,  the  velocity  changes  with  the 
wave-length  of  the  light,  the  question  arises,  what  wave-length  are  we 
to  employ  ?  It  is  evident  that  the  correct  wave-length  will  be  that  which 
corresponds  to  experiments  made  when  determining  K.  Now  measure- 
ments made  of  the  specific  inductive  capacity  by  means  of  the  ordinary 
methods  with  condensers,  are  made  with  alternating  currents  to  avoid 
the  effect  of  absorption,  but  the  alternations  have  a  frequency  of,  at 
most,  a  few  thousands  per  second.  Hence  the  refractive  index  which 
has  to  be  used  in  testing  Maxwell's  formula  is  that  which  corresponds 
to  a  very  small  frequency,  that  is,  to  a  very  long  wave-length  ;  in  fact,  the 
wave-length  of  a  light  wave  of  which  the  frequency  is  a  thousand  would 
be  3  X  10^  cm.  Now  measurements  of  refractive  index  can  only  be  made 
for  comparatively  short  wave-lengths,  and  it  is  only  by  exterpolation 
that  we  can  calculate  what  the  refractive  index  would  be  for  very  great 
wave-lengths,  and  most  of  the  differences  in  the  annexed  table  are  pro- 
bably due  to  this  cause,  for  we  have  no  evidence  that  the  laws  of  the 
change  of  refractive  index  with  wave-length  derived  from  the  small 
range  of  wave-lengths  over  which  we  are  able  to  make  experiments  will 
hold  over  very  much  greater  ranges. 


Substance. 

Specific  Inductive 

Sqqare  of 

Capacity. 

Refractive  Index. 

Paraffin 

2.3 

2.02 

Petroleum 

2.07 

2.08 

Turpentine 

2.23 

2.13 

Ozokerite  . 

2.13 

2.09 

Olive  oil    . 

3.16 

2.13 

Benzine     . 

2.22 

2.24''^ 

Toluene    . 

2.30 

2.25* 

Carbon  bisulphide 

2.67 

2.67^ 

Water       . 

76 

1.78* 

Alcohol     . 

26.5 

1.83* 

*  These  values  of  the  square  of  the  refractive  index  are  for  i?-light. 
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It  will  be  seen  that  in  general  the  agreement  is  satisfactory-.  In 
some  cases,  such  as  water  and  alcohol,  however,  the  values  obtained 
for  the  specific  inductive  capacity  are  very  much  greater  than  Maxwell's 
theor>'  would  indicate.  In  the  case  of  water,  it  has  been  found  that 
the  refractive  index  for  electrical  waves  having  a  frequency  of  about 
50  X  ID*  is  8.9.  Hence  for  waves  of  this  frequency  the  square  of  the 
refractive  index,  79.2,  is  approximately  equal  to  the  specific  inductive 
capacity. 

680.  Transmission  of  Light  and  Conductivity.— Electrical  waves 
can  only  be  transmitted  through  a  medium  in  which  an  electrical  displace- 
ment calls  forth  an  elastic  resistance,  for  otherwise  a  vibratory  motion  is 
impossible.  I  n  a  conductor  of  electricity,  however,  electrical  displacement 
can  take  place,  and  no  force  will  be  called  into  play  tending  to  oppose 
the  displacement  Electrical  waves  cannot,  therefore,  be  transmitted 
through  a  conducting  medium,  and  since  light  waves  are  also  electro- 
magnetic waves,  they  also  will  not  be  transmitted  through  a  conducting 
medium.  Maxwell's  theory  thus  explains  why  the  metals  are,  without 
exception,  opaque  to  light.  Insulators  or  dielectrics,  on  the  other  hand, 
since  they  can  transmit  electrical  waves,  will  also  transmit  light.  It  does 
not  follow  that  if  a  body  will  not  transmit  light  that  it  must  be  a  conductor, 
for  a  medium  may  be  opaque  because  its  structure  is  not  homogeneous. 
Thus  glass  in  a  block  is  transparent,  but  pounded  glass  is  opaque,  the 
opacity  being  due  to  the  scattering  of  the  light  by  the  small  particles 
of  glass,  since  there  will  be  a  certain  amount  of  reflection  at  every 
surface. 

581.  The  Faraday  Effect.— In  1845  Faraday  discovered  that  when 
a  beam  of  plane  polarised  light  (§  403)  is  passed  through  a  magnetic  field 
in  the  direction  of  the  lines  of  force,  the  plane  of  polarisation  of  the  light 
is  rotated  owing  to  its  passage  through  the  field.  Thus  if  the  light  from 
the  source  L  (Fig.  560)  is  passed  through  a  polarising  Nicol,  P,  then 


Fig.  560. 


% 


through  a  tube  T  containing  water,  or  better,  carbon  bisulphide,  and  finally 
through  an  analysing  Nicol,  A,  then,  on  rotating  this  analyser  so  that  its 
principal  plane  is  perpendicular  to  that  of  the  polarising  Nicol,  no  light 
will  be  transmitted.  If,  however,  a  current  is  passed  through  a  coil  c 
which  surrounds  the  tube  T,  so  as  to  produce  a  magnetic  field  with  the 
lines  of  force  parallel  to  the  direction  in  which  the  light  is  travelling,  the 
light  will  be  found  to  pass  through  the  analyser  a.  By  turning  the 
analyser  it  is,  however,  possible  to  again  cut  off  all  the  light.  This 
experiment,  therefore,  shows  not  only  that  the  plane  of  polarisation  of 
the  light  has  been  rotated,  but  also,  since  by  rotating  the  analyser  it  is 
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possible  to  cut  off  all  the  light,  that  the  beam  must  remain  plane  polarised. 
If  the  direction  of  the  current  is  reversed,  the  direction  of  the  rotation  is 
also  reversed. 

There  is  an  important  difference  between  the  rotation  of  the  plane  of 
polarisation  thus  produced  by  matter  vi^hen  placed  in  a  magnetic  field 
and  that  produced  when  a  ray  of  light  is  transmitted  through  a  plate  of 
an  selotropic  body  such  as  quartz  (§  414).  Suppose  a  ray  of  plane  polar- 
ised light  is  transmitted  through  a  tube  containing  water,  T  (Fig.  560),  in 
the  same  direction  as  that  in  which  the  lines  of  force  of  the  field  proceed. 
Then,  looking  in  the  direction  in  which  the  lines  of  force  run,  the  plane 
of  polarisation  will  be  rotated  in  the  clockwise  direction.  If  the  direction 
of  the  light  is  reversed,  the  rotation  will  still  take  place  in  the  clockwise 
direction,  as  seen  by  an  observer  looking  along  the  direction  of  the  lines 
of  force,  but  will  appear  in  the  opposite  direction  to  an  observer  looking 
in  the  direction  in  which  the  light  is  travelling. 
Hence,  if  the  ray  of  light,  after  having  once 
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passed  through  the  tube  of  water  in  the  magnetic       [  |  |  |)  [  |  ^ 

field,  is  reflected  back  along  its  course,  it  will 

be  again  rotated  in  the  same  direction,  as  far 

as  the   coil  is   concerned,   as   during   its  first 

passage,  and  the  plane  of  polarisation  will  there-     ^     ;-*n 

fore  be  turned  through  twice  the  angle  through       '  '  V    ' 

which  it  was  turned  owing  to  the  single  passage. 

In  the  case,  however,  of  a  ray  of  plane  polarised  Fig.  561. 

light  transmitted  through  a  plate  of  quartz,  Q 

(Fig.  561),  in  a  direction  parallel  to  the  axis  of  the  crystal,  the  rotation 

will  take  place  in  one  direction  when  the  light  passes  one  way,  but  will 

take  place  in  the  opposite  direction,  as  far  as  the  crystal  is  concerned,  if 

the  direction  of  the  light  is  reversed.     Hence,  if  a  ray  of  plane  polarised 

light  is  transmitted  through  such  a  plate  of  quartz,  and  is  then  reflected 

so  as  to  again  traverse  the  crystal  in  the  reverse  direction,  the  rotation 

during  the  second  passage  will  be  opposite  to  that  during  the  first,  and 

on  the  whole  the  plane  of  polarisation  will  not  be  rotated. 

582.  Verdet's  Constant.— Verdet,  who  made  a  large  number  of 
measurements  on  the  magnetic  rotation  of  the  plane  of  polarisation  in 
different  media,  found  that  the  rotation  for  any  one  medium  obeyed  the 
following  law.  If  the  length  of  the  medium  traversed  by  the  light  in  the 
direction  of  the  lines  of  force  of  a  uniform  magnetic  field  of  strength  H 
is  L,  the  rotation  ^  produced  is  given  by 

where  7  is  a  constant  dependent  on  the  nature  of  the  medium  and  the 
wave-length  of  the  light  employed,  and  is  called  Verdet's  constant.  The 
value  of  7  is  taken  to  be  positive  when  the  direction  of  rotation  is  the 
same  as  that  of  the  current  in  the  coil  producing  the  magnetic  field.  If 
h  and  H.  are  each  unity,  then  the  rotation  produced  is  equal  to  the  value 
of  Verdet's  constant,  so  that  we  may  define  7  as  the  rotation  produced  by 
unit  length  of  the  given  substance  when  placed  in  a  magnetic  field  of  unit 
strength.  It  is  usual  to  measure  the  rotation  in  minutes  of  arc,  so  that  in 
the  following  table  the  values  given  represent  the  rotations  in  minutes 
produced  by  i  cm.  of  the  substance  in  a  field  of  which  the  strength  is 
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I  c._^.s.  unit.     The  light  for  which  the  values  of  y  are  given  is  yellow 
sodium  light. 

Verdet's  Constant  for  D-Light. 


Substance. 

Temperature. 

Verdcl's  Constant. 

Water         .... 
Carbon  bisulphide 
Benzine      .... 
Glass  (dense  flint) 

o-C. 

o'C. 
20' C. 
15- C. 

aoi3i 

0.0435 
0.0297 
0.06 

The  value  of  Verdet's  constant  decreases  with  increase  of  temperature. 
The  change  in  most  cases  is  proportional  to  the  change  in  temperature, 
water,  however,  being  an  exception. 

In  the  case  of  water  and  carbon  bisulphide,  the  value  of  Verdet's 
constant  at  a  temperature  /  is  given  by  the  followmg  expressions  : — 


Carbon  bisulpliide  . 
Water 


y,=  0.04347  (l  -0.001696/) 

y,=o.oi3il  (1-0.0000305/ -0.00000305/*). 

In  the  case  of  solutions  of  ferric  chloride  in  water,  the  rotation  is  in  the 
negative  direction. 

When  polarised  light  is  transmitted  through  very  thin  films  of  the 
magnetic  metals,  iron,  nickel,  and  cobalt,  placed  in  a  magnetic  field,  the 
plane  of  polarisation  is  rotated.  In  this  case,  however,  the  quotient 
<f>ILH  is  not  constant,  but  depends  on  the  value  of  the  magnetic  field. 
H.  du  Bois  has  shown  that  although  in  the  case  of  magnetic  metals 
Verdet's  constant  varies  with  the  magnetic  field,  if  the  value  is  divided 
by  the  susceptibility,  then  the  quotient  is  constant. 

583.  The  Kerr  Phenomenon.— Another  effect  of  magnetism  on 
light  has  been  discovered  by  Kerr,  who  found  that  if  plane  polarised 
light  is  reflected  from  the  polished  pole  of  a  strong  magnet  the  plane 
of  polarisation  is  rotated.  The  direction  of  rotation  when  the  light  is 
reflected  from  a  north  pole  is  in  the  clockwise  direction,  that  is,  in  the 
opposite  direction  to  that  in  which  a  current  would  have  to  flow  round 
a  coil  so  as  to  produce  the  magnetisation  of  the  magnet. 

584.  The  Zeeman  Effect.— In  1897  Zeeman  discovered  another 
connection  between  magnetism  and  light.  He  found  that  if  a  flame 
coloured  with  common  salt  is  placed  between  the  poles  of  a  powerful 
electro-magnet,  and  the  light  given  by  the  flame  is  examined  with  a 
spectroscope  of  great  dispersive  power,  the  appearance  of  the  D-lines 
is  greatly  altered.  If  the  source  of  light  is  viewed  at  right  angles  to  the 
lines  of  force  of  the  field,  then  recent  examination  with  very  powerful  mag- 
netic fields  and  great  dispersion  has  shown  that  Dj  becomes  converted 
into  four  lines,  while  D.,  becomes  a  sextet.  In  each  case  the  two  central 
lines  are  plane  polarised,  the  vibrations  taking  place  at  right  angles  to 
the  length  of  the  line.  The  outer  lines  are  also  plane  polarised,  but  the 
vibrations  are  in  a  direction  parallel  to  the  length  of  the  lines.  A  more 
usual  type  of  line  is  one  in  which  a  single  line  becomes,  when  viewed  at 
right  angles  to  the  magnetic  field,  transformed  into  a  triplet,  in  which 
the  vibrations  in  the  central  line  take  place  at  right  angles  to  the  length, 
and  in  the  side  lines  parallel  to  the  length  of  the  line. 
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If  the  source  of  light  is  viewed  in  the  direction  of  the  lines  of  force, 
the  outer  components  of  the  triplet  obtained  are  circularly  polarised  in 
opposite  directions,  while  the  central  line  is  plane  polarised. 

Lorentz  and  Larmor  have  shown  that  the  Zeeman  effect  can  be 
accounted  for  if  we  assume  that  in  all  bodies  there  are  present  small 
electrically  charged  particles  which  have  a  definite  mass,  and  that  all 
electrical  phenomena  are  due  to  the  configuration  and  motion  of  these 
charged  particles  or  electrons,  while  light  is  produced  by  the  vibration 
of  these  electrons.  When  these  electrons  move  in  a  magnetic  field 
their  natural  periods  will  be  subjected  to  perturbations,  owing  to  the 
action  of  the  field,  and  these  perturbations  will  be  such  as  would 
account  for  the  differences  in  period  indicated  by  the  duplicated  lines 
obtained.  From  the  amount  of  the  change  in  period  produced  by  a 
given  field,  it  is  possible  to  calculate  the  ratio  of  the  charge  on  each 
electron  to  its  mass.  In  §  570  we  have  mentioned  that  Professor 
J.  J.  Thomson  had  calculated  the  mass  of  the  corpuscles  in  the  cathode 
rays,  and  it  is  interesting  to  note  that,  if  we  suppose  that  these  corpuscles 
are  simply  electrons,  then  the  masses,  as  calculated  from  the  Zeeman 
effect  and  the  cathode  rays,  agree. 


CHAPTER   XXI 

ELECTRICAL   OSCILLATIONS 

585.  Oscillatory  Dischargre  of  a  Leyden  Jar.— When  a  con- 
denser,  such  as  a  Leyden  jar,  is  charged,  say  the  inside  coating  being 
at  the  higher  potential,  there  will  be  a  displacement  in  the  dielectric 
separating  the  coatings.  When  the  jar  is  discharged  by  connecting  its 
coatings  by  a  conducting  wire,  the  displacement  decreases  till  it  becomes 
zero,  but  when  this  point  is  reached  under  certain  conditions,  which  we 
shall  consider  later,  the  inertia  of  the  electrical  displacement  carries  it 
through  its  position  of  equilibrium,  and  a  displacement  in  the  opposite 
direction  to  the  original  one  occurs.  This  displacement  corresponds 
to  the  charging  of  the  jar  in  the  opposite  direction,  that  is,  the  inside 
coating  becomes  negatively  charged.  As  this  charging  in  the  reverse 
direction  proceeds,  that  is,  as  the  negative  displacement  increases,  an 
opposing  elastic  force  will  be  called  into  play  which  will  diminish  the 
electrical  kinetic  energy  till,  when  the  whole  of  this  energy  is  converted 
'nto  potential  energy  in  the  form  of  dielectric  strain,  the  jar  will  start 
discharging  in  the  opposite  direction.  The  negative  displacement  will 
then  decrease,  becommg  zero,  and  then  a  displacement  will  occur  in  the 
positive  direction,  the  inside  coating  again  becoming  positively  charged. 
Thus  the  discharge  of  the  jar  does  not  consist  of  a  simple  passage  of  a 
current  in  one  direction,  but  the  charge  surges  backwards  and  forwards, 
each  coating  becoming  charged  alternately  positively  and  negatively,  so 
that  an  alternating  or  oscillating  current  is  set  up  both  in  the  wire  con- 
necting the  coatings,  where  the  current  is  a  conduction  current,  and  also 
in  the  dielectric,  where  it  is  a  displacement  current.  The  magnitude  of 
the  charge  decreases  with  each  oscillation,  for  the  passage  of  the  current 
through  the  wire  is  accompanied  by  the  development  of  heat,  according 
to  Joule's  law,  and  this  energy  has  to  be  supplied  by  the  electrical 
energy  which  was  originally  stored  up  by  the  strain  of  che  dielectric. 
The  phenomenon  of  the  oscillatory  discharge  of  a  condenser  is  exactly 
the  same  as  that  of  the  vibration  of  a  flexible  rod  clamped  at  one  end. 
When  the  free  end  of  the  rod  is  at  the  extremity  of  its  swing  its  energy 
is  entirely  potential,  due  to  the  strain  set  up.  The  condition  of  the  rod 
now  corresponds  to  that  of  the  jar  when  it  has  its  maximum  charge,  and 
possesses  energy  due  to  the  strain  of  the  dielectric.  As  the  rod  swings 
towards  its  position  of  rest,  the  potential  energy  becomes  gradually  con- 
verted into  kinetic  energy  ;  while  in  the  electrical  case,  as  the  discharge 
proceeds,  the  potential  energy  becomes  converted  into  kinetic  energy, 
that  is,  into  the  energy  of  the  magnetic  field  produced  by  the  current 
which  flows  in  the  wire  and  in  the  dielectric.  This  kinetic  energy  carries 
the  rod  in  the  one  case,  and  the  electrical  system  in  the  other,  beyond 
the  position  of  rest,  but  now,  since  the  elastic  forces  oppose  the  motion, 
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the  kinetic  energy  will  gradually  be  converted  into  potential  energy. 
When  the  whole  of  the  kinetic  energy  is  thus  converted,  the  rod  will 
have  reached  its  maximum  displacement  in  the  new  direction,  while 
the  jar  will  in  the  same  way  have  its  maximum  charge  in  the  new 
direction. 

On  account  of  the  viscosity  of  the  metal  and  of  the  resistance  of  the 
air,  some  of  the  energy  of  the  vibrating  bar  will  be  converted  into  heat, 
and  the  amplitude  of  the  oscillations  will  decrease.  In  the  same  way,  in 
the  case  of  the  jar,  owing  to  the  resistance  of  the  wire  connecting  the 
coatings,  electrical  energy  will  be  converted  into  heat,  and  the  amplitude 
of  the  electrical  oscillations  will  decrease.  The  greater  the  resistance  of 
the  wire,  the  more  rapid  will  be  the  rate  at  which  the  electrical  energy 
will  be  converted  into  heat,  and  the  greater  will  be  the  rate  of  decay  of 
the  oscillations.  If  the  resistance  of  the  wire  is  gradually  increased, 
then,  just  as  when  a  pendulum  when  displaced  in  a  very  viscous  material, 
such  as  treacle,  will  not  vibrate  but  will  simply  slowly  move  back  to  its 
position  of  rest,  so  in  the  electrical  case,  if  the  resistance  of  the  con- 
necting wire  is  very  great,  no  electrical  oscillations  will  be  set  up,  but 
the  charge  of  the  jar  will  slowly  decrease  to  zero,  and  will  not  overshoot 
this  position. 

The  first  to  show  from  mathematical  principles  that  the  discharge 
of  a  Leyden  jar  must,  so  long  as  the  resistance  of  the  discharge  wire  is 
not  too  great,  be  of  an  oscillatory  character  was  Lord  Kelvin,  who  also 
showed  that  the  period  of  the  oscillations  (7^),  that  is,  the  interval  between 
when  the  jar  has  its  maximum  charge  in  one  direction,  must  be  given  by 
the  equation 

where  C  is  the  capacity  of  the  condenser,  and  L  is  the  coefficient  of  self- 
induction  of  the  wire  connecting  the  coatings. 

The  truth  of  this  formula  has  been  tested  experimentally  by  examining 
the  spark  which  passes  between  two  knobs  placed  in  the  discharge  circuit 
of  a  Leyden  jar  by  means  of  a  rotating  mirror.  If  the  discharge  consisted 
of  the  passage  of  electricity  in  one  direction  only,  then  when  examined 
with  the  rotating  mirror  the  spark  would  appear  as  a  continuous  band 
of  light,  the  length  to  which  it  was  drawn  out  depending  on  the  time  the 
spark  lasted  and  on  the  speed  of  rotation  of  the  mirror.  As  a  matter  of 
fact,  when  the  resistance  of  the  discharge  circuit  is  not  very  great,  the 
spark  is  seen  to  consist  of  a  number  of  bright  patches  separated  by  dark 
intervals.  Each  of  the  bright  patches  corresponds  to  the  passage  of  an 
electric  current  between  the  knobs,  and  the  fact  that  the  current  is  not 
continuous,  but  consists  of  a  number  of  separate  currents,  shows  that  the 
discharge  must  be  oscillatory.  Further,  from  the  speed  of  rotation  of 
the  mirror  and  the  distance  between  the  images  of  the  separate  sparks 
between  the  knobs,  it  is  possible  to  obtain  the  time  of  oscillation  of  the 
discharge,  and  the  number  thus  obtained  agrees  with  that  calculated 
from  the  capacity  of  the  jar  and  the  self-induction  of  the  discharge 
circuit. 

In  Fig.  562  a  copy  of  a  photograph  taken  by  Boys,  of  the  spark 
produced  between  two  knobs  included  in  the  circuit  of  a  condenser  by 
means  of  what  was  the  equivalent  of  a  rotating  mirror,  very  clearly 
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indicates  the  oscillatory  nature  of  the  discharge.  It  will  be  noticed  that 
the  brilliancy  of  the  spark  decreases  with  each  oscillation,  this  being  due 
to  the  energy  spent  in  the  wire  and  also  in  the  spark-gap,  where  the  light 
produced  is  evidence  of  the  dissipation  of  electrical  energy.  It  is  rather 
interesting  to  remember  that,  according  to  the  electro-magnetic  theory 
of  light,  light  consists  of  electrical  oscillations  ;  thus  at  the  spark-gap 
we  have  the  comparatively  slow  electrical  oscillations  which  are  taking 
place  in  the  jar  circuit  partly  converted  into  the  much  more  rapid  elec- 
trical oscillations  which  are  capable  of  affecting  our  eyes,  and  which  we 
call  light.  Much  the  same  thing  occurs  in  the  wire,  for  the  heat  which 
is  there  developed  raises  the  temperature  of  the  wire,  and  hence  it  com- 
mences sending  out  radiant  heat,  which  is  simply  electro-magnetic  waves 
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of  which  the  wave-length,  while  being  much  smaller  than  that  of  the 
electrical  waves  in  the  jar  circuit,  are  yet  too  long  to  affect  our  eyes 
as  light. 

686.  Resonance  in  Leyden  Jar  Circuits.— When  dealing  with 
sound,  we  found  that  when  a  tuning-fork  is  in  the  neighbourhood  of 
another  fork  which  is  in  vibration,  this  latter  will  send  out  sound-waves 
which  will  strike  the  other  fork,  and  if  the  pitch  of  the  forks  is  the  same, 
these  waves,  which  are  incident  on  the  second  fork,  will  set  it  in  vibration. 
It  is,  however,  only  when  the  two  forks  are  in  unison  that  sounding  the 
one  will  set  the  other  in  vibration.  Suppose  now  we  have  a  Leyden 
jar  in  which  an  oscillatory  discharge  is  taking  place  ;  then,  according  to 
Maxwell's  theory,  electro-magnetic  waves  will  be  produced  in  the  medium 
surrounding  the  jar  which  will  be  of  the  same  frequency  as  the  oscilla- 
tions in  the  jar.  Hence,  if  the  second  jar  is  placed  in  the  neighbourhood 
of  the  first,  and  its  capacity  and  the  self-induction  of  its  discharge  circuit 
are  so  chosen  that  the  frequency  of  the  electrical  oscillations  which  would 
occur  in  it  when  it  is  charged  and  then  discharged  is  the  same  as  that 
of  the  oscillations  in  the  other  jar,  then  we  should  expect  that  the  second 
jar  would  respond  to  the  first,  and  that  electrical  oscillations  would  be 
set  up  in  it  by  resonance. 

The  correctness  of  the  above  view  has  been  very  clearly  demonstrated 
by  Lodge,  who  employed  the  arrangement  shown  in  Fig.  563.  A  Leyden 
jar  A  has  its  inside  and  outside  coatings  connected  by  a  wire  circuit  CGD, 
in  which  a  spark-gap  G  is  included.  The  terminals  of  an  electrical  machine 
are  connected  to  the  outside  and  inside  coatings  of  this  jar,  so  that  when 
the  machine  is  worked  the  jar  will  become  charged  till  the  difference  of 
potential  between  the  knobs  of  the  spark-gap  is  sufficiently  great  to  force 
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circuit  of  the  jar  A  j       C1Z>         % 

bat  is   practically  a  t^        \mr^ 

:te    conducting    cir- flliil^ 

Hence  the  jar   dis-  ^"""^vjilpl 


a  spark  across.  Now  when  a  spark  passes  through  a  gas  it  ionises  the 
gas  along  its  path  and  the  ions  persist  for  some  time,  so  that  the  track 
of  the  spark  remains  in  the 
conducting  condition.   The  /^C 

result  is  that  the  passage 
of  a  spark   at   G,  since  it 
makes  the  air  between  the 
knobs    a    conductor,    has 
the  effect  of  converting  the 
broken 
into  what 
complete 
cuit. 

charges,      and      electrical  v 

oscillations  are  set  up.     A  \^^J 

second  jar  B,  of  the  same  p 

capacity  as  the  first,  is 
placed  in  the  neighbour- 
hood, and  is  fitted  with  Fig.  563. 
a  conducting  circuit  EF 
connecting  its  inside  and  outside  coatings.  A  strip  of  tinfoil  con- 
nected with  the  inside  coating  of  the  jar  B  is  brought  over  the 
edge  of  the  glass  to  within  about  a  millimetre  of  the  top  of  the 
outside  coating.  The  spark-gap  H  thus  formed  serves  as  an  indicator  to 
show  when  oscillations  are  set  up  in  the  jar  B,  for  when  these  occur  the 
inside  and  outside  coatings  will,  at  the  extremity,  so  to  speak,  of  each 
oscillation,  be  at  different  potentials,  and  so  a  spark  will  tend  to  pass  at 
H.  The  length  of  the  discharge  circuit  of  B,  and  hence  the  self-induction 
of  this  circuit,  can  be  altered  by  sliding  the  wire  EK  through  a  ring  at  F. 
Now  altering  the  self-induction  of  the  discharge  circuit  will  alter  the 
frequency  of  the  oscillations  in  the  jar,  for  the  periodic  time  is  equal  to 
27r  s/LC,  where  L  is  the  self-induction  of  the  circuit.  Hence,  by  drawing 
the  wire  EK  through  the  ring,  we  can  alter  the  frequency  of  the  electrical 
oscillations  corresponding  to  the  jar  B,  or  in  other  words  we  can  tune 
the  jar.  Now  it  is  found  that  the  jar  B  responds,  that  is,  induced  oscilla- 
tions as  indicated  by  the  sparks  at  H  only  occur,  when  the  length  of  the 
discharge  circuit  has  a  particular  value.  If  the  circuit  is  longer,  so  that 
the  natural  period  of  the  jar  B  is  greater  than  that  of  A,  there  is  no 
response  ;  while  if  it  is  shorter,  so  that  the  period  is  less,  there  is  also 
no  response.  We  have  here  then  a  case  which  is  completely  analo- 
gous to  the  case  of  the  response  of  two  tuning-forks. 

587.  Electrical  Oscillations  of  Small  Wave-Lengrth.— The  periodic 
time  of  the  electrical  oscillations  set  up  when  an  ordinary  Leyden  jar 
is  discharged  through  such  a  circuit  as  shown  in  Fig.  563  is  about 
1.5  X  lo"^,  and  since  electrical  waves  travel  with  the  velocity  of  light, 
the  wave-length,  which  is  the  distance  through  which  the  disturbance 
travels  during  the  periodic  time,  will  be  about  3x10^^x1.5x10"^,  or 
4.5x10^  cm.  Thus  the  waves  given  out  by  such  a  jar  are  of  quite 
unmanageable  length.  Now  the  experiment  of  two  jars  tuned  to  unison 
considered  in  the  last  section,  although  it  shows  that  energy  is  com- 
municated from  one  jar  across  the  intervening  air  to  the  other,  does  not 
indicate  whether  or  not  the  disturbance  travels  through  the  intervening 
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air  instantaneously,  or  whether  it  takes  time  to  travel  from  the  one 
to  the  other,  as  Maxwell's  theory  indicates.  In  order  fully  to  test 
the  question  of  the  propagation  of  electric-magnetic  waves  through  a 
dielectric,  we  require  therefore  to  make  some  other  experiment,  and 
this  involves  the  production  of  electrical  waves  of  smaller  >vave-length 
than  those  given  by  the  jar.  Before  proceeding  to  describe  how  this 
was  accomplished,  it  will  be  worth  while  to  consider  for  a  moment  the 
conditions  which  have  to  be  fulfilled  in  order  to  produce  waves  of  com- 
paratively small  wave-length.  Taking  first  the  case  of  a  pendulum  ;  in 
order  to  set  it  swinging,  we  not  only  have  to  pull  it  to  one  side,  but  we 
must  let  the  bob  go  in  a  time  which  is  short  compared  to  the  periodic 
time  of  the  pendulum.  Suppose  that  the  bob  is  pulled  aside  by  means 
of  a  string,  then  if,  instead  of  either  breaking  the  string  or  letting  it  go, 
we  allow  it  to  run  through  our  fingers,  the  bob  will  simply  slowly  return 
to  its  position  of  rest,  and  will  not  be  set  in  vibration.  The  same  con- 
siderations apply  in  the  case  of  attempting  to  obtain  electrical  oscillations 
of  small  wave-length,  only  in  this  case  the  time  of  a  complete  vibration, 
when  the  wave-length  is  a  metre,  is  only  3.3  x  io~*  second.  The  problem, 
therefore,  is  to  charge  up  a  condenser,  the  term  condenser  being  here 
used  in  a  general  sense  for  any  two  conductors  which  are  charged 
simultaneously  to  opposite  electrifications,  and  of  course  for  this  purpose 
there  must  be  a  break  in  the  discharge  circuit  to  allow  of  the  difference 
of  potential  between  the  plates  bein^  produced,  and  then  by  some  means 
to  suddenly  close  the  break  in  the  circuit.  Any  attempt  to  perform  this 
closing  by  means  of  any  mechanical  device,  such  as  a  key,  would  be 
futile,  for  the  time  during  which  the  closing  was  taking  place  would  be 
much  greater  than  io~*  second.  To  Hertz  belongs  the  honour  of  having 
discovered  a  method  of  overcoming  this  difficulty,  and  thus  rendering 
the  production  of  electro-magnetic  waves  of  small  wave-length  possible. 
He  found  that  the  electric  spark,  when  it  passes  in  air  between  two  knobs 
which  are  brightly  polished,  has  the  remarkable  property  of  not  only 
making  the  air  between  the  knobs  for  the  time  being  a  conductor,  but 
it  performs  the  change  from  the  condition  of  a  comparatively  perfect 
insulator,  which  exists  before  the  passage  of  the  spark,  to  the  com- 
paratively conducting  condition,  which  holds  after  the  passage  of  the 
spark,  in  a  time  which  is  small  compared  even  with  io~*  second.  Thus 
the  spark-gap  in  the  discharge  circuit  performs  a  twofold  duty.  It  first 
acts  as  an  insulator,  and  so  allows  the  conductors  on  the  opposite  sides 
to  be  charged  to  an  appreciable  difference  of  potential,  that  is,  it  allows 
an  appreciable  amount  of  energy  to  be  stored  up  in  a  condenser,  and 
then,  when  the  difference  of  potential  has  reached  a  certain  value,  it 
suddenly  releases  the  electrical  strain,  by  converting  the  air  between 
the  knobs  into  a  conductor,  and  so  allows  the  strained  dielectric  in  the 
remainder  of  the  field  to  recover,  and  in  doing  so  to  set  up  a  current  in 
the  circuit. 

588.  Hertz's  Experiments.— The  arrangement  employed  for  pro- 
ducing the  electrical  oscillations  used  by  Hertz,  and  called  an  oscillator, 
is  shown  in  Fig.  564.  The  terminals  of  an  induction  coil,  C,  are  connected 
with  two  metal  rods,  on  each  of  which  a  metal  sphere,  A  and  B,  is  threaded. 
The  ends  of  these  rods  are  supplied  with  well-polished  brass  knobs  which 
form  the  spark-gap  G.  When  the  coil  works,  each  time  that  the  primary 
circuit  is  broken  the  induced  E.M.F.  prpduced  in  the  secondary  circuit 
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charges  the  conductors  A  and  B  till  the  potential  difference  between  the 
knobs  of  the  spark-gap  is  sufficiently  great  to  cause  the  passage  of  a 
spark.  When  the  spark  passes,  oscillations  are 
set  up  between  the  spheres  which  gradually  die 
out  on  account  of  the  energy  being  partly  con- 
verted into  heat  in  the  rods  connecting  the  spheres 
and  in  the  spark  between  the  knobs,  and  partly 
radiated  into  the  surrounding  space  as  electro- 
magnetic waves,  each  wave  representing  of  course 
a  certain  amount  of  energy  which  has  been  lost  by 
the  oscillator. 

In  Hertz's  original  oscillator,  in  which  the 
diameter  of  the  spheres  was  30  cm.  and  the 
distance  between  the  centres  was  100  cm.,  the 
period,  as  calculated  by  Lord  Kelvin's  formula, 
was  1.85  X  io~^  second,  so  that  the  wave-length 
was  3X  lo^^^x  1.85  X  10-8,  or  5.55x102  ^^j^  j^ 
order  to  obtain  waves  of  still  smaller  wave-length,  Righi  devised  the 
arrangement  shown  in  Fig.  565.  The  oscillator  in  this  form  consists  of 
two  spheres,  A  and  B,  which  are  placed  in  a  glass  or  ebonite  vessel  which 
is  filled  with  mineral  oil,  so  that  a  spark-gap  of  about  a  millimetre  separates 
them.  Two  other  spheres,  D  and  E,  are  placed  in  the  position  shown, 
and  are  connected  with  the  terminals  of  an  induction  coil  or  of  a  Holtz 
electrical  machine.  When  the  coil  or  machine  is  in  action  a  spark  passes 
between  the  knobs  D  and  E  through  the  spheres  A  and  B.  The  passage 
of  this  spark  causes  electrical  oscillations  to  be  set 
up  between  A  and  B  through  the  oil,  which,  owing 
to  the  passage  of  the  spark,  has  become  for  the 
time  being  a  conductor.  The  presence  of  the  oil, 
since  it  requires  a  greater  difference  of  potential 
to  start  a  discharge  through  oil  than  through  air, 
allows  of  the  spheres  A  and  B  attaining  a  greater 
difference  of  potential  before  a  spark  passes  than 
would  be  possible  were  air  the  dielectric  between 
the  spheres.  Hence,  since  the  quantity  of  energy 
that  is  stored  up  in  the  spheres  before  the  passage 
of  the  spark  is  proportional  to  the  charge,  that  is,  to  the  difference  of 
potential  to  which  they  are  raised,  the  electrical  oscillations  will  be  more 
energetic,  that  is,  of  greater  amplitude.  In  this  way  Righi  was  able  to 
obtain  electrical  waves  of  which  the  wave-length  was  not  more  than  7. 5 
cm.,  while  more  recently,  using  the  same  disposition,  but  with  the  spheres 
replaced  by  small  cylinders  about  4  mm.  long,  Lebedew  has  obtained 
wave-lengths  of  less  than  a  centimetre. 

Experiment  has  shown  that  electrical  oscillations  which  are  produced 
by  any  of  the  above  arrangements  very  rapidly  die  out,  so  that  the 
damping  is  very  great.  Thus  in  Fig.  566  the  amplitudes  of  successive 
oscillations  of  an  oscillator  of  the  Hertz  form  is  shown,  the  abscissae 
representing  time  and  the  ordinates  the  difference  of  potential  between 
the  spheres.  It  will  be  noticed  that  after  ten  complete  oscillations  the 
amplitude  is  reduced  to  about  0.07  of  its  original  value.  Hence,  since 
the  oscillator  for  which  this  curve  was  drawn  had  a  periodic  time  of  about 
3.3  x  io~®  second,  the  oscillations  in  the  oscillator  practically  completely 
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die  out  after  an  interval  of  about  io~*  second  after  they  commence  at  the 
passage  of  the  spark  at  the  gap. 

Since  in  this  fonn  of  oscillator  most  of  the  energy  is  radiated  in  the 
form  of  waves,  the  power  given  out  by  an  oscillator  while  it  is  acting  is 
very  considerable,  amounting  as  it  does  in  the  case  of  an  oscillator  of 
the  dimensions  given  on  page  86i  to  about  150  horse-power  during  the 

first  few  vibrations. 
The  total  quantity  of 
energy  radiated  is, 
however,  small,  for 
the  time  duringwhich 

»„ — the   oscillations    are 

occurring  is  small 
compared  to  the  in- 
terval between  the 
passage  of  the  sparks 
m  the  spark-gap,  so 
that  for  by  far  the 
Fig.  566.  greater  proportion  of 

time  the  oscillator  is 
not  acting.  If  we  recjuire  to  produce  oscillations  which  shall  last  for 
a  considerable  time,  it  is  necessary  to  adopt  some  arrangement  such  that 
while  the  original  electrical  energy  stored  up  before  the  spark  passes  is 
great,  the  rate  at  which  this  energy  is  radiated  during  the  occurrence  of 
the  oscillations  shall  be  small.  This  can  be  accomplished  by  having  two 
metal  plates  placed  facing  each  other,  and  connected  by  a  metal  wire 
in  which  a  spark-gap  is  placed.  The  capacity  of  such  an  arrangement 
can  be-made  large,  so  that  the  energy  stored  up  in  it  is  considerable, 
and  much  greater  than  with  Hertz's  oscillator,  but  owing  to  the  in- 
creased capacity,  the  periodic  time,  and  hence  also  the  wave-length, 
is  greater. 

589.  The  Resonator.— In  the  preceding  section  we  have  considered 
the  methods  which  have  been  adopted  for  producing  electro-magnetic 
waves,  and  we  must  now  consider  some  of  the 
methods  which  have  been  employed  for  the 
detection  of  such  waves  in  the  space  through 
which  they  may  be  passing.  Instruments  for 
detecting  the  presence  of  electrical  waves  are 
called  resonators  or  receivers.  The  form  of 
resonator  used  by  Hertz  is  shown  in  Fig.  567. 
It  consisted  of  a  copper  circle,  the  continuity 
of  the  copper  being  broken  at  a  by  a  small 
spark-gap,  the  length  of  which  could  be  altered 
by  means  of  a  micrometer  screw.  The  dia- 
p,Q    g^  meter  of  the  circle  was   so  chosen   that   the 

natural  period  of  the  oscillations  in   it   was 
the  same  as  the  period  t)f  the  oscillator. 

When  electro-magnetic  waves  strike  such  a  resonator  they  will  induce 
electrical  oscillations  in  the  copper  circle,  and  the  amplitude  of  the  oscil- 
lations set  up  can  be  measured  by  the  length  of  the  sparks  which  can  be 
obtained  at  the  micrometer  spark-gap. 

Another  form  of  resonator  consists  of  two  metal  cylinders  placed  end 
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to  end  with  a  spark-gap  between.  Since  the  length  of  the  sparks  ob- 
tained in  the  resonator  spark-gap  is  very  small,  there  is  considerable 
difficulty  even  in  observing  them,  so  that  to  measure  the  maximum  spark 
length,  in  order  to  define  the  amplitude  of  the  oscillations,  is  almost  im- 
possible. On  this  account  various  other  arrangements  have  been  adopted 
for  measuring  the  amplitude  of  the  oscillations  set  up  in  the  resonator. 
Most  of  these  methods  depend  on  the 
measurement  of  the  heat  developed  in 
a  thin  wire  which  replaces  the  spark- 
gap.  One  such  arrangement  is  shown 
in  Fig.  568.  The  resonator  consists  of 
two  metal  cylinders,  AB,  of  such  a  length 
that  they  are  in  electrical  unison  with 
the  oscillator.  The  ends  of  these  cylin- 
ders are  connected  together  by  a  very 
thin  wire,  half  being  of  iron  and  the 
other  half  of  nickel.  The  portion  aob 
is  of  iron,  and  the  portion  cod  of  nickel. 
When  electrical  oscillations  are  set  up 
in  the  cylinders  a  current  will  pass 
backwards  and  forwards  through  the 
wire  aoc,  and  it  will  thus  become  heated. 
In  this  way  the  junct.on  at  o  between 
the  iron  and  nickel  wires,  which  is 
shown  enlarged  at  D,  will  become  heated,  and  a  thermo-electric  current 
will  be  produced  in  a  circuit  connected  to  the  ends  b  and  d,  and  this 
current  may  be  measured  by  a  galvanometer  G  included  in  the  circuit. 

590.  Stationary  Eleetro-magnetie  Waves.— Since  a  conductor  is 
incapable  of  supporting  an  electro-static  strain,  when  a  Faraday  tube 
meets  a  conductor,  the  strain  which  existed  within  the  dielectric  is 
immediately  relieved,  a  conduction  current  being  produced  within  the 
conductor.  Owing,  however,  to  electrical  inertia  the  dielectric  in  the 
neighbourhood  of  the  conducting  surface  overshoots  its  equilibrium  posi- 
tion and  so  becomes  the  seat  of  an  electro-static  strain  in  the  opposite 
sense  to  that  in  the  incident  tube.  In  this  way  a  reflected  tube  will  be 
produced  at  the  surface  of  a  conductor,  which  will  move  back  through 
the  dielectric.  The  sense  of  the  tube  will  be  reversed  by  reflection,  so 
that  here  we  have  a  case  of  a  change  of  phase  of  half  a  wave-length  by 
reflection. 

Let  AB,  Fig.  569  («),  be  an  oscillator,  and  CD  the  section  of  a  metal 
plate  which  is  acting  as  a  reflector  of  the  waves  sent  out  by  the  oscillator. 
Except  in  the  immediate  neighbourhood  of  the  oscillator,  the  waves  will 
be  plane  and  the  electrical  displacement  in  the  air  will  be  parallel  to  the 
length  of  the  oscillator.  Let  ab,  cd,  and  ef  represent  the  positions  of 
the  points  where  the  electrical  displacement  is,  at  a  given  instant,  a 
maximum,  at  ab  and  ef  in  one  direction  and  at  cd  in  the  opposite,  as 
indicated  by  the  signs  +  and  -.  When  the  tube  <?/" strikes  the  reflector 
CD  a  reflected  tube  e'f  will  be  produced  in  which  the  displacement  is  in 
the  opposite  direction  to  that  in  the  incident  tube  ef.  Hence  if  we 
indicate  the  reflected  tubes  by  dotted  lines  we  shall  have  near  the  plate 
a  full  and  dotted  line  in  which  the  displacements  are  in  opposite  direc- 
tions.    If  7"  is  the  periodic  time  of  the  oscillations,  then  at  a  time  TJA, 
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later  the  maximum  displacements  will  have  travelled  through  a  distance 
equal  to  a  quarter  of  the  wave-length.  Hence  the  present  condition  of 
affairs  is  indicated  in  Fig.  569  {b\  where  e'f  is  the  position  of  the  re- 
flected maximum  of  displacement  corresponding  to  tne  incident  one  ef. 
It  will  now  be  seen  that  at  the  point  Lj  the  incident  and  reflected  dis- 
placements are  in  the  same  direction,  and  will,  therefore,  produce  a 
greater  displacement  than  the  incident  wave  would  alone  produce.  A 
quarter  of  a  period  later  the  position  of  the  maxima  will  be  as  indicated 
in  Fig.  569  (c).  Here  at  the  points  N  and  N,  the  direct  and  reflected 
displacements  are  in  opposite  directions,  and  hence  oppose  each  other, 
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Fig.  569. 

so  that  the  resultant  displacement  is  less  than  would  occur  if  the  incident 
waves  acted  alone.  At  the  end  of  the  next  quarter  period  the  displace- 
ments due  to  the  incident  and  reflected  waves  will  be  in  the  same  direc- 
tion at  the  points  L^  and  l^  as  shown  in  Fig.  569  (^0,  while  a  quarter  of  a 
period  later  they  will  be  opposed  at  the  points  N,  Nj,  and  Ng,  and  so  on. 
It  will  thus  be  seen  that  owing  to  the  interference  of  the  direct  and  the 
reflected  waves  a  series  of  stationary  nodes  and  loops  will  be  produced, 
the  nodes  occurring  at  the  points  N,  Nj,  N^,  and  the  loops  at  the  points 
Li,  Lj,  for  at  the  points  N,  Nj,  Nj,  the  incident  and  reflected  displacements 
are  always  in  opposite  directions,  while  at  the  points  Lj,  i^  they  are 
always  in  the  same  direction.  If  then  a  resonator,  such  as  that  shown 
in  Fig.  567,  is  moved  along  between  the  oscillator  and  the  reflecting 
surface,  it  will  respond  at  the  points  Lj  and  Lj,  and  the  galvanometer 
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will  be  deflected  owing  to  the  heat  developed  by  the  oscillations  in  the 
thin  connecting  wire.  At  the  points  N,  N^,  and  Ng,  however,  it  will  not 
respond,  since  at  these  points  the  displacements  due  to  the  direct  and 
reflected  waves  are  in  opposite  directions  and  the  galvanometer  will 
be  undeflected.  Hence  by  moving  the  resonator  along  and  noting  the 
points  where  the  galvanometer  deflection  is  a  maximum,  the  position  of 
the  loops  can  be  found,  and  by  noting  the  positions  where  the  deflection 
is  a  minimum  the  nodes  can  in  the  same  way  be  found.  From  these 
positions  the  wave-length  of  the  electro-magnetic  waves  can  at  once  be 
deduced,  for  it  is  twice  the  distance  between  two  consecutive  loops  or 
nodes.  Knowing  the  wave-length,  then,  if  the  periodic  time  of  the 
oscillator  is  calculated  from  Lord  Kelvin's  formula,  we  can  at  once 
calculate  the  velocity  with  which  the  electro-magnetic  waves  travel  in 
air.  This  is  what  Hertz  was  the  first  to  do,  and  the  value  obtained  from 
his  experiments  is  the  same  as  the  velocity  of  light,  if  we  consider  the 
errors  to  which  such  a  measurement  is  liable.  Thus  a  result  which 
Maxwell  had  predicted  from  a  consideration  of  the  manner  in  which  one 
electrified  body  affects  another  through  an  interveninglayer  of  dielectric, 
and  which  at  the  time  was  entirely  at  variance  with  all  the  accepted 
ideas,  was,  after  his  death,  proved  by  Hertz  to  be  true,  and  in  this  way 
has  Maxwell's  theory  been  vindicated. 

It  may  be  worth  while  to  insist  on  what  is  actually  proved  by  the 
existence  of  stationary  waves.  Their  formation  shows  in  the  first  place 
that  electrical  energy  can  be  propagated  through  the  air,  a  result  which 
many  other  experiments  also  prove.  Secondly,  it  shows  that  this  energy 
takes  an  appreciable  time  to  travel  from  the  one  body  to  the  other,  and 
that  during  the  time  between  the  energy  leaving  the  oscillator  and  its 
arrival  at  the  resonator  it  must  exist  in  the  intervening  air. 

691.  The  Coherer. — A  very  sensitive  method  of  detecting  the 
presence  of  electro-magnetic  waves  has  been  discovered  by  Branley. 
He  found  that  a  glass  tube  filled  with  loosely  packed  metallic  filings, 
when  included  in  the  circuit  of  an  electric  battery  and  a  galvanometer, 
was  practically  an  insulator,  so  that  the  current  could  not  pass,  and  the 
galvanometer  was  hardly,  if  at  all,  deflected.  On  producing  electric 
oscillations  in  the  neighbourhood  of  the  circuit,  however,  the  tube  con- 
taining the  filings  becomes  a  conductor  and  the  battery  is  able  to  drive 
a  current  through  the  circuit,  so  that  the  galvanometer  is  strongly  de- 
flected. This  tube  of  filings  forms  so  delicate  a  detector  of  electrical 
oscillations  that,  as  will  be  described  later,  even  when  the  oscillator  is 
at  a  great  distance  it  will  respond. 

When  the  Branley  tube  of  filings,  or  the  coherer  as  it  has  been 
called,  is  employed  to  make  measurements,  the  chief  difficulty  is  to 
arrange  the  circuit  so  that  stray  electrical  oscillations  reflected  from  the 
walls  of  the  room  and  the  person  of  the  observer  do  not  mask  the  efi*ects 
to  be  observed.  For  this  reason  it  is  found  necessary  not  only  to  enclose 
the  battery,  galvanometer,  and  the  connecting  wires  within  a  metallic 
box  so  as  to  cut  off"  the  electrical  waves  from  these  parts  of  the  circuit, 
but  it  is  necessary  to  pack  very  carefully  all  the  jomts  in  the  box  with 
tinfoil,  or  the  waves  will  creep  in  in  sufficient  quantity  to  upset  the 
indications.  The  only  part  of  the  circuit  which  is  left  outside  the  metallic 
box  is  the  tube  containing  the  filings,  so  that  it  is  only  when  the  waves 
fall  on  this  tube  that  the  circuit  becomes  conducting  and  the  galvano- 
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meter  is  deflected.  The  precise  way  in  which  the  electrical  waves  act 
to  cause  the  filings  to  become  conducting  is  not  known,  although  it  has 
been  supposed  that  minute  sparks  are  formed  by  the  electrical  waves 
between  the  adjacent  filings,  and  these  break  down  the  film  of  condensed 
gas  which  always  fonns  on  the  surface  of  a  solid.  In  order  to  convert 
the  tube  of  filings  from  the  conducting  to  the  non-conducting  condition  it 
is  only  necessary  to  give  the  tube  a  very  slight  mechanical  shock,  such 
as  gently  tapping  with  the  finger. 

592.  Reflection,  Refraction,  and  Polarisation  of  Electro-mag- 
netic Waves.— The  properties  of  electrical  waves  can  be  very  clearly 

shown  by  means  of  the  apparatus 
shovm  in  Fig.  570.  The  oscillator, 
which  is  on  Righi's  principle,  is  placed 
along  the  focal  line  of  a  parabolic 
mirror,  C,  made  of  zinc.  This  mirror 
reflects  the  electrical  waves  in  the 
same  manner  as  does  the  reflector 
behind  a  searchlight,  so  that,  instead 
of  spreading  out  in  all  directions,  the 
waves  are  sent  in  a  parallel  beam. 
The  outside  knobs  of  the  oscillator 
are  connected  to  the  terminals  of  an 
induction  coil  or  a  Holtz  electrical 
machine.  The  receiver,  which  con- 
sists of  a  coherer,  is  also  placed  along 
the  focal  line  of  a  parabolic  mirror,  D, 
the  terminals  being  connected  with 
a  circuit  which  includes  a  cell,  E, 
and  a  galvanometer  or  electric  bell, 
G,  which  will  serve  to  indicate  when 
the  coherer  becomes  conducting. 
The  whole  of  this  circuit  is  enclosed 
in  a  metallic  box  to  screen  oflf  stray  waves.  The  mirror  D  serves  to 
concentrate  the  incident  waves  on  the  receiver  R,  and  in  this  way 
increases  the  sensitiveness  of  the  apparatus. 

The  oblique  reflection  of  electrical  waves  from  a  metallic  surface 
can  be  shown  by  arranging  the  oscillator  and  receiver  as  shown  in 
Fig.  571,  and  it  will  be  found  that  the  receiver  is 
only  affected  when  the  metal  plate,  F,  is  placed 
so  that  the  angles  of  incidence  and  reflection 
are  equal. 

The  waves  produced    by   the   oscillator  are 
plane  polarised,  for  the  displacement  is  always 
'v'  parallel  to  the  axis  of  the  oscillator.      On   the 

p  other  hand  the  receiver,  with  its  parabolic  reflec- 

FiG.  571.  tor,  only  responds  to  waves  in  which  the  displace- 

ment is  parallel  to  its  axis.  Thus  the  oscill.itor  is 
a  polariser  as  well  as  a  source  of  the  waves,  while  the  receiver  is  an 
analyser.  If,  instead  of  using  a  plane  sheet  of  metal  as  reflector,  a 
grating  is  used  made  of  a  number  of  wires  stretched  parallel  to  one 
another  on  a  frame,  or  of  a  number  of  parallel  strips  of  tinfoil  pasted 
on  a  wooden  board,  reflection  will  take  place  when  the  wires  or  strips 
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are  parallel  to  the  axis  of  the  oscillator,  while  in  this  case  none  of  the 
waves  will  be  transmitted.  In  fact  the  arrangement  acts  just  as  if  it 
were  a  continuous  sheet  of  metal.  If,  however,  the  wires  are  placed 
at  right  angles  to  the  axis  of  the  oscillator,  there  will  be  no  reflection, 
while  the  waves  will  be  transmitted  just  as  if  the  wires  were  a  dielectric. 
The  reason  for  this  difference  is  at  once  apparent  if  we  remember  in 
what  way  the  reflected  waves  are  produced.  They  are  due  to  the 
induced  charge  on  the  surface  of  the  metal  caused  by  the  incident 
waves.  Now  when  the  wires  are  parallel  to  the  direction  of  the  electrical 
displacement  in  the  incident  waves,  the  induced  charges  can  be  produced 
just  as  in  a  continuous  sheet  of  metal,  and  the  charges  which  are  induced 
on  the  wires,  so  long  as  these  are  fairly  close  together,  are  sufficient  to 
completely  screen  the  portion  of  space  behind  the  wires.  When,  however, 
the  wires  are  at  right  angles  to  the  direction  of  the  displacement  in  the 
incident  waves  there  cannot  be  a  corresponding  charge  induced  on  the 
wires,  for  each  wire  being  insulated  from  the  adjacent  wires,  no  move- 
ment of  electricity  can  take  place  from  one  wire  to  the  next,  so  that  the 
only  possible  induced  charge  which  can  be  produced  is  one  on  the  oppo- 
site sides  of  each  wire,  and  the  positive  induced  charge  on  the  one  side 


Fig.  572. 

of  any  wire  will  be  practically  neutralised  by  the  negative  charge  which 
will  be  simultaneously  induced  on  the  side  of  the  adjacent  wire.  A 
framework  of  conducting  wires  will  thus  act  in  exactly  the  same  manner 
as  does  a  plate  of  tourmaline  in  optics,  reflecting  waves  in  which  the 
displacement  is  parallel  to  the  length  of  the  wires,  but  transmitting  all 
waves  in  which  the  displacement  is  perpendicular  to  the  length  of  the 
wires.  The  polarising  effect  of  such  a  wire  frame  can  be  very  clearly 
shown  by  placing  the  oscillator  and  receiver  with  their  axes  crossed  as 
shown  in  Fig.  572.  In  this  position  the  receiver  will  not  be  affected  by 
the  oscillator.  Neither  will  the  receiver  be  influenced  when  the  wire  frame 
is  introduced  between  it  and  the  oscillator,  if  the  length  of  the  wires  is 
parallel  to  the  axis  of  either  the  oscillator  or  the  receiver ;  the  reason 
being  that  when  the  wires  are  parallel  to  the  axis  of  the  oscillator  they 
will  not  allow  any  of  the  waves  to  pass,  and  when  the  wires  are  parallel 
to  the  axis  of  the  receiver,  although  the  waves  will  now  be  transmitted, 
yet  since  the  direction  of  displacement  in  these  waves  is  at  right  angles 
to  the  axis  of  the  receiver,  they  will  not  cause  it  to  respond.  If,  however, 
the  wires  are  arranged  so  that  they  are  inclined  at  45°  to  the  axis  of 
both  the  oscillator  and  the  receiver,  this  latter  will  respond.  The  reason 
for  this  is  that  when  the  waves  strike  the  wire  frame,  which  is  at  45°  to 
the  direction  of  displacement,  they  are  resolved  into  two  components, 
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in  which  the  displacements  are  at  ri^ht  angles  to  one  another.  The 
component  in  which  the  displacement  is  parallel  to  the  wires  is  reflected, 
while  that  in  which  the  displacement  is  at  right  angles  to  the  length  of 
the  wires  is  transmitted.  These  transmitted  waves,  falling  on  the 
receiver,  are  again  resolved  into  two  components,  in  one  of  which  the  dis- 
placement is  perpendicular  to  the  axis  of  the  receiver  and  in  the  other 
the  displacement  is  parallel  to  the  axis  of  the  receiver,  and  this  latter 
will  affect  the  receiver.  The  experiment  corresponds  to  the  optical  ex- 
periment of  introducing  a  doubly  refracting  plate  between  crossed  Nicols. 
When  the  principal  section  of  the  crystal  is  parallel  to  the  principal  plane 
of  the  analyser  or  the  polariser,  no  light  is  transmitted  through  the 
system.  If,  however,  the  principal  section  of  the  crystal  is  inclined  at 
43"  to  the  principal  planes  of  the  Nicols,  then  light  is  transmitted  through 
the  analyser. 

The  refraction  of  electro-magnetic  waves  can  be  shown  by  means  of 
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Fig.  573. 

a  prism  of  paraffin  or  pitch.  The  prism  is  arranged  as  shown  in  Fig. 
573,  with  metal  screens,  E  and  F,  arranged  so  as  to  cut  off  any  waves 
which  do  not  pass  through  the  prism.  By  measuring  the  angle  of  devia- 
tion through  which  the  waves  have  been  turned  and  the  refracting  angle 
of  the  prism,  we  can  calculate,  just  as  in  the  corresponding  optical  experi- 
ment (§  349),  the  refractive  index  of  the  material  of  the  prism  for  these 
waves. 

Experimenting  in  this  way,  the  values  for  the  refractive  index  of 
some  bodies  for  electro-magnetic  waves  given  in  the  following  table 
have  been  obtained  : — 

Refractive  Index  for  Electro-magnetic  Waves. 


Substance. 

Refractive  Index  for  Wave-lengihs  of 

8  mm. 

6  mm. 

4  mm. 

Paraffin     . 
Sulphur 
Ebonite     . 

1.74 

I.41 
2.01 
1.72 

1.39 
2.00 
1.56 

593.  Reflection  of  Electro-magnetic  Waves  at  the  Surface  of 
a  Dielectric— We  have  hitherto  only  considered  the  reflection  of  elec- 
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trical  waves  at  the  surface  of  a  conductor.  When  electrical  waves  pass 
from  one  dielectric  to  another,  although  part  of  the  waves  will  be 
transmitted,  yet  a  portion  will  be  reflected.  A  similar  phenomenon  is 
exhibited  when  light  passes  from  one  transparent  medium  to  another, 
and  it  will  be  well  to  recall  briefly  what  peculiarities  accompany  such 
reflection.  In  §  410  we  saw  that  when  the  incident  beam  was  incident 
at  a  certain  angle  the  reflected  beam  was  plane  polarised.  Further,  that 
if  the  incident  light  was  plane  polarised  in  the  plane  of  incidence,  then 
for  a  certain  angle  of  incidence  the  whole  of  the  light  was  reflected,  while 
if  the  incident  beam  was  polarised  in  a  plane  at  right  angles  to  the 
plane  of  incidence,  none  of  the  light  was  reflected.  It  has  also  been 
mentioned  that  there  are  two  rival  theories  as  to  whether  the  vibrations 
of  the  ether  which  constitute  light  take  place  in  or  perpendicular  to  the 
plane  of  polarisation. 

In  the  electrical  case,  if  the  axis   of  the   oscillator,  as   shown   in 
Fig'  574  («)j  is  at  right  angles  to  the  plane  of  incidence,  and  if  the  angle 
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Fig.  574. 


of  incidence,  CON,  at  the  surface  of  a  plate  of  sulphur,  ef,  is  about  60°, 
there  will  be  a  reflected  beam,  and  the  receiver  placed  at  D,  so  that  the 
angle  DON  is  equal  to  the  angle  CON,  will  be  affected.  In  this  case  the 
electrical  displacement  is  perpendicular  to  the  plane  of  incidence.  If, 
however,  the  oscillator  is  arranged  as  in  Fig.  574  (<^),  with  its  axis  in  the 
plane  of  incidence,  there  will  be  no  reflected  beam,  and  the  receiver  will 
have  to  be  placed  at  d'  to  be  aflTected.  Hence  when  the  electrical  dis- 
placement m  the  incident  waves  is  at  right  angles  to  the  plane  of  inci- 
dence there  is  reflection,  but  when  the  displacement  is  in  the  plane  of 
incidence  there  is  no  reflected  beam.  Now  in  the  case  of  light  there 
is  no  reflected  beam  when  the  light  is  polarised  at  right  angles  to  the 
plane  of  incidence,  that  is,  when,  according  to  Fresnel's  view,  the  dis- 
placement is  in  the  plane  of  incidence.  Since,  then,  on  the  electro- 
magnetic theory,  light  waves  and  electro-magnetic  waves  are  the  same, 
and  only  differ  in  wave-length,  it  follows  that,  in  the  case  shown  in 
Fig-  574  W>  the  electrical  Avaves  are  polarised  in  the  plane  of  inci- 
dence, while  in  Fig.  574  {a)  the  waves  are  polarised  perpendicular  to 
the  plane  of  incidence.  Thus  the  electrical  displacement  takes  place 
perpendicular  to  the  plane  of  polarisation,  and  thus  corresponds  to  the 
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displacement  considered  by  Fresnel.  Since,  as  we  have  seen,  the  elec- 
trical displacement  is  always  accompanied  by  magnetic  forces  which 
occur  at  right  angles  to  the  direction  of  the  electrical  displacement,  it 
follows  that  the  magnetic  force  is  in  the  plane  of  polarisation.  The 
electro-magnetic  theory  therefore  shows  that  both  Fresnel  and  Mac- 
Cullagh  were  right  as  far  as  they  went,  but  that  neither  was  complete, 
in  that  in  addition  to  the  displacements  they  considered  there  is  always 
something  taking  place  in  a  perpendicular  direction,  both  displacements, 
however,  being  in  the  wave-front,  that  is,  at  right  angles  to  the  direction 
in  which  the  wave  is  travelling.  The  experiments  on  the  reflection  of 
electro-magnetic  waves  at  the  surface  of  the  sulphur  further  show  that 
the  displacement  which  Fresnel  considered  is  the  electrical  displacement, 
and  that  considered  by  MacCullagh  is  the  magnetic. 

594.  Electro-magnetic  Waves  along  Wires.— In  addition  to  the 
electro-magnetic  waves  which  are  propagated  in  free  air  or  other  diclec- 
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Fig.  575. 

trie,  waves  can  be  produced  in  such  a  way  that  their  direction  of  pro- 
pagation is  along  conducting  wires.  The  usual  arrangement  employed 
for  producing  these  waves  is  shown  in  Fig.  575.  The  primary  oscillator 
consists  of  two  metal  plates,  A  and  B,  which  are  connected  by  wires 
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including  a  spark-gap,  o,  and  are  also  connected  with  the  terminals  of  an 
induction  coil,  C.  Two  other  metal  platQs,  D  and  E,  are  placed  opposite 
the  plates  of  the  oscillator.  These  plates  are  connected  with  two  wires, 
DFH  and  EGK,  which  are  stretched  on  insulating  supports  at  a  distance 
from  one  another  of  about  7  cm.  When  electrical  oscillations  are  pro- 
duced in  AB,  owing  to  induction,  oscillations  will  also  be  produced  in  the 
plates  D  and  E.  Thus  waves  of  the  same  period  as  those  in  the  primary 
oscillator  will  be  propagated  along  the  two  wires,  or  rather  in  the  dielec- 
tric between  the  wires.  Since  whenever  A  is  positively  electrified  B  will 
be  negatively  electrified,  and  the  sign  of  the  electrifications  on  D  and  E 
is  always  the  opposite  to  that  on  the  corresponding  plate  of  the  oscil- 
lator, the  phase  of  the  vibrations  sent  along  the  two  wires  will  be 
opposite,  that  is,  whenever  a  given  point  on  the  one  wire  is  at  its 
maximum  positive  potential,  the  corresponding  point  on  the  other  wire 
will  be  at  its  maximum  negative  potential.  If  the  ends  of  the  wires  are 
free  the  waves  will  be  reflected,  and  if  the  lengths  of  the  wires  are 
adjusted  suitably,  stationary  waves  will  be  set  up  owing  to  the  inter- 
ference of  the  direct  waves  with  those  reflected  from  the  ends.  Since 
it  would  be  inconvenient  to  adjust  the  length  of  the  wire  to  secure  the 
formation  of  stationary  waves,  it  is  usual,  instead  of  having  the  wires 
insulated  from  one  another  at  the  ends,  to  join  them  by  a  metallic 
bridge,  hk,  the  position  of  which,  and  hence  the  length  of  the  wires,  can 
be  altered. 

It  is  instructive  to  consider  how  this  arrangement  works  from  the 
point  of  view  of  Faraday  tubes  of  force.  When  the  plates  A  and  B  are 
charged  by  the  coil  before  the  passage  of  a  spark,  the  Faraday  tubes  will 
stretch  somewhat  as  indicated  in  Fig.  575  {a).  When  the  spark  passes, 
due  to  the  number  of  tubes  stretching  from  one  knob  of  the  spark-gap  to 
the  other  being  so  great  that  the  electrical  stress,  of  which  the  tubes  are 
simply  the  graphic  representation,  overcomes  the  dielectric  strength  of 
the  air,  the  tubes  which  stretch  across  in  the  path  of  the  spark,  since 
along  this  path  the  air  becomes  a  conductor,  will  be  able  to  shrink  to 
nothing.  The  disappearance  of  these  tubes  will  allow  some  of  the  tubes 
which  were  crowded  out  into  the  intervening  space,  owing  to  the  trans- 
verse repulsion  between  the  tubes,  to  move  towards  the  gap  as  shown  at 
ip).  The  two  tubes  marked  i  and  2  will,  since  they  are  turned  in  opposite 
senses,  attract  one  another,  and  they  will  first  fuse  together  and  then 
separate  into  two  tubes,  3  and  4,  as  shown  at  {c).  Tube  4  will  rush  into 
the  conducting  spark-gap  to  keep  up  the  discharge,  while  tube  3  will 
move  through  the  dielectric  separating  the  wires,  with  its  positive  end  on 
the  wire  egk,  and  its  negative  end  on  the  wire  DFH.  As  these  tubes 
move  away,  another  pair  of  tubes  will  move  out  from  the  space  between 
the  plates,  and  will  go  through  the  same  operation.  The  process  will 
not,  however,  stop  when  the  plates  have  lost  all  their  tubes,  that  is,  when 
all  the  Faraday  tubes  have  moved  out  from  between  the  plates,  but,  owing 
to  inertia,  a  dielectric  displacement  will  be  produced  in  the  opposite 
direction,  that  is,  tubes  will  appear  which  stretch  in  the  opposite  sense  to 
the  original  tubes.  The  crowding  in  of  these  tubes  between  the  plates 
may  be  regarded  as  simply  the  passing  out  from  between  the  plates  of 
more  tubes  in  the  original  sense  than  there  were  originally  there.  Then 
these  tubes  will  go  through  the  same  series  of  operations  as  the  others 
did,  and  tubes  will  be  propagated  along  the  wires  which  have  their  posi- 
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live  ends  on  the  wire  dfh,  and  their  negative  ends  on  egk.  Thus  there 
will  be  a  number  of  sets  of  tubes,  such  as  are  shown  at  {d),  travelling 
along  the  wires.  When  a  tube  reaches  the  bridge  HK,  owing  to  inertia 
it  will  not  simply  shrink  to  nothing,  but  will  stretch  out  again  and  travel 
back  ;  but  if,  when  it  approached  the  bridge,  its  positive  end  was  on  the 
wire  FH,  when  travelling  back  its  negative  end  will  be  on  this  wire.  We 
shall  thus  have  a  train  of  reflected  tubes,  and  these,  together  with  the 
direct  tubes  which  are  travelling  towards  the  bridge,  will  produce  a  system 
of  nodes  and  loops,  for  at  certain  points  on  the  wires  the  tubes  which 
reach  there  on  their  way  to  the  bridge  will  always  be  of  the  opposite  sign 
to  those  which  reach  this  point  after  reflection,  and  hence  the  two  sets  of 
tubes  will  neutralise  each  other.  At  other  points  the  two  sets  of  tubes 
will  always  be  in  the  same  sense,  and  will  therefore  produce  a  loop.  The 
experiment  is  exactly  analogous  to  Kundt's  method  of  determining  the 
velocity  of  sound  in  gases,  as  described  in  §  317;  the  oscillator  here 
corresponding  to  the  vibrating  rod  which  in  the  acoustical  experiment 
produces  the  vibrations  of  the  gas  in  the  tube.  The  bridge  here  corre- 
sponds to  the  closed  ends  of  the  tube,  for  in  both  cases  they  correspond  to 
a  node,  that  is,  in  the  one  case  to  a  point  where  the  movement  of  the  air  is 
a  minimum,  and  in  the  other  to  a  point  where  the  electrical  displacement 
is  a  minimum.  The  electrical  displacement  at  the  bridge  is  a  minimum, 
for  there  the  potential  of  the  two  wires  is  always  the  same,  so  that 
there  cannot  be  any  electro-static  force,  and  hence  no  displacement. 
Also,  just  as  in  Kundt's  experiment,  the  stationary  waves  set  up  in  the 
tube  are  very  much  more  intense  if  the  length  is  adjusted  so  that  it  is  a 
multiple  of  the  half  wave-length  of  the  note  given  by  the  rod  in  the  gas, 
so  in  the  electrical  case  the  amplitude  of  the  stationary  waves  set  up  in 
the  wires  is  much  increased  if  the  position  of  tjie  bridge  is  altered  till  the 
length  of  each  wire  is  some  multiple  of  the  half  wave-length  of  the  elec- 
trical waves  in  the  wires  produced  by  the  oscillator. 

The  position  of  the  loops  on  the  wires  can  be  determined  by  placing  a 
Geissler  tube,  L  (§  384),  across  the  wires  as  a  bridge.  If  the  tube  is  moved 
along  it  will  glow  brightly  at  the  loops,  but  will  be  dark  at  the  nodes.  In 
this  way  the  wave-length  of  the  oscillations  in  the  wires  can  be  measured. 
Then,  if  the  periodic  time  of  the  primary  oscillations  is  known,  the  velocity 
with  which  the  oscillations  travel,  when  conducted  in  this  way  along  wires, 
can  be  calculated.  By  this  method,  as  well  as  by  a  direct  comparison 
between  the  velocity  in  free  air  with  that  along  a  wire,  it  has  been  proved 
that  the  velocity  is  the  same  when  the  waves  are  propagated  in  a  free 
dielectric  as  when  they  are  conducted  along  a  wire.  Also,  it  is  found 
that  the  velocity,  while  it  is  independent  of  the  material  of  the  wires, 
depends  on  the  specific  inductive  capacity  of  the  dielectric  which  sur- 
rounds the  wires.  This  result  is  a  conclusive  proof  that  the  energy 
travels,  not  along  the  wires,  but  through  the  dielectric  which  surrounds 
them,  as  is  indicated  by  Maxwell's  theory. 

595.  Telegraphy  without  Connecting  Wires.— Within  the  last 
few  years  much  attention  has  been  devoted  to  the  employment  of  electro- 
magnetic waves  as  a  means  of  transmitting  signals  from  one  place  to 
another  without  the  necessity  for  a  metallic  wire  connecting  the  two. 
There  are  a  number  of  arrangements  which  have  been  tried,  and  the 
whole  subject  is  still  in  a  very  experimental  stage.  Some  of  the  most 
successful  attempts  have  been  made  by  Marconi,  who  has  transmitted 
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signals  over  distances  of  many  hundred  miles.  I  n  one  form  of  apparatus 
an  oscillator  of  Righi's  form  is  used,  giving  waves  of  about  120  cm.  wave- 
length. The  receiver  is  a  coherer,  which  is  placed  in  series  with  a  relay  ; 
this  relay  working  a  sounder  on  which  the  Morse  signals  are  received. 
In  order  to  make  the  coherer  lose  its  conductivity  when  the  waves  stop, 
an  electro-magnet  works  a  small  hammer  which  is  continually  tapping 
the  tube.  In  the  case  of  transmission  over  distances  greater  than  a  mile 
or  two,  a  collector,  consisting  of  a  vertical  wire  attached  to  a  pole,  is 
used  to  conduct  the  waves  to  the  coherer. 


QUESTIONS    AND    EXAMPLES 


Questions  which  have  been  set  at  the  Examinations  of  the  University  of 
London  are  indicated  by  the  letters  B.Sc.y  Int.  Sci.,  or  Prelim.  Sci. 
respectively ;  while  questions  set  at  the  advanced  stage  of  the  Exami- 
nations held  by  the  Science  and  Art  Department  are  indicated  by 
S.  &>  A.  D.  (A.). 

BOOK    I 
CHAPTERS  II  AND  III 

(Unless  otherwise  mentioned ^  may  be  taken  as  980  cm./sec.^  or  32  ft./sec.^) 

1.  What  is  meant  by  the  circular  measure  of  an  angle?  Calculate  the  value  of  the 
angles  of  an  equilateral  triangle  in  circular  measure.  Ans.  1.0472.* 

2.  Calculate  the  values  of  sin  30°,  cos  60°,  tan  45°.  Draw  a  curve  showing  the 
changes  in  the  values  of  sin  6,  cos  d,  and  tan  6,  as  0  increases  from  0°  to  90°. 

Ans.  sin  30°  =  . 5  ;  cos  60°  =  . 5  ;  tan  45°=  i. 

3.  Given  that  the  square  on  the  hypotenuse  of  a  right-angled  triangle  is  equal  to  the 
sum  of  the  squares  on  the  other  sides,  prove  that 

sin2^  +  cos2^=I. 

4.  The  angle  subtended  by  the  diameter  of  the  moon  at  the  surface  of  the  earth  being 
31'  37". 6,  while  the  distance  of  the  moon  is  234,800  miles,  calculate  the  diameter 
of  the  moon.  Aus.  31' 37".6  =  . 009 199  radians.     Diameter  =  2160  miles. 

5.  It  is  required  to  place  a  scale  so  that  each  millimetre  shall  subtend  an  angle  of  a 
minute  of  arc  at  a  certain  spot.  At  what  distance  must  the  scale  be  placed? 
(i' =  .0002909  radians).  Ans.  343.8  cm. 

6.  A  circle  is  divided  into  thirds  of  a  degree,  how  must  a  vernier  be  divided  so  that 
it  shall  read  to  minutes?        Am.  20  divisions  of  vernier  =  19  divisions  of  circle. 


CHAPTERS  IV,  V,  and  VI 

1,  What  are  the  dimensions  of  speed  ?      Express  a  speed  of  60  miles  an  hour  in 
metres  per  second,  and  in  kilometres  per  hour. 

Ans.  26.82  m./sec.  ;  96.56  kilometres/hour. 

*  In  most  cases  the  last  significant  figure  given  in  the  answers  is  only  correct  to 
within  one  or  two  units  in  this  place. 
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2.  In  an  account  of  a  yacht  race  a  newspaper  said,  *♦  The  rate  of  speed  of  the  boats 
was  10  knots  an  hour."  Criticise  this  statement,  pointing  out  what  the  motion 
would  Ijc  if  the  statement  were  interpreted  literally,  and  restate  in  scientific 
language  what  the  reporter  probably  intended  to  say. 

3.  A  particle  starts  from  rest  and  travels  for  5  seconds  with  a  uniform  acceleration  of 
8  cm./sec.2,  it  then  continues  moving  at  the  uniform  speed  ac(juired  for  10  seconds, 
and  is  finally  brought  to  rest  with  a  uniform  acceleration  equal  to -0.5  cm./sec.-. 
Calculate  the  total  space  passed  over,  and  the  total  time  taken.  Draw  a  curve  to 
represent  the  motion  of  the  particle,  and  show  how  the  s{»ce  passed  over  can  be 
obtained  from  this  curve.  Jus.  21  metres  ;  95  sec. 

4.  A  particle  moves  from  rest  with  a  uniform  acceleration  of  2  cm./sec.'  in  a 
direction  parallel  to  one  side  of  an  eciuilateral  triangle,  and  with  a  uniform  speed 
of  5  cm./sec.  parallel  to  an  adjacent  side.  Draw  a  curve  showing  the  actual  path 
of  the  particle  for  the  first  five  seconds  of  its  motion. 

5.  A  particle  moves  round  a  regular  hexagon  at  uniform  speed.  Draw  the  hodograph 
of  its  motion. 

6.  Draw  the  hodc^praph  of  a  particle  which,  starting  from  rest,  moves  along  the 
circumference  of  a  circle  with  an  accelerated  speed,  such  that  the  speed  increases 
2  cm.  per  second  for  each  radian  swept  out  by  the  line  joining  the  particle  to  the 
centre  of  the  circle. 

7.  Taking  the  moon's  orbit  round  the  earth  to  be  a  circle  of  radius  240,000  miles, 
calculate  the  acceleration  with  which  the  satellite  is  moving  with  reference  to  the 
earth.  Jus.  See  §  108. 

8.  What  is  meant  by  saying  that  the  angular  velocity  of  a  body  is  t  ?  How  many 
revolutions  per  second  would  such  a  Ixxly  make?  Jtis.  .5. 

9.  Why  is  it  that  a  four-legged  stool  is  often  unsteady  while  a  three-legged  stool 
always  stands  firm  ? 

10.  A  particle  is  moving  in  a  circle  of  radius  8  cm.  with  a  speed  of  15  cm./sec,  what 
is  its  angular  velocity  ?  /^«t.  1.875. 

11.  Show  that  if  the  points  of  the  three  legs  of  an  instrument  rest  in  three  grooves 
which  meet  at  a  point,  and  are  equally  inclined  to  each  other,  then  the  position  of 
the  instrument  is  fixed. 

CHAPTER  VII 

1.  Explain  what  is  meant  by  the  period,  amplitude,  and  phase  of  a  S.II.M.  If  the 
period  is  12  seconds,  and  the  amplitude  10 cm.,  what  are  the  phase  and  the  displace- 
ment at  a  time  14  seconds  after  a  passage  of  the  particle  through  its  extreme 
positive  elongation.  Jtis.  ir/3  ;  5  cm. 

2.  Wliat  is  the  speed  and  acceleration  of  the  particle  in  the  previous  question  at  the 
instant  considered,  and  also  when  the  displacement  is  8  cm. 

Ans.  TT  \^75/6  cm./sec;  57r2/36  cm./sec.^  ;  ir  cm./sec;  2T^/g  cm.jsec.'^. 

3.  Draw  the  harmonic  curve  to  represent  the  S.H.M.  considered  in  the  last  two 
questions,  and  apply  it  to  find  the  displacement  at  the  time  14  seconds  and  the  time 
at  which  the  displacement  is  8  cm. 

4.  Show  how  to  find  the  resultant  motion  obtained  by  compounding  together  two  equal 
uniform  circular  motions,  of  the  same  period,  in  the  same  plane :  (a)  when  the  two 
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motions  are  in  the  same  sense  ;  {b)  when  they  are  in  opposite  senses.  What  will 
be  the  resultant  motion  if  the  two  circular  motions  are  in  opposite  senses,  and 
differ  very  slightly  from  one  another  in  period?  B.Sc.  1899. 
6.  Find  the  resultant  curve  produced  by  the  composition  of  two  S.II.M.'s.  at  right 
angles,  the  amplitude  and  period  of  the  one  being  double  those  of  the  other,  and 
if  they  start  so  that  the  extreme  positive  elongations  occur  simultaneously. 


CHAPTERS  VIII   AND   IX 

1.  A  torce  acts  upon  a  body  of  mass  150  grams  for  10  seconds,  and  during  this  time 
the  body,  starting  from  rest,  moves  over  2CXD  cm.  What  is  the  magnitude  of  the 
force?  y^wj.  6cx)  dynes. 

2.  A  force  of  100  dynes  acts  on  a  body  of  which  the  mass  is  60  grams.  What  will  be 
the  speed  and  momentum  of  the  body  15  seconds  after  it  starts  from  rest  ? 

Ans.  25  cm./sec.  ;  1500  grms.  cm./sec. 

3.  State  clearly  the  second  law  of  motion,  and  show  how  the  parallelogram  of  forces 
may  be  deduced  by  the  aid  of  it  from  the  parallelogram  of  velocities.  Int.  Sci. 
1889. 

4.  Enunciate  the  laws  of  motion,  and  give  illustrations  of  each.  Apply  the  second  to 
the  case  of  a  stone  steadily  whirling  in  a  circle,  and  attached  to  the  centre  of  the 
circle  by  a  piece  of  elastic.     Int.  Sci.  1892. 

5.  A  body  of  mass  50  grams  is  allowed  to  fall  freely  under  the  action  of  gravity. 
Calculate  the  momentum  it  possesses  after  5  seconds.  What  force  acting  would 
cause  it  to  move  as  it  does  under  the  action  of  gravity  (^=980  cm./sec.^). 

Ans.  245,000  grms.  cm./sec. ;  49,000  dynes. 

6.  Two  oppositely  directed  parallel  forces  act  on  a  body  so  that  the  distance  between 
their  lines  of  action  is  20  cm.  The  magnitudes  of  the  forces  being  30  dynes  and 
20  dynes,  find  the  position  and  magnitude  of  the  resultant. 

Ans.  40  cm.  from  larger  force  and  on  side  remote  from  smaller  ;  10  dynes. 

7.  Show  that  the  moment  of  a  force  about  a  point  can  be  represented  by  the  area 
of  a  certain  figure,  and  apply  this  result  to  find  the  position  of  the  resultant  of  two 
parallel  forces. 

8.  A  body  is  in  equilibrium  under  the  influence  of  three  forces.  Two  of  these  forces 
act  in  directions  inclined  at  60°  to  one  another,  and  their  magnitudes  are  40  dynes 
and  30  dynes  respectively.     Find  the  magnitude  and  direction  of  the  third  force. 

Ans.  60.83  dynes. 

CHAPTER  X 

1.  Define  the  terms  energy  and  work,  and  explain  how,  first,  the  kinetic,  secondly, 
the  potential,  energy  of  a  falling  body  is  measured.     S.  &  A.  D.  (A.)  1893. 

2.  What  do  you  understand  by  energy?  and  how  would  you  measure  {a)  the  energy 
of  a  bullet  dtie  to  its  motion  as  it  leaves  the  muzzle  of  a  gun  ;  {b)  the  energy  of  a 
clock  pendulum  at  the  highest  and  lowest  points  cf  its  swing?     Prelim.  Sci.  18S9. 

3.  Explain  how  work  is  measured.     A  train,  weighing  120  tons,  goes  for  2  miles  up 
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an  incline  of  I  in  100:  neglecting  friction,  calculate  in  foot-pounds  the  work 
done.     Int  Sci.  1889.  Atts.  2.838  x  10"  ft. -lbs. 

4.  Define  work  and  energy.  Calculate  the  energy,  in  foot-pounds,  of  a  mass  of 
180  lbs.  moving  at  the  rate  of  10  feet  a  second.  How  high  would  such  a  mass 
move  under  gravity  if  projected  upwards  with  this  velocity.     Prelim.  Sci.  1891. 

Atts.  90CX)/^ft.-lbs.  ;  50/^  feet. 

6,  What  do  you  understand  by  the  dimensions  of  a  physical  quantity  in  terms  of 
mass,  length,  and  time?  Find  the  number  of  dynes  in  the  force  which,  acting 
on  I  cwt.  for  one  minute,  produces  a  velocity  of  one  mile  per  hour,  (i  ft.  = 
3a5  cm.,  and  i  lb.  =  453  grams).     Int.  Sci.  (H.)  1889. 

Ans.  27.38  X  1.382  X  10*  dynes. 

6.  A  bullet  weighing  I  or.  is  fired  from  a  smooth-lwre  gun  0.4  inch  in  internal 
diameter,  and  30  in.  long.  The  muzzle- velocity  of  the  bullet  is  1600  feet  per 
second.  Find  the  energy  of  the  bullet  in  foot-pounds  and  the  pressure  per 
square  inch  in  the  barrel,  supposed  uniform  [^=32].     Int.  Sci.  (H.)  1893. 

Ans.  Socxxijg  ft.-lbs. ;  7955  lljs.  per  sq.  in. 

7.  When  a  wheel  is  being  turned  round  on  an  axle,  show  that  the  work  done  in 
turning  it  can  be  determined  by  measuring  the  moment  Afoi  the  turning  effort 
required  to  prevent  the  axle  from  rotating,  and  then  calculate  the  work  /rdone 
in  n  revolutions  by  the  formula  H^=2rnAf.  How  would  you  measure  Jlf  ex- 
perimentally ?  In  what  units  must  M  be  expressed  if  IV  is  to  be  expressed  in 
foot-pounds?    B.Sc  1899.  y/wj.  See  §  251. 

8.  A  hoop,  weighing  2  lbs.,  and  2  feet  in  diameter,  is  rolling  at  the  rate  of  30 
revolutions  per  minute  along  a  horizontal  road.  Find  the  kinetic  energy  of  the 
hf)op  in  foot-pounds.  The  plane  of  the  hoop  is  vertical,  and  the  point  of  it  in  con- 
tact with  the  ground  is  momentarily  at  rest.     B..Sc.  1895.      Ans.  2ir-/^  foot-lbs. 

9.  A  kilogram  weight  sliding  down  an  inclined  plane  9  cm.  high  reaches  the  bottom 
with  a  velocity  of  5  cm.  per  second.  How  much  energy  has  been  rublied  out  of  it 
during  the  descent  (g=^).  Ans.  8807500  ergs. 

10.  Descrilje  the  series  of  events  that  take  place  during  the  short  time  of  impact  of 
an  elastic  ball  upon  an  unyielding  plane.  What  various  causes  prevent  a  real 
ball  falling  on  a  hard  slab  from  rebounding  to  the  height  from  which  it  fell  ?  If 
such  a  ball,  after  l)eing  dropped  on  the  slab,  is  allowed  to  rebound  attain  and 
again,  what  sort  of  law  can  be  observed  in  the  successive  heights  to  which  it 
rises?    B.Sc.  1891. 

CHAPTERS  XI   AND  XII 

1.  Prove,  by  resolving  all  the  forces  parallel  to  the  plane,  the  formulae  for  the  equi- 
librium of  a  Ixxly  on  a  smooth  inclined  plane. 

2.  A  weight  of  looo  kilos  has  to  be  dragged  up  a  smooth  inclined  plane  which  rises 
3  in  eveiy  5  (measured  along  the  inclined  surface).  Find  the  smallest  force  which 
is  capable  of  doing  this  (i)  when  it  acts  parallel  to  the  base;  (2)  when  it  acts 
parallel  to  the  inclined  surface.  Ans.  750000^  dynes  ;  600000^^  dynes. 

8.  Prove  that  in  the  case  of  a  balance,  of  which  the  arms  are  of  unequal  length,  if 
the  apparent  weights  of  a  Ixxly  when  it  is  weighed  first  in  one  pan  and  then  in 
the  other  are  7^1  and  re^.,  then  the  true  weight  is  JwiWj, 
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4.  A  balance,  the  beam  of  which  is  30  cm  long  and  weighs  40  grams,  is  deflected 
through  1°  (see  p.  14)  by  an  excess  of  one  milligram  in  one  of  the  pans,  what  is 
the  distance  of  the  centre  of  gravity  of  the  beam  below  the  central  knife-edge  ? 

Ans.  0.0215  cm. 

5.  If  the  plane  considered  in  question  2  is  rough,  and  the  coefficient  of  friction  be- 
tween the  body  and  the  plane  is  0.2,  find  the  force,  in  the  two  cases  considered, 
which  will  just  start  the  body  moving.      Ans.  1 1 18000^  dynes  ;  760000^  dynes. 

6.  A  particle  slides  down  a  rough  inclined  plane  whose  angle  is  60°.  If  the  co- 
efficient of  friction  be  J,  find  the  ratio,  just  before  the  particle  reaches  the  bottom, 
of  the  energy  dissipated  to  the  whole  energy  at  starting.     13.  Sc.  1899. 

^'"-  3^ 

7.  If  500  cm.  per  second  is  the  linear  speed  of  a  point  on  the  circumference  of  the 
pulley  of  a  friction  dynamometer,  and  the  weight  at  the  end  of  the  strap  is 
10  kilos,  find  the  reading  in  the  spring  balance  when  the  engine  is  doing  10^  ergs 
per  second.  The  strap  of  the  dynamometer  may  be  taken  to  bear  directly  on  the 
surface  of  the  pulley  (^=980).  Ans.  7.959  kilos. 


CHAPTERS   XIII   AND  XIV 

1.  A  particle  moves  uniformly  round  a  circle  with  angular  velocity  w.  Show  that 
its  acceleration  is  towards  the  centre,  and  equal  to  w^r.  Assuming  the  law  of 
gravitation,  and  taking  the  orbits  of  the  earth  round  the  sun,  and  the  moon  round 
the  earth,  as  circular,  compare  the  masses  of  the  sun  and  the  earth,  given  that  the 
moon  makes  thirteen  revolutions  per  year,  and  that  the  sun  is  390  times  as  distant 
as  the  moon.     B.Sc.  1894.  Atis.  351000. 

2.  Given  that  the  attraction  between  two  small  spheres,  each  having  a  mass  of  I 
gram,  when  placed  with  their  centres  at  a  distance  of  i  cm.,  is  6.66  x  lO'^  dynes, 
and  that  the  value  of  g  at  the  surface  of  the  earth  is  980  cm./sec.^.  Find  the 
weight  of  a  small  leaden  sphere  of  mass  10  grams  when  placed  vertically  over 
the  centre  of  a  sphere  of  mass  100  kilos,  the  distance  between  the  centres  being 
10  cm.  ^;w.  (9800 +  6.66  X  10  ■^)  dynes. 

3.  Find  the  centre  of  gravity  of  three  equal  masses  placed  at  the  corners  of  a  given 
triangle. 

Ans.  A  third  of  the  way  up  the  line  joining  mid-point  of  base  to  the  vertex. 

4.  Find  the  centre  of  gravity  of  a  triangular  lamina. 

Ans.  As  in  previous  question. 

5.  A  square,  of  side  a,  cut  out  of  thin  metal  has  one  of  the  triangles  formed  by  the 
intersection  of  the  diagonals  cut  out.     Find  the  centre  of  gravity  of  the  remainder. 

Ans.  At  a  distance  of  a/g  from  the  centre  of  square. 

6.  Find  an  expression  for  the  time  of  oscillation  of  a  simple  pendulum.  Point  out 
any  assumptions  or  approximation  you  make,  and  show  how  these  limit  the 
applications  of  the  formula  you  obtain. 

7.  How  can  it  be  shown  that  the  weight  of  a  body  is  proportional  to  its  mass? 

8.  The  mass  of  the  bob  of  a  ballistic  pendulum  is  5  kilos,  and  when  struck  by  a 
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bullet,  of  which  the  mass  is  120  grams,  the  pendulum  is  driven  back  so  that  its 
boh  is  raised  through  1.5  cm.     Find  the  speed  of  the  bullet 

Ans.  2313.4  cm./sec. 
9.  A  simple  pendulum,  of  length  60  cm.,  the  bob  of  which  has  a  mass  of  490  grams, 
is  pulled  aside  by  means  of  a  horizontal  thread  attached  50  cm.  below  the  point  of 
support,  so  that  the  Ixib  is  pulled  aside  through  a  horizontal  distance  of  3  ^  Ti  cm. 
Find  the  tension  in  the  horizontal  thread,  and  also  that  in  the  various  portions  of 
the  thread  supporting  the  bob. 

Ans.  30^  1 1  grams  weight ;  500  grams  weight ;  490  grams  weight. 
10.  A  certain  pendulum,  when  allowed  to  oscillate  at  a  station  A,  makes  1000  vibra- 
tions in  8  min.  10  sec  ;  while,  when  removed  to  B,  it  makes  1000  vibrations  in 
8  min.  20  sec     Find  the  ratio  of  the  accelerations  of  gravity  at  A  and  R 

Ans,  1. 0412. 


CHAPTERS  XV  and  XVI 

1.  What  is  the  fundamental  difference  between  a  solid  and  a  liquid  ?  Paraffin  wax  is 
said  to  be  a  soft  solid,  sealing  wax  a  viscous  fluid ;  in  what  does  the  distinction 
between  the  two  consist?    Prelim.  Sci.  1889. 

2.  What  do  you  understand  by  the  terms  stress,  strain,  and  coefficient  of  elasticity  ? 
How  would  you  measure  the  coefficient  of  elasticity  of  a  gas  kept  at  constant 
temperature  ? 

8.  Mercury  is  poured  into  a  tube  closed  at  one  end  until  it  reaches  a  point  2.5  cm. 
from  the  open  end.  The  tube  is  then  inverted  and  placed  in  a  vertical  position 
with  the  lower  end  in  a  trough  of  mercury.  It  is  then  found  that  the  air  fills  38 
cm.  of  the  tube,  while  a  column  of  mercury  70  cm.  long  is  sustained  below  it. 
Find  the  height  of  the  liarometer.  Aus.  74.9  cm. 

4.  You  are  given  200  c.  c  of  air  at  a  pressure  due  to  760  mm.  of  mercury.  On  in- 
creasing the  pressure  by  that  due  to  i  mm.  of  mercury  without  change  of  tempera- 
ture the  volume  is  observed  to  decrease  by  .263  c.  c  Find  the  coefficient  of  volume 
elasticity  of  the  gas.     (Density  of  mercury  13.6.)  Ans.  1013500. 

5.  How  has  the  relation  between  the  volume  and  pressure  at  constant  temperature 
for  different  gases  been  determined  accurately  ?  Give  a  brief  account  of  the 
results.  A  narrow  tube  with  uniform  bore  is  closed  at  one  end,  and  near  the  other 
end  is  a  thread  of  mercury  of  known  length.  The  lube  is  held  vertical  with  the 
closed  end  (i)  up,  (2)  down.  Show  how  the  barometric  height  may  be  determined 
from  the  positions  of  the  thread,  assuming  that  Boyle's  law  holds.     B.Sc  1896. 

6.  The  volume  of  the  barrel  of  an  air-pump  is  200  c  c,  and  the  volume  of  the  re- 
ceiver 2  litres.  What  fraction  of  the  original  pressure  will  be  the  pressure  in  the 
receiver  after  two  strokes?  Ans.  100/121. 

7.  Describe  the  experiments  you  would  make  to  prove  that  for  a  gas  at  constant 
temperature  pv  is  constant,  /  being  the  pressure  and  v  the  volume  of  the  gas.  In 
a  certain  gas/z/  is  observed  to  decrease  slightly  as  the  pressure  rises.  Show  that 
the  resistance  to  compression  is  less  than  it  would  be  if  Boyle's  law  held.  S.  and 
A.  D.  (A.)  1897. 

8.  What  is  meant  by  the  diffusion  of  a  gas?    Describe  an  experiment  to  show  that  a 
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light  gas  diffuses  through  a  given  membrane  more  rapidly  than  a  heavier  one 
Prelim.  Sci.  1889. 
9  A  small  sphere  of  mass  one  milligram  travels  liackwards  and  forwards  between 
two  parallel  planes  with  a  constant  speed  of  1000  cm./sec.  If  the  distance  be- 
tween the  planes  is  5  cm.,  find  the  force  which  must  l)e  applied  to  the  planes  to 
keep  them  from  moving  under  the  influence  of  the  impacts.  Obtain  this  force 
(i)  supposing  the  diameter  of  the  sphere  to  be  negligible;  and  (2)  when  the 
diameter  of  the  sphere  is  2  mm.  Ans.  2C»  dynes ;  208.3  dynes. 

10.  Prove  Graham's  law  for  the  rate  of  effusion  of  a  gas. 


CHAPTER  XVII 

1,  Define  the  pressure  at  a  point  in  a  fluid,  and  show  clearly  how  it  is  that  the  force 
on  the  horizontal  base  of  a  vessel  containing  liquid  does  not  depend  on  the  shape 
of  the  sides  of  the  vessel.     Int.  Sci.  1889. 

2  How  does  the  pressure  at  a  point  in  a  fluid  vary  with  the  depth  of  the  point  below 
the  surface  of  the  fluid  ?  A  bottle,  whose  volume  is  500  c  c,  is  sunk  mouth  down- 
wards below  the  surface  of  a  pond.  How  far  must  it  be  sunk  for  loo  c  c.  of 
water  to  run  up  into  the  bottle  ?  The  height  of  the  barometer  at  the  surface  of 
the  pond  is  760  mm.     (Specific  gravity  of  mercury  13.6.)    Int.  Sci.  1893. 

Atts.  258.5  cm. 

3,  How  may  the  elasticity  of  a  liquid  be  measured  ?  Compare  the  density  of  water 
at  the  surface  and  at  the  bottom  of  a  lake  100  metres  deep,  given  that  the  com- 
pressibility is  1/22000  per  atmosphere  of  760  mm.  of  mercury,  and  that  the 
density  of  mercury  is  13.6.     B.Sc.  1894.  ^wx.  0.99956. 

I  4,  Mercury  (density  13.6)  and  a  liquid  which  does  not  mix  with  water  are  placetl  in 
the  limbs  of  a  (J -tube,  and  the  surfaces  of  the  mercury  and  licjuid  are  at  3  cm, 
and  28  cm.  respectively  above  their  common  surface.  Find  the  density  of  the 
liquid.  What  change,  if  any,  would  be  produced  if  the  U-tube  were  wholly 
immersed  in  water ?  Aus.  i.^SJ. 

The  mercury  surface  would  stand  at  12. 8/ 1 2. 6  cm.  above  the  common  sur&ce 
in  the  limb  containing  the  unknown  liquid. 

5.  The  weights  required  to  sink  a  Nicholson's  hydrometer  to  its  mark  in  water  is 
20  grams.  The  weights  required  when  a  certain  solid  is  placetl  first  in  the  upper 
and  then  in  the  lower  pan  are  lo  grams  and  14  grams  respectively.  Find  the 
volume  and  density  of  the  body.  Ans.  4  c.  c,  2.5. 


CHAPTER  XVIII 

Show  how  to  calculate  the  height  to  which  a  liquid  can  rise  in  a  capillary  tube. 
Prove  that  the  excess  of  pressure  inside  a  soap-bubble  of  radius  A*  is  given  by 

/  =  2gph  -  ;  where  h  is  the  height  to  which  the  soap  solution,  of  density  p,  could 
rise  in  a  tube  of  radius  r.  Calculate  the  excess  of  pressure  numerically  for  a 
liquid  whose  density  is  that  of  water,  and  in  a  bubble  whose  diameter  is  equal  to 

3K 
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the  height  the  liquid  ascends  in  a  tul>e  a  quarter  of  a  millimetre  in  bore.     Be 
careful  to  stale  the  pressure  completely.     B.Sc  1 891. 

Am.  49  dynes  per  sq.  cm. 

2.  Find  an  expression  for  the  difference  between  the  pressure  inside  and  outside  a 
soap-bubble  whose  surface  tension  is  7'  and  radius  r.  What  will  be  the  pressure 
in  a  spherical  cavity  within  a  mass  of  water  if  the  cavity  is  .001  cm.  in  radius,  and 
at  the  depth  of  10  cm.  below  the  surface  of  the  water ;  the  surface  tension  of 
water  is  78  cg.s.  units.  The  pressure  of  the  air  on  the  surface  of  the  water  is 
that  due  to  760  mm.  of  mercury.     B.Sc.  1895.     [Density  of  mercury  13. 6.] 

Ans,  (156000+ 1022700)  dynes  per  sq.  cm. 

&  A  drop  of  water  is  placed  between  two  plane  pieces  of  glass,  which  are  pushed 
close  together  until  the  film  is  everywhere  x  cm.  thick,  and  A  scj.  cm.  in  area. 
Show  that  the  plates  are  urged  tc^ether  with  a  force  equal  to  zTlZ/jr,  where  7' is 
the  surface  tension  between  water  and  air.  The  angle  of  contact  between  glass 
and  water  is  to  be  assumed  to  be  «ero.  B.Sc.  1893.  [Ouilittg  of  solution.— Con- 
sider  a  small  portion  of  the  edge  of  the  film  of  length  ic  The  pull  due  to  surfaces 
tension  at  right  angles  to  this  portion  of  the  etlge  will  be  7'5c  for  each  line  of 
contact  between  the  water  and  glass.  These  pulls  will  be  at  right  angles  to  the 
edge  and  parallel  to  the  glass  surfaces,  and  will  together  amount  to  2  7'8c.  If  / 
is  the  amount  by  which  the  pressure  inside  the  film  b  less  than  the  atmospheric 
pressure,  the  inward  directed  force  due  to  the  excess  of  the  external  pressure  over 
the  internal  pressure  along  a  length  5c  of  the  edge  will  l)e/  times  the  area  5c  x.r, 
that  is,  will  be/jrSc  Now  this  force  must  be  equal  to  the  outward  directed  force 
due  to  sur&ce  tensi<Mi  acting  along  the  line  of  contact  of  the  liquid  and  glass. 
Hence  a7'5c=/x8c 

or  t—  — , 

^       X 

Hence,  since  the  area  of  the  film  in  contact  with  the  glass  is  A^  and  /  is  the 

amount  by  which  the  external  pressure  exceeds  the  internal,  the  force  tending  to 

iTA  T 
press  the  glass  plates  together  is      pA  or ^  I 

4.  Explain  the  relation  between  the  sur&ce  tension  and  energy  per  unit  area  of  a 
liquid  film.     B.Sc.  1889. 

5.  What  is  meant  by  osmosis?  Write  a  short  account  of  the  relation  between  the 
osmotic  pressure  and  the  concentration,  drawing  attention  to  any  similarities 
which  have  been  observed  between  this  phenomenon  and  the  properties  of 
gases. 


CHAPTER   XIX 

1.  What  is  meant  by  an  isotropic  body  ? 

2.  Define  the  rigidity  of  an  elastic  solid,  and  show  how  to  measure  it  experimentally. 
B.Sc.  1889. 

3.  A  wire,  of  length  250  cm.  and  radius  .3  mm.,  is  stretched  by  hanging  on  a  weight 
cf  12  kilos,  and  the  elongation  produced  is  8  mm.  Calculate  the  value  of  Young's 
modulus  firom  this  wire.  Ans.   1.30  x  10"  dynes  per  sq.  cm. 
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A  body,  of  which  the  moment  of  inertia  is  A',  is  suspended  by  a  wire  such  that 
the  restoring  couple  due  to  the  rigidity  of  the  wire  produced  when  the  body  is 
twisted  through  one  radian  is  //.  If  the  period  is  /,  find  the  kinetic  energy  of 
the  body  when  passing  through  its  position  of  rest,  when  it  is  vibrating  so  that  at 
its  point  of  maximum  elongation  it  is  twisted  through  an  angle  6  from  its  position 
of  rest.  Also  find  an  expression  for  its  potential  energy  when  at  its  point  of 
maximum  elongation,  and  hence  deduce  an  expression  for  t  in  terms  of  ^^  and  u, 

Ans.  See  §  430. 
[In  this  problem  u6  represents  the  restoring  couple  for  a  displacement  6,  while 
in  the  case  of  the  magnet  the  couple  is  M//,6.'] 


BOOK    II 
CHAPTER    I 

1.  Describe  the  principal  errors  of  the  mercurial  thermometer,  and  the  means  used  to 
reduce  them.     S.  &  A.  D.  (A.)  1897. 

2.  A  glass  bulb  with  a  uniform  fine  stem  weighs  lo  grams  when  empty,  117. 3  grams 
when  the  bulb  only  is  full  of  mercury,  and  1 19. 7  grams  when  a  length  of  10,4 
cms.  of  the  stem  is  also  filled  with  mercury.  Calculate  the  relative  coefficient  of 
expansion  for  temperature  of  a  liquid  which,  when  placed  in  the  same  bulb, 
expands  through  the  length  from  10.4  to  1 2.9  cm.  of  the  stem  when  warmed  from 
0°  C.  to  28°  C.     The  density  of  mercury  is  13.6  grams  per  c.c.     Int.  Sci.  1889. 

Ans.  0.000188. 

3.  A  glass  bulb  of  20  c.  c.  capacity  at  0°  C,  containing  dry  hydrogen  at  the  atmos- 
pheric pressure  of  760  mm.  of  mercury,  is  heated  to  100°  C.  at  constant  pressure. 
Find  the  volume  of  the  gas  expelled,  measured  at  0°  C.  and  760  mm. ,  if  the  co- 
efficient of  expansion  of  hydrogen  is  1/273,  and  that  of  glass  1/40,000  per  1°  C. 
S.  &  A.  D.  (A.)  1900.  Ans.  5.32  c.  c. 

4.  Explain  carefully  how  the  definition  of  a  degree  centigrade  is  connected  with  that 
of  the  standard  atmosphere.  What  would  be  the  change  in  the  value  of  a  degree 
if  the  standard  atmosphere  were  defined  as  one  megadyne  per  square  centimetre? 
[Specific  gravity  of  mercury  at  0°  C.  13.596.  Value  of  ^=980.60  c.g.s.  units. 
Change  of  boiling-point  per  millimetre  increase  for  pressure  0.0366''  C]  S.  &  A. 
D.  (A.)  1899.  Ans.  The  degree  would  be  0.00364°  C.  less. 

5.  Give  an  account  of  an  accurate  method  of  determining  the  coefficient  of  linear 
expansion  of  a  solid.     S.  &  A.  D.  (A.)  1897. 

6.  Discuss  the  effects  of  varying  temperature  on  the  rate  of  a  clock  or  watch. 
Explain  how  chronometers  are  constructed  so  as  to  keep  accurate  time  in  spite  of 
change  of  temperature.     Int.  Sci.  1892. 

7.  Describe  a  form  of  air  thermometer,  and  explain  what  measurements  you  would 
make  to  determine  by  it  the  temperature  of  a  vessel  of  hot  water.  Give  a  brief 
account  of  the  corrections  to  be  applied.  Why  is  it  better  to  define  equal  degrees 
of  temperature  by  the  air  thermometer  than  by  the  mercury  in  glass  thermometer  ? 
B.Sc.  1894. 
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8.  Explain  how  to  make  a  weight  thermometer.  If  the  coefficient  of  relative  ex- 
pansion of  mercury  in  glass  be  t3Vvi  what  mass  of  mercury  will  overflow  from  a 
weight  thermometer  which  contains  400  grams  of  mercury  at  o"  C.  when  its 
temperature  is  raised  to  100°  C?    S.  &  A.  D.  (A.)  1S96.  Ans.  6.06  grams. 

9.  If  the  coefficients  of  cubical  expansion  of  glass  and  mercury  are  0.000025  ^^d 
aoooiS  respectively,  what  fraction  of  the  whole  volume  of  a  glass  vessel  should 
\y&  filled  with  mercury  in  order  that  the  volume  of  the  empty  part  should  remain 
constant  when  the  glass  and  mercury  are  heated  to  the  same  temperature? 
S.  &  A.  D.  (A.)  1892.  Ans,  0.139. 

10.  I  low  may  the  absolute  expansion  of  any  non-volatile  liquid  be  directly  deter- 
mined ?  Explain  why  the  lialancing  of  a  hot  against  a  cold  column  eliminates  the 
expansion  of  the  vessel.  If  the  cold  column  at  4*  C.  were  60  cms.  high,  and  the 
hot  column  at  95*  C.  were  J  cm.  higher,  what  would  be  the  absolute  coefficient  of 
cubical  expansion  of  the  liquid?    S.  &  A.  D.  (A.)  1891.  Ans.  0.000061. 

11.  Describe  an  experiment  which  proves  that  the  density  of  water  is  greatest  at  about 

CHAPTER   II 

1.  In  measuring  the  specific  heat  of  a  sul>stance  by  the  method  of  mixture  the  rise  in 
temperature  of  the  water  in  the  calorimeter  has  to  l)e  determined.  Show  how  the 
observations  are  corrected  for  the  loss  of  heat  by  radiation  during  the  time  the 
temj^rature  is  rising.     S.  &  A.  D.  (A.)  1897. 

2.  When  1 20  grams  of  a  given  liquid  enclosed  in  a  copper  vessel  whose  mass  is  20 
grams  are  heated  to  a  loo*  and  immersed  in  300  grams  of  water  at  13°  contained 
in  a  copper  calorimeter  whose  mass  is  80  grams,  the  temperature  rises  to  27°.5  C. 
Assuming  the  specific  heat  of  copper  to  be  0.1,  find  that  of  the  liquid.  S.  &  A.  D. 
(.A.)  1895.  Ans.  0.497. 

3.  A  mass  of  200  grams  of  copper,  whose  specific  heat  is  .095,  is  heated  to  100°  C,  and 
placed  in  100  grams  of  alcohol  at  8°  C.  contained  in  a  copjjer  calorimeter,  whose 
mass  is  25  grams,  and  the  temperature  rises  to  28**.5  C.  Find  the  specific  heat  of 
alcohol.     Int.  Sci.  1889.  Ans.  0.639. 

4.  Describe  carefully  the  experiments  you  would  make  in  order  to  show  that  the  heat 
given  out  by  a  mass  of  water  in  cooling  from  loo"  C.  to  50**  C.  is  approximately 
the  same  as  that  needed  to  raise  the  mass  from  0°  C.  to  50'  C.  S.  &  A.  D.  (A.) 
iSog. 

5.  Write  a  short  essay  on  the  specific  heat  of  the  diamond.     S.  &  A.  D.  (A.)  1892. 

6.  Describe  carefully  how  to  conduct  a  series  of  experiments  to  determine  the 
specific  heat  of  a  gas  at  constant  pressure,  giving  particular  attention  to  the  pre- 
cautions and  corrections  required.     B.Sc  (H.)  1892. 

7.  What  is  the  relation  between  the  specific  heat  of  a  compound  and  that  of  its  con- 
stituents? What  b  meant  by  the  phrase  "atomic  heat"?  S.  &  A.  D.  (A.) 
190a 

CHAPTER   III 

1.  Twenty-five  grams  of  water  at  1 5**  C.  are  put  into  the  tube  of  a  Bunsen  ice  calori- 
meter, and  it  is  observed  that  the  mercury  moves  through  29  centimetres.     Fifteen 
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grams  of  a  metal  at  100°  C.  are  then  placed  in  the  water  and  the  mercury  moves 
through  12  centimetres.  Find  the  specific  heat  of  the  metal.  S.  &  A.  D.  (A.) 
1893.  Ans.  .1034. 

2.  Define  latent  heat.  How  much  ice  at  0°  C.  would  a  kilogram  of  steam  at  100"  C. 
melt  if  the  resulting  water  was  at  o°?    S.  &  A.  D.  (A.)  1894.      Ans.  7.95  kilos. 

3.  Describe  and  explain  the  method  of  using  Joly's  steam  calorimeter.    S.  &  A.  D.  (li.) 

4.  Explain  the  adhesion  of  two  pieces  of  melting  ice  when  pressed  together  and  let 
go.  Why  is  it  not  readily  possible  to  make  snowballs  during  frost  ?  S.  «&  A.  D.  (A.) 
1890. 

5.  Describe  fully  how  to  measure  the  heat  of  vaporisation  of  a  liquid.  Explain  the 
precautions  that  should  be  taken,  and  what  corrections  should  be  applied,  in  order 
to  obtain  an  accurate  result.     B.Sc.  1899. 

6  Water  contained  in  a  closed  calorimeter  is  heated  and  the  heat  supplied  is  measured. 
The  vapour  formed  is  removed  at  such  a  rate  that  the  temperature  of  the  liquid 
remains  constant.  Hence  show  how  to  find  the  latent  heat  of  evaporation  of  the 
liquid.     S.  &  A.  D.  (A.)  1898. 

7.  What  is  meant  by  the  vapour  pressure  of  a  liquid  at  any  temperature  ?  A  and  B 
are  two  barometers.  A  has  a  little  air  above  the  mercury,  while  B  has  a  little  air 
and  a  drop  of  water.  The  readings  of  the  two  barometers  happen  to  be  equal  at 
the  temperature  of  the  room.  Will  they  still  be  equal  when  the  temperature  is 
raised  or  lowered,  and  if  not,  which  will  give  the  higher  reading?    Int.  Sci.  1893. 

Ans.  When  the  temperature  is  raised  A  will  give  the  higher  reading. 

8.  Describe  Regnault's  method  of  measuring  the  vapour  pressure  of  water  at  tempera- 
tures higher  than  the  boiling-point  of  water  under  atmospheric  pressure.  B.Sc. 
1893. 

9.  Distinguish  carefully  between  a  gas  and  a  vapour.  A  mass  of  air  is  saturated  with 
water  vapour  at  a  temperature  of  icx)°  C. ;  on  raising  the  temperature  of  the  whole 
to  200°  C.  without  change  of  volume,  the  pressure  is  found  to  be  two  atmospheres. 
Find  the  pressure  at  0°  C.  of  this  volume  of  the  dry  air  alone.    Int.  Sci.  (H.)  1889. 

Ans.  0.422  atmospheres.  Between  100°  and  200"  the  vapour  is  unsaturated,  and 
hence  the  mixture  of  air  and  vapour  obeys  Charles's  law.  Thus,  since  the  pressure 
of  the  mixture  at  200°  C.  is  two  atmospheres,  the  pressure  at  100°  C.  is  equal  to 
2.-2ff  or  Iff  atmospheres.  Since  at  100°  the  vapour  is  saturated  and  that  the 
vapour  pressure  of  water  at  100°  C.  is  one  atmosphere,  the  pressure  due  to  the 
air  alone  at  100'  is  ^  -  l  or  tk\'  If  ^^^  pressure  at  100°  of  a  certain  mass  of  dry 
air  is  fff,  then  the  pressure  at  0°,  the  volume  being  kept  constant,  will  be  |ff  x  \\\y 
or  0.422  atmospheres. 

10.  Define  the  dew  point,  and  explain  how  to  find  the  mass  of  aqueous  vapour  present 
in  a  given  volume  of  air.     S.  &  A.  D.  (A.)  1893. 

11.  State  Dalton's  law  as  to  the  pressure  of  a  mixture  of  gases  or  vapours.  By  what 
experiments  would  you  verify  it  for  air  and  water  vapour  at  a  temperature  of  about 
50°  C.     B.Sc.  1889. 

12.  Describe  an  experiment  to  show  that  water  can  be  frozen  by  its  own  evaporation. 
Under  what  circumstances  may  the  freezing-point  of  water  and  its  boiling-point 
coincide  ?  Discuss  the  consequences  of  such  an  arrangement.  S.  &  A.  D.  (A.) 
1899. 
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13.  Describe  the  process  of  freezing  a  lo  per  cent,  solution  of  common  salt  CJive  a 
diagram  explaining  the  changes  of  strength  of  solution  in  relation  to  temperature 
as  solidification  proceeds.     S.  &  A.  D.  (A.)  189a 

14.  What  do  you  understand  by  an  isothermal  curve  ?  Indicate  the  form  of  the  curve 
(a)  for  a  gas,  {b)  for  a  vapour,  which  becomes  saturated  as  the  pressure  rises. 
S.  &  A.  D.  (A.)  1889. 

15.  A  body  expands  on  solidifying.  Draw  and  explain  the  isothermal  curve  for  a 
ter.iperature  at  which  the  body  can  exist  (under  proper  conditions  of  pressure)  in 
the  solid,  liquid,  and  gaseous  states.     S.  &  A.  D.  (A.)  1894. 

16.  Write  a  short  essay  on  the  form  of  the  isothermal  of  a  body  between  the  points 
which  represent  the  beginning  and  the  end  of  vaixirLsation.     S.  &  A.  D.  (A)  1890. 

17.  Give  a  description  of  the  methods  employed  in  liquefying  air  or  some  other  of  the 
more  permanent  gases,     S.  &  A.  D.  (A.)  1895. 

18.  Define  the  critical  temperature,  pressure,  and  volume  of  a  vapour,  and  give  some 
account  of  the  behaviour  of  a  substance  near  its  critical  point.     S.  &  A.  D.  (A)  1899. 


CHAPTER   IV 

1.  Describe  the  various  means  by  which  heat  can  be  transmitted  from  one  place  to 
another,  giving  examples  of  each  method.     Int.  ScL  1893. 

2.  How  can  the  conductivity  of  a  sul)siance  for  heat  be  ascertained  from  experi- 
ments on  the  steady  curve  of  tem{)erature  down  a  long  uniform  bar  ?  Describe 
the  method  and  mode  of  arriving  at  the  result,  illustrating  with  diagrams.  Int. 
Sci.  (H.)  1892. 

8.  A  steady  stream  of  water  flowing  at  the  rate  of  500  grams  per  minute  through  a 
glass  tube  30  cm.  long,  i  cm.  in  external  diameter,  and  8  ram.  in  bore,  the  outside 
of  which  is  surrounded  by  steam  at  a  pressure  of  760  mm. ,  is  raised  in  tempera- 
ture from,  20"  to  30'*  C.  as  it  passes  through  the  lube.  Find  approximately  the 
thermal  conductivity  of  the  glass  in  calories  per  square  centimetre  per  second  for 
a  temperature  gradient  of  i'  C.  per  centimetre.     S.  &  A.  D.  (A.)  1900. 

Atis.  0.00131. 
[Take  as  the  area  of  the  slab  through  which  the  heat  is  transmitted  the  area  of 
a  cylinder  of  9  mm.  in  diameter,  also  take  the  mean  temperature  of  the  water  as 
the  temperature  on  the  cold  side  of  the  slab.] 

4.  Give  an  experiment  which  shows  that  metals  are  good  conductors  and  that  wood 
is  a  bad  conductor  of  heat.  How  many  gram-degrees  of  heat  will  be  conducted 
in  an  hour  through  each  square  centimetre  of  an  iron  plate  3  cm.  thick,  its  two 
sides  being  kept  at  the  respective  temperatures  of  50°  C.  and  200°  C.,  the  mean 
specific  thermal  conductivity  of  iron  between  these  temperatures  being  0.12? 
S.  &  A.  D.  (A.)  1896.  Ans.  21600  calories. 

5.  Explain  how  to  measure  the  coefficient  of  conductivity  for  heat  of  a  badly  con- 
ducting substance,  such  as  rock  or  sand.     B.Sc.  1889. 

6.  Define  conductivity  of  heat,  and  show  how  the  fundamental  units  of  length,  mass, 
and  time  enter  into  its  numerical  specification.  Taking  the  conductivity  of  iron 
as  .17  in  c.g.s.  units,  what  difference  of  temperature  would  exist  between  the 
surfaces  of  an  iron  wall  3  cm.  thick,  through  every  square  metre  of  which  heat  is 
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streaming  from  a  furnace  on  one  side  into  boiling  water  on  the  other  at  the  rate  of 
30,000  c.g.s.  units  per  minute?    Int.  Sci.  1891.  Ans.  See  §  237  ;  o°.882. 

7.  Describe  some   method   of  determining  the   thermal   conductivity  of  a   liquid, 
indicating  the  chief  difficulties  which  have  to  be  overcome.     S.  &  A.  D.  (A.)  1899. 

8.  Describe  and  explain  the  spheroidal  state  of  a  liquid.     S.  &  A.  D.  (A.)  1893. 

9.  Describe  how  the  conductivity  of  a  gas  is  measured 


CHAPTER  V 

1.  Write  a  short  essay  on  the  relations  between  the  absorptive  and  emissive  powers 
of  the  same  body  for  different  kinds  of  radiation.     S.  &  A.  D.  (A.)  1897. 

2.  What  experiments  would  you  perform  to  show  that  a  blackened  surface  absorbs 
heat  well  and  radiates  it  freely,  while  a  polished  surface  absorbs  badly  and  radiates 
badly.     Prelim.  Sci.  1889. 

3.  Describe  experiments  by  which  the  laws  of  cooling  may  be  found,  and  give  an 
account  of  the  results  obtained.     B.Sc.  1889. 

4.  State  Prevost's  theory  of  exchanges,  and  show  how  it  follows  from  the  theory  that 
the  radiating  and  absorbing  powers  of  a  surface  at  a  given  temperature  are  the 
same.     S.  &  A.  D.  (A.)  1894. 

5.  Explain  how,  by  the  measurement  of  the  rate  of  cooling,  the  specific  heat  of  a 
licjuid  can  be  determined.  A  copper  calorimeter  weighing  15  grams  is  filled  first 
with  water,  then  with  a  liquid,  and  the  times  taken  in  the  two  cases  to  cool  from 
65°  to  60**  are  170  seconds  and  150  seconds  respectively.  The  weight  of  the  water 
is  II  grams  and  that  of  the  liquid  13  grams,  calculate  the  specific  heat  of  the 
liquid.     Specific  heat  of  copper  0.1.  Ans.  0.733. 


CHAPTER  VI 

Give  an  outline  of  the  arguments  which  lead  to  the  conclusion  that  heat  is  a  mode 
of  motion.     S.  &  A.  D.  (A.)  1898. 

State  and  comment  on  the  First  Law  of  Thermo-dynamics.  What  connection  has 
it  with  the  law  of  the  Conservation  of  Energy  ?  From  what  height  must  a  lump  of 
ice  at  o"  C.  fall  in  order  to  melt  itself,  supposing  it  possible  to  concentrate  all  the 
energy  of  the  fall  in  the  lump?     B.Sc.  1891.  Ans.  34204  metres. 

In  one  form  of  apparatus  for  finding  the  mechanical  equivalent  of  heat  a  hollow 
cone  is  made  to  rotate  about  a  vertical  axis.  A  second  hollow  cone  filled  with 
water  fits  inside  this,  and  is  kept  from  rotating  by  a  known  couple  about  the  axis. 
Show  how  to  calculate  the  work  done  against  the  friction  between  the  cones. 
Int.  Sci.  (H.)  1889. 

What  do  you  understand  by  the  mechanical  equivalent  of  heat  ?  Taking  the 
mechanical  equivalent  as  1400  foot-pounds  per  degree  centigrade,  determine  the 
heat  produced  in  stopping  by  friction  a  fly-wheel  112  lbs.  in  mass,  and  2  fl.  in 
radius,  rotating  at  the  rate  of  i  turn  per  second,  assuming  the  whole  mass  concen- 
trated in  the  rim.     S.  &  A.  D.  (A.)  1894. 

Ans,  Enough  to  heat  0.198  lbs.  of  water  1°  C. 
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5.  Explain  carefully  the  observations  necessary  to  determine  the  mechanical  equiva- 
lent  of  heat  by  Joule's  method,  and  show  how  the  value  of  J  b  to  be  found  from 
the  observations.     S.  &  A.  D.  (li.)  1897. 

6.  A  cannon  ball,  the  mass  of  which  is  100  kilograms,  is  projected  with  a  velocity  of 
500  metres  per  second.  Find  in  cg.s.  units  the  amount  of  heat  which  would  be 
produced  if  the  ball  were  suddenly  stopped.     S.  &  A.  D.  (A.)  1898. 

Atts.  2.984  X  lo*  calories. 

7.  If  an  engine  working  at  622.4  horse-pow^r  keeps  a  train  at  constant  speed  on  the 
level  for  5  minutes,  how  much  heat  is  produced,  assuming  that  all  the  missing 
energy  is  converted  into  heat?  Take  the  mechanical  equivalent  =  778  ;  one  horse- 
power =33,000  foot-ix>unds  per  minute.     S.  &  A.  D.  (A.).  1897. 

Atts.  Enough  to  heat  132,000  lbs.  of  water  through  l"*  F. 

8.  Explain  why  the  s|)ecific  heat  of  a  gas  at  constant  pressure  is  greater  than  the 
specific  heat  at  constant  volume.     S.  &  A-  D.  (A.)  1894. 

9.  Show  how  to  calculate  the  mechanical  equivalents  of  heat  from  a  knowledge  of  the 
specific  heats  of  air  at  constant  pressure  and  volume  respectively,  explaining  care- 
fully any  assumptions  made  in  the  process.     RSc  1889. 

10.  Describe  and  give  a  general  explanation  of  the  thermal  effects  of  compressing 
suddenly  (i)  a  gas,  (2)  water  at  a  temperature  between  o"  and  4°  C  S.  &  A.  D.  ( A.) 
189& 

11.  Explain  the  principle  of  the  continuous  process  now  generally  adopted  in  the 
liquefection  of  air.  Why  does  not  the  same  method  succeed  in  the  case  of 
hydrc^en  without  preliminary  cooling  to  a  very  low  temperature  ?  S.  &  A.  D. 
(A.)  190a 

12.  Describe  a  method  by  which  the  ratio  of  the  specific  heats  at  constant  pressure 
and  constant  volume  has  been  measured  for  air. 

13.  A  quantity  of  ordinary  damp  air  under  pressure  is  suddenly  allowed  to  expand. 
Describe  what  happens,  and  show  what  has  become  of  the  energy  of  the  compressed 
air.     Int.  Sd.  1891. 

14.  What  is  the  thermal  evidence  that  the  attraction  between  the  molecules  of  the 
ordinary  gases  under  standard  conditions  is  small?    S.  &  A-  D.  (A.)  1897. 

15.  Prove  that  the  product  of  the  density  of  a  gas  into  the  difference  between  its 
specific  heats  at  constant  pressure  and  at  constant  volume  is  the  same  for  all  per- 
fect gases.     S.  &  A.  D.  (A.)  1895. 

16.  The  latent  heat  of  steam  at  100°  C.  is  536.  If  a  kilogram  of  water,  when  con- 
verted into  saturated  steam  at  atmospheric  pressure,  occupies  1.651  cubic  metres, 
calculate  the  amount  of  heat  spent  in  internal  work  during  the  conversion  of  water 
at  100"  C.  into  steam  at  the  same  temperature.     S.  &  A.  D.  (A.)  1893. 

Ans.  496.09  calories  per  gram. 

17.  Enunciate  the  second  law  of  thermo-dynamics.  A  heat  engine  working  between 
two  temperatures  could  theoretically  convert  one-sixth  of  the  heat  supplied  into 
useful  work,  but  if  the  lower  temperature  were  reduced  by  65°  C. ,  the  theoretical 
efficiency  would  be  doubled.     Find  the  temperatures.     S.  &  A.  D.  (A.)  1897. 

Ans.  117"  C  and  52*  C. 

18.  Assuming  the  properties  of  an  engine  working  in  a  simple  reversible  cycle,  explain 
the  construction  of  the  scale  of  absolute  temperature.     S.  &  A.  D.  (A.)  1900. 

19.  A  heat  engine  works  between  the  temperatures  127°  and  52°  C.     It  is  found  that 
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only  \  of  the  largest  amount  of  heat  that  could  possibly  be  utilised  is  actually  con- 
verted into  useful  work.  "What  fraction  of  the  total  amount  of  heat  supplied  is 
usefully  employed?    S.  &  A.  D.  (A.)  1895.  Atis.  ^j. 

20.  Give  the  thermo-dynamic  reasoning  from  which  it  follows  that  the  freezing-point  of 
ice  is  lowered  by  pressure.     B.Sc  (H.)  1889. 

21.  Show  that  the  efficiency  of  all  reversible  thermal  engines  is  the  same.  What 
proportion  of  heat  energy  could  be  transformed  into  mechanical  work  by  a 
reversible  thermal  engine  working  between  o"  and  100°  C?     B.Sc.  1893. 

Ans.  100/373. 

22.  Explain  clearly  what  is  meant  by  the  reverse  action  of  a  heat  engine,  and  describe 
fully  the  various  actions  that  would  occur  if  an  ordinary  steam  engine  were  to  be, 
in  this  sense,  reversed.  Define  the  efficiency  of  an  engine,  and  show  that  for  a 
reversible  engine  the  efficiency  is  a  maximum.     B.Sc.  1891, 


BOOK   III 
CHAPTER   I 

1  Define  wave-length  frequency,  wave-velocity,  and  illustrate  by  reference  both  to 
longitudinal  and  transverse  waves.  Given  that,  if  v  is  the  velocity  of  a  water 
wave,  and  \  is  the  wave-length,  v^=gKl2iry  calculate  the  velocity  and  frequency 
of  a  wave  when  the  distance  from  one  crest  to  the  next  is  observed  to  be  55  ft. 

Ans.  16.74  ft. /sec  ;  0.304. 

2.  What  is  meant  by  the  interference  of  waves  ?  Explain  the  pattern  seen  ( i )  by 
instantaneous,  (2)  by  steady  illumination  on  the  surface  of  a  liquid,  into  which  dip 
two  glass  styles  attached  to  the  vibrating  prong  of  a  tuning-fork. 

3.  Give  a  general  explanation  of  the  reflexion  of  waves.  It  is  noticed  that  when 
waves  in  water  are  running  in  obliquely  to  the  shore,  they  tend  to  become  more 
nearly  parallel  to  the  shore  as  they  advance  ;  explain  this. 

4.  Prove  that  according  to  Huyghen's  theory  of  wave  propagation  the  angles  of 
incidence  and  reflection  of  a  plane  wave  front  are  equal.     S.  &  A.  D.  (A.)  1893. 

5.  Show  that  two  trains  of  equal  simple  waves  moving  with  equal  velocities  in 
opposite  directions  produce  a  series  of  stationary  waves.  If  the  velocity  of  the 
waves  is  v  and  the  distance  between  the  nodes  is  /,  show  that  the  frequency  is 
VI2L 

6.  Calculate  the  velocity  with  which  a  lateral  disturbance  runs  along  a  stretched 
string. 

7.  Give  an  outline  of  the  method  by  which  Newton's  expression  for  the  velocity  of 
propagation  of  a  wave  in  an  elastic  fluid  can  be  obtained.  If  the  velocity  with 
which  a  wave  travels  through  a  mass  of  water  is  1425  metres  per  second,  calcu- 
late the  amount  by  which  the  volume  of  a  cubic  metre  would  be  decreased  if  the 
pressure  acting  on  it  were  increased  by  one  megadyne  (10^  dynes)  per  square 
centimetre.  Ans.  49.2  c.  c 
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CHAPTER   II 

1.  Define  the  term  coefficient  of  elasticity.  Show  that  the  coefficient  of  volume 
elasticity  of  a  gas  when  compressed,  subject  to  the  condition  that  there  is  no 
change  of  temperature,  is  equal  to  the  pressure.     S.  &  A.  D.  (A)  1897. 

2.  Calculate  the  velocity  of  sound  at  o"  C.  having  given  the  following  data : — 
Height  of  barometer,  760  nmi. ;  density  of  mercury,  13.6  grams  per  c.  cm. ;  ratio 
of  specific  heats,  1.41  ;  mass  of  I  litre  of  dry  air  at  0°  C,  1.29  grams;  accelera- 
tion due  to  gravity,  981  cm.  per  sec     S.  &  A  D.  (A)  1894. 

^«J.  333  metres  per  sec 
8.  Prove  that  the  velocity  of  sound  in  a  gas  at  given  temperature  is  independent  of 
its  state  of  compression  or  rarefaction.    Calculate  the  velocity  of  sound  in  hydrc^en 
at  -  100"  G,  given  that  at  o'  and  75  cm.  of  mercury,  11.4  litres  weigh  i  gram. 
Int  Sci.  (H.)  1892.  Atii.  J009  metres  per  sec. 

4.  What  are  the  projierties  which  determine  the  velocity  of  sound  in  a  solid,  a  liquid, 
or  a  gas?  Explain  why  Newton's  value  of  the  velocity  of  sound  in  air  differs 
from  the  true  value.  Calculate  the  Newtonian  velocity  of  sound  in  a  gas  whose 
density  at  standard  pressure  and  temperature  is  I  kilogram  per  cubic  metre.  What 
would  you  expect  the  true  velocity  to  be  ?    S.  &  A  D.  (H.)  1891. 

Ans.  319  m./sec  ;  378  m./sec. 

5.  Explain  how  it  is  that  the  velocity  of  sound  in  air  is  affected  by  the  temperature. 
A  cannon  is  fired  from  a  position  A  a:  the  top  of  a  mountain,  and  observers  arc 
stationed  at  two  points  B  and  C  equi-dislant  from  A  B  is  at  the  top  of  another 
mountain,  and  C  in  the  valley  between  the  two.  Assuming  the  temperature  of 
the  air  to  fall  as  we  ascend,  explain  which  of  the  observers  will  hear  the  cannon 
first.     S.  &  A.  D.  (A.)  «89S.  Aiis.  C  first. 

CHAPTER   III 

1.  Distinguish  between  the  intensity,  pilch,  and  quality  of  a  sound.  How  does  a 
noise  differ  from  a  musical  note?     Prelim.  Sci.  1890. 

2.  Define  a  musical  interval,  and  explain  clearly  why  keyed  instruments  are  never 
tuned  to  the  correct  intervals  of  the  theoretical  scale.     B.Sc.  1889. 

8.  Explain  the  necessity  for  a  system  of  temperament  and  the  principles  on  which 
the  method  of  et|ual  temperament  is  based.     S.  &  A.  D.  (A.)  1894. 

4.  Taking  the  fretjuency  of  C  as  unity,  compare  the  frequencies  of  the  note  F  sharp 
on  the  equally  tempered  scale  and  that  of  a  semitone  above  F  on  the  natural  scale. 
S.  &  A  D.  (A.)  1900.  Ans.  1.414;  1.389. 

5.  If  the  middle  C  corresponds  to  256  vibrations  per  second,  how  many  beats  would 
be  heard  per  second  if  the  note  F  sharp  were  simultaneously  sounded  in  the 
natural  scale  and  in  the  scale  of  equal  temperament?    S.  &  A.  D.  (A.)  1892. 

Ans.  6.4. 

6.  Between  what  pair  of  notes  on  the  diatonic  scale  are  the  intervals  (i)  a  perfect 
fourth,  and  (2)  a  perfect  fifth?  To  what  intervals  do  the  sum  and  diflference  of  a 
perfect  fourth  and  fifth  correspond  respectively?    S.  &  A.  D.  (A.)  1898. 

Ans,  C-F  ;  C-G  ;  octave  ;  major  tone. 
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7.  Show  that  in  a  piano  which  is  tuned  to  the  equally  tempered  scale  it  is  possible  to 
tune  all  the  notes  of  the  diatonic  scale  if  we  are  able  to  tune  the  two  intervals  of 
an  octave  and  fifth. 


CHAPTER    IV 

1.  A  note  of  high  pitch  is  being  sounded  in  front  of  a  vertical  wall,  and  at  a  distance 
of  a  few  feet  from  it.  On  moving  a  sensitive  flame  about  between  the  source  of 
sound  and  the  wall  a  series  of  points  are  found  at  which  the  flame  is  not  affected. 
Explain  this,  and  show  how  to  determine  from  a  knowledge  of  their  position  the 
pitch  of  the  note.     Int.  Sci.  (H.)  1889. 

2.  Investigate  the  effect  on  the  pitch  of  a  sound  of  motion  (l)  of  the  source,  (2)  of 
the  receiver.  An  engine,  in  a  cutting  between  two  bridges,  is  whistling  when  its 
velocity  is  1/20  that  of  sound  in  air.  Compare  the  frequencies  of  the  echoes  from 
the  two  bridges  to  an  observer  between  them.     B.Sc.  1896.  Ans.  1.1053. 

3.  A  locomotive  whistle  emitting  2000  waves  per  second  is  moving  towards  you  at 
the  rate  of  60  miles  an  hour,  on  a  day  when  the  thermometer  stands  at  15°  C. 
Calculate  the  apparent  pitch  of  the  whistle,  and  explain  precisely  why  it  is  not  the 
true  pitch  [velocity  of  sound  at  0°=  1093  ft./sec.].     S.  &  A.  D.  (A.)  1891. 

Ans.  2157. 

4.  Describe  an  experiment  to  illustrate  the  interference  of  sound. 


CHAPTER  V 

1.  Four  strings  of  the  same  weight  and  material,  and  stretched  with  the  same  force, 
give  the  notes  of  the  common  chord.     Find  the  ratios  of  their  lengths  to  that  of 

'  the  shortest  of  them.     S.  &  A.  D.  (A.)  1899.  Ans.  i  :  f  :  | :  2. 

2.  A  string  is  attached  to  a  weight  which,  when  the  length  of  the  string  is  altered,  is 
adjusted  so  as  to  be  always  equal  to  400  times  the  weight  of  the  string;  show  that 
the  number  of  vibrations  per  second  is  inversely  as  the  square  root  of  the  length. 
Find  the  number  of  vibrations  for  a  length  of  2  feet  of  string.  S.  &  A.  D.  (A.) 
1894.  Ans.  40. 

3.  A  series  of  pulses  is  transmitted  along  a  string  which  is  fixed  at  one  end.  If  the 
pulses  follow  one  another  at  a  certain  rate,  the  string  vibrates  with  a  number  of 
points  of  no  motion.     Why  is  this?    S.  &  A.  D.  (A)  1897. 

4.  Explain  why  the  pitch  of  a  string  vibrating  transversely  depends  on  the  tension, 
while  that  of  a  string  vibrating  longitudinally  is  not  greatly  affected  by  changes  of 
tension.     S.  &  A.  D.  (A.)  1897. 

5.  Two  weights.  A  and  B,  are  attached  to  two  strings,  the  lengths  of  which  are  in 
the  proportion  of  9  to  10,  but  which  are  otherwise  similar.  When  the  weights 
are  exchanged,  the  number  of  beats  heard  when  the  two  strings  give  their  funda- 
mental notes  is  three  times  as  great  as  before.  .  Find  the  ratio  of  the  weights. 
S.  &  A.  D.  (A.)  1897.  Ans.  A/B  =  5476/6084  or  ||^ 

6.  Describe  some  accurate  method  of  determining  the  frequency  of  the  note  emitted 
from  a  given  source.     Two  forks,  when  sounded  together,  give  4  beats  per  second. 
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One  is  in  imison  with  a  length  of  96  era.  of  a  monochord  string  under  constant 
tension,  and  the  other  with  97  cm.  of  the  same  string.  Find  the  frequencies  .  ' 
ihe  forks.     Int.  Scl  (H.)  1893.  Ans.  388,  384. 

7.  Describe  the  principal  modes  of  vibration  possible  to  a  free  solid  bar,  i  metre  long, 
10  cm.  broad,  and  5  cm.  thick.  How  would  you  exhibit  them?  If  the  h&x  were 
eight  times  as  heavy  as  its  own  volume  of  water,  and  if,  when  vibrating  longitudi- 
nally, its  lowest  note  was  three  octaves  above  middle  C  (256  vib.  per  sec),  what 
should  be  the  value  of  its  Young's  modulus  (or  longitudinal  elasticity)?  B.Sc. 
1891.  Ans,  13.42  X  10". 

8.  One  end  of  a  stretched  string  is  listened  to  one  of  the  prongs  of  a  vibrating  tuning 
fork  ;  compare  the  vibrations  excited  in  the  string  when  the  prong  is  moving 
parallel  to  the  string  with  those  excited  when  the  prong  is  moving  transversely. 
S.  &  A-  D.  (A.)  1900. 

9.  Describe  some  form  of  apparatus  for  showing  the  combination  of  two  rectilinear 
simple  harmonic  vibrations  taking  place  at  right  angles  to  each  other.  If  one 
vibration  be  the  octave  of  the  other,  trace  the  form  of  the  resultant  curve 
B.Sc  1889. 

10.  Give  a  general  explanation  of  the  nodal  lines  produced  on  a  square  plate  when  set 
in  vibration.     S.  &  A.  D.  (A.)  1 893. 

11.  The  top  of  an  open  organ  pipe  is  suddenly  closed.  What  effect  is  produced  on 
the  pitch  and  character  of  the  note  ?  If  the  vibration  frequencies  of  the  partials 
next  above  the  fundamental  notes  in  the  two  cases  respectively  differ  by  256,  what 
was  the  pitch  of  the  open  pipe?    S.  &.  A.  D.  (A.)  1895.  Am.  512. 

12.  An  open  organ  pipe  produces  8  beats  per  second  when  sounded  with  a  tuning 
fork  of  256  vibrations  per  second,  the  fork  giving  the  lower  note.  How  much 
must  the  length  of  the  pipe  be  altered  to  bring  it  into  accord  with  the  fork  ?  Take 
the  velocity  of  sound  as  iioo  feet  per  second.    S.  &.  A.  D.  (A.)  1894. 

Ans.  Lengthened  0.783  inch. 

13.  Explain  the  effect  of  changes  of  temperature  on  the  note  of  a  metallic  organ  pipe. 
Prove  that  if  a  solid  could  be  found  such  that  the  note  given  by  a  pipe  formed  of 
it  was  the  same  at  all  temperatures,  the  coefficient  of  cubical  expansion  of  the 
solid  would  be  about  one  and  a  half  times  greater  than  that  of  a  gas.  S.  &  A.  D. 
(A.)  1S93. 

CHAPTERS  VI   AND  VII 

1.  Give  a  general  description  of  the  conditions  which  have  to  be  fulfilled  that  the 
vibrations  of  a  column  of  gas  may  be  maintained  by  a  periodic  supply  of  heat. 

2.  Give  instances  of  free  and  forced  oscillations,  and  explain  the  principal  phenomena 
of  resonance.     S.  &  A.  D.  (A.)  1900. 

3.  Give  some  explanation  of  resonance.  One  tuning  fork  is  placed  near  a  resonator, 
which  responds  to  it.  A  second  similar  fork  is  placed  at  a  distance,  and  the  two 
are  bowed  equally.  What  difference  will  there  be  in  the  rate  at  which  the  vibra- 
tions decay,  and  why  is  there  this  difference?    S.  &  A.  D.  (A.)  1893. 

4.  How  would  you  prove  experimentally  that  the  velocity  of  sound  in  hydrogen  gas 
was  about  four  times  as  great  as  in  air?     Prelim.  Sci.  1891. 
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5.  Describe  some  method  of  measuring  the  velocity  of  sound  in  a  rod  of  glass.  Int. 
Sci.  1889. 

6.  Explain  the  production  of  beats  by  the  interference  of  two  notes,  and  how  two 
notes,  themselves  inaudible,  may  produce  an  audible  note.     B.Sc.  1892. 

7.  What  is  meant  by  overtones  ?  What  is  their  importance  in  the  theory  of  concords  ? 
S.  &  A.  D.  (A.)  1900. 

8.  Having  given  that  the  cube  root  of  2  is  1. 26,  find  how  many  beats  per  second 
there  would  be  between  the  two  notes  which  represent  the  major  third  above  the 
C  of  256  vibrations  per  second  (i)  on  the  natural,  (2)  on  the  equally  tempered 
scale.     S.  8c  A.  D.  (A)  1895.  ^«-f-  2.56. 

9.  Discuss  the  relations  between  the  frequencies  of  two  notes  which  cause  them  to  be 
discordant  when  sounded  simultaneously.     S.  &  A.  D.  (A.)  1894. 

10.  Explain  the  conditions  under  which  difference  and  summation  tones  are  produced. 
S.  &  A.  D.  (A.)  1898. 

11.  Define  a  vowel-sound.     Describe  the  apparatus  used  by  Helmholtz  to  imitate  the 
various  vowels.     S.  &  A.  D.  (A.)  1898. 

12.  Explain  why  the  qualities  of  the  notes  produced  by  open  and  closed  organ  pipes 
respectively  are  different.     S.  &  A.  D.  (A.)  1897, 

13.  Why  are  the  octave  and  the  twelfth  absolutely  perfect  consonances  ?    Explain  why 
the  fifth  is  less  perfect  than  they  are.     S.  &  A.  D.  (A.)  1897. 

14.  What  is  a  compound  musical  tone  ?     Describe  a  method  of  determining  the  con- 
stituent notes  of  which  it  is  composed.     S.  &  A.  D.  (A.)  1897. 

15.  Write  a  short  essay  on  harmonics  and  their  effect  on  the  quality  of  sound. 


BOOK    IV 

CHAPTER   I 

1.  Given  the  law  of  reflection,  prove  that  the  image  of  an  object  in  a  plane  mirror  is 
on  the  perpendicular  to  the  mirror  and  as  far  behind  as  the  object  is  in  front. 
S.  &  A.  D.  (A.)  1891. 

2.  Describe  a  sextant,  and  explain  how  it  enables  one  to  measure  the  angle  sub- 
tenrled  at  the  observer's  eye,  by  two  objects.     B.Sc.  1899. 

3.  Two  mirrors  are  placed  parallel  to  one  another  at  opposite  ends  of  a  room.  Ex- 
plain, with  a  diagram,  the  formation  of  the  long  series  of  images  of  an  object 
between  them  seen  on  looking  into  either  mirror.     Prelim.  Sci.  1889. 

4.  State  the  laws  of  reflection  of  light,  and  explain  with  the  aid  of  a  diagram  the 
formation  of  images  by  concave  mirrors.  An  object  is  placed  28  cm.  from  a  concave 
mirror  whose  focal  length  is  10  cm.,  find  where  the  image  is.  Is  it  real  or  virtual  ? 
And  what  is  its  size  if  the  object  be  4.2  mm.  broad  by  14  mm.  long?  Int.  Sci. 
1891.  Afis.  15.5  cm.  from  mirror;  real;  2.3  mm.  broad,  J.j  mm.  long. 

5.  Light  diverging  from  the  focus  of  a  hemispherical  reflector  is  reflected  from  the 
surface.  Give  a  diagram  explaining  the  graphic  construction  for  finding  the  true 
form  of  the  wave  front  after  reflection  at  the  moment  when  it  is  passing  through 
the  centre  of  the  sphere.     S.  &  A.  D.  (A.)  1890. 
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6.  Prove  that  when  light  falls  directly  on  a  concave  spherical  mirror  of  radius  r,  from  a 
point  at  a  distance  u  from  the  mirror,  then  an  image  is  formed  at  a  distance  r'  where 

■^  +  -=7-     S.  &  A.  D.  (A.)  1892. 

7.  What  is  meant  by  a  caustic  curve  ?  A  luminous  point  is  moved  from  a  distance 
along  the  axis  of  a  concave  mirror  towards  the  mirror.  Indicate  the  position  of 
the  geometrical  focus,  and  the  form  of  the  caustic  for  various  positions  of  the  point. 
S.  &  A.  D.  (A.)  1897. 

CHAPTER    II 

1.  Draw  the  paths  of  a  number  of  rays  proceeding  from  any  one  point  of  a  horizontal 
object  under  water,  and  indicate  the  apparent  positions  of  three  distinct  points  of 
t'ne  object  to  an  eye  above  the  water.     S.  &  A.  D.  (A.)  1891. 

2.  Prove  that  when  light  from  a  small  source  is  directly  refracted  at  a  plane  surface, 
the  ratio  of  the  distances  of  the  image  and  the  object  from  the  surface  is  constant, 
S.  &  A.  D.  (A.)  1899. 

8.  /*  is  a  luminous  point  in  air  and  Q  a  point  in  a  medium  whose  refractive  index  is 
II ;  the  surfieice  separating  this  medium  from  the  air  l)eing  plane.  Show  that  the 
path  taken  by  L'ght  in  passing  from  P  to  Q  will  l)e  such  as  to  make  the  time  of 
passage  from  /^  to  ()  as  small  as  possible.     Int.  Sci.  (II.)  1893. 

4.  You  are  given  a  drawing-board,  paper,  and  drawing  materials,  also  some  pins  and 
a  rectangular  block  of  glass  with  polished  faces.  How  would  you  proceed  to 
verify  the  law  of  refraction  and  to  determine  the  refractive  index  of  the  glass? 
S.  &A.  D.  (A.)i896. 

6.  Obtain  the  relation  between  the  critical  angle  and  the  refractive  index  of  a 
sul)stance.  Calailate  the  lowest  refractive  index  for  the  glass  of  a  right-angled 
prism  used  as  a  reflector  to  turn  a  ray  of  light  through  90°  [sin.  45° =.707]. 

Atis.   1.414. 

6.  Taking  the  refractive  index  from  air  to  glass  as  ^ ;  draw  an  accurate  picture  of 
the  path  of  a  ray  of  monochromatic  light,  which  falls  at  an  incidence  of  60°  on  the 
face  of  a  prism,  whose  vertical  angle  is  30°.     S.  &  A.  D.  (A.)  1894. 

7.  A  ray  of  light  is  refracted  through  a  prism  in  a  plane  perpendicular  to  its  edge. 
Prove  that  if  the  angle  of  incidence  is  constant,  the  deviation  increases  with 
the  angle  of  the  prism.  What  is  the  limiting  angle  of  the  prism,  such  that 
the  incident  ray  does  not  emerge  when  it  meets  the  second  fece  of  the  prism  ? 
S.  &  A.  D.  (A.)  1895. 

Atts.  The  best  way  of  solving  this  question  is  graphically  by  means  of  the 
construction  shown  in  Fig.  312.  Let  oab.  Figure  576,  represent  the  prism 
of  which  the  refractive  index  is  /x.  With  centre  o  and  radii  unity  and  /x 
respectively  describe  two  circles.  Let  Dco  be  the  incident  ray  cutting  the  inner 
circle  at  C  From  C  draw  CE  perpendicular  to  Ao,  cutting  the  outer  circle  at  E. 
Join  EO  and  produce  to  R.  Then  or  is  the  refracted  ray  within  the  prism.  From 
R  draw  RGF  perpendicular  to  OB,  cutting  the  inner  circle  at  G,  and  join  OG.  Then 
ogr'  is  the  direction  of  the  ray  when  it  leaves  the  prism.  Now  suppose  that  the 
face  AG  of  the  prism  is  kept  fixed  and  also  the  incident  ray  DO,  while  the  angle  of 
the  prism,  aob,  is  increased.     The  result  is  that  the  point  R  remains  fixed,  but 
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that  the  perpendicular  Rcf  changes.  It  is  evident  that  as  the  angle  AOR  increases 
the  point  where  the  perpendicular  rgf  cuts  the  inner  circle  approaches  the  point 
H,  and  hence  the  deviated  ray  ap- 
proaches the  direction  or",  that  is, 
the  deviation  increases.  Also  it  is 
evident  that  when  the  face  BO  reaches 
the  position  or",  which  is  such  that 
it  cuts  the  inner  circle  at  a  point 
II  so  that  RH  is  a  tangent,  the  de- 
viated ray  emerges  parallel  to  the 
surface  of  the  prism.  If  the  angle 
of  the  prism  is  increased  beyond 
this  the  ray  will  not  emerge,  but 
be  internally  reflected.  This  con- 
dition will  be  indicated  in  the  con- 
struction by  the  fact  that  the  line 
drawn  through  R  perpendicular  to 
the  prism  face  no  longer  cuts  the 
inner  circle,  and  so  the  construction 
breaks  down. 

A  ray  of  homogeneous  light  is  in- 
cident at  an  angle  0  on  a  prism  of  angle  /  and  the  deviation  D  is  observed. 
Prove  that  ^,  the  angle  of  emergence,  may  be  found  from  the  formula  ip  =  D  +  z-<p. 
S.  &  A.  D.  (A.)  1898. 


Fig.  576. 


CHAPTER   III 


2. 


3. 


Light  from  a  small  luminous  object  traverses  a  convex  lens  directly,  and  after 
reflection  at  a  plane  mirror  again  passes  through  the  lens  and  forms  an  image 
coincident  with  the  object.  Show  that  the  image  formed  may  be  either  erect  or 
inverted,  and  trace  the  paths  of  the  rays  in  the  two  cases.  S.  &  A.  D.  (A.)  1899. 
Show  that  the  least  distance  between  an  object  and  its  image  formed  by  a  convex 
lens  is  equal  to  four  times  the  focal  length  of  the  lens.  S.  &  A.  D.  (A.)  1890. 
A  pair  of  thin  lenses  of  focal  lengths  /'  and  /"  are  mounted  coaxially  at  a  dis- 
tance d  apart.  Find  a  formula  for  the  equivalent  focal  length  F  of  the  combina- 
tion, assuming  that  d  is  less  than  the  focal  length  of  either  lens.  S.  &  A.  D.  (A.) 
1890. 

Give  an  account  of  how  the  eye  adapts  itself  to  vision  at  different  distances.  Draw 
a  section  of  the  eye,  labelling  its  principal  parts.  B.Sc.  1892. 
State  the  laws  of  refraction  of  light,  and  how  to  find  the  apparent  position  of  an 
object  under  water  to  an  eye  outside.  A  small  object  is  enclosed  in  a  sphere  of 
.solid  glass  of  7  cm.  radius.  It  is  situated  I  cm.  from  the  centre,  and  is  viewed 
from  the  side  to  which  it  is  nearest.  Where  will  it  appear  to  be  if  the  refractive 
index  of  the  glass  be  I.4?  (Small  angles  may  be  taken  as  proportional  to  their 
sines.)     Int.  Sc.  1891. 

Ans.  It  will  appear  ||  cm.  nearer    the   surface    than    it    really   is.      If  in 
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Figure  577  o  is  the  centre  of  the  sphere,  V  the  object,  Q  the  image,  and  par 
a  ray  leaving  the  object  and  refracted  at  A ;   then  if  the  angle  ran  or  oaq  is 

called  o,  and  the  angle  oap  /S,  we  have  /»  =  ^! --^.     Now  the  area  of  the  triangle 

sin  p  

R  OAQ  is  equal  to  half  the  product  of  oa  into 

ig  the    perpendicular  distance  of   q  from   OA. 

Hence  the  area  of  the  triangle  OAQ  is  \  OA. 

AQ  sin  OAQ.      In  the  same  way  the  area  of 

the  triangle  oap  is  J  oa  .  ap  sin  oap.     Now 

the  areas  of  the  triangles  oaq  and  oap  are 

to  one  another  as  oq  is  to  op,   since  they 

have  a  common  vertex  at  a,  i.e.  their  heights 

are  equal.     Hence 

area  of  oaq  _  ^^Q  _  AQ  sin  a  _        AQ 
/  area  of  AOP      qp       ap  sin  /9  ~     *  ap* 

Pi(^  £77. 

■  ^  But  if  A  is  taken  near  B— that  is,  if  we  deal 

with  a  Kmall  pencil  of  rays  near  b — the  ratio  of  aq  to  ap  is  very  nearly  the  same 
as  the  ratio  of  qb  to  pb.     Hence 

OQ  _     qF 

OP  PB 

6.  If  the  refractive  index  from  cir  to  glass  is  },  and  that  from  air  to  water  is  |,  find 
the  ratio  of  the  focal  lengths  of  a  gUxss  lens  in  water  and  in  air.  S.  &  A.  D.  (A.) 
1S96.  Am,  4. 

7.  A  simple  astrcMiomical  telescope  of  known  magnifying  power  m  is  focussed  on  a 
very  distant  object,  and  the  distance  between  the  lenses  is  found  to  be  a  cm.  On 
turning  it  to  a  nearer  object  the  eye-lens  has  to  be  racked  out  a  distance  b  cm. 
Obtain  hence  an  expression  for  the  distance  of  the  object    S.  &  A.  D.  (A.)  1899. 

b{m  +  i)i/«  -t-  I         J 

8.  You  are  given  two  convex  lenses  of  23  inches  and  1  inch  focal  length  respectively. 
Explain  how  to  arrange  them  to  form  a  telescope.  Draw  a  diagram  showing  the 
passage  of  a  pencil  of  rays  from  a  distant  point  through  the  insliiiment,  and 
calculate  its  magnifying  power  when  viewing  a  distant  object.  S.  &  A.  D.  (A.) 
1897.  Ans.  Magnifying  power  =  23. 

9.  Kxplain  the  principle  of  the  opera-glass,  drawing  carefully  the  course  of  rays  from 
a  star  through  it,  and  into  an  eye.     S.  &  A.  D.  (A.)  1891. 

10.  Explain  the  principle  of  the  compound  microscope,  with  the  aid  of  a  diagram. 
From  what  data  and  how  would  you  calculate  its  magnifying  power  ?  S.  &  A.  D. 
(A.)  1890. 

11.  A  convex  and  a  concave  lens  each  10  inches  in  focal  length  are  held  coaxially  at  a 
distance  of  3  inches  apart ;  find  the  position  of  the  image  if  the  object  is  at  a  dis- 
tance of  15  inches  beyond  (a)  the  convex,  (/')  the  concave  lens.  S.  &  A.  D.  (A.) 
1898. 

Ans.  (a)  2.1  inches  nearer  the  lenses  than  the  object ;  (^)  72  inches  on  the 
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side  of  the  object  remote  from  the  lenses.  This  question  can  be  at  once  solved 
by  an  application  of  the  formula  deduced  in  §  353  ;  it  is,  however,  instructive 
to  solve  the  question  by  construction,  using  the  method  given  in  §  352.  The 
annexed  figure  gives  such  a  geometrical  solution  for  the  case  when  the  convex 


Fig.  578. 


\2. 


lens  is  nearer  the  object  PQ.  In  this  figure  A  is  the  convex  lens,  and_/i,/'i  are  its 
principal  foci,  while  B  is  the  concave  lens,  and  f^  is  its  principal  focus.  First 
suppose  B  removed,  then  an  image  p'q'  is  found  by  drawing  the  lines  Vab^' 
and  po^p'.  Now  suppose  the  lens  B  placed  in  position,  the  rays  vah  and 
voc  are  now  refracted  at  b  and  c  respectively.  To  find  the  image  now  we 
require  to  find  the  directions  of  any  two  rays  which  leave  some  one  point  of  the 
object  and  pass  through  the  two  lenses.  In  order  to  prevent  confusion,  let  us 
consider  two  rays  leaving  the  point  Q.  We  have  to  choose  these  rays  such  that 
one  passes  through  the  centre  o'  of  the  lens  B,  and  the  other  strikes  the  lens  B 
parallel  to  the  axis.  If  we  draw  the  line  q'o'^,  the  part  Q)g  will  represent  the 
path  of  the  ray  Qf  after  it  has  passed  through  i\  and  before  it  reaches  B,  Since 
this  ray  passes  through  o',  it  is  unrefracted  by  its  passage  through  B,  and  Q§r)'R'^ 
represents  the  course  of  this  ray  through  the  combination.  Next,  a  ray  (i/'id, 
which  passes  through  the  principal  focus  f'l  of  the  lens  a,  will  strike  the  lens  B  in 
a  direction  parallel  to  the  axis  of  lens  B,  and  hence  its  direction  eRq  after  refrac- 
tion will,  if  produced  backwards,  pass  through  the  principal  focus  fi  of  B,  Thus, 
qfideRq  represents  the  path  of  a  second  ray  leaving  Q  and  passing  through  the 
combination.  If  we  produce  r'^o'  and  Rqe  backwards,  their  point  of  intersection 
q"  will  be  the  image  of  q  formed  by  the  combination.  A  similar  construction  can 
be  made  in  the  case  where  the  concave  lens  is  nearer  the  object. 
Explain  (without  proving  the  necessary  formula)  how  to  use  a  goniometer  to  de- 
termine the  angle  and  the  refractive  index  of  a  glass  prism.     S.  &  A.  D.  (A.)  1899. 

3L 


898  Questions  and  Examples 

18.  Given  a  prism  of  a  sulstance  of  known  index  of  refraction,  show  how  to  calculate 
the  deviation  produced  by  it  under  any  given  circumstances,  especially  when  the 
ray  goes  through  the  prism  symmetrically.  Given  that  the  angle  of  a  prism  is  60", 
and  that  the  minimum  deviation  it  produces  with  sodium  lii^ht  is  30°,  what  is 
the  index  of  refraction  of  its  sul>stance  for  this  kind  of  light?  [sin  45*=. 707]. 
S.  &  A.  D.  (A.)  1891.  Ans.  1.414. 

14.  Descril)e  and  explain  the  method  of  finding  the  thickness  and  refractive  index  of 
a  thin  plate  of  glass  by  means  of  the  microscope.  Prove  the  formula  you  use. 
&  &  A.  D.  (A.)  1895. 

15.  Show  how  to  use  the  phenomenon  of  total  internal  reflexion,  in  a  practical 
manner,  to  measure  the  refractive  index  of  a  liquid.     S.  &  A.  D.  (A.)  iS^JiS. 

16.  Why  does  a  short-sighted  person  use  a  concave  lens  ?  The  focal  length  of  such  a 
lens  is  6  inches,  and  a  small  object  is  placed  18  inches  from  the  lens ;  draw  a 
figure  showing  the  path  of  the  rays  by  which  the  image  is  formed,  and  determine 
its  position.     Prelim.  Sci.  189a     Ans.  4.5  in.  from  lens  on  same  side  as  object 

17.  Explain  the  action  of  a  lens  when  used  as  an  eyeglass.  A  man  who  can  see  most 
distinctly  at  a  distance  of  5  in.  from  his  eye  wishes  to  read  a  notice  at  a  distance 
of  1 5  ft  off.  What  sort  of  spectacles  must  he  use,  and  what  must  be  their  fcKal 
length?    Int.  Sci.  1889.  Ans,  A  concave  lens  of  5f  in.  focal  length, 

18.  The  object  gkiss  and  the  eye  lens  of  a  comjXiund  microscope  are  each  i  inch  in 
focal  length,  and  the  distance  between  them  is  9  inches.  Draw  a  careful  diagram 
showing  the  passage  of  a  pencil  of  ra)'s  through  the  instrument,  and  calculate 
where  the  object  must  be  to  give  distinct  vision  to  a  person  with  normal  eyesight. 
S.  &  A.  D.  (A.)  1898. 

Ans.  If  the  microscope  is  so  focussed  that  parallel  ra>'s  enter  the  eye,  the 
object  must  be  if  in.  from  the  objective.  If  the  image  is  formed  at  the  distance 
of  distinct  vision  (10  in.),  the  answer  b  if|  in. 


CHAPTER    IV 

What  is  meant  by  the  candle-power  of  a  gas  flame,  and  what  experiments  would 

you  make  to  determine  it?     Prelim.  Sci.  1890. 

What  do  you  understand  by  the  intensity  of  illumination  at  a  point,  and  how 

would  you  show  that   the  intensity  of  illumination  at  a  point,  due  to  a  given 

source,  is  inversely  proix)rtional  to  the  square  of  the  distance  of  the  point  from 

the  source?     Int.  Sci.  1S89. 

In  a  Rumford's  photometer  the  two  lights  to  be  compared  have  to  be  placed  at 

100  cm.  and  42  cm.  respectively  from  the  rod  in  order  to  secure  equality  in  the 

darkness  of  the  shadows.     The  distance  l:)etween  the  rod  and  the  screen  being 

8  cm.,  find  the  relative  illuminating  powers  of  the  two  lights.         Avs.  4.67  :  i. 


CHAPTER   V 

1.  Describe  and  explain  the  method  of  determining  the  velocity  of  light  from  obser- 
vations on  Jupiter's  satellites.     S.  &  A.  D.  (A.)  1897. 

2.  Describe  the  revolving  mirror  method  of  finding  the  velocity  of  light.     Calculate 
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the  velocity  of  light,  being  given  that  the  displacement  of  the  slit  in  a  certain 
experiment  was  22  metres,  the  distance  between  the  mirrors  605  metres,  the  dis- 
tance of  the  observing  telescope  from  the  revolving  mirror  17  metres,  and  the 
frequency  of  rotation  256  per  second.     Int.  Sci.  (H.)  1889. 

Ans.  The  principle  involved  in  the  rotating  mirror  method  of  measuring  the 
velocity  of  light  can  be  illustrated  if  we  suppose  the  lens  A  (Fig.  345)  placed 
between  the  rotating  mirror  and  the  fixed  mirror  as  in  the  annexed  figure.  If  the 
mirror  B  is  at  re.st,  the  image  will  be  formed  at  or  vertically  above  the  slit.  Sup- 
pose that  when  the  mirror  makes  N  rotations  per  second,  the  image  is  deflected 
through  a  distance  a  to  the  position  d'.  Then  if  the  distance  BC  is  called  /,  and 
the  distance  BS  or  bd'  is  called  r,  we  have  that  the  velocity  of  light  is  given  by 


The  proof  of  this  formula  is  left  as  an  exercise  to  the  reader. 


Fig.  579. 

Although  the  above  arrangement  is  very  simple  from  the  point  of  view  of 
exposition,  it  is  not  practically  a  good  one  ;  the  reason  being  that  the  light  from 
the  slit  s  spreads  out  in  all  directions,  and  only  a  very  small  proportion  falls  on 
the  mirror  b.  In  the  arrangement  shown  in  Fig.  345,  however,  the  lens  A  acts  as 
a  collimator,  so  that  the  rays  after  leaving  it  are  parallel,  and  hence  the  whole  of 
the  rays  fall  on  B. 

In  the  question  above,  the  data  are  not  sufficient  to  calculate  V  supposing  the 
practical  arrangement  were  employed,  and  hence  we  must  suppose  that  the  num- 
bers given  refer  to  the  arrangement  just  described.  Substituting  the  values  of  the 
distances  given  in  the  question,  the  velocity  of  light  comes  out  as  3.008  x  10^ 
metres  per  second. 

3.  Describe  Fizeau's  method  of  measuring  the  velocity  of  light.  How  would  the 
appearances  seen  during  the  experiment  be  changed  if  light  of  different  colours 
travelled  through  air  with  different  velocities?     S.  &  A.  D.  (A.)  1894. 

4.  Explain  the  refraction  of  light  in  the  wave  theory,  deducing  the  law,  and  show 
how  total  reflection  may  occur.     Int.  Sci.  (H.)  1892. 

5.  Apply  the  undulatory  theory  to  determine  the  path  of  a  ray  of  light  through  a 
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prism,  and  show  from  your  construction  that  the  deviation  is  least  when  the 
angles  of  incidence  and  emergence  are  equal.  S.  &  A.  D.  (A.)  1898. 
6.  A  railway  train  is  travelling  at  60  miles  an  hour  when  a  rifle  bullet  fired  in  a 
direction  at  right  angles  to  the  line  passes  through  one  of  the  carriages.  The 
hole  made  in  the  window  by  which  the  bullet  enters  is  one  inch  nearer  the 
engine  than  that  in  the  window  on  the  opposite  side.  If  the  distance  be- 
tween the  windows  is  10  feet,  find  the  speed  of  the  bullet 

Atis.  10,560  ft  ./sec. 


CHAPTER   VI 


1.  Define  "  dispersive  power.**  Explain  how  to  combine  prisms  so  as  to  produce 
(a)  deviation  without  dispersion  ;  (^)  dispersion  without  deviation  of  a  given  ray. 
Int.  Sci.  1891. 

2.  A  prism  of  one  kind  of  glass  (A)  deviates  a  red  ray  10°,  and  a  blue  ray  16°,  while 
another  prism  (of  glass  B)  deviates  the  red  ray  12' and  the  blue  ray  18°;  which 
glass  h.ns  the  greater  dispersive  power?     Prelim.  Sci.  1893.  Aus.  A. 

3,  Describe  the  construction  of  a  direct  vision  spectroscope,  and  draw  a  section  of 
a  five  prism  system  consisting  of  crown  and  flint  glass,  assuming  that  the  dispersive 
powers  are  in  the  proportion  of  2  to  3,  and  the  refractive  indices  3/2  and  5/3 
respectively,  so  that  the  combination  may  be  equivalent  in  dispersive  power  to  a 
single  60°  prism  of  flint  glass.     S.  &  A.  D.  (A.)  1890. 

Atts.  The  sum  of  the  refracting  angles  of  the  crown  prisms  must  be  240",  and 
of  the  flint  prisms  180°. 

4,  A  beam  of  sunlight  is  converged  by  a  large  double  convex  simple  glass  lens,  and 
a  paper  screen  is  held  in  the  cone  of  rays.  Describe  and  explain  the  appearance 
of  colour  on  the  screen  and  the  changes  as  the  screen  is  placed  at  different  distances 
from  the  lens.     Prelim.  Sci.  1892. 

6.  A  thin  convex  lens  of  crown  glass  and  a  thin  concave  lens  of  flint  glass  form  an 
achromatic  combination  when  placed  in  contact.  A  lieam  of  white  light  which  is 
in  each  case  parallel  to  the  axis  falls  in  different  experiments  (l)  upon  the  convex 
lens  alone,  {2)  upon  the  concave  lens  alone,  (3)  upon  both  lenses  in  contact. 
Draw  diagrams  indicating  the  paths  of  the  blue  and  red  constituents  of  the  white 
light  in  each  case.     S.  &  A.  D.  (A.)  1892. 

6.  A  convex  lens  of  focal  length  40  cm.  is  placed  in  contact  with  a  concave  lens  of 
focal  length  66  cm.  Trace  the  path  of  a  pencil  of  rays  through  the  combination 
from  an  object  at  a  distance  of  204  cm.,  and  stale  for  what  purpose  such  a  com- 
bination is  used.     S.  «&  A.  D.  (A.)  1897. 

7,  How  may  a  colourless  image  of  an  object  be  obtained  by  means  of  a  combina- 
tion of  lenses?  Given  two  substances  of  refractive  indices  1.5  and  1.7,  of 
dispersive  powers  in  the  ratio  of  3  to  4,  what  should  be  the  focal  lengths  of  each 
simple  lens  in  an  achromatic  combination  of  5  feet  focus  ?  S.  &  A.  D.  (A.) 
1890. 

Ans,  Convex  lens  15  inches  focus,  concave  lens  20  inches  focus. 
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8.  What  is  meant  by  the  chromatic  aberration  of  a  lens,  and  how  is  it  corrected  in 
the  object-glass  of  a  telescope?  The  mean  refractive  indices  of  two  specimens 
of  glass  are  1.52  and  1.66  respectively  ;  the  differences  in  the  indices  for  the 
same  two  lines  of  the  spectrum  are  .013  for  the  first  and  .022  for  the  second; 
find  the  focal  length  of  a  lens  of  the  second  glass,  which,  when  combined  with  a 
convex  lens  of  50  cm.  focal  length  of  the  first,  will  make  an  object-glass  achro- 
matic for  these  two  lines.     B.  Sc.  1889. 

Ans.  A  concave  lens  of  66.67  cm.  focal  length. 

9.  Explain  with  carefully  drawn  figures  how  the  primary  and  secondary  rainbows 
are  formed.     B.Sc.  1895. 


CHAPTER   VII 

1.  Describe  experiments  to  show  that  two  lights  may  interfere  and  produce 
darkness.  Why  are  the  lights  from  two  candles  never  seen  to  interfere? 
B.Sc.  1889. 

2.  Describe  some  method  by  which  interference  fringes  may  be  produced,  and  ex- 
plain how  the  method  may  be  used  to  measure  the  wave-length  of  monochromatic 
light.     B.Sc.  1894. 

3.  Describe  and  explain  the  method  of  producing  a  spectrum  by  means  of  a  plane 
diffraction  grating.  How  does  a  spectrum  produced  in  this  way  differ  from  one 
produced  by  a  prism?  Under  what  circumstances  would  you  think  it  advisable 
to  use  a  prism  rather  than  a  grating.     B.Sc.  J896. 

4.  What  do  you  understand  by  the  interference  of  light  ?  Why  is  the  principal  focus 
of  a  convex  lens,  when  placed  in  a  pencil  of  parallel  rays,  a  point  of  maximum 
brightness.     S.  &  A.  D.  (A.)  1897. 

5.  Explain  the  colours,  seen  when  a  thin  film  of  oil  is  spread  over  the  surface  of 
water.     S.  &  A.  D.  (A.)  1893. 

6.  Describe  and  explain  the  appearance  when  a  convex  lens  is  pressed  into  contact 
with  a  piece  of  plate  glass,  and  a  beam  of  light  reflected  from  their  surfaces  near 
the  point  of  contact  is  focussed  on  a  screen.     S.  &  A.  D.  (A.)  1890. 

7.  Newton's  rings  are  formed  by  reflection  between  a  plane  surface  of  glass  and  a 
lens.  The  diameter  of  the  third  black  ring  is  i  cm.  when  soda  light  (wave-length 
=  589x  lo""^  cm.)  is  used  at  such  an  angle  that  the  light  passes  through  the  air 
film  at  an  angle  of  60°  to  the  normal.     Fmd  the  radius  of  the  glass  lens. 

Ans.  707.4  cm. 

8.  State  and  explain  the  conditions  under  which  Newton's  rings  when  formed  by 
reflection  may  have  a  white  centre.     S.  &  A.  D.  (A.)  1890. 

9.  A  plane  soap  film  illuminated  by  white  light  gradually  becomes  thinner 
as  the  liquid  drains  away.  It  is  viewed  through  a  spectroscope  the  slit  of 
which  is  horizontal,  and  which  always  is  directed  to  the  same  part  of  the 
film.  Describe  and  explain  the  phenomena  which  are  observed.  S.  Sc  A.  D, 
(A.)  1898. 
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Ans,  If  X  is  the  wave-length  of  the  light  such  that  the  thickness  T  of  the 

film  opposite  the  slit  of  the  spec!  roscope  is  given  by  7"=  -^-t_  .  -,  then  owing  to 

interference  (§  378)  ihere  will  he  no  light  of  this  wave-length  entering  the  spectro- 
scope, and  hence  the  spectrum  will  Ix:  crossed  by  a  dark  band  corresponding  to  a 
wave-length  X.  As  the  film  thins,  i.e.  /"gets  smaller,  in  order  that  the  alx)ve 
equation  may  hold  X  must  also  get  smaller.  Hence,  as  the  film  thins  the  dark 
band  in  the  spectrum  will  move  towards  the  violet  end  of  the  spectrum.  It  can 
be  shown,  but  this  is  left  as  an  exercise,  that  there  can  1)6  more  than  one  band 
seen  in  the  spectrum  at  one  time  as  long  as  T  is  within  certain  limits. 

10.  Show  that  the  portion  of  a  plane  wave  of  light  which  is  efiective  in  illuminating  a 
given  point  is  limited  to  a  certain  small  area  of  the  wave. 

11.  I-'ght  from  a  luminous  point  casts  a  shadow  of  a  straight  edge.  Descrilje  and 
explain  the  fringes  seen  near  the  edge  of  the  shadow.     S.  &  A.  D.  (A.)  1894. 

CHAPTER  VIII 

1.  Describe  fully  experiments  to  show  under  what  circumstances  an  incandescent  body 
gives  (rt)  a  continuous  spectrum,  {b)  a  spectrum  of  bright  lines,  (t)  a  luminous 
spectrum  with  dark  lines.     KSc.  18S9. 

2.  Descrilje  and  explain— (l)  the  difference  between  the  spectra  produced  by  glowing 
solids  and  gases  respectively  ;  (2)  the  effect  of  gradually  increasing  the  thickness 
of  a  medium,  a  thin  layer  of  which  gives  an  absorption  spectrum  consisting 
of  several  distinct  narrow  bands  placed  near  to  each  other  in  the  spectrum 
S.  &  A.  D.  (A.)  1898. 

8.  Give  a  general  explanation  of  Fraunhofer*s  lines  in  the  solar  sj^ectrum,  and 
describe  an  experiment  to  verify  the  explanation.     S.  &  A.  D.  (A.)  1893 

4.  If  the  earth  were  moving  very  rapidly  through  space,  what  would  l)e  the  general 
effect  on  the  spectra  of  stars  which  it  was  (i)  approaching,  (2)  receding  fropi? 
Give  full  reasons  for  your  answer.     S.  &  A.  D.  (A.)  1897.     . 

5.  Discuss  the  principal  phenomena  and  the  explanation  of  selective  absorption 
S.  &  A.  D.  (A.)  1890. 

6.  Describe  a  method  of  investigating  the  infra-red  part  of  the  spectrum,  and  give  the 
principal  results  arrived  at.     S.  &  A.  D.  (A.)  1894. 

7.  How  would  you  prove  that  the  thermal,  chemical,  and  luminous  effects  of  the 
same  part  of  the  visible  spectrum  are  not  due  to  three  different  causes,  such,  for 
instance,  as  three  different  kinds  of  coincident  rays?     S.  &  A.  D.  (A.)  1897. 

8.  Describe  the  principal  characteristics  of  the  phenomenon  of  fluorescence,  an<l 
describe  experiments  by  which  its  relation  to  phosphorescence  has  been  deter- 
mined.    S.  &  A.  D.  (A.)  1896. 

9.  Describe  a  method  of  rendering  the  ultra-violet  portion  of  the  spectrum  visible. 
S.  &  A.  D.  (A.)  1892. 

10.  A  prism  containing  a  solution  of  fiichsine  is  placed  with  its  refracting  angle  at 
right  angles  to  a  glass  prism  and  a  small  source  of  white  light  is  viewed  through 
the  combination.     Describe  and  explain  the  appearance  presented. 
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CHAPTER  IX 

1.  What  experiments  would  you  make  to  show  that  a  given  colour  can  be  matched 
by  a  proper  combination  of  three  standard  colours?     S.  &  A.  D.  (A.)  1897. 

2.  Describe  an  experiment  to  show  that  the  sensation  of  yellow  light  may  be  pro- 
duced by  suitably  mixing  red  and  green.     S.  &  A.  D.  (A.)  1893. 

3.  Give  some  account  of  the  trichromatic  theory  of  colour  vision.     S.  &  A.  D.  (A.) 
1898. 

4.  Write  a  short  essay  on  colour-blindness.     S.  &  A.  D.  (A.)  1899. 

6.  What  is  a  complementary  colour?     Explain   the  existence  of  complementary 
colours  on  the  trichromatic  theory  of  colour  vision. 


CHAPTER  X 

1.  What  do  you  understand  by  plane  polarised  light  ?  Describe  some  form  of  appa- 
ratus for  determining  the  plane  of  polarisation  of  a  beam  of  plane  polarised  light. 
S.  &  A.  D.  (A.)  1897. 

2.  A  horizontal  beam  of  sunlight  enters  a  dark  room  through  a  small  hole,  and 
passing  through  a  properly  placed  crystal  of  tourmaline  becomes  polarised.  If  the 
tourmaline  were  made  to  rotate  rapidly  about  an  axis  coincident  with  the  ray, 
state  and  explain  the  appearance  you  would  see  if  you  looked  at  it  through  a 
Nicol's  prism.     S.  &  A.  D.  (A.)  1897. 

3.  Describe  two  experiments  by  which  you  would  distinguish  between  plane  polarised 
and  ordinary  light.  If  arrangements  are  made  whereby  the  two  interfering  beams 
in  any  interference  experiment  are  polarised  in  perpendicular  planes  interference 
ceases.     What  inferences  do  you  draw  from  this?    S.  &  A.  D.  (A.)  1899. 

4.  Explain  the  action  of  Nicol's  prism.  You  are  given  two  such  prisms  ;  show  how 
to  place  the  second  so  that  the  light  which  emerges  from  it  may  be  half  as  intense 
as  that  which  falls  on  it.     B.Sc.  18S9. 

Ans.  The  principal  planes  of  the  Nicol's  must  make  an  angle  a,  such  that 
cos^  a  =  ^,  therefore  0  =  45°. 

5.  Describe  the  form  of  the  wave  surface  in  a  uniaxial  crystal.    S.  &  A.  D.  (A.)  1890. 

6.  Give  a  construction  for  the  paths  of  the  refracted  rays  derived  from  a  ray  incident 
on  a  plane  face  of  a  uniaxial  crystal,  with  its  axis  in  some  one  or  more  definite 
directions.     B.Sc.  1891. 

7.  Explain  what  is  meant  by  the  ordinary  and  extraordinary  rays  in  a  crystal,  defining 
any  technical  terms  you  employ,  and  describing  simple  experiments  by  which 
your  description  of  the  two  kinds  of  ray  is  justified.     S.  &  A.  D.  (A.)  1896. 

8.  Rays  of  light  polarised  in  and  perpendicular  to  the  plane  of  incidence  respectively 
are,  in  turn,  reflected  at  different  angles  from  glass.  Describe  the  phenomena 
observed,  and  apply  them  to  the  explanation  of  polarisation  by  reflection. 
S.  &  A.  D.  (A.)  1895. 

9.  Given  a  candle  and  some  plane  glass  plates,  how  would  you  obtain  plane  polarised 
light ;  how  would  you  show  that  it  was  polarised  ;  and  what  conclusions  would 
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you  draw  from  your  experiments  as  to  the  nature  of  the  disturbance  constituting 
plane  polarised  light  ?     RSc.  1893. 
10.  1  low  would  you  determine  from  its  optical  properties  the  quantity  of  sugar  in  a 
solution  of  that  substance?    S.  &  A.  D.  (A.)  1894. 


BOOK     V 
CHAPTER   I 

1.  Describe  a  method  of  proving  that  the  force  exerted  by  a  magnetic  pole  varies 
inversely  as  the  square  of  the  distance.     S.  &  A.  D.  (A.)  1897. 

2.  Two  magnets,  the  moment  of  one  of  which  is  double  that  of  the  other,  are  rigidly 
connected  with  the  centre  and  axis  of  the  one  vertically  above  the  centre  and  axis 
of  the  other,  and  the  whole  is  suspended  by  a  fine  metallic  wire.  When  the 
magnets  are  oppositely  directed  the  top  end  of  the  wire  has  to  be  twisted  through 
75"  in  order  to  deflect  the  combination  through  30"  from  the  magnetic  meridian. 
By  how  much  must  the  top  end  of  the  wire  be  twisted  when  the  magnets  arc 
similarly  directed  in  order  that  the  combination  may  take  up  a  position  perpen- 
dicular to  the  magnetic  meridian?    S.  &  A.  D.  (A.)  1897.  Ans.  360'. 

3.  Investigate  the  intensity  due  to  a  straight  bar  magnet  (i)  at  any  point  in  its  axis, 
(2)  at  any  point  in  the  line  through  its  centre  perpendicular  to  its  axis,  the  distance 
from  the  magnet  being  great  compared  with  its  length.  Describe  how  you  would 
carry  out  an  experiment  to  test  the  inverse  square  law  of  magnetic  action,  using 
the  results  of  this  investigation.     B.Sc.  1895. 

4.  Two  thin  short  bar  magnets,  whose  magnetic  moments  are  as  i  to  2,  are  placed 
horizontally  with  their  centres  together  and  their  axes  perpendicular.  Show  that 
a  compass  needle,  placed  with  its  centre  at  any  fairly  large  distance  along  the 
axis  of  the  former  magnet,  would  take  up  a  position  etjually  inclined  to  both 
magnets  if  the  earth's  influence  upon  it  were  compensated.    S.  &  A.  D.  (A.)  1^99. 

5.  A  horizontally  suspended  magnetic  needle  makes  13  vibrations  per  minute  when 
no  magnets  are  near.  When  a  bar  magnet  is  placed  north  of  the  needle  with  its 
axis  in  the  magnetic  meridian  and  its  N.  pole  towards  the  needle,  the  latter  makes 
7  vibrations  per  minute.  I  low  many  will  it  make  when  the  l>ar  is  similarly  placed 
at  the  same  distance  south  of  the  needle,  its  N.  pole  being  again  directed  towards 
the  needle?    S.  &  A.  D.  (A.)  1899.  Ans.  17. 

6.  A  bar  magnet  is  supported  horizontally  by  a  fine  vertical  wire.  The  magnet  lies 
in  the  magnetic  meridian  when  there  is  no  torsion  in  the  wire,  and  the  top  of  the 
wire  must  be  turned  through  100°  in  order  to  deflect  the  magnet  15°  from  the 
meridian.  The  magnet  is  removed,  remagnetised  and  replaced,  and  now  the 
upper  end  of  the  wire  has  to  be  twisted  through  150°  to  produce  the  same 
deflection  of  the  bar.  Compare  the  moments  of  the  bar  in  the  two  cases. 
S.  &  A.  D.  (A.)  1891.  Ans.  17/27. 

7.  A  magnet  is  placed  horizontally  in  the  magnetic  meridian  due  south  of  a  compass 
needle.  How  will  its  action  on  the  latter  be  affected  if  (1)  a  plate  of  soft  iron  is 
interposed  between  the  two,  (2)  a  rod  of  soft  iron  is  placed  along  the  line  which 
joins  their  centres?    Give  reasons.     S.  &  A.  D.  (A.)  1891. 
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8.  Describe  some  method  of  comparing  the  magnetic  moments  of  two  magnetic 
needles.     S.  &  A.  D.  (A.)  1893. 

9.  Two  short  bar  magnets,  the  moments  of  which  are  108  and  192  respectively,  are 
placed  along  two  lines  drawn  on  the  table  at  right  angles  to  each  other.  Find 
the  intensity  of  the  magnetic  field  due  to  the  two  magnets  at  the  point  of  inter- 
section of  the  lines,  the  centres  of  the  magnets  being  respectively  30  and  40  cm. 
from  this  point.     S.  &  A.  D.  (A.)  1900.  Ans.  o.oi. 

10.  A  small  compass  needle  is  placed  at  the  centre  of  a  large  circle  drawn  on  the 
table,  and  a  small  bar-magnet  is  moved  round  the  circle  in  such  a  way  that  its 
centre  is  always  on  the  circumference  and  its  axis  at  right  angles  to  the  magnetic 
meridian.  Trace  the  effect  on  the  needle  as  the  magnet  is  carried  round  the 
circle.     S.  &  A.  D.  (A.)  1899. 


CHAPTER   II 

1.  The  magnetic  declination  near  London  is  18°  44'  W.  What  exactly  is  meant  by 
this,  and  how  has  it  baen  determined  ?     Prelim.  Sci.  1889. 

2.  What  are  the  magnetic  elements  usually  observed  in  order  to  determine  completely 
the  terrestrial  magnetic  field  at  any  place,  and  how  are  they  measured  ?  Int.  Sci. 
1 89 1. 

3.  What  is  meant  by  the  horizontal  intensity  of  the  earth's  magnetic  field?  A 
horizontally  suspended  magnet  vibrates  twelve  times  per  minute  at  a  place  where 
the  horizontal  intensity  is  0.180.  How  many  times  a  minute  will  it  vibrate  at  a 
place  where  the  horizontal  intensity  is  0.245  ?     1"^.  Sci.  1893.  Ans.  14. 

4.  A  small  weight  is  attached  to  the  upper  end  of  a  dip  needle,  whereby  the  inclina- 
tion of  the  needle  to  the  horizontal  plane  is  diminished  by  one-half.  Draw  a 
picture  showing  the  directions  of  the  forces  which  act  upon  the  needle,  and  state 
the  conditions  of  equilibrium.     S.  &  A.  D.  (A.)  1898. 

6.  A  small  compass  needle  is  pivoted  on  a  point  fixed  to  a  horizontal  table  which  is 
movable  about  a  vertical  axis.  A  bar  magnet  is  now  laid  on  the  table  with  its 
centre  in,  and  its  length  perpendicular  too,  the  magnetic  axis  of  the  needle  in  its 
undeflected  position,  and  the  needle  is  thereby  deflected.  It  is  then  found  that 
the  table  must  be  turned  though  30°  for  the  needle  to  point  to  the  centre  of  the 
bar.  Show  that  the  magnetic  moment  of  the  magnet  is  \  HD^,  where  H  is  the 
horizontal  component  of  the  earth's  magnetic  intensity  and  D  is  the  distance  of  a 
pole  of  the  magnet  from  the  needle's  centre.     S.  &  A.  D.  (A.)  1898. 

Ajis.  See  §§  429,  482. 

6.  Give  a  general  account  of  the  distribution  of  isogonic  lines  on  the  earth's  surface, 
describing  particularly  the  lines  of  no  declination.     S.  &  A.  D.  (A.)  1892. 

7.  Explain  carefully  the  method  of  finding  the  magnetic  dip  at  any  point  on  the  earth. 
The  centre  of  gravity  of  a  dipping  needle  is  not  accurately  in  the  axis  of  suspension ; 
how  is  the  error  which  would  arise  from  this  allowed  for?     B.Sc.  1889. 

8.  Explain  what  observations  are  necessary  for  the  determination  of  the  total  intensity 
of  the  earth's  magnetic  field  at  any  given  place.     S.  &  A.  D.  (A.)  1893. 

9.  A  short  bar  magnet  is  placed  on  a  table  with  its  axis  perpendicular  to  the 
mao^netic  meridian,  and  passing  through  the  centre  of  a  compass  needle.      In 
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London  the  compass  needle  is  deflected  through  a  certain  angle  when  the  centre 
of  the  magnet  is  25  inches  from  the  centre  of  the  needle.  If  the  experiment  be 
repeated  in  Bombay  the  magnet  must  be  moved  5  inches  nearer  to  the  needle  to 
produce  the  same  deflection.  Use  these  data  to  compare  the  horizontal  forces  in 
London  and  Bombay.     S.  &  A.  D.  (A.)  1805.  Jns.  0.512. 

10.  The  axis,  about  which  a  dipping  needle  is  movable,  is  slowly  rotated  in  a 
horizontal  plane.  Descril^  and  explain  the  behaviour  of  the  needle  during  one 
complete  turn  of  the  axis.     S.  &  A.  D.  (A.)  1894. 


CHAPTERS   III   AND   IV 

1,  Given  a  large  fixed  insulated  sphere,  how  would  you  proceed  to  test  its  charge — 
(l)  for  sign,  (2)  for  approximate  amount?  In  what  units  would  you  express  the 
quantity  of  electricity  on  it?    Int.  Sci.  1891. 

2.  Two  equally  charged  spheres  rcjiel  each  other  when  their  centres  are  half  a  metre 
apart  with  a  force  equal  to  the  weight  of  6  milligrams.  What  is  the  charge  on 
each,  in  electrostatic  units?    S.  &  A.  D.  (A.)  1892.  Ans.  121.2  units. 

8.  A  short  ebonite  rod,  with  a  small  electrified  knob  at  one  end,  is  mounted  so  as  to 
turn  freely  alxmt  its  centre  in  a  horizontal  plane.  In  a  horizontal  line  with  this 
centre,  and  at  distances  from  it  of  a  quarter  and  half  a  metre  respectively,  are 
placed  insulating  Ijalls  that  are  also  charged.  The  rod  makes  ten  vibrations  in  a 
given  time,  but  makes  thirty  vibrations  in  the  same  time  if  the  IxiUs  are  inter- 
changed.    Compare  the  charges  on  the  two  lialls.     S.  &  A.  D.  (A.)  1893. 

Ans.  Charges  of  op|)osite  sign  if  both  Ijalls  are  on  the  same  side  of  needle,  and 
of  same  sign  if  lialls  are  on  opjxjsite  sides.     Charges  as  l  to  7. 

4.  An  electrified  body  is  brought  into  the  neighbourhood  of  (a)  an  insulated  con- 
ductor, (/')  an  earth -connected  conductor.  Descril^  exactly  the  eflect  on  the 
]x>tentials  of  the  electrified  body  and  of  the  unelectrified  conductors  in  each  case. 
S.  &  A.  D.  (A.)  1S92. 

5.  Give  a  sketch  of  the  general  form  of  the  lines  of  force  lietween  two  equal  spheres 
when  they  are  charged  (i)  with  electricity  of  the  same  sign,  (2)  with  electricity  of 
the  opposite  sign.  Also  between  a  charged  sphere  A  and  an  equal  uncharged 
sphere  B,  first  when  B  is  insulated,  and  second  when  B  is  uninsulated. 

6.  Prove  that  a  line  of  force  must  cut  an  equipotential  surface  at  right  angles,  and 
hence  that  a  line  of  force  must  always  cut  a  conducting  surface  at  right  angles. 

7.  Two  similar  deep  metal  jars  are  placed  on  the  caps  of  two  similar  electroscopes  at 
some  distance  apart  and  the  caps  are  connected  by  a  fine  wire  ;  a  positively 
electrified  ball  is  lowered  into  one  of  the  jars  without  contact.  Explain  the  effect 
as  to  potential  and  divergence  on  both  sets  of  leaves,  and  also  that  which  occurs 
on  breaking  the  wire  connection  by  means  of  a  silk  thread  and  then  removing  the 
ball  without  allowing  it  to  touch  the  jar.     S.  &  A.  D.  (A.)  1898. 

8.  Give  what  is  in  your  opinion  the  best  proof  that  the  force  between  point  charges 
of  electricity  varies  inversely  as  the  square  of  the  distance  between  them. 
S.  &  A.  D.  (A.)  1899. 

9.  How  much  energy  is  expended  in  c?j:r>'ing  a  charge  of  50  units  of  electricity  from 
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a  place  where  tlie  potential  is  20  to  another  where  it  is  30  ?     What  is  meant  by 
saying  that  the  potential  of  a  conductor  is  20?     S.  &  A.  D.  (A.)  1894. 

Ans.  500  ergs. 
10.   Explain  the  term  electric  potential.     If  100  units  of  work  must  be  done  in  order  to 
move  an  electric  charge  equal  to  4  from  a  place  where  the  potential  is  -  10  to 
another  place  where  the  potential  is  K,  what  is  the  value  of  V?    S.  &  A.  D.  (A.) 
1898.  Ans.  +15. 


CHAPTER   V 

1.  An  electrified  drop  of  water,  supported  by  a  non-conductor,  evaporates.  Assum- 
ing that  the  vapour  is  not  electrified,  what  changes  will  the  potential  of  the  drop 

.     undergo?    S.  &  A.  D.  (A.)  1891. 

2.  A  Leyden  jar  A,  of  capacity  3,  is  insulated  and  the  outer  coating  is  connected  by 
a  wire  with  the  inner  coating  of  another  Leyden  jar  B^  of  capacity  2,  the  outer 
coating  of  which  is  uninsulated.  If  the  inner  coating  of  A  be  charged  so  that  the 
potential  is  Vy  what  is  the  potential  of  the  inner  coating  of  B?  S.  &  A.  D.  (A.) 
1899.  Ans.  3^/5. 

[These  jars  are  said  to  be  charged  in  cascade.  The  condition  to  be  fulfilled  is 
that  the  charge  on  each  jar  must  be  the  same,  and  the  charge  on  the  outer  coating 
of  A  is  equal  in  amount,  though  opposite  in  sign,  to  the  charge  on  the  inner 
coating  of />'.] 

3.  Two  Leyden  jars  are  exactly  alike,  except  that  in  one  the  tinfoil  coatings  are 
separated  by  glass  and  in  the  other  by  ebonite.  A  charge  of  electricity  is  given  to 
the  glass  jar,  and  the  potential  of  its  inner  coating  is  measured.  The  charge  is 
then  shared  between  the  two  jars,  and  the  potential  falls  to  0.6  of  its  former 
value.  If  the  specific  inductive  capacity  of  ebonite  be  2,  what  is  that  of  glass  ? 
S.  &  A.  D.  (A.)  1893.  Ans.  3. 

4.  Two  insulated  spheres  charged  respectively  with  H-  5  and  -  5  units  are  placed  one 
metre  apart.  What  is  the  direction  of  the  resultant  electric  force  exerted  on  a 
small  +  charge  at  a  point  one  metre  distant  from  the  centres  of  each  of  the 
spheres?     S.  &  A.  D.  (A.)  1890. 

5.  Does  the  energy  of  an  electric  charge  depend  upon  the  magnitude  of  the  charge 
only?  If  not,  upon  what  other  circumstances  does  it  depend?  Find  an  ex- 
pression for  its  magnitude.     S.  &  A.  D.  (A.)  1900. 

6.  A  thunder-cloud  is  over  still  water.  What  is  the  electrostatic  surface  density  of 
the  charge  on  the  water  if  it  rises  under  the  cloud  o.  i  cm.  above  its  previous  level. 
B.Sc.  1893.  Ans.   3.95  electrostatic  units  per  sq.  cm. 

7.  Define  specific  inductive  capacity,  and  describe  some  method  by  which  it  can  be 
measured.  A  condenser  is  made  of  two  parallel  metal  plates.  These  are  main- 
tained at  constant  potentials.  What  effect  will  be  produced  on  the  attraction 
between  the  plates  when  a  slab  of  heavy  glass,  specific  inductive  capacity  10,  and 
thickness  one-half  of  their  distance  apart,  is  inserted  between  them?  The  faces 
of  the  slab  are  parallel  to  the  plates.     Int.  Sci.  (H.)  1893. 

An-i.  Attraction  will  be  44t  times  the  attraction  before  the  slab  was  introduced. 
[Obtain  the  ratio  of  the  surface  densities  in  the  two  cases  (§  466).     Then 
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the  attraction  is  proportional  to  2,  which  can  be  deduced  in  the  manner  em- 
ployed in  §  466.] 

8.  A  Leyden  jar  consists  of  two  concentric  spherical  surfaces  of  5  and  6  cm. 
diameter  respectively,  the  intervening  space  being  filled  with  air.  The  outer 
sphere  is  uninsulated,  the  inner  is  charged  with  20  units  of  electricity.  How 
much  work  is  done  when  the  inner  sphere  is  put  to  earth  ?    S.  &  A.  D.  (A.)  1895. 

Ans,    13J  ergs. 

9.  An  insulated  sphere  of  2  cm.  radius  is  connected  by  a  long  thin  wire  with  another 
insulated  sphere,  the  radius  of  which  is  6  cm.,  and  which  is  surrounded  by  a  third 
sphere  of  8  cm.  radius  concentric  with  it.  The  wire  which  connects  the  first  and 
second  spheres  passes  through  a  small  hole  in  the  third  so  as  not  to  touch  it.  All 
the  spheres  are  conductors.  Calculate  the  capacity  of  the  two  connected  spheres. 
S.  &  A.  D.  (A.)  1S96.  Ans.  26. 

10.  A  Franklin's  pane  is  formed  by  pasting  two  sheets  of  tinfoil,  each  of  which  is  100 
square  centimetres  in  area,  on  opposite  sides  of  a  sheet  of  glass  J  millimetre  thick. 
How  many  sheets  of  tinfoil  of  the  same  sire  would  have  to  be  pasted  on  opposite 
sides  of  a  sheet  of  ebonite  5  millimetres  thick  to  make  a  condenser  of  the  same 
capacity,  the  specific  inductive  capacities  of  glass  and  ebonite  being  3  and  2 
respectively?    S.  &  A.  D.  (A.)  189a  Aus.  15. 

11.  The  pull  between  the  two  plates  of  a  charged  condenser  in  air  is  I  gram.  What 
will  it  Ijc  (i)  with  the  same  charges,  {2)  with  the  same  potential  difference,  when 
a  medium  of  specific  inductive  capacity  k  is  substituted  for  air?    B.Sc.  (H.)  1896. 

Ans,   l/k-  gram  ;  k^  grams. 

12.  Two  spheres,  of  diameters  6  and  10  centimetres  respectively  placed  at  a  distance 
from  each  other,  are  chargetl  with  8  and  12  units  of  positive  electricity  respectively. 
They  are  then  connected  by  a  fine  wire.  Does  any  spark  pass?  if  so,  how  much 
energy  is  dissipated?    S.  ^:  A.  D.  (A.)  1897.  Ans.  Yes  ;  0.06  ergs. 

13.  The  volume  of  the  air  enclosed  between  the  coatings  of  a  spherical  condenser  is 
loco  c.  c,  and  80  ergs  of  work  are  done  in  charging  it.  Calculate  the  mean  value 
of  the  force  in  the  space  between  the  coatings.  Ans.  0.8  ^tr  dynes. 


CHAPTER   VI 

Describe  some  form  of  Thomson  guarding  electrometer,  and  how  it  is  to  be  used 
to  measure  differences  of  potential  in  absolute  electrostatic  units.  Define  this 
absolute  unit  of  potential  and  show  how  the  instrument's  determinations  are  in  the 
units  specified  in  your  definition.  If  the  trap-door  is  5  cm.  in  diameter,  is  3  mm. 
from  the  under  plate,  and  is  at  1200  volts  potential  difference,  what  force  of  attrac- 
tion would  you  expect  between  them  ?  Int.  Sci.  (H.)  1891.  [300  volts  =  i  electro- 
static unit  of  potential.]  Ans.  138.8  dynes. 
Describe  an  electrophorus,  and  explain  its  action.  How  would  you  use  it  to  charge 
a  Leyden  jar  ?  How  do  you  explain  the  fact  that  if  the  Leyden  jar  is  placed  on  an 
insulator,  and  the  outside  coating  is  not  touched,  the  jar  will  not  take  so  large  a 
charge  as  when  uninsulated?     Int.  Sci.  1893. 

Describe    and    explain    the   action    of    some    form    of   quadrant    electrometer 
S.  &  A.  D.  (A.)  1900. 
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4.  A  charged  electrophorus  being  capable  of  supplying  an  indefinitely  large  amount 
of  electricity,  explain  why  the  charge  it  can  convey  to  an  insulated  sphere  is 
practically  limited.     S.  &  A.  D.  (A.)  1890. 

5  Describe  and  explain  the  action  of  an  electrostatic  induction  machine. 
S.  &  A.  D.  (A.)  1900. 

6.  Given  that  a  frictional  machine,  turned  steadily,  generates  the  same  quantity  of 
electricity  at  every  revolution,  show  how  to  compare  the  capacities  of  two  Leyden 
jars  with  moderate  accuracy.  No  auxiliary  apparatus  but  some  wire  and  a  pair 
of  knobs  on  insulating  pillars  is  to  be  used.     S.  &  A.  D.  (A.)  1892. 

7.  State  and  explain  the  action  of  Lord  Kelvin's  Replenisher  (mouse  mill). 
S.  &  A.  D.  (A.)  1896. 


CHAPTER   VII 

1.  Describe  the  action  between  a  current  and  a  magnet,  and  explain  how  it  has  been 
used  to  construct  delicate  instruments  to  measure  the  strengths  of  electric  currents. 
Prelim.  Sci.  1889. 

2.  A  wire  is  stretched  from  east  to  west  (magnetic).  How,  without  breaking  it,  can 
you  test  whether,  and  in  what  direction,  an  electric  current  is  passing  through  it  ? 
S.  &  A.  D.  (A.)  1896. 

3.  A  road  in  the  northern  hemisphere  runs  magnetic  north  and  south.  At  one  point 
an  insulated  conductor  passes  beneath  it  in  which  an  electric  current  flows  from 
east  to  west.  How  will  the  indications  of  a  dip  circle  be  affected  at  points  neai 
to  the  conductor?     S.  &  A.  D.  (A.)  1894. 

4.  Discuss  the  several  forces  or  moments  which  act  on  the  needle  of  a  tangen; 
galvanometer  when  deflected  by  the  action  of  a  current  passing  through  the 
coil  of  the  galvanometer,  and  deduce  the  law  of  action  of  the  instrument. 
S.  &  A.  D.  (A.)  1900. 

5.  A  current  flows  through  two  tangent  galvanometers  in  series,  each  of  which  con- 
sists of  a  single  ring  of  copper,  the  radius  of  one  ring  being  three  times  that  of  the 
other.  In  which  of  the  galvanometers  will  the  deflection  of  the  needle  be  greater  ? 
If  the  greater  deflection  be  60°,  what  will  the  smaller  be?     S.  &  A.  D.  (A.)  1897. 

Ans.  In  the  one  having  the  smaller  ring ;  30°. 

6.  A  coil  of  sij^-tnrns,  each  of  which  is  i  metre  in  diameter,  deflects  a  compass 
needle  at  its  centre  through  45°.  Find  the  strength  of  the  current  in  amperes, 
having  given  that  II  =0. 18  c.g.s.  units.     S.  &  A.  D.  (A).  1892. 

/  Ans.  2.39  amperes. 

7.  The  coil/bf  a  tangent  galvanometer  is  placed  at  right  angles  to  the  magnetic 
mCiidian  and  a  steady  current  passes  through  it.  The  needle  when  set  in  vibration 
makes  5  oscillations  in  a  given  time,  but  only  3  in  the  same  time  when  the  direc- 
tion of  the  current  is  reversed.  Compare  the  magnetic  force  at  the  centre  of  the 
coil  due  to  the  current  with  that  due  to  the  earth.     S.  &  A.  D.  (A.)  1898. 

Ans,  iV  H- 
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CHAPTER  VIII 

L  Define  carefully  strength  of  electric  current,  electromotive  force  and  resistance. 
What  resistance  should  a  wire  have,  which,  when  connected  across  the  terminals 
of  a  galvanometer,  whose  resistance  is  3663  ohms,  would  let  one  hundredth  |\iri 
of  the  whole  current  pass  through  the  galvanometer,  and  iVolhs  through  itself? 
Int.  Sci.  1891.  Atts.  37  ohms. 

2.  A  length  of  uniform  wire,  of  resistance  12  ohms,  is  bent  into  a  circle,  and  two 
points  at  a  quarter  of  the  circumference  apart  are  connected  with  a  battery  whose 
resistance  is  1  ohm  and  electromotive  force  3  volts  ;  find  the  current  in  the 
different  parts  of  the  circuit.     Int.  ScL  1 889. 

Ans.  Through  battery,  \\  ampere  ;  through  the  quarter  circumference,  I'j 
ampere  ;  through  remainder  of  circumference,  ^  ampere. 

3.  .\  compass  needle  is  placed  at  the  centre  of  two  concentric  circles  which  are  in 
the  same  vertical  plnne,  and  are  made  of  wires  similar  in  all  respects  except  that 
the  outer  is  copper,  the  inner  German  silver.  The  wires  are  connected  in  multiple 
arc,  but  so  that  the  currents  which  flow  through  them  circulate  in  opposite 
directions.  What  must  lie  the  ratio  of  the  diameters  of  the  circles  that  no  effect 
may  be  produced  on  the  needle?  \N,B. — Assume  the  conductivity  of  copper  to 
be  twelve  times  that  of  German  silver.]    S.  &  A.  D.  (.\.)  1891. 

Ans,  The  diameter  of  the  copper  circle  must  be  2  ^  times  that  of  the  German 
silver  circle. 

4.  What  effect  is  produced  on  the  magnetising  power  of  a  coil  of  insulated  wire,  (he 
ends  of  which  are  connected  with  the  poles  of  a  battery,  by  immersing  it  in  cold 
water?    S.  &  A.  D.  (A.)  1891. 

^5  A  wire  AB  of  0.33  ohm  resistance  forms  part  of  a  circuit  through  which  an 
electric  current  flows  in  the  direction  from  A  to  B.  The  points  A  and  B  are  also 
connected  by  another  conducting  path,  in  which  is  included  a  cell  of  e.m.f. 
1.287  volts  and  a  galvanometer,  the  positive  pole  of  the  cell  l)eing  that  joined  to 
A.  If  the  galvanometer  is  not  deflected,  what  is  the  strength  of  the  current  in  the 
wire  AB?    S.  &  A.  D.  (.\.)  1897.  Aits.  3.9  amperes 

-6.  Twelve  wires  of  equal  length  and  electrical  resistance  are  arranged  to  form  the 
edges  of  a  cube,  and  a  current  of  4  cenliamperes  is  led  into  the  cul)e  at  one 
comer  and  out  at  the  opposite  corner.  Find  the  difference  of  potential  between 
these  two  comers  and  the  effective  resistance  of  the  framework  between  them, 
the  resistance  of  each  wire  being  6  ohms.     S.  &.  A.  D.  (A.)  1898. 

Ans.  0.2.  volt ;  5  ohms.  [Kind  the  currents  in  each  of  the  wires.  This  can  be 
done  from  considerations  of  sjmmetry.  Thus  each  of  the  wires  which  meet  at  the 
comer  at  which  the  current  enters  must  carrj'  one-third  of  4  centiamperes.  Then 
calculate  the  difference  of  potential  along  one  of  the  paths  between  one  corner  and 
the  opposite  by  multiplying  the  resistance  of  each  conductor  into  the  current 
flowing  through  it  and  adding.] 

-7.  Four  points,  A^  B,  C,  D,  are  connected  together  as  follows :  ^  to  ^,  .5  to  C, 
C\.o  Df  D  to  A,  each  by  a  wire  of  i  ohm  resistance  \  A  \o  C,  B  \o  /?,  each  by  a 
cell  of  I  volt  e.m.f  and  2  ohms  resistance.  Determine  the  current  flowing 
through  each  of  the  cells.     S.  &  A.  D.  (A.)  1900.  Ans.  J  ampere. 
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8.  Explain  fully  a  method  of  comparing  the  e.m.f.'s  of  two  cells  in  which  an 
electrometer  is  not  employed.     S.  &  A.  D.  (A.)  1898. 

9.  Describe  one  form  of  Wiieatstone's  bridge,  and  prove  the  formula  employed  when 
using  the  bridge  to  measure  a  resistance. 

10.  A  current  of  1.5  ampere  is  passed  through  a  wire  of  which  the  lengtli  is  one 
metre  and  the  diameter  2  mm.  If  the  specific  resistance  of  the  material  of  the 
wire  is  2.42  x  io~^,  what  will  be  the  difference  of  potential  between  the  ends  of 
the  wire?  ..4w.f.  o.oi  155  volts. 

CHAPTER  IX 

1.  You  are  given  two  equal  lengths  of  wire  of  the  same  thickness,  one  of  silver,  the 
other  of  platinum,  and  wish  to  make  one  of  them  as  hot  as  possible  with  a  battery 
of  given  e.m.f.  and  negligible  resistance,  which  wire  would  you  use?  Give  the 
reasons  for  your  choice.     Prelim.  Sci.  1889.  .(^wj.  The  silver. 

2.  A  current  of  one  ampere  flowing  for  one  second  through  a  resistance  of  I  ohm 
produces  0.239  gram -centigrade  units  of  heat.  What  current  would  have  to  flow 
for  an  hour  through  a  resistance  of  4 1 .84  ohms  in  order  that  the  heat  produced 
might  suffice  to  raise  a  kilogram  of  water  from  0°  C.  to  the  boiling-point  ? 
S.  cS:  A.  D.  (A.)  1896.  Ans.  1.67  amperes. 

3.  A  spiral  of  fine  wire  glows  when  a  current  is  passed  through  it.  Explain  this. 
If  a  part  of  the  spiral  is  cooled  the  remainder  glows  more  brightly.  Explain  this 
also.     S.  &  A.  D.  (A.)  1892. 

4.  The  e.m.f.  of  a  battery  is  18  volts  and  its  internal  resistance  3  ohms.  The  differ- 
ence of  potential  between  its  poles,  when  they  are  connected  by  a  wire  A,  is 
15  volts,  and  falls  to  12  volts  when  A  is  replaced  by  another  wire  B.  Compare 
the  amounts  of  heat  developed  in  A  and  B  in  equal  times.     S.  &  A.  D.  (A.)  1890. 

Ans.  Heat  developed  in  A  is  to  heat  developed  in  ^  as  5  is  to  8. 

5.  Part  of  the  circuit  of  an  electric  current  consists  of  a  bare  wire  which  passes 
through  a  vertical  glass  tube  corked  at  the  lower  end.  Explain  the  effect  on  the 
temperature  of  the  wire  and  on  the  current  in  the  circuit  of  gradually  filling  the 
tube  with  mercury.     S.  &  A.  D.  (A.)  1897. 

6.  Show  how,  by  measuring  the  heat  developed  in  a  wire  by  a  known  current,  the 
mechanical  equivalent  of  heat  can  be  obtained  if  we  know  either  the  resistance  of 
the  wire  or  the  difference  in  potential  between  the  ends  of  the  wire  while  the 
current  is  flowing. 

CHAPTER  X 

1.  Explain  how  the  metals  may  be  arranged  in  a  thermoelectric  series,  and  the  con- 
ditions under  which  such  a  series  has  a  definite  meaning.     S.  &  A.  I).  (A.)  1896. 

2.  Define  thermoelectric  power.  Describe  the  thermoelectric  diagram,  and  show 
on  one  what  represents  the  e.m.f.  of  a  circuit  composed  of  lead  and  some  other 
metal,  with  junction  at  t\  and  /g-  Given  the  diagram  for  two  metals,  how  would 
you  verify  it  experimentally?     B.Sc.  1893. 

3.  Describe  how  a  thermopile  is  constructed  and  used.  How  would  you  measure  its 
e.m.f.  under  given  conditions  of  temperature?      Where  does  the  energy  of  the 
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current  corae  from  ?    How  do  ytm  know  that  the  current  requires  energ)'  I   Prelim. 
Sci.  1892. 

4.  Two  different  metal  wires  are  joined  together  at  two  points,  aiid  one  of  the  junc- 
tions is  kept  at  a  constant  temperature  while  the  other  is  heated.  Descrilie  two 
typical  cases  of  the  change  oliserved  in  the  electromotive  force  as  the  difference  o: 
temperature  increases.     S.  &  A.  D.  (A.)  1893. 

5.  A  thermopile  is  joined  up  in  series  with  a  I>aniell  cell,  and  the  current  allowed  to 
flow  for  a  short  time.  The  thermopile  is  then  removed  from  the  circuit  and  con- 
nected to  the  terminals  of  a  galvanometer,  the  needle  of  which  is  thereupon  con- 
siderably deflected  but  gradually  returns  to  its  undisturbed  position.  Explain 
this.     S.  &  A.  D.  (A.)  1898. 

6.  Give  an  account  of  the  reasoning  by  means  of  which  Lord  Kelvin  showed  that 
there  must'  be  other  reversible  thermal  effects  due  to  the  passage  of  a  current 
Ijcsides  the  Peltier  effects. 

7.  V'\m\  the  e.m.f  acting  round  a  circuit  consisting  of  two  metals,  the  junctions  of 
which  are  maintained  at  0°  and  100*  respectively,  if  the  ordinates  of  the  lines  of 
the  two  metals  on  the  thermoelectric  diagram  are  o  and  13  microvolts  at  0°  and 
2  and  6  microvolts  at  100°  respectively.  Ans,  850  microvolt.s. 


CHAPTER  XI 

1.  A  long,  thin  cylindrical  magnet  has  a  moment  of  616  cg.s.  units,  is  100  cm. 
long  and  2  mm.  in  diameter.  Gilculate  the  intensity  of  magnetisation  of  the 
steel,  and  the  area  of  cross  section  of  a  tube  of  force  within  the  magnet. 

Ans,  196 ;  1/2464  sq.  cm. 

2.  Explain  what  is  meant  by  the  induction  in  a  piece  of  iron.  A  thin  iron  wire, 
50  cm.  long  and  .02  sq.  cm.  in  cross  section,  is  placed  vertically,  so  that  its  upper 
end  is  on  a  level  with  and  10  cm.  due  E.  of  a  small  suspended  magnet.  The  sus- 
pended magnet  is  deflecteil  through  an  angle  of  14°  2'.  Given  that  the  horizontal 
component  of  the  earth's  magnetic  field  is  0.18  and  the  dip  67°,  and  assuming  that 
the  lower  pole  of  the  iron  is  so  far  removed  as  not  to  affect  the  suspended  magnet, 
calculate  the  induction  in  the  iron  (tan  67°  =  2.356  ;  tan  14°  2'  =  .  250). 

Ans.  1  =  225,  6  =  2829. 
8.   What  is  meant  by  the  magnetic  permeability  of  a  substance,  and  how  can  it  be 
measured?     Describe  generally  how  the  magnetic  permeability  of  a  piece  of  soft 
iron  varies  with  the  intensity  of  the  magnetising  force.     B  Sc.  1896. 

4.  Two  circular  rings  of  iron  are  magnetised,  the  first  by  l)eing  placed  between  the 
poles  of  a  strong  horseshoe  magnet,  so  that  the  line  joining  the  poles  of  the  magnet 
is  a  diameter  of  the  ring,  the  second  by  having  one  pole  of  a  bar  magnet  draw  1 
round  it  several  times.     Describe  the  magnetic  state  of  each  ring.     S.  &  A.  D.  (A.) 

1894. 

5.  What  is  meant  by  "hysteresis"  when  used  in  connection  with  the  magnetisation 
of  iron  ?  Describe  generally  the  form  of  the  cx\T\e  which  gives  the  relation  between 
the  magnetic  induction  and  the  magnetising  force  in  soft  iron. 

6.  Give  a  general  account  of  Ewing*s  theory  of  magnetism,  and  point  out  how  it 
accounts  for  the  form  of  the  I-H  curve. 
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CHAPTER  XII 

1.  Describe  how  the  lines  of  magnetic  force  lie  in  the  neighbourhootl  {a)  of  an 
electric  current,  and  {l>)  of  a  magnet,  and  explain,  from  that,  how  a  ^^\\  of  wire 
acts  like  a  magnet  at  points  outside  the  coil.  In  what  respects  would  a  hollow 
magnet  differ  from  the  coil  ?     Int.  Sci.  1889. 

2.  State  the  rules  by  which  the  force  acting  on  a  conductor  carrying  a  current  in  a 
magnetic  field  can  be  determined. 

3.  Describe  the  magnetic  system  which  has  the  same  magnetic  field  as  a  given  current 
circuit.  Describe  experiments  by  which  the  equivalence  of  the  two  systems  could 
be  established.     B.Sc.  1894. 

4.  What  are  the  general  laws  of  attraction  and  repulsion  of  currents,  and.  how  would 
you  experimentally  investigate  them  ?    S.  &  A.  D.  (A.)  1899. 

5.  A  solenoid  has  a  length  of  40  cm. ,  and  is  wound  with  500  turns  of  insulated  wire, 
and  is  traversed  by  a  current  of  1.2  amperes.  Find  the  strength  of  the  field  at  a 
point  near  the  centre  of  the  solenoid.  If  the  solenoid  is  filled  with  iron,  find  the 
induction  through  the  iron  near  the  centre.  The  permeability  can  be  obtained 
from  Fig.  481.  Ans.  18.86  c.g,s.  units  ;  15090. 

6.  Prove  the  formula  for  the  magnetic  moment  of  a  solenoid  by  replacing  each 
turn  of  wire  by  the  equivalent  magnetic  shell. 


CHAPTER  XIII 

1.  State  the  laws  of  electro-magnetic  induction,  and  describe  experiments  illustrating 
each  of  them.     Int.  Sci.  1889. 

2.  Describe  how  to  move  a  wire  forming  part  of  a  closed  circuit  in  the  earth's 
magnetic  field  so  as  to  induce  a  current  along  the  wire,  and  how  to  move  it  so 
that  there  may  be  no  induced  current  along  the  wire.  If  it  be  moved  the  same 
distance,  but  twice  as  fast  on  one  occasion  as  upon  another,  what  is  the  relation 
between  the  currents  induced  in  each  case  ?     Int.  Sci.  1892. 

Ans.  The  current  is  twice  as  great. 

3.  Enunciate  Faraday's  and  Lenz's  laws  for  determining  the  currents  induced  by 
changes  in  the  magnetic  field.  Show  that  these  laws  lead  to  the  same  result  for 
the  direction  of  the  current  induced  in  a  circuit  moving  in  a  magnetic  field.  Int. 
Sci.  1893. 

4.  Describe  the  distribution  of  lines  of  force  near  a  magnet,  and  from  this  show  in 
what  ways  you  could  move  a  circle  of  wire  near  the  magnet  without  causing  any 
current  to  circulate  round  the  circle.     Prelim.  Sci.  1889. 

5.  Show  how  to  determine  approximately  the  direction  of  the  magnetic  meridian  at 
a  place  by  experimenting  with  a  coil  of  wire  movable  about  a  vertical  axis,  and 
connected  with  a  sensitive  galvanometer.     S.  &  A.  D.  (A.)  1899. 

6  A  flat  coil  of  wire,  the  ends  of  which  are  connected  to  a  sensitive  galvanometer, 
is  (i)  moved  up  towards  the  north  end  of  a  long  bar  magnet,  {2)  threaded  on 
the  bar,  (3)  moved  along  it  to  the  south  end,  (4)  removed  to  a  distance.  What 
indications  does  the  galvanometer  give  during  these  operations  ?  S.  &  A.  D.  (A. " 
1897. 

3  M 
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7.  A  circuit  consisting  of  a  battery  and  an  electromagnet  can  lie  made  and  broken 
by  a  wire  dipping  into  mercury.  At  e%'ery  break  a  bright  spark  occurs.  If  the 
electromagnet  be  removed  from  the  circuit,  the  spark  is  much  less  bright.  Ex- 
plain these  phenomena.    S.  &  A.  D.  (A.)  1891. 

8  An  iron  hot^p  is  held  in  the  magnetic  meridian  and  is  allowed  to  fall  over  towards 
the  east.  Explain  why  an  electric  current  traverses  the  hoop,  and  state  whether 
the  current  would  flow  north  or  south  in  the  part  of  the  hoop  which  touches  the 
ground  if  the  experiment  were  performed  in  England.    S.  &  A.  D.  (A.)  1894. 

Ans,  From  north  to  south. 

9  If  the  diameter  of  the  hoop  considered  in  the  last  question  is  one  metre,  and  the 
resistance  of  the  circuit  consisting  of  the  hoop  is  .25  ohm,  find  the  quantity  of 
electricity  which  will  flow  round  the  hoop  while  it  is  falling. 

\H-o.\%,  dip  67",  tan  67°  =  2. 356.]  During  the  passage  of  the  current  round 
the  h<K)p  heat  will  1)C  developed.  Explain  whence  the  energy  corresponding  to 
this  heat  is  dcrivetl.  Ans.  1.333  x  10  *  couloml»s, 

10.  .\  l>ar  magnet  is  suspended  on  a  stirrup  by  a  string,  and  oscillates  in  a  horizontal 
plane.  How  are  the  oscillations  aflected  (if  at  all)  when  a  thick  non-magnetic  metal 
plate  is  placed  horizontally  lx?ncath  the  ncetlle  so  as  to  be  close  to  without  touching 
it?    S.  &  A.  D.  (A.)  1896. 

(  MAPTKRS    XIV   AM)   XV 

1  A  coil  of  wire,  consisting  of  fifty  turns  in  the  form  of  a  circle,  40  cm.  in  diameter, 
rotates  twenty  times  per  second  alxnit  a  vertical  axis.  Find  the  maximum  e.m.f. 
in  volts  induced  in  the  coil  if  the  earth's  horizontal  magnetic  force  be  .18  cg.s. 
units.  Alts.  1.42  X  lo'^  volts. 

2.  Describe  the  means  by  which  coils  rotating  in  a  magnetic  field  may  l>e  arranged 
to  furnish  (i)  alternating  currents,  (2)  continuous  currents.     B.Sc.  1899. 

ii.  A  copper  plate  is  rotated  alx)ut  an  axis  perpendicular  to  its  plane.  A  horseshoe 
magnet  is  placed  with  a  pole  on  each  side  of  the  plate,  the  poles  l)eing,  say,  half- 
way Ixjlween  centre  and  circumference.  Explain  how  currents  will  Ihj  induced  in 
the  plate,  and  draw  a  figure  showing  their  direction  ;  the  plate  being  supposed  to 
turn  clockwise  when  lotActl  at  from  the  side  on  which  is  the  north-seeking  pole. 
Find  the  relation  between  the  speed  of  revolution  and  the  work  done  in  turning 
the  plate,  if  friction  is  negligible.     B.Sc  1893. 

Ans.  The  induced  e.m.f.  is  proportional  to  the  speed  with  which  the  plate  cuts 
the  lines  of  force,  that  is,  to  the  speed  of  rotation.  The  induced  currents  are  pro- 
portional to  the  induced  e.m.f.  The  work  done  is  represented  by  the  heat 
developed  owing  to  the  induced  currents,  and,  therefore,  as  the  heat  is  proportional 
to  the  square  of  the  current,  the  work  is  proportional  to  the  square  of  the  speed  of 
rotation. 

1.  What  is  the  measure  in  cg.s.  units  in  the  electromagnetic  system  of  measurement 
(i)  of  an  e.m.f.  of  I  volt,  (2)  of  a  resistance  of  i  ohm,  (3)  of  a  current  of  I  ampere. 
Find  the  rate  of  work  in  ergs  per  second  when  a  current  of  l  ampere  flows  round 
a  drcuit  under  an  e.m.f  of  i  volt.     BSc.  1894. 

5.  Descril)e  the  general  principles  of  the  construction  of  a  simple  form  of  dynamo 
S.  &  A.  p.  (A.)  1897. 
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6.  Calculate  the  power  required  to  light  eighty  incandescent  lamps,  if  the  e.m.f. 
required  be  65  volts  and  the  current  required  by  each  be  .8  ampere.  If  the  lamps 
be  all  in  parallel  and  the  leads  have  a  resistance  of  .5  ohm,  calculate  the  power 
wasted  in  them.     B.Sc.  1892.  Ans.  4160  watts  ;  2048  watts. 

7.  Give  a  general  account  of  the  "  magnetic  circuit "  method  of  dealing  with  magnetic 
problems.  An  electromagnet  consists  of  an  iron  ring  wound  with  2cc»  turns  of 
wire,  and  having  an  air-gap  .5  cm.  wide.  The  length  of  the  iron  core  is  loo  cm. 
and  the  cross  section  6  sq.  cm.  Find  the  total  induction  across  the  gap  when  a 
current  of  I  ampere  flows  through  the  wire.  [Permeability  of  the  iron  for  a  field 
2500  is  10.]  Ans.  14430  cg.s.  units. 

8.  Assuming  that  the  energy  {e)  used  in  producing  the  heat  developed  in  a  conductor 
of  resistance  r  when  traversed  by  a  current  c  depends  only  on  the  values  of  r  and 
c,  prove  from  the  dimensions  of  r  and  c  that  e  is  proportional  to  rV. 

Ans.  Assume  e^c^r"^^  then  write  in  the  dimensional  formulae  for  ^  (energy), 
c  and  r,  and  deduce  the  values  which  must  be  given  to  n  and  in  to  make  the 
dimensions  of  the  two  sides  of  this  equation  the  same. 


CHArTER   XVI 

1.  Enunciate  Faraday's  laws  of  electrolysis,  explaining  any  terms  used. 

2.  Explain  the  term  electro-chemical  equivalent.  If  3  amperes  deposit  4  grams  of 
silver  in  20  minutes,  what  is  the  electro-chemical  equivalent  of  silver?  S.  &  A.  D. 
(A.)  1899.  Ans.  o.ooiii. 

3.  Calculate  the  electro-chemical  equivalent  of  nickel,  given  that  nickel  is  a  diad 
and  has  an  atomic  weight  of  58.6.  The  surface  of  a  body  being  1000  sq.  cm.,  how 
much  electricity  must  pass  to  give  the  body  a  coating  of  nickel  .1  mm.  thick? 
Density  of  nickel  8.6  ;  electro-chemical  equivalent  of  hydrogen  1.0357  x  lo-^ 

Ans.  0.000304  ;  283400  coulombs. 

4.  A  solution  of  copper  sulphate  in  water  is  placed  in  a  vertical  cylindrical  tube,  in 
the  top  and  bottom  of  which  respectively  are  placed  horizontal  copper  discs,  the 
upper  one  being  just  immersed  in  the  liquid.  Describe  carefully  what  occurs 
when  an  electric  current  is  sent  upwards  through  the  liquid  from  one  disc  to  the 
other,  and  explain  that  which  is  observed.     B.Sc.  1899. 

5.  Describe  the  ionic  theory  of  electroly.sis,  and  distinguish  between  primary  and 
secondary  chemical  actions  in  electrolysis.  Describe  what  occurs  during  the 
electrolysis  of  a  solution  of  sulphate  of  sodium  with  platinum  and  with  copper 
electrodes  respectively. 

8.  Show  how  the  ratio  of  the  velocity  of  the  ions  can  be  calculated  from  the  value  of 
the  migration  constant. 

7.  Find  an  expression  for  the  molecular  conductivity  of  an  electrolyte  in  terms  of 
the  velocities  of  the  ions.  The  molecular  conductivity  for  a  very  dilute  solution 
of  a  given  electrolyte  is  .375  ohms"^  cm.~*,  while  the  ratio  of  the  loss  of  the  salt 
near  the  cathode  to  the  total  loss  is  .2;  calculate  the  velocity  of  the  ions  for  9 
potential  gradient  of  one  volt  per  centimetre. 

Ans.  Velocity  of  cation  .00311  cm./sec.  ;  velocity  of  anion  .00078  cm./sec. 


91 6  Questions  and  Exaviples 

8.  Describe  a  method  by  which  the  pclarisation  in  an  electrolytic  cell  can  be 
measured     Give  a  general  account  of  the  phenomenon  of  polarisation. 

9.  Two  small  electrolytic  cells,  consisting  of  pieces  of  lead  dipping  in  dilute  sulphuric 
acid,  are  placed  in  series,  and  their  terminals  are  connected  to  the  two  sides  of  a 
make  and  break  key  placed  in  a  circuit,  including  a  Ijattery  of  e.m.f  2  volts  and 
an  electromagnet.  It  is  noticed  that  whether  the  key  is  open  or  shut  no  electro- 
lysis takes  place  in  the  electrolytic  cells,  and  that  no  spark  occurs  when  the  key 
is  opened  or  shut.  On  disconnecting  the  electrolytic  cells,  however,  a  strong 
spark  is  produced  on  opening  the  key.     Account  for  the  above  observations. 


CHAPTER   XVII 

L  What  is  meant  r)y  "the  contact  difference  of  potential"?  Give  reasons  for  sup- 
posing that  the  contact  difference  of  jjotential  between  rinc  and  copper  is  small. 

2.  Describe  the  distribution  of  potential  in  a  Volta's  cell  when  the  current  is  (i)  open, 
(2)  closed.     S.  &  A.  1).  (A.)  1893. 

3.  Describe  the  capillary  electrometer,  and  explain  how  it  may  be  employed  to 
measure  the  contact  difference  of  potential  Ijetween  mercury  and  sulphuric  acid 
solution. 

\.  Describe  {a)  Danicll's,  and  (/^)  either  Grove's  or  Bunsen's  cells,  explaining  in  each 
case  the  uses  of  the  various  parts.     Prelim.  Sci.  189a 

5.  Descrilie  the  construction  of  Latimer  Clark's  standard  cell.  You  are  given 
five  such  cells  (e.m.f.  of  each  1.45  volt),  what  method  would  you  adopt  to  find 
the  e.m.f.  of  a  battery  of  lOO  Daniells  permanently  connected  in  series?  Int.  Sci. 
(H.)i889. 

6.  A  I^clanch^  cell  is  connected  by  long  thin  wires  to  a  galvanometer,  the  needle  of 
which  is  deflected.  The  poles  of  the  cell  are  then  bridged  across  for  a  short  time 
by  a  piece  of  thick  copper  wire.  After  the  removal  of  the  thick  wire  the  gal- 
vanometer deflection  is  much  less  than  before,  but  gradually  rises  to  its  former 
value.     Explain  this.     S.  &  A.  D.  (A.)  1898. 

7.  Describe  the  construction  of  and  mode  of  charging  a  secondary  battery.  S.  &  A.  D. 
(A.)  189a 

CHAPTERS   XVIII   and  XIX 

1.  A  voltaic  cell  is  made  up  with  rinc  in  a  solution  of  zinc  sulphate,  separated  by  a 
porous  partition  from  a  solution  of  copper  sulphate,  in  which  is  a  copper  plate. 
Explain  where  is  the  source  of  energy  that  keeps  the  current  flowing  when  the 
zinc  and  copper  are  joined.     B.Sc.  1889. 

2.  The  electro-chemical  equivalent  of  zinc  is  0.00034  grams/ampere-second.  Find 
the  cost  of  the  zinc  used  in  a  primary  batter)'  for  each  horse-power  per  hour  if 
zinc  is  /  pence  per  kilo,  and  if  the  cell  in  which  the  zinc  is  used  gives  V  volts 
(746  watts=i  h.p.)     B.Sc.  1895.  ^«j.  .913 j»/F  pence. 

3.  Give  the  theor}-  of  the  voltaic  battery,  showing  how  to  calculate  the  e.m.f.  of  a 
cell  from  thermo-chemical  data,  and  how  far  such  data  are  sufficient.     B.Sc.  1891. 

4.  A  cell  has  on  open  circuit  an  e.m.f.  of  1. 1  volt  at  0°,  and  when  enclosed  in  a 
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calorimeter  and  allowed  to  pass  a  current  for  one  hour  the  heat  communicated  to 
the  calorimeter  was  70  calories.  The  mean  value  of  the  current  was  .1  ampere 
and  llie  external  resistance,  i.e.  the  resistance  of  the  circuit  outside  the  calori- 
meter, was  3  ohms.     Calculate  the  temperature  coefficient  of  tliis  cell. 

Ans.  -— = -O.COOOS2. 

5.  A  current  from  a  storage  battery  is  passed  through  a  galvanometer  or  ampere- 
meter and  an  electric  motor.  Describe  and  give  a  general  explanation  of  the 
difference  of  the  readings  of  the  galvanometer  when  the  machine  is  ( i )  prevented 
from  rotating,  (2)  allowed  to  run  free  as  fast  as  it  can.     S.  &  A.  D.  (A.)  1892. 

6.  Give  a  general  description  of  the  changes  which  take  place  in  the  appearance  of 
a  tube,  fitted  wiih  electrodes,  through  which  an  electric  discharge  is  passed,  as 
the  pressure  of  the  air  inside  the  tube  is  decreased. 

7.  Give  an  account  of  the  evidence  for  the  theory  that  the  cathode  rays  consist  of 
negatively  charged  particles  shot  out  from  the  neighbourhood  of  the  cathode. 

8.  Contrast  the  behaviour  of  electrolytes  and  gases  when  ionised. 

9.  Describe  the  properties  of  the  different  kinds  of  "rays  "  given  off  by  radium. 


CHAPTERS    XX  and   XXI 

1.  Give  a  general  account,  illustrated  by  examples,  of  Poynting's  theory  as  to  the 
transference  of  electro-magnelic  energy. 

2.  Assuming  Maxwell's  expression  for  the  velocity  of  an  electro-magnetic  wave,  show 
that  the  refractive  index  of  any  medium  must  be  equal  to  the  square  root  of  the 
specific  inductive  capacity. 

3.  A  piece  of  glass,  of  length  10  cm. ,  is  placed  near  the  centre  of  a  long,  thin 
solenoid,  which  is  traversed  by  a  current  of  50  amperes.  If  there  are  20  turns  per 
cm.  in  the  solenoid,  and  Verdel's  constant  for  the  glass  is  0.07,  find  the  rotation 
of  the  plane  of  polarisation  of  a  beam  of  plane  polarised  yellow  light  produced  by 
traversing  the  glass.  Ans.  14°  40'. 

4.  Describe  experiments  showing  that  the  discharge  of  a  Leyden  jar  is  accompanied 
by  alternations,  and  stale  under  what  circumstances  it  becomes  simjily  dead-beat. 
Illustrate  your  answer  by  reference  to  analogous  mechanical  illustrations.  Int. 
Sci.  (II.)  1892. 

5.  Explain  how  it  was  that  Hertz  was  able  to  obtain  electrical  oscillations  of  small 
wave-length. 

6.  Give  an  account  of  some  experiments  on  the  reflection  and  refraction  of  electro- 
magnetic waves. 
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